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Let G be a connected and simply connected semisimple algebraic group
over an algebraically closed field k of characteristic p > 0, T" a maximal torus
of G and B a Borel subgroup containing 7'. Each weight in X (7") determines
a line bundle on the flag variety G/B. It turns out that cohomology of the line
bundle is isomorphic to the derived functor of the induction functors from the
category of B-modules to the category of G-modules for each 1-dimensional
B-module defined by a weight in X (7). Further, Indj\ = H°(G/B,\)
turns out to be the dual of a Weyl module. One of the main problems is
to calculate the characters of the irreducible G-modules. For p = 0, the
character of the irreducible G-module of highest weight A is given by Weyl’s
character formula and the G-module structures of the cohomology of line
bundles are well understood. However, for p > 0, the story is quite different
and many of the results remain conjectural.

Since characters of Weyl modules are given by Weyl’s character formula,
understanding the structure of H°(G/B, \) turns out to be the main problem.
It is also interesting to understand the structure of the higher cohomology,
which might help us to understand H°. H. Andersen has a series of papers
toward the understanding of the higher cohomology, such as the simple socle
of H' and filtrations of H* [4]. In [5] , using the representations of infinitesi-
mal subgroup schemes of G, he proved generically that H“*)(G /B, w-\) has
simple socle and simple head and their highest weights can be calculated.
In [6], he proved that the socle series of H°()\) comes generically from the



induced module for an infinitesimal subgroup of G. Using alcove identifica-
tion, Doty and Sullivan [11] studied the structure of the higher cohomology
modules inside the bottom p?-alcove generically and got a similar result on
socles and heads. They proved that the Jantzen filtration for H°(\) coincides
with the radical filtration for the group of type Bs. In [12], they used the
same method to prove that the second socle of H“®)(w - \) comes from an
induced module for an infinitesimal subgroup.

From Andersen’s work [5] for socles and heads of H*)(w - \) and some
other evidence of investigation into the higher cohomology, Humphreys [14]
suggests that there should be a structural correspondence between H“®) (w-\)
and the induced module of a certain extremal weight from a W-twisted Borel
subgroup. This is partly verified in this paper.

We start with the G,T-module Z,(\) which can be considered to be a
submodule of the injective module @,(A). Note that Q,.(\) = Q,(Ao) ® p" A\
with @,(A\) being a G-module (for p large). This helps us to pass from G, T
to G. The main result in section 2 is Theorem 2.8 which proves that the
socle series of H'™)(w - \) comes from that of Z,(w - \) for A\ generic.

In section 3, we use the W-actions on X (7) defined in 1.2 and derive
relations between higher cohomology modules and induced modules. The
same results for radical series are also derived (Theorem 3.6). Section 4
applies the results proved in section 3. Humphreys’ conjecture is proved in
Theorem 4.1 by using the W-twisted representations developed in 1.6. It
turns out that the rigidities of H* ™) (w - \), H°(\) and Z,(\) are generically
equivalent (Theorem 4.7). If one assumes the Lusztig conjecture, then all
these modules are rigid for » = 1. As a feedback, the study of the higher
cohomology modules gives more information on Weyl modules.

In section 5 the nongeneric structure is studied. Theorem 5.3 shows that
when a weight is in a box with upper vertex in a higher chamber, it will have
a lower nonvanishing extra cohomology. Theorem 5.4 gives the simple socle
of H*®)(w - \) if w - X is far away from higher chambers.

I am grateful to my advisor, Prof. James E. Humphreys, with whom I
discussed most of those problems. He made all the necessary materials such as
preprints of many authors available to me and led me into this field. He read
the manuscript many times and made many corrections, especially in English.
My appreciation also goes to the referee who made useful suggestions. The
simple proof of Theorem 2.8 given here was pointed out by the referee.



1 Preliminaries

1.1 Basic Notation Let GG be a connected and simply connected semisim-
ple algebraic group over an algebraically closed field k of characteristic p.
Throughout this paper, we fix a maximal torus 7' C G and Borel subgroup
B D T. Let R be the root system of G associated to the maximal torus 7'
and R™ be the set of positive roots such that B corresponds to the negative
roots —R™ = R~. Let S C R" be the set of simple roots. X(7') denotes
the weight lattice of 7' and W = N(T')/T the Weyl group which acts on
X(T). Let (, ) be a W-invariant inner product on X (7) @ R such that
Sad = A — (N, aV)a forall A € X(T)QR,a € R where s, is the reflection
defined by a and o = 2a/(«, ) is the coroot of a. Denote by

X, ={AeX(T):(\a")>0,VaeS}

={XeX(T): (\a) >0,Ya € RY}

the set of dominant weights. There is a partial order “<” on X (7T') defined as
follows: p < X iff A — p is a sum of positive roots. For A € X, L(\) denotes
the simple G-module of highest weight .

For A € X(T') we denote by A (instead of k) the 1-dimensional T-module
which can be extended to a B-module through the decomposition B = T'U
with U acting trivially on A; here U is the unipotent radical of B. Denote
by

H(E) = RInd%E = H'(G/B, E)
the #th derived functor of the induction functor Ind$ for all B-modules E.
For E = )\ we denote H'(\) = RInd%(\) = H(G/B, )). The following are
standard results which can be found in [16](II, ch5).

o H'(\) #0iff Ae X ;

e L()) is the (simple) socle of H°()) for all A € X, and these yield all
the simple G-modules.

1.2 W-Actions The Weyl group W (as a reflection group on the real
space X (T) ® R) is generated by the simple reflections {s, | « € S}. Let

1
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where {w, | @ € S} is the set of fundamental weights. If w(\) denotes
the usual action of W on X(7) ® R, the “dot” action of W is defined by
w-A=wA+p)—pforal A\ € X(T)® R and w € W. The affine Weyl
group W), is the group generated by reflections {s,.p, | @« € R, n € Z}. Here
the reflection s, ,, is defined by s4.np - A = 5o - A+npa for all A € X(T) @ R.

Let ¢(w) be the minimal length of w expressed as a product of simple
reflections in W and C' be the fundamental alcove

C={NeX(T)|0<{A+p,a’)<p VaeR,};

C={eX(T)|0< (A +p,a’) <p Vae R},

where C' is a fundamental domain of the reflection group W,,. The following
theorem can be found in Jantzen [16](II 5.5, 5.6).

Theorem If\ € C andw € W, then

iy LX), ifi=L(w) and X\ € X,
Hi(w-2) = { 0 otherwise.

Throughout this paper unless indicated else, we fix an integer » > 1, and
define
X,={AeXT)|0<A+p,a’)<p', VaeS}

to be the set of r-restricted weights. In this way, any element p € X(7T))
has a unique decomposition p = po + p"py with o € X, and p; € X (7).
An element of p" X (T) — p is called a special point. If v = p'v; — p is a
special point, then W, = {y € W, | y - v = v} is a subgroup of W, generated
by (8a)y (o € S) such that (s4), - p = So- (u—p"v1)+p"v1 (u € X(T)). The
natural map W — W, by w — w, with

wy - (p)=w-(u—pwn)+pun VYueX(T),

is an isomorphism of groups.

Now we define the following new actions of W on X(T'). Let W, =
{w, | w € W} with two actions as follows

wr(p) = wr(po +p" 1) = po + P w(p); (1)



w, - () = w, - (o + ") = pio +p"w - pua, (2)
for all p € X(T') and w € W. From the definition one can easily see that
wy - (1) = we(p+p"p) —p'p.

Furthermore for a special point v = p"v; — p we denote by

(wp)y - p=w, - (u—p'v1)+pn

the action of the group (W,.), on X(7'). Also we have an involution on X (7')
defined by A —— A* = —wp(A), where wy is the unique longest element in W
(A* is not to be confused with the dual module of &k ). With all the actions
defined here one can easily check the following:

wy (p+p"A) = we(p) + p w(N); (3)

Wy (L4 p'A) =w, -+ plw(N); (4)

(wA)* = wowwy(N); (5)

(w - A)" = wowwg - (\); (6)

(w,A)" = (wowwp), (A*); (7)

(wr - A)" = (wowwp), - A (8)

(wy, - A)" = (wowwy),. - A (9)

((wr)y - A)" = ((wowwo): ), - A™. (10)
With the notation introduced here, we recall:

HY(\)* 2= HY 7 (wy - A*)  (Serre duality); (11)

L(A)* =2 L(\Y). (12)

Here N = {(wy) and M* is the dual module of M for a module M.

1.3 Frobenius Subgroups and Their Representations We denote
F : G — G to be the Frobenius map. Let G, = Ker(F") which is an
infinitesimal subgroup scheme of G. Let G,T and G, B be the pull back
of T" and B respectively, and B,T and B, be the pullback 7" and 1 in B
respectively. If F is a B,T-module, then Indg:E = IndgﬁE as G,-module.
Further if F is a B-module, Indg:E = Inng%E as G,-module. Thus Indg:E
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can be extended to a G,T-(or G,B-)module if E is a B,T-(or B-)module.
One can see [16](IL,ch 9) for details. For A € X(7'), as G,-modules we have

Z;(\) = Ind§ A 2 Ind%r7\ = Ind% P

Since Z,(\) can be extended to a G, T and G, B-module in a natural way,
we simply denote all three of them by Z,()\) without using different notation;
the meaning of Z, () should be clear from the context. Let L, (\) be the socle
of Z.(\), then L,.(\) is a simple module as G,-, G, T-, G, B-module (we use
L,.(\) for all these modules in the same way).

Let M be a G,B module. Then Socg, M = Socg, M which is a G, B-
submodule of M as well. In fact, one knows that

Socg, M = €P L,(\) ® Homg, (L,(\), M).

AeX,

Here Homg, (L, (\), M) has a B-module structure. Since G, is normal in G, B
and L,()\) has a G,.B structure, Socg, M extends to a G,B-module. Note
that the normality of G, in G, B implies that Socg M C Socg, M. How-
ever Homg, (L,(\), M) is semisimple as G, T-module. Therefore Socg, M D
Socg, M and we have the equality.

From the above argument one can see that Socl; Z,()) is always a G, B-
module for all ¢ > 1; here Socy, Z,()) is the i-th socle of Z,(\). Let M be
module and L a simple module (for whatever group). We denote [M : L] to
be the number of the simple quotients isomorphic to L if M has a composition
series. The following basic facts can be found in [16](II, ch9).

L.(\) has a G-module structure if A € X,; (1)

Ly(A) = Ly(Mo) ® p" M1, Zp(N) = Zi(Ao) @ p"Ai; (2)

L () = Socg, Z:(N), Lo 207 — 1) p— N = Z,(\)/Rada, Z,(\);  (3)

L) = Le(—unh) 0 (wo(h) — M) s ZeA = Z, 207 — 1)p—A); (4)

[Z+(A) = Ly (po + p" )] = [Ze(w - A) = Ly (po + p"w - )] 5 ()

H'(Ly(p0 + p"m1)) = H' (Ly(p10) © p'pa) = L(po) @ H' (). (6)

Here w € W, A = Xg+p" A1, 10 = po + p'pn € X(T') with A, o € X, and
M) denotes the r-th Frobenius twist in (6) for a G-module M.
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Proposition ([16],IT 9.14) If Z.()\) has all its composition factors of the
form L.(u) with py € C, then for allw € W and p € X, :

H'(w-X) =0, if i#l(w); (7)

[H ) (w - A) s L(p)]) = [Zo(w - A) = L(w, - )], (8)

This proposition follows easily from (5) and (6) and Theorem 1.2 by using
the spectral sequence for Ind$? = Indgr 5 0 Ind%®? and the exactness of
Ind$ 2.

1.4 Injective Modules Following [16](I, chll), let Q,.(A\) be the injec-
tive hull of L,.(\) in the category of G, T-modules. @, ()) is also the injective
hull of L, (\) in the category of G,-modules. So we will not distinguish them
(avoiding the complicated notation in [16] ).

Proposition ([16] II 11.4) Let A € X(T'). Then the G,T-module Q,(\)
admits a filtration

O:MOQMIQQMSZQT(A)
such that M;/M;_1 = Z.(X\;) for some \; € X(T) andi=1,...,s, and

(Qr(N) : Zp(N)) = [Ze(Ni) - Le(N)] for all i

The following facts also come from [16].

Socg, Qr(N) = Socg,7Qr(N) = L.(\); (1)
QT(A)/RadG,Qr<)‘) = Qr()‘)/RadG7-TQr(/\) = LT(A)7 (2)
Qr(A+p"n) = Qr(N) @p"1; (3)

If p>2(h—1), then Q,()\) is a G-module for A € X. (4)

Here h = max{(p,a¥)+1 | @« € RT} is the Coxeter number of the root
system R. From (3) and (4) we have

Qr(N) = Qr(Xo) ® p" A1 extends to a G, B-module if p > 2(h —1);  (5)
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Q- () is the injective hull and projective cover of L, () as G, T-module.
(6)
Remark Using the proposition above and 1.3(5) one can prove the fol-
lowing
[Qr(wy - A) : Lo(wy - )] = [@r(A) : Li(p))] (7)
for all \,p € X(T) and w € W.

1.5 Socle and Radical Series Patterns Let M be a G, T-module and
Socg, oM and Radf, M the i-th socle and radical of M respectively. They
are automatically G,-modules. In the following we define

S M) = {(u,i,m) | [Soc i M/Soch oM : Ly(1)] = m}; (1)
R M) = {(p,i,m) | [Rad}; M/Rad};M : Lo(p)] =m}  (2)

to be subsets of X(T') x N x N. We call S.[M] and R,[M] the socle and
radical series patterns of M respectively. (Note the socle series pattern de-
fined here is different from the usual one.) One can extend all the W-actions
on X(7) in section 1.2 to X(7T') x N x N by acting on the first component.
Also the translation T, : X(T') — X(T) by T,,(\) = A+ u can be extended
to X(T') x N x N in the same way. Thus following 1.3(2) and 1.4(3) one can
verify

W

+

i

3

R
~ N~
S Ot
S~— o N

since Socg, p(Qr(N) @ p'p) = (Sock, pQr(N)) ® p"pu (and similar results hold
for the radicals and the modules Z,.(\) @ p" ).

From the definitions of socle and radical filtrations the following can be
easily verified for a G, T-module M:

Socg,r(M*) = Ker(M* — (Radg, M)"); (7)

Rad’éTT(M*) = Ker(M* — (SOCiC;rTM)*). (8)



This duality on the filtrations gives a duality on the filtration layers:

Socls, r(M*)/Socts 1 M* = (Radiz (M) / Radi, 1 (M))", )
Radly o (M")/ Radif 3 (M") 2 (Socil (M) /Soc, r(M))',  (10)

where M* is the dual module of M.

Let T} be the translation functor for A, u € F' ( so called facet, see Jantzen
[17] for definition ). The exactness of T%" and the facts that T{'L,(\) = L, ()
and T{'Z,(\) = Z,(p) imply the invariance of the filtrations under T¥'.

TfRadiGrT<Zr()‘>> = RadiGrTT//\L(Zr()‘));

T{Sock, (2, () = Socy 7 TH(Z,(N).

This shows that the socle and radical series only depend on the facet type
(the orbit of the facet under the translation action of p" X (7T") on X(T)).

If M is a G-module, S[M] and R[M]| can be defined in the same way as in
(1) and (2) and the properties in (7)—(10) also hold for the socle and radical
series patterns of M.

1.6 Twisted Representations Let G be a group scheme over k for a
moment. If G’ is another group scheme and ¢ : G — G’ is an isomorphism
of group schemes (I prefer to write ¢(G) for G’ in this subsection.) For any
©(G)-module M, ¢*(M) is a G-module with the same vector space and the
induced action g*m = ¢(g)m. Then ¢* : My — Mg is a category equiv-
alence which is exact, additive and maps simple objects to simple objects.
Therefore

go*(Soch(G)M) = Soclp*(M); (1)
¢ (Radiy)M) = Radge* (M). (2)
Let H C G be a closed subgroup scheme , then ¢(H) C ¢(G) is a

closed subgroup scheme. The induced isomorphism ¢ : H — ¢(H) also
induces a category equivalence ¢* : M) — My which commutes with the

restriction functors Resggg)) and Resg, ie.,
Res% o o* = p* o Resggg)). (3)

9



Bearing in mind that the induction functor is the right adjoint of the restric-
tion functor, we also have the commutativity of the functors

Indf o " = ¢* 0 Ind%7). (4)
Furthermore ¢* maps injectives to injectives. So one can check
R'Ind§ 0 ¢* = ¢* o R'nd%(7). (5)
As (¢*)7t = (¢71)*, above commutativity can be reformulated as
R'Ind%7) = (¢™')" o R'Indf} o ¢*. (6)

Now let us go back to the semisimple group G. Let w € W and w € N(T)
be a representative of w. Let ¢, : G — G be the inner automorphism defined
by ¢w(g) = 1w tgw (Vg € G). (Though it depends on the representative 1
chosen, the automorphism is unique up to an inner automorphism of GG by an
element of T" which does not affect the arguments following this, so we still
denote it by ., without indicating the representative chosen here.) However
the following facts do not depend on w.

0u(GT) = G, T; p(B) = 0 ' Bir = BY; p(B,) = 0 "B = B”.

Let M be a B¥-module, then ¢* (M) = M® ' (independent of the repre-
sentative up to a conjugation by an element of T'), with the action b * m =
W thiom, Vb € B, is a B-module. Similarly Mv* " is an H-module if M is an
H"-module for any subgroup scheme H of G. Let A € X(T) and consider it
as a T-module, then ¢* () = A¥ " = w(\). In fact ¢t x X" = A 'tw) =
w(A)(t).

Denote Z,(w, M) = Ind%.5" M = Indg;M = IndgéﬂpM for a B-module
M. Specially we have Z,(w, \) = Ind§:P" )\ = Ind%@A = Indggf;/\. fw=1
we will simply denote Z,(1,\) = Z,(\). So the notations in section 1.3 are
the special cases of the notations defined here (the notation here is a little
different from the one in [9]). Now applying (5) one gets

Zn(w, A) = Zy(w(A))". (7)
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If one denotes H (G/B“, M) = H'(w, M) for any B*-module M, then
Hi(w, M) = H'(M" )" (8)

If M is a G-module, then the map M — M® " defined by m — w'm is
an isomorphism of G-modules, so

M~ MY, if M isa G-module. 9)

Note that L,.(\g) is a G-module and so is Q. (o) if p > 2(h — 1), for all
Ao € X,. By applying (9) one has the following
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L,(N)" = (L:(Xo) @ p" M) = Lp(X0)" @ (p"A1)"
= L(do+pw (M) = Le(w, ' (V); (10)
QrN)” = Q:(w '), ifp>2(h—1). (11)

Now let us consider the socle and radical series patterns of Z,.(w, A). As
in 1.5, W acts on X(T') x N x N in several ways. So applying (1), (2), (7)
and (10), one gets the following

ST[ZT(U}, )\)] - ST[ZT(’UJ(A))UJ]
R.[Z(w,\)] = R.[Z(w(\)"]

w,  (Sp[Z, (w(N))); (12)
w, (B[ Z:(w(N)))- (13)

2 Socle Series of G, T-modules and G-modules

In this section, unless indicated, we denote by A\ = Ay + p"A; a dominant
weight such that all G, T-composition factors of @,.(\) have the form L, (10 +
p"p1) with gy € C'N X . Furthermore, we assume p > 2(h — 1) from now on
in this paper, so that @,.()\) is a G-module.

2.1 Lemma ([16](II, ch1l)) If A = Ag+p" A\ with 2(h—1) < (A +
p,aY) < p—2(h—1), for all « € R, then Qr(A) has all its G, T-composition
factors of the form L.(po + p" 1) with py € C N X5

2.2 Proposition Ifwe W ue X, andi € N, then

[ (Qu(wn - N) : L)) = [Qr(wr - A) = Ly(wr - )l (1)
H') (Socg,1Qr(w, - X)) C SocgH(Qr(w: - N)); (2)
Hg(w)(RadiGT.TQr(wr : )‘)) 2 Radé}HZ(w)(Qr(wr . A)) (3)

Proof:  Since all the composition factors of Q,(w, - A) have the form
L.(w, - p) with p; € C N X4, it follows from 1.3(6) and Steinberg’s tensor
product theorem ([16], IT 3.17) that

Therefore H*)(L,(w, - 1)) = L(p) is simple and H*(Q,(w, - \)) = 0 if
i # {(w). This shows that the functor H/*) is exact on the G, B-submodules
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of Q. (w,-\). So (1) follows by taking a G, B-composition series of @, (w, - A).
The subquotients of the G,T-socle or radical series of Q,.(w, - \) are G, B-
modules and have the form E = @, cx, L, (1) ® E(110)") where E(y) is a B-
module and all its weights are in w-C. Therefore H")(E) = @, cx, L(t0)®
H')(E(10))™ and all the composition factors of H“")(E(ue)) have highest

weight in C. The strong linkage principle shows that H““)(E(u)) is a
semisimple G-module. Now (2) and (3) follow from the Steinberg tensor
product theorem. Wl

Remark It follows the above proof that for all w € W and i > 1,
[H ) (Soc, 7Qr(w, - N)) = L()] = [Socg, rQr(w, - A) : Ly(w, - )] (4)
2.3 Proposition Ifi>1, then
H°(Socg; Qr(N)) = Soc H(Q(N)).
Proof: From Proposition 2.2, we only need to show

H?(Socg,7Qr(N) 2 SocgH(Qr(N)). (1)

If : = 1, we have Socg, @, (A) = L,(X). So it follows from (6) in section 1.3
that H°(L,.(\)) = L()\). However, we have

HO(Q,(N) = H(Qr(Mo) @ p'A1) = Qr(Xo) © HO(A1);
SocaH(Qr(N)) = (SocaQr (M) ® L(A)" = Lp(Ao) ® L(A)" = L(N).

Therefore equality holds in this case.

In general, let us consider the evaluation map

ev: HYQn(N) — Q.(N),

which is a GG, T-module homomorphism. One knows that the restriction of a
semisimple G-module to G, T is still semisimple. Therefore

Soc HY(Qr(N)) C Socg, +H(Qr(N))
for all # > 1 and also one has
ev(SocngHO(QT()\))) - SociGTTQT()\).
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Therefore ev(Soc, H°(Q, (X)) C Sock, +Qr(X), so we have the following com-
mutative diagram

B(Q.(\)  — Q)
1 I
SocHY(Qr(N)) = Socg,rQr(N)

Here the vertical maps are the inclusion maps. Applying the functor H°
to this diagram and the naturality of the evaluation map ev, we have the
commutativity of the following

Q) Hofev)=id Q)
HO(ev)

SocgHY(Q:(A) " —" H°(Soct;,1Qr(N))
This shows (1) and we have the equality in the proposition. il

2.4 Lemma Letwe W ,ug, Ao € X;, 1 € X(T) and i > 1. Then

[Soc, 7Qr(No) : Ly (pto + ")) = [Soce, 7Qr(No) = Lo(pto + p"w(n))]; (1)
[ Radis, 1Qr(No) © Lo(po + p' )| = [Radiz 1Qr(No) : Ly(pto + prw(m))]. (2)

Proof:  From 1.6(10)(11) we have @Q,(Xo)” = @,(Xo) and L, (uo +
p'1)" = Ly(po + p"w(pa)). Further, 1.6(1)(2) imply

(50¢E7.TQr(>\0) v = Soc, 7(Qr(M0)") = Socg, rQr(No); (3)

(Radis, 1, (%)) = Rady, 1(@r(M)") = Radly 1@ (o). (4)

Therefore the lemma follows from:

[Soc, 7@r(Xo) + Li(pto + pw (1))
= [(Soct, 7@r (X)) Le(po + p"111)"]
= [Socg, +Qr(Xo) : Ly(pto + p"p1)]. [

2.5 Theorem Suppose A = Ao+p"A1 € Xy such that all G, T-composition
factors of Q.(\) have the form L,(uo + p"pq) with uy € X, NC. Then

Socg H ™/(Qy (w, - X)) = H ™) (Soc 7Q: (w; - N))
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forallw e W andi>1.

Proof: In the proof of Proposition 2.2 one knows the functor H“™) is
exact on the G, B-submodules of @, (w,-\). Recall that Socl; +Q,(w,-\) is a
G, B-module, and H* ™) (L, (po+p w-pu1)) = L(po+p"p1) for all composition
factors L, (o + p"w - 1) of Q,(w, - A)) (cf. Remark 1.4).

By Proposition 2.2 one already has
Hz(w)(SOCErTQr(wr : )\)) C SOCiGHK(w)(QT(wr . /\))

So it suffices to show that every simple module has the same multiplicity on
both sides. One can easily see

H O (Q(wy - A)) = H™(Qp(Xo) @ prw - A1) = Qr(ANg) @ HU ™) (w - A1)
=2 Qr(A) ® HO()\l)(T) =~ HY(Q, (Mo +p"\1))

by the generalized tensor identity (cf. [16] I 4.8)and Theorem 1.2 since \; €

C. Now Proposition 2.3 tells us

Socg H'™ (Qr(w, - ) = Socg H(Qr(N)) = H(Soct, 1Qr(N)).
So it is enough to show that

[H°(Socg, 7Qr(N)) : L(w)] = [H")(Soct, 7Q (w: - N)) = L(p)]
for all p € X,. It follows from 2.2(4) that this is equivalent to

[Socg, Qe (A) + L (pto + p" 1)) = [Socg, 1 Qr(wr = A) + Ly(po + p'w - pi1)]-
Now using the following
Socg, 7 Qr(Mo +p"w - A1) = (Soc, 1Qr(Xo)) @ p'w - Ay

for all w € W, one has

[Soce,7Qr(A) = Li(po + p" )] = [Soch, 7Qr(ho) ® p" A1 : Le(pt0) © pTpu]
= [SOCZGTTQT()‘O) t Ly (o) @ p" (1 — A1)l

Similarly one gets

[Soc, 1Qr(wr-X) = Ly (po+ p"w - pr)] = [Socg, Q- (Mo) = L (o) @ prw(pua—A1)]-

Now the proposition follows from Lemma 2.4. N
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2.6 For the assumption on A as at the beginning of this section, it follows
from Z.(\) C @Q.()\) that all composition factors of Z.(\) have the form
L, (po+p" 1) with y € X, NC. Therefore all composition factors of Z,.(w-\)
have the form L, (po+p w- 1) with p; € X, NC from 1.3(5). Now applying
the same argument as in section 2.2 to Z,(w - A), together with 1.3(7) and
1.3(8), one has the following similar results.

Proposition Let pe€ Xy, we W andi > 1. Then
[Hz(w (Socg, 72 (w - A)) L(p)] = [SocgqZi(w-A): Le(w, - p)]; (1)
[H"“)(Radg, . Z,(w - N) : L(p)] [Radg, 7 Zr(w - A) + Ly(w, - )]s (2)

H"™)(Sock, (w A)) Socl ¢ HZ J(w - \); (3)
H ) (Radg, 1 Z(w - X)) Rady, 7H* @) (- ). (4)

Here one needs to recall ) (Z,.(w - \)) = H ™) (w - \) for all w € W.

2.7 Let Ao € X, and w € W. There is a unique weight ()\g),, such that
w- X+ " (No)w € Xi(see [5]). If A = Ao + p"Aq, then

w-A=w- X+ pwA)=w-X+ P (Ao)w + 0 (W) = (Xo)w);

(w-No=w-X+p"(Ao)w and (w - A); = w(A1) — (A0)w-

One can find in Andersen [5] that [((Ag)w,a¥)| < 2(h—1) for all @« € RT and
weW.

Now let us consider the composition factors of Q,.(w-A) = Q,.((w- X)g) ®
p"(w - A)y. It follows from Jantzen [16](II, ch11) that all composition factors
of Q,((w- X)o) have the form L, (o + p"w' (1)) with po+p"pn < 2(p" —1)p,
therefore

(W' (p1), ") <2(h—1) foralla € Rand w' € W.
The composition factors of @Q,.(w - A) have the form
Ly (o) @ p"w' () @ p"(w - A)1 = Ly (po + p"(w'(p1) + (w - A)1)).

Now we assume w' (1) +(w-A)1 € w-(CNXL), i, w - (w'(p1)+ (w-A)1) €
X, ncC.
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Lemma If 5(h—1) < (M +p,aY) <p—5(h—1) for alla € R, then for
allw € W, the composition factors of Q,(w-\) have the form L,(vo+p w-uvy)
with v, € X, NC.

Proof: From above argument we only need to show that this condition
does imply v; = w™' - (w'(p1) + (w- N)1) € X, NC. Note

wh - (W' () + (w- A1) +p = wH (W () +w(d) = (Ao)w + p)
=X\ +w ' () +wH(p) —wH(Ao)w-

Let @ € R*. Then the lemma follows from the following calculation.

<I/1 + P, &V> = <)‘17 &V> + (w_lw’(,ul), Oév> + <w_1(p)> Oév> - <w_1<)‘0)u” Oév>
<p—5h—-1)+2h-1)+(h—-1)+2h—-1)=p;
(i +p,a¥y >5h—-1)—2h—-1)—-(h—-1)-2h-1)=0. 1

Definition X\ € X, is called generic if it satisfies the condition of the
lemma.

Remark Using the remark in 1.4 one can show, for generic A, that the
composition factors of Q,.(w, - (w-A)) = Q,((w-N)o+p w™ - (w-N)) are
of the form L, (o +p" 1) with g € CN X ;. So Theorem 2.5 can be applied
to get the equality

Socl H'W/(Qu(w - X)) = H')(Sock, 1 Qu(w - N).

2.8 Let A € X, be generic. Then H'(Q,(w - \)) = 0 unless f(w) =
i. Further, the functor H“*) is exact on the subcategory of G,B-modules
whose composition factors are also composition factors of Q,.(w - A). In this
paragraph we denote, for simplicity, the following:

Z = Z(w-N), SSH™)(Z) = Soc, H'"“)(Z,(w - \)), S'Z = Sock, 7 Z(w - \);

Q=Q.(w-)), SSH™(Q) = Soc, H*™)(Q,(w- ), S'Q = Sock, 7Q,(w- ).

Since Z C @ then H'™)(Z) C H'™(Q). Recall that S*Z = (S'Q) N Z and
SH(Z) = (S'H(Q)) N H"™)(Z).
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Theorem If A\ = \g+ p"A\1 € X, such that 5(h — 1) < (A = p,a’) <
p—5(h—1) for all « € R*, then for allw € W, p € X, andi > 1,

Soc, H'™) (w - \) = H")(Sock, Z.(w-\)); (1)
[Sock H ) w-\): L(n)] = [Sock, Zo(w-\): Lywn- )], (2)

Proof: (2) follows from (1) and 2.6(1). To prove (1) it is enough to
prove HW(S17) = H™)(Z) N H* ™ (S'Q) (cf. Theorem 2.5). Applying the
exact functor H ™) to the following commutative diagram with exact rows
and columns:

0 —- Z = Q —>Q/Z

| ! ”

0 — S72 — S'Q — Q/7, (3)
T T T
0 0 0

we can get the following commutative diagram with exact rows and columns:

0~ HO(Z) - HWQ - H®(Q2)
| 1 H

0 — HO(SZ) — HO(SQ) — HW(Q2Z). ()
T T T
0 0 0

Diagram (4) yields H/®)(S1Z) = H*™)(Z) N H'™(S'Q). So the theorem
follows. |
3 Duality and Radical Series

3.1 Recall from 1.5 that for a G-module M, S[M] and R[M] as subsets
of X(T) x N x N are called the socle and radical series patterns of M while
S.[M] and R,[M] are defined for a G,T-module M.

Lemma If A € X, is generic as in 2.7, then

S (w- )] = w8, [Z(w- V) 1)
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Proof: Recall from 1.2 the action w; ' -y = po +p"w™' - ;. Now the
Lemma follows from Theorem 2.5, Theorem 2.8 and 2.2(4).

3.2 Let \p € X, and (A\g)w € X(7T') be defined in 2.7 such that w - (A\g) +
P"(Ao)w € Xpo IEX = Ao+ "\, let v = p"A; — p be the special point which is
the lower vertex of the r-box containing A (an 7-box is a fundamental domain
in X(7) ® R under the translation action of p" X (7'), see Doty and Sullivan
[11] for details).

Proposition Suppose A = \g +p"\y € X is generic. Then
SIH ™ (w - N)] = (w; 1), - S[H((w - Ao + ")) = p'w ™ (Ao)w). (1)

Proof: Since (w-A); = w(A1) — (Ao)w and w- A = (w-N)g + p"(w(A1) —
(Ao)w) (cf. 2.7), (w-X)g + p" Ay is also dominant and generic. Applying 3.1
we have

S[H((w - Ao+ p"M)] = Sp[Z((w - N + p"A\1)]. (2)

The following calculation is based on 1.5(3).

[ ( r(w - A))] = wt - S Zn(w - )]
F(Se[Ze((w - Mo +p"An)] = 1" (A = w(A )) P"((Mo)w))
wy ! - ([ 2y ((w Ao+ )] - 7”/\1)+297">\1 w=((Ao)w)
Z(wr ) - S[H((w - Ao+ p"A1)] — p"w ™ ((Ao)w ) |

Remark Using exactly the same argument as in 2.3, one can show that
Soc,(H°(N)) = H(Soct, 12, (N))

provided that all composition factors of Z,(\) have the form L,(uo + p"fi1)
with g1 € C'N X,. This was proved by Andersen [5] for \ satisfying

2(h —1) < A,y <p—2(h—1), for all « € R™. (3)
However, if X is generic, then
wy - A= (w-A)o+p (w-N)1+X —wh)) = (w-X)o+ D" (M — (Ao)w);
)

a= (o) @¥) < (s, @) + [{(Mo)us V)] < p=5(h—1) +2(h— 1) < p— 2(h— 1);
O — (o) = 51— 1) - 20 1) > 21— 1),
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Therefore, if we take w, - A instead of (w - A)g + p"A; in (2), then the same
proof in this proposition will show

S[H ) (w - )] = (w, ), - SIH(w, - A)). (4)

T

This gives us an algorithm to calculate the socle series pattern of H“")(w-\)
out of the socle series pattern of H°(w, - A). For \ generic, take the lower
vertex v of the box containing A, apply w, “dot” action (take v as center
instead of —p and apply the “dot” action of W in this situation) to A to get
w, - A\. Now take the socle series pattern of H°(w, - \) as known. For each
box containing a highest weight of a composition factor of H%(w, - \), take its
upper vertex and move the upper vertex back by w; ! to get an upper vertex
of a box and translate everything (including socle level and multiplicity in
each level) from the former box to this new one. Then one can get the socle
series pattern of H™)(w - \). The action of w; ' is exactly the same as the
alcove identification operator defined in Doty and Sullivan [11].

3.3 Recall that L(p)* = L(p*) and H'(u)* = HN(wo - u*) by Serre
duality. Now using 1.5(9) and 1.5(10) for a G-module M one has

S[M]* = R[M*] and R[M]* = S[M"], (1)

where the * acts on X(7') x N x N by acting on the first component. There-
fore Serre duality implies

SIH'(w)]" = R[H" ™ (wo - 11"))- (2)
Lemma Let A € X, be generic. Then
R[Hg(ww())(wwo A9 =
((wow™ wo)r )y - RIH™ (wo - ((w - A)g +p"A7))] = 9" (w™ (Mo)w)™ (3)
Proof: It follows from (2) that
SIH® (w - N = R (w, - (w - A7)
Note that (w - A)* = wowwy - A*. Thus we have

S[H"™) (w - \)]* = R[H* ™) (wwq - \*)).
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On the other hand,

= ((wow"wo), )y - STH((w - o +p M) — 9 (™ (Mo’
((wow ™ wo)y)ue - RIHN (wo - ((w - A)5 +p"A7))] = p" (w ™ (No)w)™

Therefore the lemma follows from Proposition 3.2. |

3.4 Lemma Let € X, be generic. Then

RIH (wo - )] = ((wg ")r)y - RIH ((wo - p2)o + ")) = "wg (10)wo, (1)

where n = p"uy — p is a special point.

Proof: Let w = wy in Lemma 3.3. Then
RIH(X)] = ((wg ")) - RIH™ (wo - ((wo - A)g+p"AD)] =" (wg  (No)ws) ™ (2)
Recall the properties of the % action in 1.2 we have

(wo ' (A0)we)™ = —wo(wy ' (Ao)we) = —(Xo)we = Wy + (Ao0)ay;

(wo - A)g = (wo - Ao)* +P"(Ao)iy = Wo * Ag + D" (Ao)iny;

wo ((wo-A)5+p"AT) =wo- (wo- A)g+p wo(A]) =Ag+p" wo(Ao) s, +1" wo(A]);
(A0)ioy = (A0)wo-

Therefore we have

RIH* (X)) = ((wg")r)ue - RIH™ (A5 + P wo(Ag)ug + P wo(A]))] — plwg ! (AS)EU())-
3
Let po = (wo-A)§+p"Aj. Then py = Aj. Therefore p is generic if and only
if \* is generic. Furthermore we have
po = (wo - A)g = (wo - A")o = wo - AG + " (Af)wo
wo - A = (wo - A")o + p"(wo - A
= o + " (wo(AT) = (A§)wo) = pro + P wo 1) = P7(A5) o
X = wo - o+ Py = PTwg (A )y
Note that
wo - o + P (=wo(Ag)uwy) = wo - (wo - Ag + P (Ag)wy — P (Ag)uy) = Ag € X
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Thus —wy ()up = (Ho)uy and

N =wp - pro+p 1 + 0" (10)we = (Wo - p)o + P s

Therefore, for any p as in the Lemma, take A = ((wq - )0 + p"p1)*. So p is
generic if and only if A is generic. Now by substituting the arguments in (3)
by those in terms of 1 and solving out the HY term, one has

R[HN (wo - )] = ((wg)r)ur - (RIH((wo - t)o + " 111)] = P (110) i)
= ((wo)r)o - RIH®((wo - 1£)o + p"p1)] = P w0 (410w

where v* = 7 and the Lemma follows. |
3.5 Theorem Suppose A € Xy is generic. Then

RIH ™ (w-\)] = (w:), - RIH ((w- Ao+ p" M) = pPw Xo)w. (1)

T

Proof: Let p = (w-\)§+ p"A} in Lemma 3.3. The following follows
from Lemma 3.4.

RIH) (wwo - A)] = ((wow™ wo)r o - RIH™ (wo - )] = p" (w0 (Mo)w)*
=((wow ™ wo)s)u+ (o)) RIH\word otplin) g (0)wo) =P ™ o))
= (wow™)y)y - R[H (w0 t)o+p1n)] =P wow ™ (o)) + @™ Ro)w)),  (2)

where 11 = Aj, so p and \* are in the same box with the lower vertex v*.

Note that (w - A)§ = (wowwy - A*)g. Then
= (w-N)g+p"A] = wowwy - \* + p"(A] — (wowwy - A*)1). (3)
Therefore wy - 1 = wwg - A* + p"wo (A} — (wowwp - X*)1) and
(wo + p)o +p" 1 = (wwp - A)o + p"AL. (4)
Also from (3) one has g = (wowwg - \*)g = wowwg - A§ + 0" (AS) weww, and

Wo * Ko = WWy * /\S +per<<)\8)w0wwo)
= wwo - Ag + P (A)wwo + P (Wo(AG)wowwe) — (AG)wwo)- (5)

From (5) one also has (£10)w, = (A§)wwe — Wo((AS)weww,)- Therefore

wow ™ ((f0)uo) = wow ™" (A§)wwn) — wow ™ wo((AG)wgwo ) (6)
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Since (w-Ag+p" (Xo)w)* = wowwo-A5+p" (Xo)k € X, then (M) = (A§) wowuwo-
Therefore, by applying (6) we have

wow ™ ((Ho)wo) + (W™ (Ao)uw)*
= wow ™ (A Jwwo) — Wow ™ wo (A wouwwo) + wow ™ wo((No)7,)
= Wow (()‘S)wwo> wOw_lwo((Ag)wowwo) + wOw_IU)O(()‘S)wowwo)
= wow ™ ((Ag)wuo)- (7)
Now substituting (4) and (7) into (2) we have
RIH ™ wwo-N)] = (ow™)y),+ - RIHY wwo- Ao +p"AD] = pwow ™ (A wuwo)-

Since A = Ao+ p" A is generic if and only if \* = \§ + p"A] is generic, we can
replace A* by A\ and wwy by w and the theorem follows. |

3.6 Let L,(u) be a simple G, T-module. Then
Lo (p)" = (Ly(po) @ p'a)”
= Le(po)* @ p"(=p1) = Ln(pg + p' (= p))- (1)
Let = : X(T') — X(T) be the involution defined by

Ho + P hn = po + pT (=) (2)
for all € X(T). It follows from the definition of = and = that
= (wo), ()- (3)

Let A € X(T). Using 1.5(9), 1.5(10) and (1) one can show for a G,T-
module M of finite length that

5,[M] = R,[M"]; (4)
R.[M] = 5,[M"]. (5)
Now let M = Z.(w - \), we have the following
R, [Z,(w - N]" = (wo)r (Br[Zr (w - N)])
= (w0)r (Sr[Z(w - A)"]) = (wo) (S, [Z:(2(p" — 1)p —w - N)])
= (o) (5[ Zr(=2p —w - N)] +p"p) = pp = (wo)r - (5[ Zr(wo - (w - A)*)])
= (wo)r - (Sr[Zr(wwo - A")]). (6)

Now we are ready to prove
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Theorem Let A = \g + p" A1 be generic. Then

RIH N (w-N)] = w, " Ro[Z:(w - N)]; (7)
Radl,H"™)(w - \) = H")(Radl, +Z,(w - \)). (8)

Proof: Since Radl, H*™ (w - \) € H"")(Rad}, 1 Z,(w - \)) as in 2.6(4),
(8) follows easily from (7) by counting composition factors. To prove (7),
consider from Serre duality,

RIH" ™) (w - \)]* = S[H* ™ (w - \)*] = S[H ™) (wwq - \*)]. 9)
On the other hand, by using (6) one has

(w; ' Ry[Z(w - M) = (wow™ wo), - (B[ Z(w - N)J)
= (wow ™ wg), - ((Wo) - S Zwwo-X*)]) = (wow ™), Sy [Z, (wwy-A")]. (10)

Since A is generic if and only if \* is generic, one can apply Lemma 3.1
to (9) and (10) to get

RIH ) (w - N]" = (w, " Ro[Z(w - N)])".

Now the theorem follows by applying the involution % once more. |

3.7 Let A € X(T), then L,.(A\)* = L,()). Recall that Q,()\) is the projec-

tive cover and the injective hull of L,(\). So Q,.(\)* is the projective cover

and injective hull of L,.(\). Therefore,
Qr(A)" = Qr (V). (1)

Recall that if M is a G-module, the r-th Frobenius twist M) is a G-
module and
(M) = (M), (2)

Now we consider the dual of H(Q,(\)) for Ay € W - C. By using (1), (2)
and Serre duality we get

(H'(Q:(N)" = (H'(Q: (M) @ " M))" |
= (Qr(No) ® H'(A\)™)* = Q,(No)" @ (H'(M)")*
= Q:(\) ® (H' (M) = Qr(Ny) @ HY " (wy - A}
= HN7HQ (N + " (wo - A}))) = HY7H(Qr((wo), - A7)). (3)
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Theorem Let A = Ao+ p"\ € X such that
2h —1) < (M +p,a”) <p—2(h —1), Va € RT.

Then, for allw € W,

SIH N (Qr(w, - M) = w8, [Qn(wr - N)J; (4)
SIH ™ (Qu(wr - M) = (w,; ), - S[H(Qr(N))]; (5)
RIH™(Q,(w, - \)] = w; "+ Rp[Qn(w, - N)J; (6)
RIH™(Q,(w, - )] = (w; "), - RIH(Q-(N))]. (7)

Here v = p" A\ — p is the lower vertex of the box containing .

Proof: (4) follows from Theorem 2.5 and definitions of the patterns in
1.5. Since

wr_l : Sr[Qr(wr : A)] = wr_l : ST'[QT()\O) ®prw . >\1]
= [Qr(Xo) @ p"Ad] + p"(w - AL = A1)

(5) follows by applying (4) for w = 1.
To prove (6), we use the duality in (3) and get

RIH(Q(w,-N)]* = S[H ™) (Qp(wy-X))*] = S[H 0 (Qp((wo)y-(wp-A)¥))].
Note that (w, - A)* = (woww), - A* and
SIH)(Qn(wwo), - A*))] = (wwo), " - S,[Qr(wwp), - A")).
Since A* also satisfies the condition of the theorem, so combining (4) we have
RIH"“)(Q(w - M)]* = (wwp); " - Sp[Qr ((wwg), - A7) (8)
On the other hand,

R, (Qr (w, - A)]* = (w)
= (wo)» (5[ r(wp - A)*

25



From

Wy A=A +pw-X) =X+ (—w- A1) =X +p"wo - (w- )" +p"2p
= A\ + plwwy - AT 4+ p"2p = (wwp), - X+ p"2p,

we have

Rr[Qr(wr : )‘)]* = (w())r(Sr[Qr((wwO)r ' )‘*)} +pr2p)
= (wo)r - S [Qr((wwp), - A7)].

Therefore, by (8)

w;I ) Rr[Qr(wr ’ )‘)])* = (wowile)T ’ RT[QT(wT ’ A)]*
(wow™), - S @r ((wwo), - X*)] = RIH™/(Qr(w - N))]*

—~

and (6) follows. (7) follows from (6) by the similar argument as in (5). §

4 Structural Correspondence

4.1 Recall in 1.6 we defined Z,.(w, \) = Indgﬁ})\ which is a G, T-module
and extends to a G,B"-module, with Z,.(1,\) = Z,.()\). Further, Z,.(w,\) =
Z,(wN))"

Let St, = L.((p" —1)p) = Z.((p" —1)p) = H°((p" — 1)p) be the Steinberg
module. A weight in the orbit W (p" — 1)p of the Weyl group W is called an
extremal weight of the Steinberg module St,. Generally for the G, T-module
Z,.(X\) the extremal weights are defined to be the weights in A — (p" — 1)p +
Wp'=1p=A+0p -1)W-0

Humphreys in [14] conjectured that there should be a structural corre-
spondence between the G-module H“®)(w - \) and the G,T-module of the
kind Z,(w, p) for some extremal weight p of Z.(\), at least for A in general
position in the lowest p*-alcove. The following theorem gives a correspon-
dence on the socle and radical structures between the conjectured modules.

Theorem Suppose A = \g + p" A\ € X, is generic. Then

SIH ™ (w-N)] = S[Z,(w A+ (" — Dw " -0)]; (1)
R [Zy(w, A+ (p" = D" - 0)]. (2)

=
T
£
B
=
I
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Proof: From 1.6(12) we have

S.[Z(w, A+ (0" — D™t 0)] = w (S, Z (wA + (5" — Dw™ - 0)))).

r

Since
wA+ (p" = Dw™ - 0) = w- A +p"(p —w(p)),

thus
Sl Ze(w, A+ (p" = Dw™ - 0)] = w; (S, [Z,(w - N)] +p"(p — w(p)))

= wr_l(Sr[Zr(w A +p"p)—pp= wr_l - SplZe(w - M)
Now (1) follows from Lemma 3.1.
By using Theorem 3.6 and the same argument, one can get (2). il
4.2 Let 0 : G — G be an automorphism of the semisimple algebraic group
G such that 0(U,) =U_yyw- Under this automorphism we have o(G,T)=G,T,
o(B,T) = BT and o(B) = B etc. Since ¢ induces an automorphism of

the root system which maps positive roots to positive roots, then o(U) = U.
Note that o(t) = wot twy ', Vt € T. So from (5) in 1.6, we have

RIndGE’ = (R'Ind§E)” and Ind§ 7 M7 = (Ind§7.M)°,

where F and M are B-module and B, T-module respectively, and o*(E) =
E°.

For the one dimensional T-module A we have A\ = \*. Hence

H'(\) = H'(N)7 (1)
L") = L)% (2)
Zr(X) = Z:(N)7; (3)
LX) = LA (4)

Therefore by 1.6(1) and 1.6(2) we have
S[H'(A)] = S[H'(N)7] = S[H'(N)]';

R[H'(X")] = R[H'(A\)] = R[H'(\)]".
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Lemma Let A € X, be generic. Then
R[H ™) (w - \)] = S[H @) (ww - \)]

for allw e W.

Proof: By Serre duality we have
ST (w - )] = RIH(w - \)*] = RIE (wwy - A)].
On the other hand
S[H ) (w-\)]* = S[H™ (w-)\)°] = S[H™) ((w-\)*)] = S[H™ (wywwy-\*)].
Now the lemma follows by replacing A\* and w with A and wwy . W

4.3 Theorem Let A € X, be generic and v = p"A\y — p be the lower
vertex of the box containing X\. Then

S[HO((MO)V : )‘)] = ((MO)T)V ' R[HO(/\)]

Proof: Let w =1 in Lemma 4.2, we have
R[H°(\)] = S[H ™ (wy - \)].

Now by (4)in 3.2, S[H! ™) (wy-\)] = ((wg),), - S[H®((wp), - A)] and now the

theorem follows. N

Remark From this theorem and the theorems in section 3 one can see
that generically the radical and socle structures of all cohomology modules
are determined by the structures of Weyl modules. When r» = 1 , moreover,
for a p-regular weight A the structures only depend on the alcove type within
a box. This theorem tells us that there is a duality between the alcove types
such that the socle series of the Weyl module with highest weight in an alcove
comes from the radical series of the Weyl module with highest weight in the
dual alcove. In other words, generically, the socle and radical structures of
all cohomology modules are determined by only half of the Weyl module
structures in a box.
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4.4 Let A € X,. Define D(\) = {(u,m) | [H'(X) : L(i)] = m} to be the
decomposition pattern. It follows from 3.2(4) that

(wr)u : D()‘) = D(wu : /\) (1>

for A\ generic and v = p"A; — p and w € W. Combining this with the
translation invariance of patterns, one can conclude that the decomposition
patterns of all Weyl modules in the generic case are determined by patterns in
only one p"-alcove. Furthermore, the total number of composition factors of
a Weyl module in the generic case only depends on the facet type containing
the highest weight.

Corollary ([16], IT 9.14) If \ € p" X, — p is generic, then H* ™) (w - \) is
simple for allw e W .

Proof:  Since S[H™(w - \)] = w; ! S.[Z.(w - \)], let us consider
Se[Zr(w-N)]. As A =p'v—pand w- A = pw(v)—p, we have S, [Z,.(w-\)] =
S Z((p"—1)p)]+p"(w(v)—p). Now the corollary follows from the simplicity
of the Steinberg modules.

4.5 Another question is when L(yu) is a composition factor of H°()), i.e.,
find DAy = {p | [H°(\) : L(n)] # 0}. However, for A generic and v =
P’A — p, p € D(N); implies (w,), - p € D(w, - A\)4 for all w € W. So
the strong linkage principle implies (w,), - & T w, - A for all w € W. This
turns out to be a sufficient condition when r = 1. However, for » > 2 this is
not sufficient, for details see [13]. The condition here determines exactly the
strong linkage class of A when r =1 as in [13].

4.6 In this section we assume 7 = 1. Andersen in [6] has proved that in
generic cases the socle filtration and the radical filtration of H°(\) coincide
by assuming the Jantzen conjecture. Recall that a module of finite length is
called rigid if its radical filtration and socle filtration coincide. The following
theorem extends Andersen’s results to all cohomology modules.

Theorem Suppose r = 1. Let A € X, be generic and w € W. Then
H'®) (w - \) is rigid if Lusztig’s conjecture is true.
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Proof: Andersen and Kaneda in [7] have proved by assuming Lusztig’s
conjecture that the GiT-module Z;(w, A\ + (p" — 1)w™' - 0) is rigid and has
Loewy length N 4+ 1. Now the theorem follows from Theorem 4.1. §

Remark For the groups of rank 2, the Lusztig conjecture has been
proved. In this case the cohomology modules generically are rigid for the
weights in the lowest p?-alcove. The radical filtration and Andersen’s filtra-
tion [4] coincide generically for the group of type By since the socle filtration
of H°()\) for A\ dominant has been proved to be the dual filtration of the
Jantzen filtration of the Weyl module V(A) in this case (see [8] , [11] for
example).

4.7 Foranyr > 1and A € X, generic, the rigidity of ™) (w-\) depends
on the rigidity of Weyl modules.

Theorem Suppose A € X, is generic. Then the following are equivalent
(i) HO(N) is rigid;

(ii) H')(w - \) is rigid for all w € W;

(iii) Z,.(X) is rigid as G, T-module;

(iv) Z.(w, A+ (p" — Dw™'-0) is rigid for allw € W.

Proof: The equivalence of (i) and (ii) can be derived from Proposition
3.2 and Theorem 3.5. Lemma 3.1 and Theorem 3.6 give the equivalence of
(i) and (iii). On the other hand, Theorem 4.1 gives the equivalence of (ii)
and (iv). So the Theorem follows. H

5 Nongeneric Structure

Using the structure of Z,.(\) and Kempf’s vanishing theorem, Bai-Wang—
Wen in [8] derived the socle structure of H(\) for A dominant and close to
a chamber wall. In this section we derive from Z,.(\) and Q,(\) that H*(\)
has simple socle for certain 7 and . This extends Andersen’s work on the
structure of H' in [1].

5.1 Recall that the Weyl group W as a reflection group has a “dot” action
on X(T')® R. The closure of each connected component ( so called chamber
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) of the complement of the union of all the hyperplanes through —p is a
fundamental domain of this action. So there is a correspondence between
the set of chambers and the Weyl group such that for each chamber there is
a unique w € W such that w - X is contained in this chamber (which we
will call the w-chamber). The chamber containing X, is called the dominant
chamber. We define an order relation in the set of chambers by reversing
the Bruhat order on W i.e., we say the w-chamber is higher than the w’-
chamber if w < w’. So the dominant chamber is the unique highest chamber
and the wg-chamber is the unique lowest chamber. In this sense one can see
that the w-chamber is higher than the w’-chamber if and only if there is a
sequence of positive roots g, as, ..., q; such that w' = s, ... s, w and the
Sa;_; - - - Sayw-chamber is on the positive side of the a;-wall for each 7.

We have used the term “ p"-box” ( we simply say “box” if r is understood)
in section 3. If A € X(T), the upper vertex of the box containing A is
AV =p" A\ + (p" — 1)p and the lower vertex is A, = p" A\ — p. If w € W, one
can easily verify

Wy A= — (" —1)p+w- . (1)

This is the reason that the algorithm in 3.2 is so stated.

5.2 Lemma Let \; € W-C. Then H(L,(\) # 0 if and only if there
exists a (unique) w € W such that w - \* € Xy and i = {(w).
Proof: Suppose there is a w € W such that w - A\? € X,. One can
verify that

w- A =w-(pP A+ (" —1)p)=pw- M+ —1)pe Xy

if and only if w-\; € X,. Since \; € W-C, we have w-\; € C, s0o H'(\) # 0
if and only if i = ¢(w). Therefore H'(L,(\)) = L.(Xo) ® H (A1) # 0 if and
only if i = {(w).

Conversely, suppose w - A¥ ¢ X, for all w € W. Then A" has to be on
a chamber wall, i.e., (\Y + p,a") = 0 for some @ € R*. Let w € W such
that w(a) € S is simple, then (w - A" + p,w(a)”) = (A\” + p,a¥) = 0 and
(w- A, w(a)Y) = —1. Now since \; € W-C we have H'(\;) = 0 for all i > 0.
The lemma now follows from the generalized tensor identity. N

5.3 We have defined in 4.5 D,(\), which is the set of highest weights of
composition factors of Z,.(A). D,(\) is computable from Doty and Sullivan
[13].
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Theorem Suppose A € X(T) such that \y € W - C and \° lies in the w-
chamber. If none of the weights in D,(\); has its upper vertezx in a higher
chamber, then H'(A) =0 for all i =0,...,0(w) — 1, and H™()\) #£ 0.

Proof: From Lemma 5.2 we have H'(L,(u)) = 0 for all u € D, (),
and ¢ = 0,...,0(w) — 1 since w > w' implies ¢(w) > {¢(w’). However,
H'™)(L.(\)) # 0 by Lemma 5.2. Now by induction one can easily show
H{(M) = 0 for all G, B-subquotients M of Z.(\) and 0 < i < £(w). So we
have the exact sequence

0 — H'™)(L (X)) — H'™(Z,(x)) = H™)(5).

This proves the theorem. N

Remark In [1], Andersen proved that for certain weights close to cham-
ber walls the H! # 0. Using above theorem one can see that if A has its upper
vertex in the w-chamber (with A itself in a lower chamber) and far from any
upper walls of the w-chamber then A has a lower nonvanishing cohomology
besides its standard nonvanishing one. Combining this theorem with Serre
duality, one can see that A has two nonvanishing cohomology groups if the
box containing A crosses a chamber wall and is far from any other chamber
walls. These two i’s can be calculated which are two successive numbers
and A has only these two nonvanishing cohomology groups. This situation
is called the semi-standard vanishing as predicted by Humphreys [15]. Tt is
conjectured that if A is close to a chamber wall but far away from any other
chamber walls, extra nonvanishing cohomology appears only when the box
containing A crosses the chamber wall. This can be seen for the groups of
rank 2 if \ is far from —p . However, when A is close to —p, the situation is
different. In the case when G has type By and r = 1, one can use the above
theorem to see that each alcove listed in Andersen’s picture [3] Fig.1 with
extra nonvanishing cohomology is contained in a box which crosses a cham-
ber wall. Further one can determine the composition factors of some extra
cohomology. In the sgs,sg-chamber one finds that there is a “2” missing
from an alcove in the first box on the top. However, if we look at the pattern
Di(M\)4 for X in that alcove, we will find H?*(Ly(p)) = 0 for all € Dy(\)4
by Lemma 5.2. H?(L;()\)) = 0 because the upper vertex pA; + (p — 1)p of
the box is on the a + 3 wall. A similar situation happens for the group of
type Ga.
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5.4 Let A € X(T). Define

DNy = {neX(T)
{neX()

[Z:(p) : Le(N)] # 0}
[Qr(A) + Zp ()] # 0} (1)

It follows from Doty and Sullivan [13] that D;'(N), is computable, so is
DD 1)+

Theorem Let A € X(T) and w € W such that A" is in the w-chamber and
M\ € W-C. If none of the weights in D,(D;*(\)}) 4 lies in a higher chamber,
then

SocgH ™ (N) = L(w - ).

Proof: Since D,(\), C D,(D;*(\);)y we have H'(M) = 0 for all
subquotients M of @,.(A) and 0 < i < ¢(w) by Lemma 5.2. Therefore the
exact sequence 0 — Z,.(\) — @, () induces an exact sequence

0 — HO() = HO(Q,(N) = Qo) ® H™ (1),

We know from Theorem 5.3 that H)(\) # 0. On the other hand, H*®)(\)
is simple and @, (A\o) has a simple socle L()\). So HA")(Q,()\)) has a simple
socle L(w; ' - \) and the theorem follows. M

Comparing with Andersen’s work on the socle of the first cohomology one
can see that H™)()) has simple socle when \ is in a box with upper vertex
in the w-chamber but A itself is in a lower chamber. So the socle for H' is a
special case. Some application of this theorem to the group of type Bs has
been made. In that case the socle series of the H°(\) are known. Calculations
on diagrams enable us to find out at least one of socle and radical series of
all weights in the lowest p?-alcove for all nonvanishing cohomology. (Except
a few alcoves close to —p. For details see [18].)
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