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ABSTRACT. An integral PBW-basis of type Aﬁl) has been constructed by Zhang [Z] and Chen
[C] using the Auslander-Reiten quiver of the Kronecker quiver. We associate a geometric order
to elements in this basis following an idea of Lusztig [L1] in the case of finite type. This leads
to an algebraic realization of the canonical bases of U, (§12). For any affine symmetric type,
we obtain an integral PBW-basis of the generic composition algebra, by using an algebraic
construction of the integral basis for a tube in [DDX], an embedding of the module category
of the Kronecker quiver into the module category of the tame quiver, and a list of the root
vectors of indecomposable modules according to the preprojective, regular, and preinjective
components of the Auslander-Reiten quiver of the tame quiver. When the basis elements are
ordered to be compatible with the geometric order given by the dimensions of the orbit varieties
and the extension varieties, we can show that the transition matrix between the PBW-basis and
a monomial basis is triangular with diagonal entries equal to 1. Therefore we give an algebraic
way to realize the canonical bases of the quantized enveloping algebras of all symmetric affine
Kac-Moody Lie algebras.

0. Introduction

0.1 Let U™ be the positive part of the quantized enveloping algebra of U associated to a Cartan
datum. In [L1], Lusztig has constructed a canonical basis of UT in the case of finite type by
three methods. The first method can be understood in a pure combinatorial way. By applying
the Lusztig’s symmetries and the induced actions of the braid group on U™, one may have
a complete list of root vectors of U'. Associated to each reduced expression of the longest
element of the Weyl group, there is a PBW-basis of U™ with a specific order and a monomial
basis on the Chevalley generators such that the transition matrix between these two bases is
triangular with diagonal entries equal to 1. The second method is the quiver approach. Each
isomorphism class of the Dynkin quiver corresponds to a basis element E€, (¢ € N‘I’+) of UT.
Now the representations of a fixed dimension vector of the quiver are the orbits of an algebraic
groups action on an affine variety. The geometric dimension of these orbits can be applied to
give an order in {E¢|c € N®"}. This ordered basis relates to a monomial basis by a triangular
transition matrix with diagonal entries equal to 1. By a standard linear algebra method one can
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easily obtain the canonical basis. The third method is the geometric approach by using perverse
sheaves and intersection cohomology. It is also well known that an independent method to
construct the crystal bases of U was given in the Kashiwara’s work [K]. Now it is well known
that Lusztig has generalized his geometric method to construct the canonical bases of U™ for
all infinite type (see[L2] and [L3]).

0.2 A natural question is to seek an algebraic characterization of the affine canonical bases. This
was attained first by Beck, Chari and Pressley in [BCP] for the quantized enveloping algebra of
untwisted affine type, and then was improved and extended by Beck and Nakajima in [BN] to
all twisted and untwisted affine types. Their method is to give the real root vectors by applying
the Lusztig’s symmetries on the generators and to construct the imaginary root vectors by
using Schur functions in the Heisenberg generators. Therefore their construction depends on
the Drinfeld new realization of the quantized affine algebras in [Dr].

0.3 Although most knowledge on the canonical bases in finite type can be carried out in a pure
combinatorial way, it is obvious to see that the definition of the canonical bases was introduced
by Lusztig in a framework of representations of quivers. Specifically, Lusztig has extended the
Gabriel’s theorem to build up a PBW type basis for U™, which is ordered by the geometric
properties of the corresponding orbit varieties. It is well known that the representation category
of a tame quiver has been completely described by a generalization of the Gabriel’s theorem
and its Auslander-Reiten quiver (see[DR]). The objective of this paper is to provide a process
to construct the canonical bases of U™ of affine type by using Ringel-Hall algebra and the
knowledge of the representations of tame quivers. We hope that the method we adopt in this
paper is closer to the original idea of Lusztig in [L1].

In Section 1 we define the Hall algebra of a quiver in the sense of Ringel and in the sense
of Lusztig respectively, and point out that the two constructions coincide essentially for the
representations of a quiver over a finite field. Section 2 presents the basic geometric properties
of the orbit varieties and extension varieties for the representations of quivers. In Section 3
we construct an integral PBW basis of Agl) type by using the representations of the Kronecker
quiver. Most results in this section are already known for some experts (see [Z] and [C]). The
category mod A of the Kronecker quiver has a strong representation-directed property [DR].
This enables us in Section 4 to arrange the positive roots in a special order. In addition, by the
basic properties of the orbit varieties, we find a monomial bases whose transition matrix with
the PBW basis is triangular with diagonal entries equal to 1. Section 5 is taken from [DDX], in
which the integral bases and the canonical bases of AT(}) type were given in terms of the nilpotent
representations of the cyclic quivers. In Section 6 we consider the Z-submodule of U™ generated
by (ups) for M being a preprojective (resp. preinjective ) module. It is a Z-subalgebra of Ut. An
integral basis for this Z-subalgebra can be listed in an order with respect to the representation-
directed property of the preprojective (resp. preinjective ) component. We verify that the
basis elements coincide with the products of images of Chevalley generators under the action
of the sequences of Lusztig’s symmetries in an admissible order. So the situation in Section 6
is essentially the same as in the finite type case. In Section 7, we show that the subalgebras
corresponding to the preprojective component, preinjective component, non-homogeneous tubes,
and an embedding of the module category of the Kronecker quiver can be put together, according
to the representation-directed property of the tame quiver. This gives rise to an integral basis
of UT over Q[v,v~!]. In the last section, we again find a monomial basis, which has a unipotent
triangular relation with the integral PBW type basis we obtained. But this needs a little more
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subtle analysis of the orbit varieties and the extension varieties. Finally, the canonical basis of
U can be constructed in an elementary and algebraic way.

Acknowledgments. (1) We are very grateful to O. Schiffmann, B. Deng and J. Du for getting
our attention to the preprint [H] by A. Hubery, in which an integral PBW basis for the compo-
sition algebras of affine type are constructed according to the representations of tame quivers.
(2) Our construction of the canonical bases is independent of the assumption for the existence
of the Lusztig’s canonical bases, also independent of the existence of the Kashiwara’s crystal
bases.

1. Ringel-Hall algebras

1.1 A quiver Q = (I, H, s,t) consists of a vertex set I, an arrow set H, and two maps s,t: H — |
such that an arrow p € H starts at s(p) and terminates at ¢(p).

Throughout the paper, F, denotes a finite field with ¢ elements, @ = (I, H,s,t) is a fixed
connected quiver, and A is the path algebra of @ over [F,. By mod A we denote the category of
all finite dimensional left A-modules, or equivalently finite modules. It is well-known that mod A
is equivalent to the category of finite dimensional representations of @) over F,. We shall simply
identify A-modules with representations of Q).

1.2 Ringel-Hall algebra. Given three modules L, M, N in mod A, let g]@ n denote the number
of submodules W of L such that W ~ N and L/W ~ M. Let v = /g and P be the set of
isomorphism classes of finite dimensional nilpotent A-modules. Then the Ringel-Hall algebra
H(A) of A is by definition the Q(v)-space with basis {uf|[M] € P} whose multiplication is
given by
Ny = Y NN
[LleP

Note that g]@ ~ depends only on the isomorphism classes of M, N and L, and for fixed isomor-
phism classes of M, N there are only finitely many isomorphism classes [L] such that gf/[ N 7Z 0.
It is clear that H(A) is associative Q(v)-algebra with unit ug, where 0 denotes the zero module.

The set of isomorphism classes of (nilpotent) simple A-modules is naturally indexed by the
set I of vertices of ). Then the Grothendieck group G(A) of mod A is the free abelian group ZI.
The Ringel-Hall algebra H(A) is graded by NI, more precisely, by dimension vectors of modules.

The Euler form (—, —) on G(A) = ZI is defined by

(@, B) =Y aibi = ) ayp)bi)

el peEH

fora =73, .;aiiand B =), ;b in ZI. It is well-known that for any A-modules M and N one
has

(dim M, dim N) = dimp, Homp (M, N) — dimg, Exta (M, N)

where dim M and dim N denote the dimension vectors of M and N respectively. The symmetric
Euler form is defined as

(Oé,ﬁ) = <O‘7ﬁ> + <ﬂ7a> for Oé,ﬁ € ZlI.

This gives rise to a symmetric generalized Cartan matrix C' = (ai;); jer, where a;; = (4, 7). It is
easy to see that C is independent of the field F; and the orientation of Q.
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Throughout the paper, we concentrate on tame quivers ). The symmetric Euler forms give
rise to the Cartan matrices of all affine A, D, E type.

The twisted Ringel-Hall algebra H*(A) is defined by setting H*(A) = H(A) as Q(v)-vector
space, but the multiplication is defined by

[L]leP

Following [R3], for any A-module M, we denote (M) = ¢~ dim M-+dimEnda (M )u[M}. Note that
{{M) | M € P} a basis of H*(A).
1.3 A construction by Lusztig. For any I-graded Fy-vector space V = > . ;V;, let Ey
be the subset of @,.;—; Hom(V;, Vj)1 defining nilpotent representations of Q. The group Gy =
[Lic; GL(V;) acting naturally on Ey by

(g,x) — gex =2 where x'p = gt(p):rpgs_(;) for all p e H.

Let Cg(Ey) be the space of Gy-invariant functions Eyy — C. For v € NI, we fix a I-graded
[Fg-vector space V, with dim V., = +. There is no danger of confusion if we denote by E, = Ey,
and Gy = Gy, . Let o, 8 € NI such that o + 3 = 7. We consider the diagram
E, x Eg & E 2L E 2R,
where E” is the set of all pairs (x, W), consisting of x € E., and an z-stable I-graded subspace W
of V, such that dim W = 3; E’ is the set of all quadruples (x, W, R', R"), where(z, W) € E”, R’
is an invertible linear map Fg — W and R" an invertible map Fg — Fy/W; pa(z, W,R',R") =
(x, W), ps(z, W) = x, and py(z, W, R, R") = (2/,2"), where pr;(p) = Rg(p)x’p and a:pR;’(p) =
R;’(p)xg for all p € H.
Given f € Cg(Eq) and g € Cg(Eg) we define
fog=(p3)(h) € Ca(E,),

where h € C(E”) is unique such that p3(h) = pj(f x g). Let
m(a, 3) = Zaibi + Z s(p)Dt(p)-
il peEH

We again define the multiplication in the C-space K = @oeniCq(Eq) by

frg=v@Afog
for all f € Cg(Eq) and g € Cg(Eg). Then (K, *) becomes an associative C-algebra.

Convention. Although we are working over finite Fy, we will regularly use Gy and Ey for
the algebraic group and the algebraic variety which are defined over F, and use the features of
algebraic geometry without introducing extra notations, i. e., the set of F,-rational points and
the algebraic variety are denoted by the same notation. This should not cause any confusion and
in particular, the concept of Gy -orbits will be consistent in both cases due to Lang’s theorem
for this group Gy acting on Ey. For M € Ey, we will use M to denote the representation of )
on V defined by M.

For M € E,, let Oy C Eq be the Gu-orbit of M. We take 1, € Cg (V) to be the

characteristic function of Oy, and set fjp = v~ dim O 1(ps- We consider the subalgebra (L, *)

IIn fact we have Ey = &,.,_.; Hom(V;, V;) except in Section 5



AFFINE CANONICAL BASES 5
of (K, ) generated by fy) over Q(v), for all M' € E,, and all a € NI. In fact L has a Q(v)-basis
{fimgIM € Eq, a0 € NI}, since we have the relation 1z o 15 (W) = givy for any W € E,.
Proposition 1.1 The linear map ¢ : (L, *) — H*(A) defined by

o(fig) = (M), for all [M] € P
is an isomorphism of the associative Q(v)-algebras.

Proof. Note that ¢ is a linear isomorphism. For [M], [N] € P with dim M = o and dim N = 3,
since 1[M] o 1[N] = Z[L} g][\/4N1[L] in L, we have

f[M} " f[N] — Z v*dim(QMfdimOme(a,ﬁ)+dimOLg][\/4Nf[L]'
[LleP
Note that dim Oy = dim Gy — dimEnda (M) and dimGoqp — dim G, — dim G = (o, ) +
m(«, 3). In H*(A) we have

<M>*<N> = v dim M+dim End (M)—dim N+dimEndA(N)+(a,ﬁ>u[M] o U[N]

_ Z ,UdimEndA(M)+dimEndA(N)—dimEndA(L)+<a,ﬁ>gJ[\/4N<L>
L

— Z Udim Go—dim Ops+dim Gg—dim Oy —(dim Ga+57dimOL)+<a,B>g%4N<L>
L

_ —dim Oy —dim O +dim O — , L

_ Z,U im O —dim On+dim Oy, m(aﬁ)gMN<L>- 0O
L

1.4 The free abelian group G(A) = ZI with the symmetric Euler form (—,—) defined in 1.2
is a Cartan datum in sense of Lusztig [L5]. Associated to (ZI,(—,—)) is the Drinfeld-Jimbo
quantized enveloping algebra U = U~ ®@U°®U™ defined over Q(t), where ¢ is transcendental over
Q. It is generated by the Chevalley generators Ei,Fi,Kii,i € I with respect to the quantum

m

Serre relations. Let Ujg be the Lusztig form of U™ generated by Ei(m) = B e , over

[m]!

Z = Z[t,t7]. Let Z, be the subring of C as the image of Z under the map Z — C with ¢ — v.

*Mm,

Let C*(A)z, be the Z,-subalgebra of H*(A) generated by W™ = ZBi G e T where

(5] = LD
tn— ¢ n n [t
= G bl =T and | ] =

and [n], € Z, is the image of [n] in Z,,.
Then we know by Ringel [R1], Green [G] and Sevenhant-Van den Bergh [SV] that C*(A)z, is
isomorphic to Ug ®z Z, by sending ug*m) to E™

(2

We will denote C*(A) z for Ug and call it the integral generic composition algebra. In fact, as
follows from Ringel’s point of view, we may consider Z as a subring of || g Zv, by taking t = (vq)

and C*(A)z as a Z-subalgebra of [[, H7(A) generated by (UEZQFQ]), m > 1, where H7(A) is
the Hall algebra defined using the field F,. In this paper, we will perform computations in
each component of [[, H7(A). When an expression is written as an element of Z[v,v~1] with
coefficients in Z are independent of the choice of the field F,, we say that the expression is
invariant as I, varies and we simply regard v as t. In this case, we simply say that v is generic

in this expression.
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There are bar involution () : UT — U™ and UL — UZ defined by v = v~1, E; = E; and
(m) (m)
E;7 =E"".

1

1.5 In general, if we take a special value v = /q for the finite field I, it is easy to see that

Lemma 1.2 Given any monomial m of ug:l), i€ I,meN wehawem =3, p fag(M) in
H*(A) with frrg € Z,. Then for each M, there is an integer b such that v°fyr, € Z[v] (the
subring of algebraic integers) and b is independent of Fy. O

2. The variety of representations

We need slightly more knowledge about the geometry of representations of quivers. In this
section we only consider finite quivers without oriented cycles.

2.1 Let k = F, be the algebraic closure of the finite field F,. For any I-graded k-vector space of
dimension vector a € NI, we have the affine variety E,, and the action of the algebraic group G,
on E, over k, in a similar way as in 1.3. For any « € E,, we have the corresponding representation
M (z) of Q over k. The following properties are well-known (see[CB]).

Lemma 2.1 For any o € NI and M € E,, we have
(1) dimE, — dim Oy = dim End(M) — (o, )/2 = dim Ext!(M, M).
(2) Oy is open in E,, if and only if M has no self-extension.
(3) There is at most one orbit Oy in Ey such that M has no self-extension.
(4) If0 = M — L — N — 0 is a non-split evact sequence, then Opan C Of \ OL.
(5) If Or, is an orbit in By of mazimal dimension and L = M @ N, then Ext'(M, N) = 0.
O

Let A C E, and B C Eg, we define the extension set A x B of A by B to be
AxB = {z € E,g| there exists an exact sequence
0— M(z) — M(z) > M(y) — 0 withz € B, y € A}.
Set codim A = dim E,, — dim A. It follows from [Re] that

Lemma 2.2 Given any «,3 € NI, we consider the affine varieties E, and Eg over k. Let
A CEy and B C Eg. If the both A, B are irreducible algebraic varieties and are stable under the
action of G, and Gg respectively, then Ax B is irreducible and stable under the action of G4 3,
too. Moreover,

codim A * B = codim A + codim B — (3, ) + r,
where 0 < r < min{dim; Hom(M (y), M (x))|y € B,z € A}. O
2.2 For any «, 8 € NI, we consider the diagram
Eo xEg & B 2L B 2R, g,
which is defined over k, by a similar way as in 1.3. It follows from the definition that A x B =

pgpz(pfl(.A x B). Thus we have Ax B C AxB since p; is a locally trivial fibration (see
Lemma 2.3). For any M € E,, N € Eg and L € E,3 we define

Z = pop;  (Om x On), Zrmn =ZNp3'(L).
Then it follows from [L1] that
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Lemma 2.3 For the diagram above and M € En, N € Eg and L € E,4 g, we have the following
properties.

(1) The map p2 is a principal G, x Gg fibration.
(2) The map py is a locally trivial fibration with smooth connected fibres of dimension

Za? + Zb? + m(a, §).

iel iel
(3) The map ps is proper.
(4) The variety Z is smooth and irreducible of dimension

dimZ = dim(Oys) + dim(On) + m(e, B).
(5) If L is an extension of M by N, then
dim(Or) < dim(Oypr) + dim(On) + m(a, B).
(6) If Or, is dense in p3Z, then
dim(Op) = dim(Op) + dim(On) + m(a, §) — dim Zy, a7 -

(7) Assume that Ext(M, N) =0 and Hom(N, M) = 0. If M’ € Oy and N’ € Oy such that
either M' € Op\Opr or N' € On\ Oy, then X € Opran\Ouan for all X € OypxOxpr.
In particular, dim Ox < dim Opsqn.

As a consequence of Lemma 2.2 we have
Lemma 2.4 Given any two representations M and N of Q over k, if Ext(M,N) = 0, then
Opm +xOn = Open, te., Opygn s open and dense in Oy On. O

Lemma 2.5 Let M, N, X € modA. Then Ox is open in Oy x Oy if and only if Ox is open in
O+ Op. In that case for any Y € Oy x On we have dim Oy < dim Ox.
Proof. This follows from Ox C Oy x On € Oy xOn € Oy %« On and Lemma 2.2. O

3. The integral bases from the Kronecker quiver

The most results in this section can be found in [Z] and [C], and some others maybe in [BK].
For a completeness, we give some proofs here.
3.1 Representations of the Kronecker quiver over finite fields. Let [F, be the finite field
with ¢ elements and @ the Kronecker quiver. Let A = [F,@ be the path algebra. It is known that
the structure of the preprojective and preinjective components of mod A is the same as those of
mod kQ for k being an algebraically closed field. However the regular components of mod A is
different with that of mod kQ).

The set of dimension vectors of indecomposable representations

dF = {(1+1,1),(m,m),(n,n+ 1)l >0,m >1,n>0}.

The dimension vector (n + 1,n) and (n,n + 1) correspond to preprojective and preinjective
indecomposable representations respectively. For a = (n + 1,n) or (n,n + 1) (real roots), there
is only one isoclass of indecomposable representation with dimension vector o which will be
denoted by V,,. Define an order < on ®* by

(LO)<--<(m+1,m)<(m+2,m+1)<---<(kk) < (k+1,k+1)
< <Mm+1l,n+2)<(n,n+1)<---<(0,1).
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Any A-module is given by the date (V1, Va; 0, 7), where V; and V5 are finite dimensional vector
space over F,, o and 7 are [Fy-linear maps from V5 to Vj.

Proposition 3.1. The isomorphism classes of the regqular quasi-simple modules in mod A are
indexed by spec(Fq[x]). That is, each regqular quasi-simple module is isomorphic to the represen-
tation (Vi,Va;0,7), where Vi = Vo =TF,[z]/(p(x)) for an irreducible polynomial p(z) in Fylx], o
is the identity map and T is given by the multiplication by x, except (Fq,Fy;0,1).

3.2 The integral bases from the representations. In this section, let P be the set of
isomorphism classes of finite dimensional A-modules, H be the Ringel-Hall algebra of A over
Q(v), where v? = ¢, and H* be the twisted form of H. If d € NI be a dimension vector, we set

in H
Rgq = Z Up]-
[M]€eP,M regular
dim M=d
For an element z = Z[M]EP cpnui € H, we call uppy) to be a (non-zero) term of z if ¢y # 0.
Furthermore,

R(z) = Yo cpupg

[M]eP,M regular

is called the regular part of z. According to our notation, we denote uq, = uyy,) for a = (n—1,n)
or (n,n + 1) being real roots.

Let aq = (1,0) and ags = (0,1). be the simple root vectors. The orientation of () implies
(a1,9) = 0 and (a9, 1) = —2. Thus for 6 = (1,1) we have (§,a1) = —1, (a1,9) = 1,
(0,2) = 1 and (ag,0) = —1.

3.3 In this section, the multiplication in H will be simply written as xy instead of x o y. The
following can computed easily as in [Z].
Lemma 3.2. Let i and j be two positive integers. Then

U)oty = Rlugopueio) + 4@ ueinugo).

Lemma 3.3

Rs = wuo,1)u(1,0) — u1,00%0,1)
1
Usin) = ﬁ(RW(n,nq) = QU(n -1y Rs),
Unat)) = (Un—1,n)Rs — QR5U(n—1,n))-

Lemma 3.4 Let ¢ and j be two positive integers and n =1+ j — 1. Then

R(u(j—l,j)u(i,i—l)) = R(U(n—l,n)u(l,O)) = R(U(O,l)u(n,n—l))-
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Lemma 3.5 Let m,n > 1. Then

qz' o qn+1

u(mfl,m)Rms = Z TRMU(ern*ifl,ernfiﬁ
¢ — g+

Rnéu(m,m—l) = Z Tu(m—l—n—i,m—‘rn—i—l)Rié-

3.4 We give here some quantum commutative relations in H and in H*. We define

v dim ‘/(7L+1,n) +dim End ‘/(n+1,n) U

E(n—‘rl,n) = <u(n+l,n)> = (n+1,n) = U_2nu(n+1,n)7

v dim V{5, 5 4.1)+dim End V(n,n+1)u

E(n,n+1) = <u(n,n+1)> (n,n+1)zvi2nu(n,n+1)‘

Set b Ey = E(1 ), B2 = E(g ) for the Chevalley generators and, for n > 1,
Emg = E(n—l,n) x By — U_2E1 * E(n—l,n)'
In the following we give a sequence of computations we will need. Most of them are known.

Lemma 3.6 E,,5 = 03 R(ugn—1 0y u(1,0))-
Proof. By taking u; = u(; ) we have

Eps = v 2 (lnmiresony ) uy — o 2plen(mtany g )

2(n—1)

= ,1)73n+1( ulu(nfl,n))

= v*?’”HR(U(n,Ln)ul) by Lemma 3.2. O

U(n—1,n)U1 —V

Lemma 3.7 In H* we have

[E~|67E(n+1,n)] = [2]UE(n+2,n+1)7
[Enmt1)s Es] = 2l Ei1nt2)-

Proof. We only check the first equation. By definition and Lemma 3.3, we

[Eg, E(n+l,n)] = U72(n+l)U<67n6+a1>R5u(n+l,n) - UﬁQ(nJrl)U(néJral’&u(nJrl,n)RzS

n+1)

= 20y (g + Dtnr2mt1) + QUni1,n)Bs) — v VU (n41,n) s

= fu’z(”“)(v + vil)u(nH,nH) = [Q]vE(n+2,n+1)-D

Lemma 3.8 E(2,1) * E1 = U2E1 * E(271) and E2 * E(LQ) = ’UQE(LQ) * EQ.
Proof. Let M = V{1,0)®V(s,1). Then E(51)*Ey = v 200 005 1yuy = v2ug and EyxEp ) =

0*20<a1’5+a1>u1u(2,1) = ug. This proves the first equality. The second equality follows from a

similar computation. O

Lemma 3.9 For any non-negative integers r and s, we have in H*

E(r+s+1)6 = E(r,rJrl) * E(s+1,s) - UﬁQE(s+l,s) * E(T,r+1)-
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Proof. Using Lemma 3.2, we have

E(rat1) * B(ar1s) = 0 Blat1,0) * Errsn)

_ ?}_3(T+S)_2 (r+s)

— -2
U(rr4+1)U(s+1,5) — ¥ U(s+1,5)U(r,r+1)

(r+s)—2

= v_3(r+s)_2(R(u(r,r—i-l)u(s—i-l,s)) + qT+Su(s+1,s)u(7‘ﬂ"+1)) —v U(s+1,8)U(r,r+1)

= v_g(r+5)_QR(u(r,r+1)u(s+1,s)) = v_g(r+5)_2R(u(r+s,r+s)u1) = E(T+s+l)6-D

Lemma 3.10 There ezist ag) € Zv,v!] for all r € N\ {0} and h € {0,1,---,|5]} such that

for alln >m in N,

2
Eniin) * Emirm) = Z aénim)E(m+h+1,m+h) * By _hy1n—h)
=0
=™
Enmi1) * Ennt) = Z agzn_m)E(nfh+1,n7h) * Bt hmtht1)

Proof. We verify the first equation only.

_ U72(n+m)v<n6+a1,m6+a1)

Eniin) * Emirm) = U(n41,n) U(m+1,m)

[*5™]
_ —2(n+m),,—n+m+1 Z My,
- v v an+1,n)V(m+1,m)u[Mh].
h=0

where M, = Vi ni1,0-1) S Vinght1,n4h)- Since n—h > m+h, the strong representation-directed
property implies

_ ,—2(n+m), —m+n—2h+1 My
Entnt1,m+n) * Eq—nt1n—n) =V v Wit oty Vi sy UM] -

—3m—n—2h+1

Therefore Eihy1,m+n) * En—ht1n—n) =0 unpy if m+h#n—hor Eqyini1min) *

Bt n—n) = p3mn=2ht (g Duxpy if m+h =n — h. By comparing the coefficients of the

two sides, we may find the precise numbers ag) € Z[v, v~ for the equation. O

For k > 0, we inductively define
1 o "
Eos =1, Egs = W > v Ees % Bliog)se
s=1

Lemma 3.11 We have Eis = v 2FRys.

Proof. If k = 1, Es = Es = v-2R;. We assume that the assertion is true for all numbers ¢ < k.
Then using Lemma 3.6, and [Z] (Lem 3.7, Thm 4.1, Lem 4.7) , we have
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k
Eis = [lt] Z vsfkvfgsHR(U(s,l,s)m) * UﬁZ(k*s)R(k—s)é
=1
1 F
_ m Z v_3k+1R(u(s—1,S)u1) * Rip_g)s
s=1

- Zv‘?’k“ (Rs, Ras, -+, Rss) R(i—s)s

U—3k+1 1— "

= T 1o = e O

Lemma 3.12 For m,n € N we have in H*

Ens * Eny1m) = [+ 1=k Eonint1—kmin—k) * Ers;

ol
:HM:
o

E(m,m—i—l) x B, = [77, +1-— k‘]Ek(s * E(m+n—k,m+n—k+1)'

>
Il
o

Proof. Again it only needs to verify the first equation. By Lemma 3.11, we have

2(n+m) v

—2n —2m - n
Ens * E(m+l,m) = v Rys x v u(erl m) = Rn5u(m+1,m)

- ¢ _q
= v 2mz U(m+n—k+1,m+n— k)Rk5 (by Lemma 35)

- 073"72"1 o . 2n42y 2k —k 2 k)

— n+ - n+m-—

= E 1_71)2(1’ — v ) Entn—k+1,m+n—k) * Egs
k=0
n

= Z[n +1- k]E(m-‘rn—k-i-l,m-i-n—k) * Fis.O
k=0

3.5 Let £ be the Z = Z[v, v~ !]-subalgebra of H* generated by the set

(B 1y Brss Bl lm > 0,m > 0,5 > 1,6 > 1,k > 1},

It contains the divided powers Egs), Eé ), s,t € N, of the Chevalley generators. We have obtained

an integral basis of £ over Z = Z[v,v™!] consisting of the monomials on the vectors

(B o Brs BE L jIm > 00> 0,5 > 1,6 > 1,k > 1)

(m+1,m)’

with respect to the order given in 3.1. This conclusion can be easily seen from the facts: (1)
the commutation relations in the above lemmas imply that any element in the algebra L is
a Z-linear combination of the monomials we defined above; (2) those monomials are linearly
independent over Z (even over Q(v)) by the definition of Ringel-Hall algebras.

Notice that our formulas in the lemmas are unchanged when we take v = /g for different
finite fields IF,. This means that the vectors and the formulas are obtained in their generic forms.
We may regard the parameter v transcendental over Q. As previously we have defined that C% is
the integral form of the generic composition algebra. By the well-known Ringel-Green theorem
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(see [G],[R1]), we have C% ~ UZ, where U3 is the Lusztig integral form of the positive part of
Uq(élg), and F1, By are chosen as the Chevalley generators.

For any n > m > 0, let Py, ) (resp. I(y,y)) be an isomorphism class of preprojective
(resp. preinjective) representation with dim P, ,,) = (n,m) (vesp. dim I,y = (m,n)). In
the following formulas, the summation is taken over all nonzero preprojective and preinjective
representations of indicated dimension vectors.

Lemma 3.13 In the following formulas all P and I are non-zero.

* *n—+1 ——
(1) B BV = By + > v B ity * Eis

1<i<n
+ Z = dim End(P)—dim End(I)U—p(l+t)—(s+l)(p—1) <P(s+p,s)> * Ejg * <I(t,t+p—1)>;
0<i<n—1
p>1,5>0,t>0

s+t+l+(p—1)=n

(2) Eé*nﬂ) * Efm) = Ennt1) + Z v B Etnin-iy1)
1<I<n
+ Z p— dim End(P)—dim End([)U—p(l+s)+(t+l)(p—1) <P(s+p—1 s)) * Ej5 * <I(t t+p)>;

0<i<n—1
p>1,5>0,t>0
s+t+l+(p—1)=n

—dim End(P)—dim End (1), . —p(s+2l+t
+ > v ®) Dy =2 NPor ) * Bis * (L ep))-
0<l<n—1,p>1
§>0,t>0,s+t+l+p=n

Proof. We only verify the first relation in (1), the others can be verified in a similar way. We
have the following relation in H (see [R3]).

ubul ™ = (@119 WUty T D Ut 1) Ris + > up) Risup)

1<l<n 0<i<n—1,p>1
$>0,t>0,5+t+Hl+(p—1)=n

where P is a non-zero preprojective representation with dim P = (s + p,s) and I is a non-zero
preinjective representation with dim 7 = (¢,¢ + p — 1) and
(1-¢)---(1-q")

(I—=gm

Then by a routing calculation according to the relation in 3.2, we have the relation in (1). O

¢n(Q) =

3.6 Note that the dimensions of P,I,End/ and End P over F, are invariant as F, varies. By
induction using Lemma 3.13, the set

{Em+1,m) Brss Eqpsylm > 0,n >0,k > 1}
lie in C%. If M is indecomposable preprojective or preinjective, then, by [R3],

(upr)*®) = (ugp) € C*(A)z for any s > 1.
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Hence the subset

{E@HM),EM,E((Z>7n+1)\m >0,n>0,s>1,t>1k>1}

is also contained in C%. Therefore, £ = C%.

Let P(n) the set of all partitions of n. Recall that there are no nontrivial extensions between
homogeneous regular representation. For any w = (wq,wa, -+ ,wy,) € P(n), we define

Eys = Ewl(s * Ew25 *oeeox Ewm5-

Proposition 3.14 The set
{(P) % Eys * (I)||P € Ppreprojective,w € P(n), I € Ppreinjective,n € N}

is an integral basis of C%. O
Remarks. (1) It has been proved by Zhang in [Z] that these monomials are Q(v)-bases of U™,
then improved by Chen in [C] that they are Z-bases of U .

(2) It is not difficult to see that the root vectors provided here exactly correspond to the root
vectors of Uy(sly) provided by Damiani in [Da] and by Beck in [Be].

(3) It can be proved that the set in Proposition 3.14 is an integral basis of C* over A = Q[v, v™!]
by an easier way, see the proofs of Proposition 7.2 and 7.3 below.

4. The canonical bases from the Kronecker quiver

4.1 Recall from 3.1 that ®* is the positive root system of slo. A function ¢ : ®+ — N is called
support-finite, if ¢(a) # 0 only for finitely many o € ®*. By abusing the notation, let N®" be
the set of all support-finite N-valued functions. We will use the order in ®* given in 3.1.

For c € N®" | if {a € ®T|c(a) #0} = {f1 < Bo < -+~ < B}, we set

c _ m(xc(61)) (+c(B2)) (+c(Br))
E —Eﬁ1 ! *Eﬁg 2 *"'*Eﬁk R

where E(SR) & pre(B) 4 B; = md. Then Proposition 3.14 is equivalent to the statement:
Bk B
The set {E|c € N®'} is a Z-basis of C*.
For d = (di,d2) € N?, we denote
E(d) = B « B0,
Similarly we defined

E(c) = E(c(B1)51) x E(c(B2)B2) * - - - x E(c(B)Br)-

Note that E(c) € C* since it is a monomial on the Chevalley generators E; and FEs in the form
of divided powers. Moreover, by definition, we E(d) = E(d). Thus E(c) = E(c).

4.2 The rest of this section is devoted to giving a triangular relation between the PBW-basis
and the monomial basis.

For any ¢ € N®* we assume that B¢ = (P) x E,5 * (I), where P is a preprojective module
and [ is a preinjective module. Let V5 be a module such that

dim Oy,; = max{dim Oy |Eys = Ey,5 * Eyys * - % By, 5 = Z ay (V) with ay # 0}.
%
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We choose?

Ve=P®V,sPI, and O, = OP@VW;@I-

For any ¢ € N®" and any real root o € ®T, define Uc(a)a = UVam--@V,]s where Vo is the
indecomposable representation with dim V, = a.

Lemma 4.2 For any c € N®" and any real root 3 € ®*, we have in C*

E(c(8)8) = (uc(p)p) + > v N B,

c’eN®t
dim O/ <dim Oc(ﬁ)ﬂ

where A(c') € N.
Proof. Let ¢(8)5 = (m,n). In H we have

uF Ul = U (Qnle) > up
dim N=(m,n)

By Lemma 2.1
uu} = Y (Q)n(Q)Uyye.-evy) + Cm(Q)¥n(q) Y uip Risu,

where P is preprojective, I is preinjective, dim P + 1§ + dim I = (m,n), and dim Opgy,;er <
dim O¢(g)3. Then in C*,

,Um(mfl)/2,un(nfl)/2

(sm) _ . (+n) -2
uy " xuy [m]![n]! v
— ,Um27m+n2,n72mnu[vﬁ®m®vﬁ] + 'Umzferananmn Z U[P] Rl5u[f]
= (ue(g)) + Z v M e O
C’EN<I>+

dim O/ <dim Oc(ﬁ)ﬁ

Lemma 4.3 Let o, 8 € @1 be real roots and o < 3. We have in C*
E(a) x E(B) = (uy,)) * (u,) + > hePE°,

ceN®t
dim Oc <dim Ova @Vﬁ

where h&? € Z.
Proof. By Lemma 3.13 we have

!

Ela) = (uq)+ Z v M B

cen®”
dim O <dim Oy,

EB) = (ug)+ Z v N Ee

e’ EN<I>+
dim O, <dim Ovﬂ

Since Homy (Vg, V) = Exta(Va, V) = 0 and dim Zy, gy, v, v, = 0, by Lemma 2.3(7),
dim O, < dim OVa@VB

1"

2This selection is not unique, in fact we may require that V;,s is absolutely indecomposable in a homogeneous
tube.
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for any extension V¢ of Vi by Ve with the property:
O C Oy, \ Oy, 0r O C Oy, \ O,
Therefore, the conclusion follows from Proposition 3.14. O

Lemma 4.4 Let o = (n+1,n), B = (I,1) =16, and v = (m,m+1) be in ®*. The for all s > 1

(1) E(sa) * B(B) = (ufgy.)) * Eis + > h(c)E®,
CEN©+
dimO.:<dim(93‘/'&@\/[(S
(2) B(B)* BE(sy) = B * (ugy,) + > h(c')E.
c/eN®T

dim O/ <dim OVMEBSV’Y

Here h(c'), h(c) € Z.
Proof. By Lemma 2.3(7) and Lemma 3.13(3), then the proof is same as that of Lemma 4.3. O

Lemma 4.5 Let V be an indecomposable reqular module with dimV = nd. M = P& M' &1 with
P #0,M', I # 0 are respectively preprojective,reqular and preinjective modules and dim M = nJ.
Then dim Oy > dim Oyy.

Proof. By Lemma 2.1(1), we only prove that dim End(V') < dim End(M). By the structure of
representations of Kronecker quiver, we have dim End(V') = n. Suppose

PZPl@PQEB“'EBPra and I:-ll@IZ@@It,

where P;, and I;(j > 1) are respectively indecomposable preprojective and preinjective modules
with dim P; = (n; + 1,n;), dimI; = (m;,m; + 1), and dim M’ = s§. Thus r = ¢t and n =
Z;Zl(nj +1)+s+ Z§:1(mj)~ Note that
dimEnd(P) >t, dimEnd(M’')=s, dimEnd(I)>t,
dim Hom(P, M') =(dim P,dim M') = st, dim Hom(M',I) = st,
t t
dim Hom(P, I) =(dim P,dim I) = t(z n; + ij)
j=1 j=1

Using the direct sum decomposition of M, one computes
¢ t ¢ t
dmEnd(M) > t+s+t+st+t(d> nj+ > my)+st =2+ nj+» mj>n.
Jj=1 J=1 j=1 j=1
This implies that dim Oy > dim Oy;. O
Lemma 4.6 Letn > 1,m > 1. Then

Eno) x E(md) = Eu;% Eps+ Z h(c)E°,

) ) CGNCDJr .
dim O <dim Ov(n mys =dim OV(n+m)6

where Vi, m)s s defined in 4.2 and h(c) € 2.
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Proof. By Lemma 3.13(3), we have

E(nd) = En+ » o PEeDNp) s B« (D),
P#0,1#£0

E(md) = Ems+ Y o WPEeO) Py By (D),
P+0,I#£0

where [((P) x Ejs % (I)) € Z.
We then have

E(né) x E(md) = Eng * Ems + »_ h(c)E°.
To prove the lemma, it is sufficient to prove that V., which is defined in 4.2, is decomposable.

This is easy to see because the structure of the AR-quiver of Kronecker quiver. O
Remark. By Lemma 4.6 we can get

E(wd) = E(w10) * -+ % E(wmd) = E.s + > h(c)ES,
dim Oc<dim O,5
where h(c) € Z.
Let ¢ : N®" — N2 be defined by ¢(c) = > e+ c(a)a. Then for any d € N?, ¢~1(d) is a finite
set. We define a (geometric) order in ¢~1(d) as follows: ¢’ < ¢ if and only if ' =c orc’ #c
but dim Oy < dim Og.2

From Lemma 2.3(7) and above lemmas, we may summarize our results of this subsection as
follows.

Proposition 4.7 For any c € N¢+, we have
E(c)= Y h{EC
c’€p~t(p(c))
such that (1) hS, € 2, (2) hS =1, (3) if hS # 0 then ¢/ < ¢, (4) E(c) = E(c). O

For any c, ¢’ € N®' we define w$ € Z such that

!

Proposition 4.8 w¢ =1 and, if wS # 0 and ¢’ # ¢ then ¢’ < c.
Proof. Using E(c) = E(c) and the fact that {E¢ | c € N®"} is a Z-bases of C*, we have

on = th/wc,,, for c,c” € = (d).

cl

¢,) as well as (hS,), where the index set is ¢~ 1(d), are triangular
with 1 on diagonal. Hence, by the equation above, the matrix (wS,) has the same property. O

By Lemma 4.5, the matrices (hS

Consider the bar involution 6 :C* — C*. For any c € N‘I’+,

c _ c C’ — <! e’
=F° wg B wowen B

C,7C”

3There are selection Voo and Vo as in 4.2 such that OVC, - @VC \ Ovg.
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implies the orthogonal relation
Z L{)g/wg// = 5CC”‘
Cl

Therefore one can solve uniquely the system of equations

1
Cgl = Z U.)g/ Cg//

c’<c"<c
with unknowns (5 € Z[v™!], ¢ < cand ¢’ ,c € ¢~ !(d), such that
=1 and & cv'Zwv™] for all d <ec.

C

For any d € N2 and ¢ € ¢~ 1(d), we set

= Y (GBS and J={E%cecp '(d),de N}
c/€p~1(d)

Our final result of this section is as follows.

Proposition 4.9 The set J is a canonical basis of C%.
Proof. We verify the following two properties of J. The first is
? = Z?&F = Z?ZW?AECN
C/ c/ C//
= Z(Z @WS/II)EC// = Zgg//ECN = gc'

c// C/ C//
So the elements £¢ are bar-invariant. The second, obviously the set J is a Z[v~1]-basis of the
lattice £ = spang,—1{E°|c € N®"} and 7(£°) = 7(E®) for the canonical projection 7 : £ —
L/v~LL. Therefore J is the canonical basis of C%. O

5. The integral and canonical bases arising from a tube

The main results we present in this section are taken from [DDX], in which the canonical
bases of Uy(sl,) and U,(gl,) are constructed by a linear algebra method from the category of
finite dimensional nilpotent representations of a cyclic quiver, i.e, from a tube. However in an
preliminary version of the present paper we treat it by assuming the existence and the structure
of Lusztig’s canonical basis for the composition algebra of a tube (see[L3] and [VV]).

5.1 Let A = A(n) be the cyclic quiver with vertex set Ag = Z/nZ = {1,2.,--- ,n} and arrow set
Ay ={i — i+ 1]i € Z/nZ}. We consider the category 7 = 7 (n) of finite dimensional nilpotent
representations of A(n) over F,. For the reason of the shape of its Auslander-Reiten quiver,
7 (n) is called a tube of rank n. Let S;, i € Ay be the irreducible objects in 7 (n) and S;[l] the
(unique) indecomposable object in 7 (n) with top S; and length [. Again in this section, we let
P be the set of isomorphism classes of objects in 7 (n) and H the Ringel-Hall algebra of 7 (n),
H* the twisted Ringel-Hall algebra and L the Lusztig’s form of Hall algebra of 7 (n). Because
that the Hall polynomials always exist in this case (see [R2]), we may regard the algebras H,
H* and L in their generic form. So they all are defined generically over Q(v), where v is an
indeterminate. By Proposition 1.1, we may identify L with H* via the morphism .

In this section, all properties we obtain are generic and independent of the base field Fy, so
the subscripts F, will be omitted for simplicity. Since the number n is fixed, sometimes it is
omitted, too.
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5.2 Let II be the set of n-tuples of partitions 7 = (7(), 72 ... 7)) with each 7(?) = (7T§i) >

Wéi) > ...) being a partition of an integer. For each m € II, we define an object in 7

M(m) = @@ silz].
i€y
j>1
In this way we obtain a bijection between II and the set P. So we simply denote u,,w € II for
U () in H*

An n-tuple 7 = (7(V, 73 ... £(M)) of partition in II is called aperiodic (in the sense of Lusztig
[L3]), or separated (in the sense of Ringel [R2]), if for each I > 1 there is some i = i(l) € Ay
such that 7?](-1) # [ for all j > 1. By II* we denote the set of aperiodic n-tuples of partitions.
An object M in 7 is called aperiodic if M ~ M (7) for some 7 € I1*. For any dimension vector
a € N*'(=NI), we let

I, = {X € lI|dim M (\) = o} and IIZ =II° N1I,.

Given any two modules M, N in 7, there exists a unique (up to isomorphism) extension L
of M by N with minimal dim End(L). This extension L is called the generic extension of M by
N and we denote by L = M o N. If we define the operation in P by [M] ¢ [N] = [M ¢ N], then
(P,o) is a monoid with identity [0].

Let © denote the set of all words on the alphabet Ag. For each w = iyis - - -i,, € 2, we set

M(w)ZShOShO“-OSim.

Then there is a unique 7 € II such that M (7)) ~ M (w), we define p(w) = 7. It has been proved
in [R2] that 7 = p(w) € II* and p induces a surjection @ :  — 1%

We have a geometric order in P, or equivalently in II, as follows: for u, A € II, u < X if
and only if Opr¢y) € Opg(n), or equivalently, dim Hom (M, M (X)) < dim Hom(M, M (p)) for all
modules M in 7.

For each module M in 7 and integer s > 1,, by sM we denote direct sum of s copies of M. For
w € Q, write w the tight form w = ji'j5% -+ - j;* € Q with j,_; # j, for all 7 and define y, € II
such that M(u,) = e,S;,. For any A € HZizl write g), for the Hall polynomial gﬁl,_m. A

e'rjr’
word w is called distinguished if the Hall polynomial gﬁ(w) = 1. This means that M (p(w)) has
a unique reduced filtration of type w, i.e., a filtration

M(p(w)) =MyDODM{D---DM;_ 1 DM =0
with M,_1 /M, ~ e,S;, for all .

Proposition 5.1 For any 7 € 11%, there exists a distinguished word w, = j{'j52 - ji* € p~1(m)

in tight form.

*7M,

In H*, let Ui*m) _ EZ.(*m) = %,z € Ag,m > 1. The Z-subalgebra C% of H* generated by

(xm)

u; ,i € Ag,m > 1is called the twisted composition algebra of 7.

1.€2

5.3 For each w = j7'j5% -+ - j;* € Q in tight form, define in C*

w) _ pa(xe1) (wet)
m( )_E]l 1 **E]t t‘

For each m € 1%, we from now on fix a distinguished word w, € o~ !(r). Thus we have a

section D = {w,|m € I1*} of p over II*. D is called a section of distinguished words in [DDX].
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-e1 -e2

For each 7 € II* with the fixed distinguished word w, = j{*j5*---j;* in tight form, define
L() = 6j15j1,L1 = €j15j1 <>6j2Sj2, Lo=1, <>€j3Sj3, s ;Lt—l = Lt_g oejtSjt. As Ll‘ is the generic

extension of L; 1 by e, ,Sj,., and thus dim End(L;) is minimal, we have M (7) ~ L;_1. Since

_ 7 _ I Lo AT
1= gw7r - g€j15j173j25j29L176j3Sj3 th72vejtsz’
we get gf:—l’eji_'_lsji_'_l = 1,1 <i <t — 2. Furthermore, by Lemma 2.3(6) and Proposition 1.1,
we have
(Lim1) * (€1 Sjia) = (Li) + Z ax(X),

X,dimQOx <dim0Li
with ax € Z. Recall that (M) = v*dimMerimEnd(M)u[M}. Thus
ml) = (M(m)) + Y & (M),
A=<T
where &), € Z and of course if £, # 0 then dim M (\) = dim M () = «. Define E; inductively
by the relation
E — m(w-,r) _ Z p— dim M (m)+dim End M (7)+dim M (A)—dim End M()\)g)\ (UQ)E)\
™ = W °
A<m,Aelld
Therefore we have the relations
Er=(M@m)+ Y n{{MO)
AETL\ITE A<
with n} € Z.
Proposition 5.2 Let D = {w,|m € II*} be a section of distinguished words of 2 over 11*. Then
both {m(W=)|x € I} and {E|r € TI%} are Z-bases of C%. Furthermore, for any = € 12,
m(ww) = FE, + Z U*dimM(7r)+dimEndM(7r)+dimM()\)fdimEndM()\) A (UQ)E)\.

Jwr
AEIIE A<

Remark. The definition of the basis { |7 € I1*} is given according to the choice of the section
D of distinguished words, but eventually it has been proved in [DDX] that it is independent of
the selection of the sections of distinguished words.

We may regard {m(“=)|7 € TI*} as a monomial Z-basis of C5 and {E.|r € TI?} as a “PBW”-
basis of C%. With the triangular relation between the two bases, we can follow an idea of Lusztig
by the standard linear algebra method, as we did as in Section 4, to obtain the canonical bases
{&x|m € II*} of C% by

Er = Z ParEy, for mells, ae N,
A= Aelld

with pyy = 1 and py, € v Z[v™!] for A < 7.
6. Integral bases arising from preprojective and preinjective components

In this this section consider connected tame quiver ) without oriented cycles. For the pro-
jective and injective components, the argument in this section is essentially as same as in the
case of finite type.
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6.1 Let U be the quantized affine enveloping algebra associated the quiver @), with the Chevalley
generators: F;, F; and K Zi Lusztig in [L5] has introduced the symmetries Tl-/”l U —=Uforiel,
which are automorphisms of U and satisfy the braid group relation.

Th\(Kp) = Ky, Th(E)=-FK, Th(F)=-KkE,
NWE) = Y () vTEYEE" forj#iin
r+s=—a;;
() = Z (—1)Tvrﬂ(r)FjFi(s) for j # 4 in I.
r+s=—a;;

Here a;; = (i,7) for 4,5 € I, and 8 € ZI and s;(5) = 3 — (B, 1)i. For each ¢ € I, define
U*i] = {z € UH|T!y () € U*).
Then T}, : UT[i] — U] is an automorphism. Moreover, if we consider the Lusztig form UZ
and let UZ[i] = UL NUT[i], then T}, : UZ[i] — UZ[i].
6.2 We define 0;Q to be the quiver obtained from @ by reversing the direction of every arrow
connected to the vertex i. If 7 is a sink of (), one may define the BGP reflection functor (see[BGP]
or[DR]):
o*j :mod A — mod g;A
where A = F,(Q) and 0;A = Fy(0;Q). Therefore we have the homomorphism:
o; : H*(A)[i] — H*(o:M)][d]
defined by
i(upp) = g+ (ppy for any M € mod Afi].
Here mod A[i] is the subcategory of all representations which do not have S; as a direct summand
and H*(A)[7] is the subalgebra of H*(A) generated by u[y; with M € mod A[i]. Note that C*(A) z
is canonically isomorphic to C*(o;A)z by fixing the Chevalley generators which correspond to
the simple modules of A and ;A respectively. Furthermore, we may regard that the functor Jj_
induces the homomorphism:
0i: C*(A)z[i] — C*(A)zli],
where C*(A)z[i] = {z € C*(A)z|oi(z) € C*(A)z}. It is known that o; = T’} under the identifi-
cation C*(A) = U™ (for example, see[XY]) .
Dually, if i is a source of ), we have the similar results.

We call an indecomposable representation M to be exceptional if Ext'(M, M) = 0. Then it
has been proved ( for example in [CX]) that

(sM) € C*(A)z for any s>1

if M is exceptional. In fact,

*S 1 —sdim 5, %S 1 —sdim s s —sdim s
<M>( ) = —U dim M+ U[M] = @U dim M (v<2)¢s(Q))u[sM] = dim M+ 2U[sM] = <SM>

[s]!

We denote by Prep and Prei the isomorphism classes of indecomposable representations in
the preprojective and in the preinjective components of mod A, respectively. In particular, C%
contains the set

{{usp))|M is indecomposable in  Prep or Prei and s > 1}.
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6.3 Let 4,,, -+ ,%1 be an admissible sink sequence of @), i.e., i,, is a sink of () and for any
1 <t < m, the vertex i; is a sink for the orientation oy, , - -- 0, Q. Let M be an indecomposable
in Prei. Then there exists an admissible sink sequence of () such that

M= 0;; "'U-J;(Sz‘mﬂ)v

(2

where S; is a simple representation in moda;,, - - - 0, A.

m—+41

Lemma 6.1 Let M be an indecomposable preinjective representation. Then

/! /!
<M> = Li 10 im71(Eim+1)7
where M = 0';; x 'U;:n(simﬂ)’ for an admissible sink sequence ip,,--- ,11 of Q.

Proof. See [R3].0

Since Prei is representation-directed, we may give an enumeration to the set

(I);Tei = { o 7B37627ﬁ1}
of all positive real roots appearing in Prei with {--- , M (03), M (32), M (1)} being the corre-
sponding indecomposables and define total ordering < on <I>J]Sr .; such that
Hom(M (5;), M (B;)) # 0 implies 3; < B; and i > j.

Then such an ordering has the property

(B, Bj) > 0 implies 3; = f; and 7 > j
and

(,82',,8]'> < 0 implies ﬁj < B;and i < j
and

Ext(M(8;), M (5;)) = 0 for i > j.
Therefore 8; X 3; if and only if ¢ > j. Similarly, Prep is representation-directed, we may give a
total ordering on the
(I)j—;rep = {ala Qg,Q3, - }
of all positive real roots appearing in Prep, with
{M(al)u M(a2)7 M(a3)7 T }
be the corresponding indecomposables in Prep and define a total ordering < on @Fmp such that
Hom(M (cv), M () # 0 implies a;; < oj and i < j.

Then such an ordering has the property

(o, a5) > 0 implies oy = aj and 7 < j
and

(o, a5) < 0 implies oj < a; and j < @
and

EXt(M(CMZ‘), M(Oéj)) =0 for i < j.
We denote by NP7¢ the set of all support-finite functions b : CIJJIST . — N. Each b € NPred

defines a preinjective representation

M®b)= P b(B)M()

. +
ﬂl Eq>1:"re7l
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and any preinjective representation is isomorphic to one of the form. By Ringel (Proposition 1’
of [R3]) we have

Lemma 6.2 For any b € NP7¢,

(M(b)) = (b(Bi,, )M (Bi,,)) * - - - = (b(Bi, )M (Bi,)),
where {Bi,, < Bi,_1 < -++ < Bi,} are those B € ®F . such that b(B) # 0. O
Thus, by 6.2, (M (b)) € C% for all b € N¥7¢ We now define C*(Prei) to be the Z-submodule
of C% generated by
{{(M(b))|b € N"r<'}.
We have

Lemma 6.3 The Z-submodule C*(Prei) is an subalgebra of Ci and {(M(b))|b € N} is q

Z-basis of C*(Prei).

Proof. If b,b;,by, € NP7 then the Hall polynomial Q%EEI)M(M)

[R5]). Then it is easy to see that C*(Prei) is closed under the multiplication . O
With similar definitions for Prep, we have

Lemma 6.4 For any a € NP )M (a) = Dy, cor alag)M(ay), then

Prep
(M(a)) = (alai, )M (i) * - - - * (ala,, ) M(a, ),
where {ai, < ag, < -+ <, } is the support of a. O
Lemma 6.5 Let C*(Prep) be the Z-submodule of C% generated by
{(M(a))|a e NP},
Then C*(Prep) is an subalgebra of C% and {(M(a))|a € NF"P} is a Z-basis of C*(Prep). O

always exists (see Ringel

6.4 Since (@ is a tame quiver without oriented cycles, we can order a complete set {S1, Sa2, -+, Sp}
of non-isomorphic simple modules of mod A such that

Ext!(S;,S;) = 0 for i > j.
We can now identify I = {1,2,...,n} and NI = N". Any module M with dimension vector
d = (dy,da,- - ,d,) has a unique filtration
M=My2M 2---2M,=0

with factors M;_;/M; isomorphic to d;S;, since Ext(S;,Sj) = 0 for ¢ > j. This shows that the
Hall polynomial gé\f Sy-d,s, = 1. Then we have, in H and H* respectively,

“ﬁ%ﬂ“ﬁéﬂ . ufléin] = Va0, (Q)%a, (@) ¥a, (@) D Upr(aymrre)orr (o))
(xd1) _  (*d2) (xdn) _ —(di+da+-+dn)+(d,d
wgy Fuggy Frugy = o OEEEEETADS Cup s ayenr o)

where the summation is over the triples (M (a), M (t), M (b)) with M (a) preprojective, M (t)
regular, M (b) preinjective, and dim M (a) + dim M (t) + dim M (b) = (d1,--- ,d,) = d.
For any a € NP let {a;, < i, < -++ < a;, } be the support of a and, for 1 < ¢t < m, define
a; = a(a)ay, = (a1, azt, - ant) € N
ma, = ulsneuli) el
My = Mg, *kMy, % %My, .
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Similarly for b € NF7¢ define

_ o (kbie) o (kbae) o (xbne)
My = Upg )" Fllgy) * R U]
mp = Mp, *Mp, % -k Mp,.

Lemma 6.6 For any a € NP and b € NP in H*, we have

(1) my = (M(a)) + Z Cg/t/b/qU[M(a')@M(t/)@M(b/)}-

dlm O]\J(a’)@]%(t’)@]ﬂ(b/)<dim Oa
Here the sum ranges over all triples M(a’), M (t"), M (b") with M (a’) preprojective, M (t") regular,
M (V') preinjective, and dim M (a') 4+ dim M (t') + dim M (b’) = > a(a)a, and chny, €
Zlv, v~

(2) mp, = (M (b)) + Z dzti)”t”b”qu[M(a”)EBM(t”)@M(b”)]7

dim O s (aryg Mo M by <dim Op
where the sum is over all triples M (a"), M (t"), M(b") with M (a") preprojective, M(t") regular,
M(b") preinjective, and dim M (a”)+dim M (") +dim M (b") = 3~ 5 p,o, B(B) B, and dZyimyn, €
Zv,v71].
Proof. (1) Since M («;,) is exceptional, then by Lemma 2.1, Oa(as,)M(as,) 1s & unique orbit of
maximal dimension in Ea(ait)ait' Note that all simple modules are exceptional. We have

a€Prep

(*Glt) (*dzt) (*ant)

My, = u[S1] * U[SZ] koeee ok U[Sn]
= (a1t51) * (a2tS2) * - - - * (antSp)
v dim(a(ait)M(ait))—i-dim End(a(ait)M(ait)) Z U[M]
dim M=a(a;, ),
= (a(ay)M(ai,)) + > v A EALAD (Ar),

dim Ops<dim Oa<o‘it )M(ait)

Because Ext(M (ay,), M(a;,)) = 0 and Hom(M (i, M(cv,)) = 0 for ¢4 < is, by Lemma 2.3(7)
we have

Ma = Mgy ¥Myy k- -k My,
= (M(a) + > CRrtrb UM ()M (¢) M ()]
dimij(a/>®1\/[(t/)@1\/j(b/)<dimOa
which satisfies the condition. The proof for (2) is dual, so the proof is completed. O

Remark. In Lemma 6.6, the element v is equal to /g, but the degree of v~!in cg,t,b,q or in
A2 ; is bounded and independent of Fy.(see Lemma 1.2)

7. Integral bases for the generic composition algebras

7.1 In this section, we still assume that () is connected tame quiver without oriented cycles.
We first consider the embedding of the representation category of the Kronecker quiver into the
representation category of Q).

Let e be an extending vertex of @ and A = [F,Q : the path algebra of ) over F,. Let P = P(e)
be projective module cover of the simple module Se. Set p = dim P(e). Clearly (p,p) =1 = (p,d)
and there exists a unique indecomposable preprojective module L with dim L = p 4+ 6. Moreover
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we have Homp (L, P) = 0 and Exty (L, P) = 0. This means that (P, L) is an exceptional pair.
Let €(P, L) be the smallest full subcategory of mod A which contains P and L and is closed
under extensions, kernels of epimorphisms and cokernels of monomorphisms. Also we have
dimp, Hom (P, L) = 2, therefore €(P, L) is equivalent to the module category of the Kronecker
quiver over F,. Thus it induces an exact embedding F' : mod K — mod A, where K is the
path algebra of the Kronecker quiver over IF,. We note here that the embedding functor F' is
essentially independent of the field IF,. This gives rise to an injection of algebras, still denoted
by F: H*(K) — H*(A). In H*(K) we have defined the element E,,s for m > 1. We may still
denote by E,,s for its image F(E,,s). Since E,s is in C*(K), so Es is in C*(A), in fact in
C*(A)z. Let K be the subalgebra of C*(A) generalized by E,,s for m € N, it is a polynomial
ring on infinitely many variables { E,,5|/m > 1}, and its integral form is the polynomial ring on
variables {E,,5|/m > 1} over Z.

7.2 We may list all non-homogeneous tubes 71,73, -+ , 75 in mod A (in fact, s < 3). For each 7;,
let 7; = r(7;) be the period of 7, i.e., the number of quasi-simple modules in 7;.. Then r; > 1.
It is well-known that ( for example see [CB])

Lemma 7.1 We have the equation  ;_,(r; —1) = |I| —2 and the multiplicity of each imaginary
root mé is equal to |I| — 1, where |I| is the number of vertices of Q. O

7.3 For each non-homogeneous tube 7;, as we did in Section 5, we have the generic composition
algebra C*(7;) of 7; and its integral form C*(7;)z. For each 7; we have the set II¢ of aperiodic
ri-tuples of partitions such that for any 7 € II¢, M(7) is a aperiodic module in 7;. We have
constructed in 5.3 the element

AETL\T A<
such that {E;|r € II¢} is a Z-basis of C*(7;)z.
Let M be the set of quadruples ¢ = (ac,be, e, we) such that a. € NP7 b, € NPrei
Te = (Tiey -y Tse) € P X -+ - x II%, and we = (w1 > wg > - -+ > wy) is a partition.
Then for each ¢ € M we define

E® = (M(ac)) * Eno % Enye 5 - % Ep o % Eys x (M(be)),
where (M(ac)) and (M (b)) are defined in 6.3, Er,, is defined above and E,, s is defined in 3.5.
Obviously, { E€|c € M} lies in C*(A), in fact in C*(A)z, and are linearly independent over Q(v).

Proposition 7.2 The set {E€|c € M} is a Q(v)-basis of C*(A).
The proof of Proposition 7.2 will be given in 7.4. We first need some preparation.

Lemma 7.3 Let {S; | 1 < j <1} be a complete set of non-isomorphic quasi-simple modules of
a non-homogeneous tube T; such that S; = r0-18 and let H*(T;) be the integral form of the
twisted Ringel-Hall algebra of T; over Z = Z[v,v™]. For anyl € N and 1 < jleqr;, let m, 7’ € 1%
such that Sj[l] = M () and Sj41[l] = M(x'). Then

(1) U[Sj[l]] = Z a)\E,\ (mod (’U — 1)7‘(*(7;)) Zf T J[ l,
A=mAEIT?
(2) U[Sj[l]] - U[Sj+1[l]] = Z a,\E)\ (mod (U - I)H*( ,)) lf i ’ l.

A=m(or w'),AeII¢

Here ay) € Q.



AFFINE CANONICAL BASES 25

Proof. Without loss of generality, we may take j = 1. When [ = 1, we have ug,) = Es,. The
conclusion follows. We suppose that the conclusion is true when 1 < I < r; — 2. Then the
assumption

U[S1[ZH = Z CL)\E/\ (mod (’U — 1)7‘(*(7;))
A=, AETTE
and ug, pugs,, ) — s Us ) = Us 1) (mod (v —1)H*(7;)) imply

wsir) = >, aBxEBs,, —Es (Y. axBEy) (mod (v—1)H*(T))

)\jﬂ'l,/\GH? )\jﬂl,)\EH?
_ /
=( Y aE)Es,, —Es,,( >, aB)= Y dBE,
A=y AETT? A=, AETTE A=, AETTE

since {E) | A € II¢} is a basis of 7;. Thus the conclusion is true for [ + 1. For [ = r;, by
assumption, we have

U[Sg[l—l]] = Z a/\E)\ (mod (’U — 1)7’(*( ))
A=71,AENY
Thus we have
ULSy 1)) — WS,[I]] SUSUS[-1)) — Usaf-1¥sy)  (mod (v — DH™(Ty)).
=Fg, ( Z axky) — ( Z axE))Es, (mod (v — 1)H*(7;))
A=y, Aelle A=y AETTS

= Z a)E) (mod (v — 1)H*(T;)).
A=7(or ') AeIld

Now we consider the general case. Let [ = kr; +m,0 <m < r; — 1, if m = 1, by assumption, we
have

U[Sl[lfl]] - U[Sg[lfl]] = Z CL)\E)\ (mod(v - 1)7‘[*(7))
A=y (or w))AEITE
Hence
s ] = (s, -1]) = Usal—1])usy] — sy} (s 1-1]] — U[ssi—1]))
E( Z aAE}\)Esl - Esl( Z a/\EA)
A=my (or w)Aelld A=y (or 7)) AEIS

> d\Ey  (mod (v —1YH*(T;)).

A=m(or w/)NelI?

If 2<m <r;—1, by assumption,

ws, -1 = Y, @By (mod (v — YH*(T)).

A=71,AENY
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Hence
ULs, ) =Us:[i-11ULs;) — Us U [S:[1-1]]
=( Z axE\)Es, — Eg,( Z arEy)
A=, A€l A=y, AeI¢
= Y aB  (mod (v—1H(T)).
A=ZTAElT$

Then the conclusion is true. When r; | [, it can be proved by a similar method for [ = r;. O

Remark. Of course we may replace H*(7) in Lemma 7.3 by C*(A) since the natural embedding
C*(T)/(v—1)C*(T) into H*(7T)/(v — 1)H*(T ), here we consider the integral forms over Z.

Lemma 7.4 In C*(A)z,

Ews= >, bmymBmys* % B,

my1<---<ms
mi+-+ms=n

where by, ... m, € Z.
Proof. By the relation

k

1 =
%zL%szw%wmw,

s=1

we can solve the equation inductively to get the relation in Lemma 7.4. O

It is well known from Ringel that the Lie subalgebra n™ C C*(A)z/(v — 1)C*(A) z generated
by wus, (i € I) over Q is the positive part of the corresponding affine Kac-Moody Lie algebra
over Q, and C*(A)z/(v — 1)C*(A)z is the universal enveloping algebra of n*.

For each non-homogeneous tube 7; of rank r;, we denote un; = u[s; )] where S;[l] is inde-
composable in 7; and dim S;[l] = o is a real root; and w;ms; — Ujt1,msi = WS, — WS, [l]
where S;[l] is indecomposable in 7; and dim S;[l] = md an imaginary root. Let ¥ : C*(A)z —
C*(A)/(v—1)C*(A)z be the canonical projection. Then one of the main results in [FMV] is the
following of which the proof depends on Lemma 7.1.

Proposition 7.5 The vectors W (u(y(a)) for o € @;rep; U(uq;) fora € T real root, i =1, - - | s;
U (Ujmsi—Ujr1,mai), m > 1,1 <j <rji=1,--+ 8 U(Eps),n > 1 and W(upygy) for B € ®),.;
form a Z-basis of n™.

Note that it is easy to see that all vectors in Proposition 7.5 belong to the Lie algebra nt,

and they are linearly independent over Q. For example, ¥(FE,s),n > 1, lie in n™ by Lemma 3.9.
Then by Lemma 7.1, one can prove that those vectors give rise to a Z-basis of n*.

7.4 Proof of Proposition 7.2. By the definition of { E¢|c € M}, we see that they are linearly
independent over Q(v). For any weight ( or, dimension vector ) w € NI, we define the Q(v)-space
Vi to be spanned by those E€, ¢ € M, such that E€ € C*(A),,. It is well-known from Lusztig
that

dimg) C*(A)y = dimg(C*(A)z/(v — 1)C*(A)2),

and the monomials in a fixed order on the basis elements of n* in Proposition 7.5 form a PBW
basis of C*(A)z/(v—1)C*(A) z over Q. However, Lemma 7.3 and 7.4 implies that those PBW basis



AFFINE CANONICAL BASES 27

elements can be obtained by applying ¥ on { E¢|c € M}. Therefore dimg,) Viy > dimg,,) C*(A)w
for any w € NI. Hence {E¢|c € M} is a Q(v)-basis of C*(A). O

As a consequence, the canonical mapping
¢ : C*(Prep) ®q) C*(T1) ®q) * ** ®o) € (1s) ®g) K ®g) C*(Prei) — C*(A)
is an isomorphism of Q(v)-spaces.
7.5 We may consider the ring A = Q[v,v™!], and C*(A)4 is the A-subalgebra of the generic
composition algebra C*(A) generated by W™ = %, (tel).

2
Proposition 7.6 The set {E°c € M} is an A-basis of C*(A) 4.
Proof. For any monomial m on the divided powers of ug, (7 € I) by Proposition 7.2,
m= Z fmec(v)EC  (finite sum)
ceEM

in C*(A), where fmc(v) € Q(v) and v is an indeterminate. Note that Er,_ in the definition of
E° has the form (cf. 5.3)

AETL\ITE A<

with n¥ € Z. The formula m = Y __\/ fmc(v)E€ still holds in ‘H* for taking v = ,/q. Thus,
by Lemma 1.2, for each ¢ € M, there exists N(c) € N such that (,/q)V(® fuc(/7) € Z for all

¢ = p' with p a prime number and [ > 1 in N. It is easily seen that vV(¢) fm,c(v) is a polynomial
in Q[v]. Therefore fic(v) € Qu,v™1]. O

Corollary 7.7 The multiplication map
@ : C(Prep)a@aC (T1)a @4 ®aC (L) A ®AKA®AC (Prei)a — C*(A)a

is an isomorphism of A-modules. O
8. Affine canonical bases

8.1 The first part of this section is devoted to finding a monomial basis and a triangular relation
with the basis {E°|c € M}. We first define the variety?

Oc = Opm(ac) * OMryy * Oty * - % Oty % Nues * Onr(oe)

for any ¢ € M, where Ny .56 = Ny s % - - * Nyy,s if we = (w1, we, - ,wy) and Ny,s are the union
of orbits of regular modules of €(P, L) with dimension vector w;d.
Then by Proposition 7.6, Lemma 6.6 can be rewritten as follows:

Lemma 8.1 For any a € NP and b € NP7 in C*(A) we have

(1) ma =(M(a)+ Y fES
dim Oc <dim Oa
2) my =MbY+ S B,

dim Oc<dim Oy,
where f2, g2 € Qv,v™1] and c € M.O

4Note that the definition of O. here is different with that in 4.2
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Remark. The conclusion is also true in Lemma 8.1 if we take M (a) to be finitely many copies
of a exceptional module.

Lemma 8.2 Let m € IIY for some 7T;, then there exists a monomial my on the divided powers
of uis,) (i € 1) such that

m,; = F; + Z férECa
dim Oc<dim O
where fT € Qv, v 1.
Proof. We set {01,60s,--- ,0,,} to be a complete set of non-isomorphic quasi-simple modules of
7; in the natural order (see Section 5). By Proposition 5.2, we then have

m(ww) = FE, + Z p— dim M (m)+dim End M (7)+dim M (A)—dim End M()\)gm)z\),r (UZ)E)\,

AEIIg A<
where m(®wr) = 0](?61) Kok 9§jet). Since each 6;; is an exceptional module, we have <u[0jp]>(*e”) =
(epfj,) (see the proof in 6.2).
Let 7;, € II? such that M(7;,) = epf;, and dim M (m;,) = (d1,--- ,dy,) with I ordered as
in 6.4. By Lemma 8.1 and its remark, we define a monomial m;, such that

mj, = (S)CW o (500 = (M () + YD fPES

p
dim OC <dim O]w(ﬂ.j )
p

where fo? € Qu,v1).
Let L(] = €19j1,L1 = 619]'1 < 629]'2, L2 = L1 & 639j3, s ,Lt,1 = Lt,Q < etgjz- By Lemma 2.3(6),

We have M (7) ~ L;—;. Similar to the argument as in 5.3, we have gfi_l o = 1, for

Cip+1Yip+1

1 <p <t—2. Define oy = dim L, 1 and 3, = dim M(7;,). By Lemma 2.3(6), we have
dimOp, = dim Or,_, + dim Oep+19jp+1 +m(ay, Bp)

or

codim Op,, = codim Or,,_, + codim Oep+19jp+1 — (Bp, ap).

Thus

t t—1
dim Oyy(ry = dim Op,_, = Y _dim Oc,p;, + > m(ay, By).
p=1 p=1

For any ¢ € M with dim O, < dim O by Lemma 2.2, we have

€p+1 9jp+1 ’

codim(Op,_, * Oc) = codim(Op,,_,) + codim(Oc) — (Bp, ap) + 7

> codim(Op,_,) + codim((’)epﬂgjpﬂ) — (Bp, ap)
= codim(Oy,),
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Thereby, if we take m, = My, M then

vy s

me= ()0 + Y JTEM s (0000 Y fE)
dim Oc; <dim O, 05, dim Oc, <dim Oetejt
= ((M(7j,)) + Z f:flEcl)*~--*((M(7rjt)>+ Z f::;thCt)
dim Oc; <dim O, 95, dim Oc,; <dim O, 0;,

=FE;+ Z ngc7

dim Oc<dim O
where fT € Q[v,v!]. The proof is finished. O

Lemma 8.3 Let E,s5 be the image embedded in C*(A) of the element E,;s in IC,then there exists
a monomial mys on the divided powers of uig, (i € I) such that

Mys = Ens + Z h:}(sEC,
dim Oc<dim Oy 5

where K € Qv,v™1].
Proof. We let 61,65 be the two simple objects of €(P, L). By Lemma 3.13(3), we then have

<92>(*n) % <gl>(*n) =E,s+ Z féLéEc’ with fchS c @[U,U_l].
dim Oe<dim Oy,

Suppose that dimnf; =d’' = (d},--- ,d},) and dimnfy = d” = (d/,--- ,d) in ZI. Since 6, 02
are the exceptional modules, by the remark of Lemma 8.1, we then have

dim Oc<dim 0”91

and
my = (1)) 5 (85)042) ..y (G, ) ()

AL S o
dim Oc<dim Ony,,

where fg(’l, 9292 € Q[v,v~!]. By representations of the Kronecker quiver, we know that N, is
open in Opg,*Opyg,. Moreover, N5 is open, then dense in 0,9, %Oy, , that is, Ny is of maximum
dimension, G-stable, irreducible and open subvariety of O, * O, Since Hom(O,g,, Opg,) = 0,
we then obtain

codim Opg, * Opg, = codim O, + codim Oy, — (d’,d"”)
by Lemma 2.2. If either Oc C Opg, \ Opng, or Ocr € Opg, \ Opg,, then

codim O¢ x O = codim O, + codim Oy — (d',d”) +r

> codim O,yg, * Opg, = codim N,,5.
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We now take m,s = mg * my,then

My = ((62) ") + > g E®) * ((61)0™) + > fRE)
dim Oc<dim Opg, dim O/ <dim Opg,
=E,s+ Z hZ‘sEc,
dim Oc<dim O, 5

where h2° € Q[v,v™1]. O

Proposition 8.4 For any E° c € M, there exists a monomial m¢ on the divided powers of
ug,,t € I, such that
me= Bt Y ¢ B
c/'eM, dimO <dimO,
where hS, € Q[v,v™1].
Proof. According to the structure of the Auslander-Reiten quiver of a tame quiver, if P €
Prep,I € Prei and R is a regular module, we then know that Opgrer is open in Opx Op + Oy

by Lemma 2.3(7). So, we need to prove the same property for E; * E,5; where 7 € II¢. By
Lemma 8.2 and 8.3, there exist m; and m,s such that

m,; = F; + Z férECa
dim Oc<dim O

and

!
mys = En5 + Z 92’6EC )
dim O <dim Oy5

where 2%, g7 € Q[v,v™1].
Since we can find smooth points A € O, and B € O, such that Hom(B, A) = 0, we have

Hom(O,5,0;) = 0. Then,

codim O, x Ops = codim O + codim O,,5 — (nd, o).
If ether O, C O, \ Oy or Our C Ops \ Ops, we have again that

codim O * Oy > codim O * O,,5 = codim O * O,5.

So, we get
Me = My * Mys
/
=(Ex+ > JIE®)x(Ens+ > g E)
dim Oc<dim O dim Oy <dim Oy,5
/
= B+ > hS E°,
c¢’eM,dim O <dim Oc

where hS, € Q[v,v™1]. O

8.2 By argument similar that in Section 4, we can use the standard linear algebra method by
Lusztig to get the relation:

Ec = Z wSE®  forany ce M
c’eM
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with w$ € A such that wg = 1 and if wg, # 0 and ¢ # ¢ then dim Oy < dim Oc. Thus we can
solve the system of equations
Cor = > wer G

dim O <dim O, <dim O¢
to get a unique solution such that
=1 and ¢ ev Q™ if dimOy < dimOk.

Let
£ = Z C;:/ECI for any cé€ M.
c’'eM
Note that this is a finite sum. Then we have the main result in this article.

Theorem 8.5 The set {E€|c € M} provides a canonical basis of C*(A) 4, which is characterized
by the two properties: (a) E€ = EC for all c € M. (b) w(E°) = n(E®), where 7w : C*(A)4 —
C*(A) 4/v™1C*(A) 4 is the canonical projection. O
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