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1. INTRODUCTION

1.1. Let G be a connected reductive algebraic group scheme which is defined over the
finite field F, and k be an algebraically closed field of characteristic p (with ¢ = p"). Let
F" : G — G be the Frobenius morphism defined the Fy-structure on G and G, = Ker(F")
be the Frobenius kernel. Furthermore, let G(F;) be the finite Chevalley group obtained
by taking the fixed points of G under F". For over forty years, there has been much
work in finding relationships between the three module categories Mod(G), Mod(G,) and
Mod(G(Fy)). The reader is referred to [Hum] for a recent historical account.

If M is a rational G-module one can consider the restriction of the action of M to either
G, (denoted by M |g,) or G(Fy) (M |g(r,)). Parshall asked the following question in the
Proceedings of the 1987 Arcata Conference on Finite Groups [P, 5.3]:

(1.1.1) If M is a rational G-module such that M |g, is projective, is M |g(r,) projective?

In 1999, the authors [LN] provided an affirmative answer to this question for all but a few
cases when the field has very small characteristic. The question (1.1.1) became known as
the “Parshall conjecture”. The ideas used in verifying the conjecture involved formulating
connections between the lower central p-series for the finite p-group U(F,) where U is the
unipotent radical of a Borel subgroup B and the associated graded algebra of the group
algebra kU (IF,) after filtering by powers of the augmentation ideal. Once this relationship
is made precise one can use the May spectral sequence along with results on nilpotent orbits
and support varieties to prove the result.
The following question is a natural generalization to (1.1.1):

(1.1.2) If M is a rational G-module such that M |, is projective, is M |,y projective?

For the sake of consistency in this paper, an affirmative answer to question (1.1.2) will be
called the “generalized Parshall conjecture”. The aforementioned techniques used in [LN]
do not readily extend to the case when r > 2 so an answer to (1.1.2) has been quite elusive
in recent years. The main result of this paper is

Theorem. For any connected reductive algebraic group G defined and split over the finite
field ¥y, if M is a rational G-module such that M |, is projective, then M |G(Fq) projective.
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Note that our result settles the generalized Parshall conjecture for fields of any positive
characteristic. Furthermore, our proof is of general interest because it entails investigating
lifting projective U,-modules to U.

We also consider the converse to the generalized Parshall conjecture. In general, the
converse is false because one can take the Steinberg module and twist it r-times. This
module remains projective over G(F,), but is a direct sum of trivial modules over G, and
is thus not projective over G,. However, the converse does hold when we restrict to a
certain bounded full subcategory of G-modules called C,(G). This was shown to hold for
G1 in [LN, Thm. 4.4] by classifying the indecomposable modules in C;(G) (for G = SLs)
which was possible because Ci(G) has finite representation type. For r > 2, C.(G) is of
wild representation type so we need to employ other methods which were an outgrowth of
work in [CLN]. Applications of our results are presented at the end of this paper which
unify many previously known results involving projectivity and periodicity of modules for
Frobenius kernels and finite Chevalley groups.

1.2. Throughout this paper let k be an algebraically closed field of characteristic p > 0
which contains the finite field of ¢ elements F, (¢ = p"). Let G be a connected reductive
algebraic k-group defined and split over the field F,. For r > 1, let G, be the rth Frobenius
kernel of G and G(F,) be the finite Chevalley group.

Let T be a maximal split torus and ® be the root system associated to (G, 7). Moreover,
let @ (resp. ®7) be the set of positive (resp. negative) roots and A be the set of simple
roots. Let ¥ = 2a/{(a,a) be the coroot corresponding to a € ®. For a generic simple
root «, w, will denote the corresponding fundamental weight. Let B be a Borel subgroup
containing 1" corresponding to the negative roots and U be the unipotent radical of B. The
Frobenius kernels for B (resp. U) are B, (resp. U,) and the corresponding finite groups are
B(F,) and U(F,).

1.3. If G is connected and reductive, then G = Z°(G)[G, G] with [G, G] being semisimple,
defined and split over F,. Since G, = Z°(G),[G, G}, with Z°(G) being a central torus, any
G,-module is projective over G, if and only if it is projective when restricted to [G, G],. On
the other hand, we have G(F,) = Z°(G)(F,)[G, G](F,). The group Z°(G)(F,) consists of
elements whose orders are prime to p. Thus a G(IF;)-module is projective if and only if it is
projective over [G, G](F,). Therefore, in order to prove Theorem 1.1, it suffices to assume
that G is semisimple.

If 7 : G — G is a surjective algebraic group homomorphism of reductive algebraic groups
defined and split over F, with Ker 7 and Ker(dm) being both central, i.e., 7 is central as in
[B, 22.3]. Take a split Borel subgroup B = TU of G and B = TU of G respectively such
that B = 7(B). Then 7 : U — U is an isomorphism [B, 22.4]. By [Jan, II, 9.4, 11.4 (1)] a
G-module M is projective for G, if and only if it is projective for U, and U,. A similar
statement holds for the group G. Hence, any G-module M is projective for G, if and only
if is projective for G,.

Over the finite field F,, 7 restricts to an isomorphism of a Sylow p-subgroup of G(F,)
to a Sylow p-subgroup of G(FF,). Hence, a G(F,)-module is projective if and only if it is
projective for G(F,). In combination with the above argument we can state the following
proposition.
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Proposition. If Theorem 1.1 holds for any simply connected semisimple algebraic group
G, then it holds for all connected reductive groups.

1.4. The arguments in the rest of paper applies directly to reductive groups. However, for
notational simplicity, we will assume throughout the paper that G is a connected and simply
connected semisimple algebraic group. Let E be the Euclidean space associated with ¢, and
the inner product on E will be denoted by (, ). Moreover, let X (T') be the integral weight
lattice obtained from the root system ®. The lattice X(T') is the same as the character
group of a split maximal torus 7" under the simply-connectedness assumption . The set
X(T) has a partial ordering defined as follows: A > p if and only if A — p € > A No. If
G is simple, let ag to be the highest short root. Moreover, let p € X(T') be the half sum
of positive roots and wqy denote the long element of the Weyl group. The Coxeter number
associated to an indecomposable root system ® is h = (p, ay)) + 1.
The dominant integral weights are defined as

X(T)y ={AeX(T): 0<(\,aY) forall « € A},
and the set of p"-restricted weights is
X (T)={Ae X(T): 0<(\,a")<p forall a € A}.

The simple modules for G are indexed by the set X (7")+ and denoted by L(\), A € X(T')+
with L()\) = socg HO(\) where H()\) = Ind§ A. A complete set of non-isomorphic simple
Gr-modules and G(F,) are easily obtained by taking {L(\) : A € X,(T)}.

2. GENERALIZED PARSHALL CONJECTURE

2.1.  We begin by proving a general result describing the structure of modules whose restric-
tion to a normal subgroup scheme is injective. Let H be an algebraic k-group scheme and
N be a closed normal subgroup scheme of H over k. Assume that every simple N-module L
extends to an H-module structure. For any H-module M, Homy (L, M) = (L*® M)" is an
H-submodule of L* ® M with N acting on Hompy (L, M) trivially (thus an H/N-module).
Furthermore,
Socn (M) = P L @ Homy (L, M)
L

as an H-submodule under the evaluation map L ® Homy(L,M) — M defined by v ®
f — f(v), which is an H-module homomorphism. Note that the sum is taken over the
isomorphism classes of all simple N-modules.

Proposition. Let N be a closed normal subgroup of an algebraic k-group scheme H. For
each simple N-module L, let Q(L) be the N-injective hull of L. We further assume that
both L and Q(L) extends to H-module structures. If P is any H-module such that P |x is
injective, then there is an isomorphism of H-modules

P =P Q(L) ® Homy(L,P).
L

Proof. We first note that Socy (@ (Q(L) ® Homy (L, P))) = &1(L ® Homy(L, P)) as H-
module since Homy (L, P) is a trivial N-module. Since both P and &;Q(L) ® Homy (L, P)
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are injective IN-modules and have isomorphic N-socle, then they are isomorphic as N-
modules. But here we want the isomorphism to be an H-module isomorphism.

Let us fix an irreducible N-module L. For each f € Homy(L, P), let f: Q(L) — P be
an N-module homomorphism extending f in the following commutative diagram

0—>L—Q(L)

A

P

whose existence is guaranteed because P is an injective N-module. Note that h is an H-
module homomorphism. The map f is unique since L is the N-socle of Q(L) and the
difference of any two N-module homomorphisms making the diagram commute would be
zero when restricted to the socle L = Socy(Q(L)) and thus has to be the zero map.

We now define ¢, : Q(L) ® Homy (L, P) — P by ¢1(v® f) = f(v) which is well-defined
and is clearly an N-module homomorphism.

For any g € H, gf € Homy(L, P) is defined by (gf)(v) = g(f(g~1v)) for all v € L.
Similarly, ¢f is defined since Q(L) is also an H-module. A direct verification using the fact
that h is an H-module homomorphism would yield gf = gf o h and gf = gf o h, i.e., the
diagram

0—L—">Q(L).
gfl%
b 9f

commutes using either one of the maps Ef and g f . The uniqueness we mentioned above
implies that gf = gf. Thus we have

¢r(g(v ® ) = orlgv @ gf) = gf(gv) = (9/)(gv) = 9(f(v)) = g(¢r(v® [))
and ¢y, is a homomorphism of H-modules. For two non-isomorphic simple N-modules L and
L', the submodules Im(¢1) and Im(¢y/) have trivial intersection since their socles intersect
trivially. Now the H-module homomorphism @r¢r, : ©1Q(L) ® Homy (L, P) — P between
the two injective N-modules must be an isomorphism because the restriction to the N-socles
is an isomorphism. ]

2.2. The following result is standard and can be found in Jantzen’s book [Jan, I. 3.10, I.
8.10].
Proposition. Let A be a finite group scheme and M be a finite dimensional A-module.
(a) M is projective if and only if M is injective;
(b) If M s projective, then M ® V is also projective for any A-module V.
2.3. Let G be a connected reductive algebraic group scheme, B a Borel subgroup of G

which is defined and split over F, and U the unipotent radical of B. In the next theorem
we prove the generalized Parshall conjecture without any restrictions on the prime.

Theorem . Let H = G, B, or U and M be a rational H-module. If M 1is projective as
H,-module, then M is projective as kH (F,)-module.
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Proof. Let M be a rational H-module. Proposition 2.2 implies that projectivity and in-
jectivity are equivalent for the category of H,-modules (resp. H(FF,)-modules) because H,
(resp. H(IF;)) are finite group schemes.

We first take H = U. Clearly U, is normal in U. Consider the rth Steinberg module
St, which is a U-module and is the U,-injective hull of the only simple U,-module k. We
now apply Proposition 2.1 to our situation with N = U, and get a U-module isomorphism:
M = St, ® Homy, (k, M). Since St, is injective as U(F,)-module, it follows that M is
injective (thus projective) over kU (F,) (cf. Prop. 2.2).

For H = B, one uses [Jan, II. 9.4] to get that M is projective as B,-module if and only
if it is projective as U,-module and M is projective as B(F;)-module if and only if it is
projective as kU (F,)-module.

For H = G one uses [Jan, II. 11.4] by considering a split Borel subgroup B and its
opposite BT. Note that U(F,) is a Sylow p-subgroup of G(F,). Thus any G(F,)-module is
projective if and only if it is projective over a Sylow p-subgroup. The above result for U
implies the result for G. O

2.4. In the above argument, we used the properties that the Steinberg module St, =
md¥{" k 2 k[U,] has a U-module structure and is projective as U (F,)-module. Observe that
we did not actually use the fact that St, has a G-module structure nor that it is projective
as G(IF;)-module. We conjecture the following result for arbitrary unipotent group schemes.

Conjecture. For any connected unipotent algebraic group scheme U which is defined and
split over Ty, the U,-module IndY" (k) has a U-module structure such that Tnd"" (k) is pro-
jective upon restriction to U(Fy).

The validity of the conjecture would imply that Theorem 2.3 would also holds for arbi-
trary connected split unipotent group U. Furthermore, one could use this result to extend
Theorem 2.3 for arbitrary connected algebraic groups.

Corollary. Assuming the above conjecture is true, then for any connected algebraic group
G which is defined and split over Fy (i.e., there is a split Borel subgroup over Fy), then any
finite dimensional G-module M which is projective over G, is also projective over G(IFy).

Proof. Take a split Borel subgroup B with unipotent radical U. Then U is defined and
split over IF,. The projectivity of M over G, implies the projectivity over U,. Thus M
is projective as a U(F;)-module. The unipotent radical of G, Rad,(G), is a closed sub-
group of U and is defined and split over F,. Since B/Rad,(G) is a split Borel subgroup
of the reductive algebraic group G/Rad,(G), U/Rad,(G)(F,) is a Sylow p-subgroup of
G/ Rad,(G)(F,) = G(F,)/Rad,(G)(F,). This proves that U(FF,) is a Sylow p-subgroup of
G(F,). Hence, M is a projective G(IF,)-module.

O

2.5. When p > 2(h — 1), each indecomposable projective G,-module Q,(\) extends to a
G-module. Jantzen showed this by constructing @, (\) as a G-direct summand of the tensor
product of a Steinberg module St, with another G-module. Such a realization implies that
Qr(A) is projective when restricted to the finite group G(IF,). However, it has been a long
standing conjecture of Jantzen that @,(\) has a G-structure for all primes. The following
corollary gives a different variation to this question.
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Corollary. Let G be a connected reductive algebraic group defined and split over F,. Let
M be a finite dimensional projective G.-module. If M extends to a G-module structure,
then M is projective when restricted to the finite group G(Fy).

3. PARTIAL CONVERSE TO THE GENERALIZED PARSHALL CONJECTURE

3.1. The Category C,(G). In this section we still assume that G is a connected, simply-
connected, semisimple algebraic group. The results in this section can easily be extended
to reductive algebraic groups by using the arguments outlined in Section 1.3. Let C,.(G) be
the full subcategory of rational G-modules whose composition factors have highest weights
A satisfying (X, oy ) < p"(p—1) for all highest short roots g of indecomposable components
of the root system of G with respect to a fixed split maximal torus. The category C,(G)
is a highest weight category and it is Morita equivalent to the module category for some
quasi-hereditary algebra [CPS2].

3.2.  We will make some comparisons between restricting certain elements in the distri-
bution algebra Dist(G) of G. For this purpose, we recall the following result [CLN, Prop.
4.3].

Proposition . Let M be a finite-dimensional vector space and xz,y € Endg(M) be two
commuting elements such that © # 0 and xP = yP~! = 0. If M is a free module over the
group algebra k(1 + x) then M is a free module over the group algebra k{1 + x + y). Here
(1+x) and (1 +x+y) are cyclic groups of order p

3.3. We will now use the proposition above to analyze the case when G = SLs with
the intention of generalizing [CLN, Prop. 4.5]. In this case the unipotent radical U is
abelian. The distribution algebra Dist(U) has a basis {z9) | j = 0,1,2,...}, in which
{zU) | 5 =0,1,2,...,p" — 1} is a basis of Dist(U,) and z(1) is a basis element of the Lie
algebra Lie(U). Let exp : G, — U be the isomorphism of algebraic groups

exp(t) = Z ™)
n=0

which provides the action on any rational U-module M with (™ acting as zero for suffi-
ciently large n. The morphism exp is defined over the prime field F,,.

One can express F, = F,,(¢) for some ¢ with {1,¢{,¢?,...,{" "1} being a basis for F, as
an [F-vector space. Then y;11 = exp(¢’) € U(F,). Then {yi,...,y,} forms a generating set
for the elementary abelian group U(F,) and

UFq) = (y1) x {y2) x -+ x (yr).
For o = (a1, 9, ..., ) € K7, set

.
Yo = Zai(yi —1) € kU(F,).
i=1
Any finite dimensional U-module M restricts to a kU (IF,)-module with y, acting on M via

Yo = Zai(ci—lx(l) INCCRIMONTY
=1
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iFrom the theory of rank varieties [Ben, Cor. 5.8.4], M is projective over U(IF,) if and only
if M |(14y,) is free for all 0 # a € k™. Note that (1+y,) is a multiplicative cyclic subgroup
of order p in the group of invertible elements in kU (F,).

On the other hand, for each 0 # 8 = (81, Ba, - - ., Br) € k" we define z5 = BN + Boa(P) +
cee ﬁrac(prfl) € Dist(U,). Then z3 generates a 1-dimensional trivial restricted Lie algebra
kzg with the restricted enveloping algebra u(kzg) = k(1 + z3), where 1 + z3 generates a
(multiplicative) cyclic subgroup (1 + zg) of order p in the algebra w(kzg). By [SFB], M is
projective over U, if and only if M |<z@> is free (over the restricted enveloping algebra of the
Lie algebra (zg) for all 8 € k™). This is equivalent to M |[(;.,) being projective (cf. [Be,
Cor. 3.1.4)).

Now assume that the following condition on M holds:

(3.3.1) (PP IM =0 for s>
We will show that M is projective over U, if and only if M is projective over kU (F,).

By using Proposition 3.2 and condition (3.3.1), for any o = (ay,---,0,) € k", the
projectivity of M over (1 4 y,) is equivalent to the projectivity over (1 + g,) where

Jo = Zai(Cle(l) 4+ PN 0) 4 .Cp“l(iq)x(pr*l))
i=1

= (14 al+ 4+l HzW + (a1 + asl® + -+ + @, (TP P

S Y I Cot D PHU D)
Consider the matrix A defined as
R
A=1. . : :
i Cp’:’l C(T—l.)pT”‘
Since (,(P,..., g‘pPl are r distinct points in £ and A is a Vandermonde matrix, it follows

that A is invertible. Hence A defines a linear isomorphism A : k" — k" of vector spaces and
Uo = ZA(a)- This shows that if condition (3.3.1) holds then M is projective over kU (F,) if
and only if M is projective over U,.

Theorem. Let G = SLy and M € C,(SLa). Then M is projective over (SLg), if and only
if M is projective over k SLy(FFy).

Proof. If M is projective over (SLg), then M is projective over k SLa(F,) by Proposition 2.3.
On the other hand, if M is in C,(SL2) then the weights of M are such that (A, a¥) < p"(p—1).
One can now use a weight argument to show that (3.3.1) holds, i.e., (a:((lps))p_l.M =0 for
s >r. If M is projective over k SLo(F,) then M is projective over kU (FF,), thus projective
over U, from the argument above. It follows that M is projective over G, by [CPS1, Main.

Thm.]. O
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3.4.  We now return to a general semisimple group G. For modules in C,(G), we can now
show that the converse to the Parshall conjecture is valid.

Theorem. Let M be a module in C,.(G). If M is projective over kG(F,) then M is projective
over Gy.

Proof. Let M be in C,(G) and M |g(r,) be projective. Then M |y, (k) is projective for all
a € ®. For a € @, let L, be the subgroup in G generated by U, and U_,. The subgroup
L, is defined and split over F, and is reductive of type A;. Since M € C,(G), it follows
that M is in C,;(Ly) because (A, a") < (A, o)) < p"(p — 1) for any dominant weight A, any
positive root a and the highest short root g of the component containing . By Theorem
3.3, it follows that M |(,), is projective for all a € ®. Consequently, M |g, is projective
by [CPS1, Main Thm.] O

4. APPLICATIONS

4.1. Cline, Parshall and Scott [CPS1, Main Thm.] proved that a finite-dimensional G,T-
module is projective if and only if it is projective over (U,), for all a € ®. Friedlander and
Parshall demonstrated later using support varieties that a rational finite-dimensional G-
module is projective over Gy if and only if it is projective over (U, )1 where « is a long root.
As an application of our techniques we provide a criterion for projectivity of a G-module
over kG(F,) via root subgroups. Let I" be a set of complete W-orbit representatives in ®.
If G is simple, then I' can be any set of one or two roots of different root lengths depending
on whether the root system is simply laced or not.

Theorem. Let G be a connected reductive algebraic group defined and split over Fy. For
any M in C.(G), the following conditions are equivalent.

(a) M |g, is projective;

(b) M |, is projective;

¢) M |y, (v, is projective for all a € ®;

(d) M |y, (w,) is projective for all a € T'.

Proof. The implication (a) = (b) follows from Theorem 2.3, while (b) = (a) holds because
of Theorem 3.4. Now U, (F,) is a subgroup of G(F,) so every projective module over kG (F,)
is projective over kU(F;). Therefore, we have (b) = (¢) = (d). It remains to show that
(d) = (a).

Assume that M |y, (r,) is projective for all a € I'. Since M is a G-module it follows that
M |y, r,) is projective for all o € W(I') where W (') is the image of I under the (ordinary)
action of W. But, every root is W conjugate to either a long or a short root so W(I') = .
Now the fact that M € C.(G) implies that M |,), is projective for all a € ®, thus by
[CPS1, Main Thm.], M is projective over G,. O

4.2. The theorem in the preceding section can be used to recover and generalize a theorem
of Alperin and Mason [AM2].

Corollary (A). Let L be a simple G(F,)-module with p > h. Suppose that L |y, (,) is
projective for all o € T' (as defined in 4.1). Then L = St,.
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Proof. The p > h condition insures that all simple modules L are contained in C,(G) since
for any A € X, one has

A ag) <" = Dpyag) <@ = D(h=1) <p"(p—1).
Let L be a simple G(F,)-module. The hypotheses on L and Theorem 4.1 implies that L is

a projective G(F,)-module and projective G,-module. Consequently, L = St, because St,
is the only simple projective G,-module. (|

Theorem 4.1 can also be used to prove a result involving tensor products of modules for
finite Chevalley groups which was proved earlier for G; by Friedlander and Parshall [FP,
(2.4) Prop.].

Corollary (B). Let M and V be rational G-modules such that M ® V is in C.(G). If
M ®V |gE,) is projective then either M |gr,) or V |a(r,) is projective.

Proof. Suppose that M @V in C,(G) and M ® V' |g(r,) is projective. According to Theorem
4.1, (M ® V) |g, is projective, and by [SFB], M |g, or V |g, is projective. Consequently,
one sees that M [g,) or V |g(r,) is projective by Theorem 2.3. O

4.3. For any finite-dimensional kG(FF;)-module, one can associate an affine homogeneous
variety, Va(r,) (M), often referred to as the support variety of M. A module M over kG(F,)
is periodic if and only if it admits a periodic projective resolution. Every projective module
is periodic, but a periodic module need not be projective, e.g., if dim VG(Fq)(M) = 1. Even
though, our results so far have only been for projective modules over G, and G(F,), we
shall demonstrate that our techniques are powerful enough to make conclusions about the
existence of periodic modules.

Theorem. Let G be a simple algebraic group. If there exists M in C.(G) such that M is
indecomposable, periodic, non-projective G(F,)-module then rank G = 1.

Proof. First observe that if M is periodic over G(F;) and non-projective, it follows that
My, ¥,) 1s not projective for some a € ® because of Theorem 4.1. Since M is periodic over
G(F,) this forces M to be periodic over Uy (F,).

Now M is a G-module and the Weyl group W permutes the root subgroups so M is
periodic over Uy q)(F,) for all w € W. The indecomposability of M over G(F,) implies
that Proj(Vgr,)(M)) is connected. Suppose that G has rank at least two. For each root
length, there exist two different positive roots a and  of the same length such that U, (F,)
and Ug(FF,) generate, in G(IF;), an elementary abelian subgroup Uy, g(IFq) = Uy (Fq) xUs(F,).
This can see by inspecting the roots systems by looking for two positive roots «;, 3 of the same
length such that o+ 3 is not a root (taking one of them to be highest long/short root). In
particular, choose the a and [ such that M is not projective over U, (F,) and Ug(F,). Thus
VUo(F,)xUs(F,) (M) contains two different affine lines. This shows that res*(Vy, ,r,)(M)) C
Vg([gq)(M ) contains two different affine lines A'. But, the connectivity and the fact that
dim Vg(r,) (M) is one-dimensional shows that Vg, ) (M) is an affine line. This contradiction
implies that rank G = 1. U

As an corollary one can immediately deduce the main result of [JJ] for p > h (cf. proof
of Cor. 4.2(A)).
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Corollary . Let G be a simple algebraic group with p > h. Suppose that L is a simple
periodic non-projective G(F,)-module. Then rank G = 1.
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