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Introduction This is a continuation of the investigation in [L3] into the module
structure of those modules for quantum enveloping algebras U analogous to the coho-
mology groups of line bundles on the flag varieties for semisimple algebraic groups. In
[L3], we used the admissible categories for Hopf algebras and their induction theory
and proved a modified Borel-Bott-Weil theorem for Rl(w)IndUU≤0w · λ when λ is in the
dominant chamber and not too close to chamber walls. In this paper we first prove
some special Mackey decomposition theorems for certain Hopf subalgebras of U . Then
we use these theorems to obtain some results on the vanishing properties of certain
cohomology groups, and on all possible composition factors of these modules.

A more general form of Mackey decomposition theorem for algebraic groups is
proved by Cline, Parshall, and Scott in [CPS] using the geometric method, which is
available since the modules involved in the theorem are cohomology groups of line
bundles over the quotient varieties. For quantum groups, the analogous result is not
obvious especially when the higher derived functors are involved. This result has
fundamental importance in the theory and is used in [APW1, Sect. 5] to get the
Demazure character formula and the Kempf vanishing theorem for quantum groups.
We prove a special Mackey decomposition theorem in Section 2 (over a field). As
a consequence, we prove that the cohomology groups of U (the quantum enveloping
algebra) and the cohomology groups of the “parabolic” subalgebras are isomorphic
if the coefficients are in a U -module. This resembles a result in [CPSK] by Cline,
Parshall, Scott, and van der Kallen.

In Section 3, we use the Mackey decomposition theorem proved in Section 2 to study
R1IndUU≤0λ. Similar to Andersen’s result on the first cohomology of line bundles [A1],
we describe all λ’s such that R1IndUU≤0λ 6= 0. The socles of such non-zero modules
are simple and their highest weights can be calculated. As a consequence, the first
U≤0-cohomology can be described.

Another consequence of the Mackey decomposition theorem is that Q⊗E is IndUU≤0-
acyclic for any injective B-module Q and any rational U≤0-module E. Here B is a Borel
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subgroup of the semisimple algebraic group G of the same root system and there is a
Frobenius map from U to the distribution algebra of G [Lu4, 8.14] (in this case the
parameter is a root of 1). The same result for semisimple algebraic groups is proved by
Andersen [A2] using the ampleness of certain line bundles. The proof given here also
gives a non-geometric proof to Andersen’s result. Many results in Andersen’s paper
[A2] can be stated for quantum groups (but this does not yield a short proof of Kempf’s
vanishing theorem). Thus we have an analogous result on the non-vanishing of certain
higher derived functors at weights close to a chamber wall. This is done in Section 4.

In the last section, we use the results on cohomology groups proved in Section 2
to get a criterion for a module to have a good filtration which was proved by Donkin
[D2] for algebraic groups. Using the results developed in this paper and those in
[APW1], one can follow an argument similar to that in [DS] to get Ye’s result [Y] for
quantum groups at roots of 1, which describes all composition factors (not mentioning
multiplicities) of IndUU≤0λ when λ is in the dominant chamber and not close to a
chamber wall. When λ is close to a chamber wall, one can use the cancellation principle.
Ye’s result for quantum groups has also been observed by J. E. Humphreys.

Acknowledgment. The author is grateful to the referee, who made many useful
comments and suggestions. Lemma 1.2 and its proof were pointed out by the referee.

1 Rational representations of Hopf algebras

1.1. We assume, throughout this section, that A is a Dedekind domain and H an A-
free Hopf algebra over A. We denote by γ : H → H the antipode, by ∆ : H → H ⊗H
the comultiplication, and by ε : H → A the counit. All tensor products in this paper
are assumed to be taken over A unless specified.

Let M,V be two (left) H-modules. Then M ⊗ V is also an H-module with the
action defined by h(m ⊗ v) =

∑
h(1)m ⊗ h(2)v for all h ∈ H (using the

∑
-notation).

The (left) H-module structure on M∗ is defined by (hf)(m) = f(γ(h)m) for all h ∈ H
and f ∈ M∗. An H-module M is called trivial if hm = ε(h)m for all h ∈ H and
m ∈ M . A full subcategory C of H-modules is called admissible if it satisfies the
following conditions:

(i) Each module in C is locally finite in C, i.e., for M in C and any m ∈M , Hm is
finitely generated over A;

(ii) C is closed under direct limit;

(iii) C is closed under tensor product;

(iv) If M ∈ Ob(C) is finitely generated and projective over A, then M∗ is also in C;
(v) The trivial module A is in C;
(vi) For each exact sequence 0 → K → F → M → 0 of H-modules, F is in C if

and only if both K and M are in C;
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(vii) Each A-finite module M in C has a projective A-finite cover F in C, i.e., there
is a surjective H-map F → M in C such that F is finitely generated and projective
over A.

A set I of cofinite 2-sided ideals of H is called admissible if

(i) for each I ∈ I, there is J ∈ I such that J ⊆ γ−1(I),

(ii) there is an I ∈ I such that I ⊆ ker(ε),

(iii) for any I1, I2 ∈ I, there is J ∈ I such that J ⊆ I1 ∩ I2,
(iv) for any I1, I2 ∈ I, there is a J ∈ I such that J ⊆ I1 ∧ I2. Here I1 ∧ I2 is the

kernel of the composition map H
∆→ H ⊗H → H/I1 ⊗H/I2.

I is called flat if each I ∈ I contains an ideal J ∈ I such that H/J is finitely generated
and projective as A-module. Each I defines a linear topology on H with I as a basis at
0. Two admissible sets of ideals are called equivalent if they define the same topology
in H.

By (i)–(iv), one can see that all operations of Hopf algebras are continuous and we
have a topological Hopf algebra. (For two topological Hopf algebras H and G, H ⊗G
is also a topological Hopf algebra with the tensor product topology on H ⊗ G being
defined by the set of ideals I ⊗ G +H ⊗ J with I’s and J ’s defining the topology on
H and G respectively.)

It is proved in [L3, 1.7] that the admissible categories of H-modules are in one-to-
one correspondence with the equivalence classes of flat admissible sets of ideals of H.
If H0 is the continuous dual of H with respect to the given topology, then H0 is also a
Hopf algebra and the admissible category of H-modules is equivalent to the category of
all (right) H0-comodules [L3, 1.8]. Thus each admissible category has enough injective
objects.

1.2. From now on we fix an admissible category C for H and a flat admissible set I
of ideals corresponding to C. We will call the modules in C rational H-modules. If any
confusion may arise, we will add the subscript H to appropriate notations to indicate
that they are related to H. For a rational H-module M , MH = {m ∈ M | hm =
ε(h)m, ∀h ∈ H} is called the fixed point set. Thus we have MH ∼= HomH(A,M) and
the cohomology groups H i(H,M) of H in the category C with coefficients in M are
naturally isomorphic to the groups ExtiH(A,M). Here the extensions are taken in the
category of rational H-modules and A is the trivial H-module.

Let M and N be two H modules. Then there is a natural H-module structure on
HomA(M,N) given by (hf)(m) =

∑
(h) h(1)f(γ(h(2))m) for all h ∈ H, f ∈ HomA(M,N)

and m ∈ M . The following lemma is essentially proved in [APW1, 2.9], where γ is
assumed to bijective. The proof given here was pointed out by the referee. Using this
lemma, the proof of Proposition 1.5 has been simplified and is more apparent.
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Lemma. HomH(M,N) = HomA(M,N)H for any H-modules M and N .

Proof: HomA(M,N)H ⊇ HomH(M,N) is proved in [APW1, 2.9]. To show the other
inclusion, we consider the opposite Hopf algebra Hop in which the multiplication and
the comultiplication are defined to be opposite to those of H. Now HomA(M,N) is
an H ⊗ Hop-module with the action defined by ((g ⊗ h)f)(m) = gf(hm) for g ∈ H,
h ∈ Hop, f ∈ HomA(M,N), and all m ∈ M . Note that f ∈ HomH(M,N) if and only
if (h⊗ 1)f = (1⊗ h)f for all h ∈ H. In fact, using the

∑
-notation, we have, for each

f ∈ HomA(M,N)H and h ∈ H,

(h⊗1)f =
∑

(h(1)⊗ε(h(2)))f =
∑

(h(1)⊗γ(h(2))h(3))f =
∑

(ε(h(1))⊗h(2))f = (1⊗h)f.

Here the second last equality holds since f ∈ HomA(M,N)H . �

1.3. Let C be an A-flat coalgebra over A. Suppose that ρ : M → M ⊗ C and δ :
N → C⊗N define the right and left C-comodule structures on M and N respectively.
The cotensor product M�CN is defined to be the A-submodule Ker(ρ ⊗ 1 − 1 ⊗ δ)
of M ⊗ N . If B is another A-flat coalgebra over A, and N is, in addition, a right
B-comodule with the structure map β : N → N ⊗B. We call N a C-B-bicomodule, if
(1⊗β)δ = (δ⊗1)β. If N is a C-B-bicomodule, then M⊗N is a right B-comodule and
M�CN is a B-subcomodule of M ⊗ N (see [S]). Furthermore −�CN is a left exact
functor from the category of all C-comodules to the category of all B-comodules if N
is A-flat.

Let G be another Hopf algebra satisfying the same assumptions as H does and
equipped with an admissible category CG defined by a flat admissible set IG of ideals.
A homomorphism σ : G→ H is called compatible if it is continuous with respect to the
topologies defined by the admissible sets of ideals, i.e., for each I ∈ IH , there exists
I ′ ∈ IG such that I ′ ⊆ σ−1(I). Thus σ defines an exact functor σ∗ : CH → CG which
is called the restriction functor. Let CH be the functor from the category of all H-
modules to CH by defining CH(M) being the maximal H-submodule which is in CH (CH
is closed under direct limit). CG is defined similarly for G. Thus the induction functor
σ∗ : CG → CH is defined by σ∗(M) = CHHomG(H,M). The Frobenius reciprocity
[L3] says that σ∗ is right adjoint to the restriction functor σ∗. Thus σ sends injective
objects to injective objects. On the other hand, the map σ induces a homomorphism
σ0 : H0 → G0 of Hopf algebras and H0 can be regarded as a left G0-comodule with the
structure map δ = (σ0⊗ 1)∆ : H0 → G0⊗H0. Note that CH and CG are equivalent to
the categories of (right) H0-comodules and G0-comodules respectively. The following
proposition was proved in [L3, 3.6] under the assumption that the antipode of G is
bijective due to the assumption in [APW1, 2.9]. Now this assumption can be removed
by using Lemma 1.2. However the proof given here is more direct.

Proposition. For each M in CG, the map ϕ : M ⊗ H0 → HomA(H,M) induces an
isomorphism M�G0H0 ∼= σ∗(M) of H-modules. Therefore, we have an isomorphism of
functors −�G0H0 ∼= σ∗(−).
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Proof: Let M be a rational G-module. If ρM : M → M ⊗ G0 is the G0-comodule
structure map and ρM(m) =

∑
m(0)⊗y(1), then gm =

∑
y(1)(g)m(0) for all g ∈ G. Since

IndHGM ⊆ CHHomA(H,M) = M ⊗ H0 ⊆ HomA(H,M) by [L3, 1.6], we only need to
show IndHGM = M�G0H0 as subsets of HomA(H,M). On the other hand, we have the
inclusion M ⊗G0⊗H0 ⊆ HomA(G⊗H,M) given by (m⊗ y⊗ f)(g⊗ h) = f(h)y(g)m
for y ∈ G0 and f ∈ H0. Thus an element

∑
mi ⊗ fi of M ⊗H0 is in M�G0H0 if and

only if ∑
mi ⊗ σ0(fi,(1))⊗ fi,(2) =

∑
mi,(0) ⊗ yi,(1) ⊗ fi

as elements in HomA(G⊗H,M). But this is equivalent to∑
fi,(1)(σ(g))fi,(2)(h)mi =

∑
yi,(1)(g)fi(h)mi,(0) (1)

for all g ∈ G and h ∈ H. However the left hand side of (1) is∑
fi(σ(g)h)mi = (

∑
mi ⊗ fi)(σ(g)h)

and the right hand side of (1) actually is∑
fi(h)yi,(1)(g)mi,(0) =

∑
fi(h)gmi = g(

∑
mi ⊗ fi)(h).

Thus an element
∑
mi⊗fi of M⊗H0 is in M�G0H0 if and only if it is in HomG(H,M).

Note that M ⊗ H0 = CH(HomA(H,M)) [L3, 1.6]. We thus have M�G0H0 = (M ⊗
H0) ∩ HomG(H,M) = IndHGM . �

If G is a Hopf subalgebra of H, we can take the category CG to be the one corre-
sponding to the flat admissible set IG of ideals I ∩G (I ∈ IH) of G which defines the
induced topology on G. In this case we will write σ∗ = IndHG . Since each admissible
category has enough injective objects [L3, 1.8], we can consider the derived functor
RiIndHG of IndHG at a rational G-module.

Remark. the functors σ∗ : CG → CH depends only on the categories CG and CH not
on the admissible sets of ideals defining the categories CG and CH .

1.4. The following is a test for the exactness of the induction functors.

Lemma. Suppose that A is a field and we have compatible homomorphisms of Hopf

algebras H1
φ→ H

ψ→ H1 such that ψ ◦ φ = 1H1 . Then φ∗ is exact.

Proof: Let M be a rational H1-module. Then M = φ∗ψ∗M . Here ψ∗M is a rational
H-module. Since A is a field (this is the only place that requires A to be a field for the
results in Theorem 2.4), by the tensor identity [PW, 2.8.2], we have φ∗M ∼= ψ∗M⊗φ∗A
and the exactness follows. �
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1.5. The maps φr : H ⊗ H → H (or φl : H ⊗ H → H), defined by φr(x ⊗ y) =∑
γ(y(1))xy(2) (or φl(x ⊗ y) =

∑
x(1)yγ(x(2))) for all x, y ∈ H, make H into a right

(or left) H-module, which is called the right (or left) adjoint representation of H. An
A-submodule D of H is called right (or left) normal in H if φr(D ⊗ H) ⊆ D (or
φl(H ⊗ D) ⊆ D). D is called normal if it is both left and right normal. If D is a
normal Hopf subalgebra of H and D+ = Ker(ε|D) the augmentation ideal of D, then
HD+ = D+H is a Hopf ideal and H/HD+ is called the quotient Hopf algebra, denoted
by H/D (by abuse of notations). Assuming that the topology of H/D is the quotient
topology of H, all modules in CH on which D acts trivially have the form π∗N for
some module N in CH/D. Here π : H → H/D is the canonical map and CH/D is the
admissible category for H/D. For each H-module M in C, the D-fixed point set MD

is an H-submodule and MD = π∗N for some H/D-module N in CH/D [L3, 4.4]. We
will denote N by MD if the H/D-module structure on MD is clear from the context.
Furthermore, when we want to emphasize theD-action on anH-module, we will denote
it by σ∗M with σ : D → H being the inclusion map.

Lemma. For each M in CH , MD is an H-submodule of M and has a natural H/D-
module structure. Thus it defines a functor M 7→ MD from CH to CH/D, which is
right adjoint to the exact functor π∗ and therefore sends injective objects to injective
objects. �

The proof of this lemma is straight forward keeping in mind that the topology on H/D
is generated by the basis {π(I) | I ∈ I}.

Proposition. Suppose D is a normal Hopf subalgebra of H and the induction functor
IndHD is exact. If E is in CH , finitely generated over A, then the ith right derived
functor of the functor V 7→ HomD(σ∗E, σ∗V ) from CH to CH/D can be identified with
V 7→ ExtiD(σ∗E, σ∗V ). Furthermore, there exists a spectral sequence with the E2

terms
Ei,j

2 = ExtiH/D(M,ExtjD(σ∗E, σ∗V ))⇒ Exti+jH (π∗M ⊗ E, V ) (2)

for each M in CH/D.

Proof: First we show that V 7→ HomD(σ∗E, σ∗V ) defines a functor from CH to CH/D.
In fact, by Lemma 1.2 and the above lemma, HomD(σ∗E, σ∗V ) = HomA(E, V )D is
an H-submodule of HomA(E, V ) and is D-trivial. Since E is finitely generated over
A, there exists a rational H-module P which is finitely generated and projective over
A such that P → E → 0 is exact as H-modules. Thus, as H/D-modules, we have
HomD(σ∗E, σ∗V ) ⊆ HomD(σ∗P, σ∗V ) = HomA(P, V )D by Lemma 1.2. Since P is
finitely generated and projective over A, the natural A-isomorphism HomA(P, V ) ∼=
V ⊗ P ∗ is actually an isomorphism of H-modules and the latter is in CH . Thus
HomD(σ∗E, σ∗V ) is in CH/D by [L3, 4.4]. One can verify that any H-homomorphism
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V → V ′ induces an H/D-homomorphism HomD(E, V ) → HomD(E, V ′). Thus we
have an functor HomD(σ∗(E), σ∗(−)) : CH → CH/D.

Since IndHD is exact, σ∗I is injective in CD for each injective module Q in CH (see [L3,
3.7], [PW, 2.9.1]). If 0 → V → I · is an injective resolution in CH , 0 → σ∗V → σ∗(I ·)
is an injective resolution in CD. By applying the functor HomD(σ∗(E),−) to this
resolution, we have RiHomD(σ∗(E), σ∗(−))(V ) = ExtiD(σ∗(E), σ∗(V )) as A-modules.
This shows that ExtiD(σ∗(E), σ∗(V )) has an H/D-module structure and is in CH/D for
each V in CH .

For any rational H/D-module M , we have

HomH(π∗(M)⊗ E, V ) = HomA(M ⊗ E, V )H = HomA(M,HomA(E, V ))H

= (HomA(M,HomA(E, V ))D)H/D

by the lemma above. Since M is trivial as D-module we have

HomA(M,HomA(E, V ))D = HomD(M,HomA(E, V )) = HomA(M,HomA(E, V )D)

= HomA(M,HomD(E, V )).

Thus we have an isomorphism ϕ : HomH(π∗M ⊗ E, V ) ∼= HomH/D(M,HomD(E, V )),
which is natural in both M in CH/D and V in CH . The spectral sequence (2) follows
from the Grothendieck spectral sequence for the composition of functors HomH(π∗M⊗
E,−) = HomH/D(M,−) ◦ HomD(σ∗E, σ∗−). �

Remark. The spectral sequence (2) is a (type of) Hochschild-Serre spectral sequence.
The special case of (2) when M = A is a field is proved in [PW, 2.11.1]. If, in
addition, E is projective over A, one can follow the remark in [J, I, 6.4] to establish
the isomorphism ϕ.

1.6. If H1 is a Hopf subalgebra of H, then G1 = π(H1) is a Hopf subalgebra of G
and DH1 = H1D is a Hopf subalgebra of H as well. Denote by π1 : DH1 → G1 the
restriction of π to DH1. Let E be a rational H1-module, which is finitely generated
and projective over A. We assume that the DH1-module IndDH1

H1
E extends to a rational

H-module in this subsection.

Define the functors F1, F2 and F3 from CG1 to CH as follows. For each M in CG1 ,

F1(M) = π∗(IndGG1
M)⊗ IndDH1

H1
E,

F2(M) = IndHH1
(π∗1M)⊗ IndDH1

H1
E ∼= IndHH1

(π∗1(M)⊗ IndDH1
H1

E),

F3(M) = IndHH1
(π∗1M ⊗ E).

There are natural transformations ϕ : F1 → F2 and ψ : F2 → F3 defined as follows.
The map ρ : π∗1M → IndDH1

H1
(π∗1M) resulted from Frobenius reciprocity is natural in

M . Using [L3, 4.6], we have

F1(M) ∼= IndHDH1
(π∗1M)⊗ IndDH1

H1
E.

8



We can define ϕ(M) = IndHDH1
(ρ) ⊗ id since IndHH1

(π∗1M) = IndHDH1
IndDH1

H1
(π∗1M).

Let ev : IndDH1
H1

E → E be the evaluation map, define ψ(M) = IndHH1
(id ⊗ ev). The

naturality of ϕ and ψ can be easily verified.

Lemma. If π∗1Q⊗E and π∗1Q are IndHH1
-acyclic for each G1-injective module Q, then

for any G1-module M and i ≥ 0, we have

RiF1(M) ∼= π∗RiIndGG1
M ⊗ IndDH1

H1
E

RiF2(M) ∼= RiIndHH1
(π∗1M)⊗ IndDH1

H1
E

RiF3(M) ∼= RiIndHH1
(π∗1M ⊗ E)

Proof: First of all, π∗ is always exact and IndDH1
H1

(E) is flat over A since E is flat over

A (E is torsion free implies that IndDH1
H1

(E) is torsion free and therefore flat since A
is a Dedekind domain). Since the induction functor sends injectives to injectives, the
first isomorphism follows from a Grothendieck spectral sequence. The assumptions of
the lemma also implies that there are Grothendieck spectral sequences which will yield
the last two isomorphisms. �

Proposition. Suppose IndDH1
H1

is exact and π∗1Q ⊗ E and π∗1Q are IndHH1
-acyclic for

each G1-injective module Q. Then for any G1-module M and all i ≥ 0, we have

(i) Ri(ψ ◦ φ)(M) is an isomorphism for i ≥ 0 if M is A-flat ,

(ii) if M is A-flat, there are natural isomorphisms of H-modules

RiIndHH1
(π∗1(M)⊗ E) ∼= π∗(RiIndGG1

M)⊗ IndDH1
H1

E,

RiIndHH1
(E ⊗ π∗1(M)) ∼= IndDH1

H1
(E)⊗ π∗(RiIndGG1

M).

Proof: Note that for any G1-module M we have

F1(M) ∼= IndHDH1
(π∗1(M)⊗ IndDH1

H1
E);

F1(M) ∼= IndHDH1
IndDH1

H1
(π∗1(M)⊗ IndDH1

H1
E);

F1(M) ∼= IndHDH1
IndDH1

H1
(π∗1(M)⊗ E).

Here we have used [L3, 4.7,3.7] and the tensor identity for the first isomorphism, and
the transitivity of induction functors for the second and third isomorphism. Now we
consider the following commutative diagram:

π∗1(M)⊗ IndDH1
H1

E
φ1(M)−→ IndDH1

H1
(π∗1(M)⊗ IndDH1

H1
E)

θ1(M) ↓ ↓ ψ1(M)

IndDH1
H1

(π∗1(M)⊗ E)
θ1(M)←− π∗1(M)⊗ IndDH1

H1
E.
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Here ψ1 is the evaluation map, φ1 is the map resulted from Frobenius reciprocity such
that ψ1 ◦ φ1 = id, and θ1 is obtained via Frobenius reciprocity corresponding to the
map id⊗ ev : π∗1(M)⊗ IndDH1

H1
E → π∗1(M)⊗E. By applying the functor IndHDH1

to the

above commutative diagram we have φ = IndHDH1
(φ1) and ψ = IndHDH1

(θ1 ◦ ψ1). Thus

ψ ◦ φ = IndHDH1
(θ1).

Since IndDH1
H1

is exact, then IndDH1
H1

(π∗1(−) ⊗ E) and IndDH1
H1

(π∗1(−) ⊗ IndDH1
H1

E) ∼=
IndDH1

H1
(π∗1(−)) ⊗ IndDH1

H1
E send injective G1-modules to IndHDH1

-acyclic modules by

the assumption and a generalized tensor identity. The functor π∗1(−)⊗ IndDH1
H1

E sends

injective G1-modules to IndHDH1
-acyclic modules follows from [L3, 4.7] and generalized

tensor identity. Since ψ1, φ1, and θ1 are natural in M , we can apply the functor
RiIndHDH1

to the above commutative diagram and use three Grothendieck spectral
sequences to get

RiIndHDH1
(φ1) = Riφ, RiIndHDH1

(θ1 ◦ ψ1) = Riψ, and that

RiIndHDH1
(θ1) : RiIndHDH1

(π∗1(−)⊗ IndDH1
H1

E)→ RiIndHDH1
(IndDH1

H1
(π∗1(−)⊗ E))

is a natural transformation. Therefore Riψ ◦ Riφ = Ri(ψ ◦ φ) = RiIndHDH1
(θ1), Note

that θ1(M) is an isomorphism if M is A-flat (the isomorphism in the tensor identity,
see the proof in [PW, 2.7.1]). Thus we have RiIndHDH1

(θ1)(M) = RiIndHDH1
(θ1(M)) is

an isomorphism. This shows (i) and the first isomorphism. The second isomorphism
can be shown using a similar argument by tensoring E and IndDH1

H1
E on the left side

and using the right generalized tensor identity [PW, 2.7.1, 2.8.2]. �

Remark. Let H be the distribution algebra of a semisimple algebraic group, D the
distribution algebra of the rth Frobenius kernel and H1 the distribution algebra of
the Borel subgroup (corresponding to negative roots for a chosen root system). If
E = (pr − 1)ρ (ρ is the half sum of all positive roots), the isomorphism given here is
the Andersen-Haboush identity [A2, H].

1.7. Let P be a Hopf subalgebra of H and U an A-submodule of H. For any H-
module M in CH , we set MU = {m ∈M | um = ε(u)m, ∀u ∈ U}.

Proposition. Suppose the multiplication map P ⊗ U → H is onto. Then for each
rational P -module M , the restriction of the evaluation map ev : IndHPM → M to
(IndHPM)U is injective.

Proof: Recall that IndHPM ⊆ HomP (H,M). For each f ∈ HomP (H,M)U , uf = ε(u)f
means f(xu) = (uf)(x) = ε(u)f(x) for all x ∈ H and u ∈ U . If ev(f) = f(1) = 0,
then f(p) = pf(1) = 0 for all p ∈ P . By the assumption, each x ∈ H can be written
as x =

∑
piui and f(x) =

∑
pif(ui) =

∑
piε(ui)f(1) = 0. Thus f = 0. �

1.8. We say a Hopf subalgebra L normalizes U (an A-submodule of H) from right
(or left) if φr(U ⊗ L) ⊆ U (or φl(L⊗ U) ⊆ U).
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Lemma. If L normalizes U from right, then MU is a rational L-module for each
rational H-module M .

Proof: Since M |L is a rational L-module, we only need to show that MU is an L-
submodule of M |L. For m ∈MU and x ∈ L, we have, by [L3, 4.2],

u(xm) = (ux)m =
∑

x(1)φr(u⊗ x(2))m =
∑

x(1)ε(u)ε(x(2))m = ε(u)xm

for all u ∈ U . Thus xm ∈MU . �

1.9. We state a special Mackey decomposition theorem with conditions given in
terms of admissible sets of the ideals. Let G and H1 be two Hopf subalgebras of H
with induced topologies. Then G1 = G∩H1 is also a Hopf subalgebra of H (see [Sw]).

Proposition. Suppose H1⊗G1G
∼= H as A-modules. If for each I ′ ∈ IH1 and J ∈ IG,

there exists I ∈ IH such that I ⊆ I ′G+H1J , then ResHG IndHH1
M ∼= IndGG1

ResH1
G1
M for

each rational H1-module M . Furthermore, if IndH1
G1

is exact, then ResHGR
iIndHH1

M ∼=
RiIndGG1

ResH1
G1
M for all i ≥ 0.

Proof: By the assumption, we have the isomorphism

HomH1(H,M)→ HomG1(G,M)

of G-modules given by f 7→ f |G for all f ∈ HomH1(H,M).

Since the topology on G is induced from the topology on H, CHHomH1(H,M) ⊆
CGHomG1(G,M) is clear. If f ∈ HomH1(H,M) is such that f |G ∈ CGHomG1(G,M),
then f(J) = 0 for some J ∈ IG. Thus f(G) is a finitely generated A-submodule
of M and N = H1f(G) finitely generated over A since M is a rational H1-module.
There exists I ′ ∈ IH1 such that I ′N = 0. By the assumption, there exists I ∈ IH
such that I ⊆ I ′G + H1J and f(I) ⊆ f(I ′G + H1J) = I ′f(G) + H1f(J) = 0. Hence
f ∈ CHHomH1(H,M) and the first part of the proposition follows. Since the exactness
of IndH1

G1
implies that ResH1

G1
Q is injective in CG1 for each injective module Q in CH1

[PW, 2.9.1], the second part of the proposition follows from a Grothendieck spectral
sequence. �

Corollary. If H = H1 ⊗ G as Hopf algebras such that H has the tensor product
topology, then IndHH1

is exact.

Proof: Note that G1 = H1∩G = A. Thus both IndGG1
and IndH1

G1
are exact by [L3, 1.6,

3.5]. The conclusion follows from the above proposition. �
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1.10. Before we end this section, we discuss the situation when the admissible cate-
gory CH is defined by a set of left ideals. Let L be a collection of left ideals of H. For
each H-module M , we define CL(M) = {m ∈M | AnnH(m) ⊇ I for some I ∈ L}. Let
CL be the category of H-modules M such that CL(M) = M . Suppose that CL is an
admissible category and I is an admissible set of the ideals of H defining CL [L3, 1.7].
Then that relation between I and L can be stated as follows: Each I in I contains
a left ideal in L and each left ideal in L contains an ideal in I. Such an admissible
category CL is said to be defined by L. For an admissible set I of ideals and a collection
L of left ideals, the above relation between I and L is actually equivalent to CI = CL.

Let σ : G → H be a homomorphism of Hopf algebras with admissible categories
CG and CH defined by collections LG and LH of the left ideals respectively. Then σ is
compatible if and only if for each left ideal I ∈ LH , σ−1(I) contains a left ideal in LG.
Furthermore, if G is a Hopf subalgebra of H, the induced admissible category CG from
CH is defined by LG = {I ∩G | I ∈ LH}.

Suppose the admissible category CH is defined by a collection LH of left ideals. Then
for the subalgebras G, H1 as in Proposition 1.9, the induced admissible categories CG
and CH1 are also defined by collections LG and LH1 of left ideals. By the relation
between I and L we mentioned above, the condition on ideals in Proposition 1.9 is
equivalent to the following: for each I ′ ∈ LH1 and J ∈ LG, there exists I ∈ LH such
that I ⊆ I ′G+H1J . This condition will have the advantage in application to quantum
groups since the categories for quantum groups are defined by certain collections of
left ideals (see [APW1]).

2 A Mackey decomposition theorem for quantum

groups

2.1. We still assume that A is a Dedekind domain through 2.2. Fix a ring ho-
momorphism Z[v, v−1] → A and denote the image of v in A by v as well. Let
U = UZ[v,v−1] ⊗ A. Here UZ[v,v−1] is the Z[v, v−1]-algebra defined by Lusztig in [Lu4]

with generators {E(m)
i , F

(m)
i , K±1

i |1 ≤ i ≤ n,m ≥ 0} and relations related to the Car-
tan matrix (aij) of a semisimple complex Lie algebra with root system R of rank n.
U has a Hopf algebra structure with a bijective antipode. Lusztig has proved that
U = U− ⊗ U0 ⊗ U+ as A-modules. Here U− (or U+) is the subalgebra of U generated

by {F (m)
i | 1 ≤ i ≤ n, m ≥ 0} (or {E(m)

i | 1 ≤ i ≤ n, m ≥ 0}) and U0 is generated

by {K±1,
[
Ki

m

]
| 1 ≤ i ≤ n,m ≥ 0}. For more details about the algebra UZ[v,v−1] and

notations, one is referred to [APW1, Lu2, Lu3, Lu4].

Let X be the lattice of integral weights of the root system R corresponding to the
Cartan matrix (aij) and (d1, . . . , dn) a sequence of (smallest) positive integers such
that (diaij) is a symmetric matrix. Denote by X+ the set of dominant weights with
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respect to the set S of simple roots, which correspond to the Ei’s. Each λ ∈ X defines
an homomorphism λ : U0 → A of A-algebras as in [APW1, 1.1] (with all σi = 1).
Let LU be the collection of left ideals of U consisting of those left ideals generated by
Kerλ,E

(r)
i , F

(s)
i (all r ≥ mi, s ≥ ni and all i) and their finite intersections. The category

CU of integrable module of type 1 (defined similarly as in [APW1, 1.6]) is defined by
LU . It is shown in [L4] that CU is an admissible category. Modules in CU can also be
described as follows: A U -module M is in CU if it is a direct sum of weight spaces (as
U0-module) and locally finite as U+- and U−-modules. Thus all theory we developed
in Section 1 can be used for the Hopf algebra U and the admissible category CU . The
induction functors we defined in Section 1 (cf. 1.10) from various Hopf subalgebras
coincide with those defined in [APW1, APW2, AW].

2.2. Let I ⊆ {1, 2, . . . , n} and PI be the A-subalgebra of U generated by U≤0 =

U−U0 and {E(m)
i | i ∈ I,m ≥ 0}. Similarly, let UI (or SI) be the subalgebra of U

generated by U0 and {F (m)
i , E

(m)
i | i ∈ I,m ≥ 0} (or {K±1

i ,
[
Ki

m

]
, F

(m)
i , E

(m)
i | i ∈

I,m ≥ 0}). Thus SI is isomorphic to the quantum enveloping algebra corresponding
to the Cartan matrix of the subroot system RI in R generated by the simple roots
{αi | i ∈ I}. Let U≤0

I and S≤0
I be the intersections of UI and SI with U≤0 respectively.

Note that all these subalgebras are Hopf subalgebras of U with bijective antipodes. In
each of these Hopf subalgebras, the topology is induced from the topology of U .

The left ideals in LPI
are generated by {F (ri)

i , E
(sj)
j , I0 | ri ≥ mi, sj ≥ nj, 1 ≤ i ≤

n, j ∈ I} for some integers mi, nj ≥ 0 and some finite intersection I0 of Ker(λ)’s with
λ ∈ X. Similarly, the left ideals in LUI

and LU≤0 are generated by similar sets with
indices i, j’s being limited to i, j ∈ I and 1 ≤ i ≤ n respectively. The left ideals in LSI

and L
S≤0

I
are generated in a similar way, where I0 should be replaces by the intersection

of the subalgebra SI with finite intersections of Ker(λ)’s with λ ∈ X.

Let EI be the subalgebra of U+ generated by {E(m)
i | i ∈ I,m ≥ 0} and WI the

parabolic subgroup generated by {sαi
| i ∈ I} in W (the Weyl group of R with sα being

the reflection defined by α ∈ R). By extending a reduced expression of the longest
element wI of WI to a reduced expression of the longest element w0 of W , we can
assume that the first |R+

I | roots in the total ordering of R+ used in the construction
of Dyer-Lusztig bases for U+ [Lu4, Appendix] are exactly those roots in R+

I . For each
i ∈ I, the braid group element Ti acting on SI and U commutes with the embedding
of SI into U . Using the Dyer-Lusztig bases for SI and U , we see that the subset

{∏β∈R+
I
E

(mβ)
β } of U+ is a basis for EI . Using these bases, we can get the following

isomorphisms of A-modules resulted from multiplications:

PI ∼= U≤0 ⊗ EI , UI ∼= U≤0
I ⊗ EI , SI ∼= S≤0

I ⊗ EI .

Lemma. (i) For each J ′ ∈ LU≤0 and J ′′ ∈ LUI
, there exists J ∈ LPI

such that
J ⊆ J ′UI + U≤0J ′′.
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(ii) For each J ′ ∈ L
U≤0

I
and J ′′ ∈ LSI

, there exists J ∈ LUI
such that J ⊆ J ′SI +

U≤0
I J ′′.

Proof: (i) Suppose the left ideal J ′ of U≤0 is generated by {F (ri)
i , I ′0 | ri ≥ m′

i, 1 ≤ i ≤
n} and the left ideal J ′′ of UI is generated by {F (ri)

i , E
(sj)
j , I ′′0 | ri ≥ m′′

i , sj ≥ n′′j , i, j ∈
I}. Let J be the left ideal of PI generated by the set D = {F (ri)

i , E
(sj)
j , I0 | ri ≥

mi, sj ≥ nj, 1 ≤ i ≤ n, j ∈ I} with nj = n′′j (j ∈ I), mi = max(m′′
i ,m

′
i) (for i ∈ I),

mi = m′
i for i 6∈ I, and I0 = I ′0 ∩ I ′′0 . Thus J ∈ LPI

. Note that D = D1 ∪ D2 with

D1 = {F (ri)
i | ri ≥ mi, i 6∈ I} and D2 = {F (ri)

i , E
(si)
i , I0 | ri ≥ ni, si ≥ mi, i ∈ I}. Each

element of EI commutes with all elements of D1. Thus we have EID1 ⊆ J ′UI . Since
D2 ⊆ J ′′, we have EID2 ⊆ J ′′. Therefore, we have

J = PID = U≤0(EID1 + EID2) ⊆ U≤0(J ′UI + J ′′) ⊆ J ′UI + U≤0J ′′.

(ii) Note that for each λ ∈ X, we have E
(r)
i Ker(λ) = Ker(λ + rαi)E

(r)
i by us-

ing the generating relations of the algebra U and considering the generators of the
ideal Ker(λ) ⊆ U0 [APW1, 1.1]. Suppose J ′ is the left ideal of U≤0

I generated by

{F (ri)
i , I ′0 | ri ≥ m′

i, i ∈ I} and J ′′ the left ideal of SI generated by {F (ri)
i , E

(si)
i I ′′0 | ri ≥

m′′
i , si ≥ n′′i , i ∈ I} for a set of integers m′

i,m
′′
i , n

′′
i ≥ 0 and I ′0 = ∩ti=1Ker(λi) for some

λ1, . . . , λt in X. Let JI be the left ideal of EI generated by {E(si)
i | si ≥ n′′i , i ∈ I}, then

JI is a U0-submodule of EI under the adjoint action and JI ⊆ J ′′. It can be proved
that EI/JI is a finitely generated free A-module using Lusztig’s canonical basis [Lu5]
for EI (with respect to the Cartan matrix (aij)i,j∈I). Let Π be the set of U0-weights of

EI/JI . Set I0 =
⋂t
i=1

⋂
β∈Π Ker(λi−β). If E is a finite product of E

(ri)
i ’s (ri ≥ 0, i ∈ I)

with weight γ under the adjoint action of U0 on EI , the above argument shows that

EI0 =
t⋂
i=1

⋂
β∈Π

Ker(λi − β + γ)E ⊆
{
I ′0SI if γ ∈ Π,

U≤0
I JI if γ 6∈ Π.

Here we have used the fact that E ∈ JI if γ 6∈ Π since the image of E in EI/JI is a
γ-weight vector. Let mi = min(m′

i,m
′′
i ) for i ∈ I and J be the left ideal of UI generated

by D = {F (ri)
i , E

(si)
i , I ′0 | ri ≥ mi, si ≥ n′′i , i ∈ I}. Since EI{F (ri)

i , E
(si)
i } ⊆ J ′′ for all

ri ≥ mi, si ≥ n′′i and i ∈ I, we have EID ⊆ J ′SI + U≤0
I J ′′ and

J = UID = U≤0
I EID ⊆ U≤0

I (J ′SI + U≤0
I J ′′) = J ′SI + U≤0

I J ′′. �

Proposition. We have isomorphisms of functors

ResPI
UI

IndPI

U≤0
∼= IndUI

U≤0
I

ResU
≤0

U≤0
I

, and ResSI
SI

IndUI

U≤0
I

∼= IndSI

S≤0
I

Res
U≤0

I

S≤0
I

.
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Proof: Use the above lemma, Proposition 1.9, and 1.10. �

2.3. From now on, we assume that A is a field unless it is specified. Let V = W⊕W ′

as vector spaces. Identify both T (W ) and T (W ′) with subalgebras of the tensor algebra
T (V ). Let 〈W ′〉 be the ideal of T (V ) generated by W ′. The maps of vector spaces
W → V → W , with the last map being the projection, induce homomorphisms of

algebras T (W )
φ→ T (V )

ψ→ T (W ) with ψ ◦ φ = 1T (W ).

Lemma. If J is an ideal of T (V ) generated by a set X = X0 ∪ X1 such that X0 ⊆
T (W ) and X1 ⊆ 〈W ′〉, then the maps φ and ψ induce homomorphisms of algebras

T (W )/〈X0〉
φ̄→ T (V )/J

ψ̄→ T (W )/〈X0〉 such that φ̄ ◦ ψ̄ = 1T (W )/〈X0〉. Here 〈X0〉 is the
ideal of T (W ) generated by X0.

Proof: Since T (V ) = T (W )⊕ 〈W ′〉 and ψ is the projection with respect to this direct
sum decomposition, J = T (V )XT (V ) ⊆ 〈W ′〉 + 〈X0〉. Therefore 〈X0〉 = J ∩ T (W )
and ψ(J) ⊆ 〈X0〉. This shows that φ̄ and ψ̄ are well defined. ψ̄ ◦ ψ̄ = 1 follows from
ψ ◦ φ = 1. �

Proposition. The functors IndU
≤0

U≤0
I

and Ind
U≤0

I

S≤0
I

are exact.

Proof: To show the exactness of Ind
U≤0

I

S≤0
I

, we consider S0
I = S≤0

I ∩ U0 and U≤0
I =

S≤0
I ⊗S0

I
U0. For each left ideal J ′ ∈ L

S≤0
I

and each left ideal J ′′ ∈ LU0 , J ′U0 +S≤0
I J ′′ is

already a left ideal of U≤0
I and contains a left ideal J ∈ L

U≤0
I

(consider the generators).

Thus by Proposition 1.9 and 1.10, we have isomorphism of functors Res
U≤0

I

U0 Ind
U≤0

I

S≤0
I

∼=

IndU
0

S0
I
Res

S≤0
I

S0
I

. So we only need to show the exactness of IndU
0

S0
I
. Let (U0

I )
′ be the

subalgebra of U0 generated by K±
i ,
[
Ki

m

]
with i 6∈ I and m ≥ 0, then U0 ∼= S0

I ⊗ (U0
I )

′

as algebras. By the commutativity of all three algebras, one can easily verify that the
topology of U0 is generated by the set of ideals {J1 ⊗ (U0

I )
′ + S0

I ⊗ J2 | J1 ∈ IS0
I
, J2 ∈

I(U0
I )′}. The exactness of IndU

0

S0
I

follows from Corollary 1.9.

To show the exactness of IndU
≤0

U≤0
I

, we first consider the quantum enveloping algebra

UQ(v) and its subalgebras over Q(v) (the field of rational functions). The subalgebra

U≤0
Q(v) is generated by the set {Fi, Ki, K

−1
i | i = 1, . . . , n}. Let V be the vector space

with basis {fi, ki, k−1
i | i = 1, . . . , n} (of dimension 3n), W ′ and W be the subspaces

of V with bases {fi | i 6∈ I} and {fi | i ∈ I} ∪ {ki, k−1
i | i = 1, . . . , n} respectively.

Examining the generating relations of the algebra U≤0
Q(v) (see [Lu4, 1.1]), one finds out

that U≤0
Q(v)
∼= T (V )/D such that the ideal D has a generating set X with each element
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being either in 〈W ′〉 or in T (W ). Using the above lemma, we get the homomorphisms

of algebras (U≤0
Q(v))I

φ→ U≤0
Q(v)

ψ→ (U≤0
Q(v))I such that φ gives the natural embedding

and ψ ◦ φ = 1. By considering the Dyer-Lusztig basis of U≤0
Q(v) with respect to a

reduced expression of w0 extending a reduced expression of wI as in 2.1, we note that
ψ(F

(r)
β ) = 0 for all β ∈ R+\RI and ψ(F

(r)
i ) = F

(r)
i for all i ∈ I. Thus one can verify that

the maps φ and ψ preserve the Z[v, v−1]-subalgebras generated by F
(m)
i , K±

i ,
[
Ki

m

]
and

the like using the above mentioned bases. Tensoring A to the induced homomorphisms

over Z[v, v−1], we can get homomorphisms U≤0
I

φ→ U≤0 ψ→ U≤0
I such that ψ ◦ φ = 1.

It is easily verified that the both homomorphisms are compatible with the induced
topologies (consider the generators of the left ideals). Now the proposition follows
from Lemma 1.4. �

2.4. Theorem. If A is a field and j ≥ 0, then ResPI
UI
RjIndPI

U≤0
∼= RjIndUI

U≤0
I

ResU
≤0

U≤0
I

and ResUI
SI
RjIndUI

U≤0
I

∼= RjIndSI

S≤0
I

Res
U≤0

I

S≤0
I

.

Proof: By 2.3, ResU
≤0

U≤0
I

and Res
U≤0

I

S≤0
I

send injective objects to injective objects. The

isomorphisms follow from 2.2 by Grothendieck spectral sequences. �

For each λ ∈ X, we denote by Aλ (or simply λ if there is no confusion) the rank 1
U≤0-module, on which U0 acts via the character λ and U− acts trivially. For 1 ≤ i ≤ n,
let I = {i}. Then SI is isomorphic to the quantum enveloping algebra of type A1. The
following result is fundamental to several important results (over fields) in [APW1].
Let ρ be the half sum of all positive roots in R.

Corollary. Let A be a field. If I = {i}, λ ∈ X, then RjIndPI

U≤0(λ) 6= 0 if and only if
either j = 1 with 〈λ+ ρ, α∨i 〉 < 0 or j = 0 with 〈λ+ ρ, α∨i 〉 > 0.

Proof: Since A is a field, the corollary follows from the theorem and [APW1, Sect. 4].
�

2.5. Using Kempf’s vanishing theorem for the quantum enveloping algebra SI (see
[APW1, AW]), the followings are the consequences of Theorem 2.4 and certain spectral
sequences. Here A remains to be a field.

(i) RjIndPI

U≤0A =

{
A for j = 0,
0 for j > 0.

(ii) RjIndUU≤0M ∼= RjIndUPI
M for any PI-module M .

(iii) RjIndUPI
λ = 0 for all j > 0 and λ ∈ X+ with 〈λ, α∨i 〉 = 0 for all i ∈ I.

The proof of the following proposition is just an application of the above facts and the
generalized tensor identity to get a degenerate spectral sequence from the composition
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of functors HomU(V ′, IndUPI
−) ∼= HomPI

(V ′,−). One can also take V ′ = A to get the
U - and PI-cohomologies. A special case will be that I = ∅ and PI = U≤0. This
resembles the “transfer theorem” in [CPSK]. See [J, II 4.7] for proof.

Proposition. Let V, V ′ be rational U -modules and M a rational PI-module such that
RjIndUPI

M = 0 for j > 0. Then,

(i) ExtjU(V ′, V ⊗ IndUU≤0M) ∼= ExtjPI
(V ′, V ⊗M),

(ii) ExtjU(V ′, V ) ∼= ExtjPI
(V ′, V ),

(iii) Hj(U, V ) = Hj(PI , V ),

(iv) Hj(PI ,M) = Hj(U≤0,M).

Proof: (i) follows from the property (ii) and the above mentioned Grothendieck spec-
tral sequence. (ii) and (iii) are special cases of (i) by taking M = A and V ′ = A
respectively. To show (iv), we consider HomPI

(A, IndPI

U≤0−) ∼= HomU≤0(A,−). Using

the property (i) and generalized tensor identity, we have RjIndPI

U≤0(M) = 0 if j > 0.
Now (iv) is a consequence of a degenerate spectral sequence. �

3 The structure of R1IndUU≤0λ

3.1. We will keep the same notations as in Section 2 and assume that A is a field.

Let E ′
I be the subspace of U+ with basis

∏
β∈R+\RI

E
(mβ)
β (mβ ≥ 0). Thus we have

EI ⊗ E ′
I
∼= U+ as vector spaces with the isomorphism given by multiplication. On

the other hand, following Lusztig [Lu4, 1.6, 8.8], we have U+ =
∑
λ U

+
λ as vector

spaces. Here the sum is taken over ZR+ and U+
λ is the A-span of all monomials of the

form E
(mi1

)
i1 · · ·E(mis )

is with i1, . . . , is ∈ {1, . . . , n} and λ =
∑s
t=1mitαit . It follows from

the definition that U+
λ U

+
µ ⊆ U+

λ+µ. Note that the elements
∏
β∈R+ E

(mβ)
β ∈ U+

λ , with
λ =

∑
β∈R+ mββ, of the Dyer-Lusztig basis in U+ form a basis for U+

λ . Recall that the
ordering in R+, over which the product is taken, is given by a reduced expression of w0

extending a reduced expression of wI in WI such that all factors E
(mβ)
β with β ∈ R+

I

appear on the left hand side.

Proposition. For each rational U -module M , ME′I is a UI-submodule of M .

Proof: Since M is a rational UI-module via restriction, we only need to show that ME′I

is UI-invariant. Note that ME′I = {v ∈ M | E(m)
β v = 0,∀β ∈ R+ \ RI ,m > 0}. Using

the defining relations of the algebra U and the definition of E
(m)
β via the braid group

action, which leaves the subalgebra U0 invariant, we can show that for each h ∈ U0,
β ∈ R+ and m > 0, E

(m)
β h = h′E

(m)
β for some h′ ∈ U0. Thus U0ME′I ⊆ME′I .
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We first show EIM
E′I ⊆ME′I . U+

λ has an A-basis {∏β∈R+ E
(mβ)
β |∑β∈R+ mββ = λ}.

With the above order in R+ as we mentioned prior to the proposition, one can see that
U+
λ v = 0 for all v ∈ME′I if λ =

∑n
i=1 niαi with ni 6= 0 for some i 6∈ I. If β ∈ R+\RI and

m > 0, then for any i ∈ I and k ≥ 0, one has E
(m)
β E

(k)
i ∈ U+

mβ+kαi
and E

(k)
i ME′I ⊆ME′I .

Finally, we show that F
(n)
i ME′I ⊆ ME′I for all i ∈ I and n ≥ 0. Let β ∈ R+ \ RI

and m > 0. Since E
(m)
β ∈ U+

mβ,

E
(m)
β =

∑
a(n)E

(ni1
)

i1 · · ·E(nis )
is .

Here the sum is taken over {i1, . . . , is} ∈ {1, · · · , n}s for with s ≥ 0 and {ni1 , . . . , nis} ∈
Ns such that

∑s
t=1 nitαit = mβ. For each i ∈ I and t = 1, . . . , s, we have

E
(nit )
it F

(n)
i =

 F
(n)
i E

(nit )
it if i 6= it,∑

F
(n−k)
i hkE

(nit−k)
it if i = it.

By a direct calculation we can write

E
(m)
β F

(n)
i =

n∑
k=0

F
(k)
i (

∑
(n)

h(n)(k)e(n)(k)).

Here, h(n)(k) ∈ U0 and e(n)(k) =
∏
α∈R+ E(nα)

α with the above fixed order in R+ and∑
α∈R+ nαα = mβ − kαi. Since β 6∈ RI , there exists α ∈ R+ \ RI such that nα > 0.

Then e(n)(k)v = 0 for all v ∈ME′I . Therefore E
(m)
β F

(n)
i ME′i = 0 and F

(n)
i ME′I ⊆ME′I .

Now the proposition follows from the fact that UI is generated as algebra by F
(k)
i , E

(k)
i

(i ∈ I and k ≥ 0), and U0. �

3.2. Recall that for λ, µ ∈ X(T ), λ ≥ µ if λ − µ ∈ NR+. For each U0-module M ,
denote by Mλ the λ-weight space of M for λ ∈ X.

Proposition. (i) If M is a finite-dimensional U -module such that MU+
= Mλ,

then µ ≤ λ for all µ ∈ X with Mµ 6= 0 and ME′I = ⊕ν∈NR+
I
Mλ−ν .

(ii) If L(λ) is the simple U -module of highest weight λ, then L(λ)E
′
I is a simple

UI-module.

(iii) If N is a rational PI-module, then the restriction of the evaluation map ev :
IndUPI

N → N to (IndUPI
N)E

′
I is injective.

Proof: (i). If 0 6= v ∈Mµ and µ 6= λ, by the assumption, there exist i and m > 0 such

that 0 6= E
(m)
i v ∈ Mµ+mαi

. Thus λ is the only maximal weight of M and µ ≤ λ. (If χ
is a maximal weight of N = U+v, then Nχ ⊆MU+

). Let β ∈ R+ \RI and m > 0. For

ν ∈ NR+
I , E

(m)
β Mλ−ν ⊆Mλ−ν+mβ = 0 since λ−ν+mβ � λ. Thus ⊕ν∈NR+

I
Mλ−ν ⊆ME′I .
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On the other hand, ME′I is a rational UI-module. If µ ∈ X such that (ME′I )µ 6= 0, then
for each 0 6= v ∈ (ME′I )µ, V = UIv ⊆ ME′I is finitely dimensional and has a maximal

weight µ′ = µ + ν for some ν ∈ NR+
I . For 0 6= v′ ∈ Vµ′ , we have E

(m)
β v′ = 0 for all

β ∈ R+ and m > 0. Hence µ′ is a maximal weight of M and µ′ = λ by the assumption.
Thus v ∈Mλ−ν and ME′I ⊆ ⊕ν∈NR+

I
Mλ−ν .

(ii). Suppose that M = L(λ), then L(λ)E
′
I is a UI-module with simple socle since

(L(λ)E
′
I )EI = L(λ)λ. Using the Dyer-Lusztig basis for U− such that the factors F

(m)
β

with β ∈ R+
I are on the right side in the products, one can show that ⊕ν∈NR+

I
L(λ)λ−ν =

U−
I v

+ which is, therefore, simple. Here v+ ∈ L(λ) is a highest weight vector.

(iii). It follows from the definition of EI and E ′
I that PI ⊗E ′

I
∼= U as vector spaces

given by the multiplication. Thus (iii) is a consequence of Proposition 1.7. �

3.3. The isomorphism classes of simple UI-modules in CUI
are parameterized by the

set of weights λ ∈ X such that 〈λ, α∨i 〉 ≥ 0 for all i ∈ I. We denote by LI(λ) the
simple UI-module with highest weight λ.

Corollary. For λ, µ ∈ X+, [IndUU≤0λ : L(µ)] = [IndPI

U≤0λ : LI(µ)].

Proof: If v is not a root of 1 and the ground field is of characteristic 0, then IndUU≤0λ is
U -irreducible. Therefore IndPI

U≤0λ is irreducible as UI-module by Proposition 2.2. Thus

we have
∑
ν∈NR+

I
(IndUU≤0λ)λ−ν = IndPI

U≤0λ in this case by 3.2(ii). However, since both

IndUU≤0λ and IndPI

U≤0λ (use Proposition 2.2 ) are finitely generated free modules over
Z[v, v−1] by Lusztig’s canonical basis [Lu5], one can use the base change relation as
in [APW1, Section 3] over Z[v, v−1], which has global dimension 2, to show the above
equality for other fields A. Then one can follow a similar argument as in [J, 5.21]. �

3.4. Lemma. Let M be a PI-module.

(i) If SocUI
M = LI(λ) and IndUPI

M 6= 0, then SocU IndUPI
M = L(λ) and λ ∈ X+.

(ii) If λ is a maximal weight of IndUPI
M , then λ ∈ X+ and (MEI )λ 6= 0.

(iii) Suppose F
(m)
j M = 0 for all j 6∈ I and m > 0. If λ ∈ X+ such that (MEI )λ 6= 0,

then λ is a weight of IndUPI
M .

Proof: One can copy the proof of Lemma 5.14 of [J, II] using Proposition 3.2, Theorem

2.4, and the weights of R1Ind
P{i}
U≤0µ given as in [APW1, 4.4]. The subspace E ′

I should
be in the position of U(P̄ ) as in the proof of [J, II 5.14]. �

3.5. In the rest of Section 3, we assume that A is a field of characteristic 0 and
v is a primitive lth root of 1 with l odd and 3 - l if R has a component of type
G2 (i.e., we can choose di such that di - l whenever di 6= 1). The dot action of
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the Weyl group W on X is defined by w · λ = w(λ + ρ) − ρ for all w ∈ W and
λ ∈ X. Here ρ is the half sum of positive roots. Let i ∈ {1, . . . , n}, I = {i} and
λ ∈ X+ such that 0 ≤ 〈λ, α∨i 〉 = r = r1l + r0 with 0 ≤ r0 < l. If µ = sαi

· λ, then
N = R1IndPI

U≤0µ ∼= R1IndSI

S≤0
I

µ has a basis {f0, . . . , fr} such that fj ∈ Nsαi (λ)+jαi
and

the actions of E
(m)
i and F

(m)
i are given in [APW1, 4.4].

Lemma. F
(m)
j N = 0 for all j 6= i and m > 0. Furthermore,

SocUI
N =

{
LI(λ) if r0 = l − 1,
LI(sαi

· λ+ r1lαi) if 0 ≤ r0 < l − 1.

Proof: The first statement is a consequence of the weight space decomposition of N .
If LI(µ) is a simple submodule of N , then LI(µ)EI ⊆ NEI . For 0 ≤ j ≤ r, fj ∈ NEI if

and only if E
(m)
i fj =

[
m+j

j

]
di

fj+m = 0 for all m > 0. This is equivalent to
[
m

j

]
di

= 0

for m = j + 1, . . . , r. Write j = j1l + j0 with 0 ≤ j0 < l. It is clear that fr ∈ NEI . We

assume j < r. If r0 = l−1, then
[
r

j

]
di

=
(
r1
j1

)[
l−1

j0

]
di

6= 0. This shows that NEI = Afr

and SocUI
N = LI(λ). If r0 < l − 1, one can see that

[
m

r1l−1

]
di

= 0 for r1l ≤ m ≤ r

and fr1l−1 ∈ NEI . However, one has
[
r1l−1

j

]
di

6= 0 for j < r1l − 1 and
[
r

j

]
di

6= 0 for

r > j > r1l − 1. Thus NEI = Afr + Afr1l−1. Since fr generates the whole module N

(as F
(m)
i fr = fr−m for m = 0, . . . , r), we see that SocUI

N is generated by fr1l−1, which
is a proper submodule. The lemma follows from the fact that fr1l−1 has the weight
sαi

(λ) + (r1l − 1)αi = sαi
· λ+ r1lαi. �

3.6. Proposition. For λ ∈ X and α ∈ S, we write 〈λ, α∨〉 = r1l + r0 with 0 ≤
r0 < l.

(i) If r0 = l − 1, then R1IndUU≤0(sα · λ) 6= 0 if and only if λ ∈ X+, and if so,

SocUR
1IndUU≤0(sα · λ) = L(λ).

(ii) If r0 < l− 1, then R1IndUU≤0(sα · λ) 6= 0 if and only if sα · λ+ r1lα ∈ X+, and if
so,

SocUR
1IndUU≤0(sα · λ) = L(sα · λ+ r1lα).

(iii) If R1IndUU≤0(sα · λ) 6= 0, then λ is a maximal weight of R1IndUU≤0(sα · λ) if
λ ∈ X+ and sα · λ+ r1lα is a maximal weight of R1IndUU≤0(sα · λ) if λ 6∈ X+.

Proof: Let α = αi and I = {i}. If r0 = l − 1, there is an PI-module isomorphism
φ : R1IndPI

U≤0(sα · λ) → IndPI

U≤0λ as SI-modules by [APW1, 4.5-4.6]. However, by
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examining the PI-actions on these two modules, one can see that φ is also a PI-map.
Thus (i) follows.

To show (ii), let N = R1IndPI

U≤0(sα · λ). If R1IndUU≤0(sα · λ) = IndUPI
N 6= 0, then

sα ·λ+ r1lα ∈ X+ and SocUR
1IndUU≤0(sα ·λ) = L(sα ·λ+ r1lα) by 3.4 , 3.5. Conversely,

one knows from 3.5 that (NEI )sα·λ+r1lα 6= 0 and F
(m)
j N = 0 for all j 6= i and m > 0. If

sα · λ+ r1lα ∈ X+, then by 3.4, it is a weight of IndUPI
N . Thus R1IndUU≤0sα · λ 6= 0.

If µ is a maximal weight of R1IndUU≤0sα ·λ, then it has to be a weight of NEI and in
X+ by 3.4 (ii). However, if λ ∈ X+, λ is a weight of R1IndUU≤0sα ·λ and λ ≥ sα ·λ+r1lα.
Now (iii) follows from (i) and (ii). �

3.7. Let α ∈ R+, we define the reflection s∗α· in the upper α-hyper-plane by setting
s∗α · λ = sα · λ + cλ(α)lα if λ ∈ X and (cλ(α) − 1)l < 〈λ + ρ, α〉 ≤ cλ(α)l for some
cλ(α) ∈ Z. The proof of the following is similar to those as in [A3, 2.3,2.4,2.9] using
the spectral sequence in 1.5.

Corollary. (i) For µ ∈ X, if R1IndUU≤0µ 6= 0, then it has a simple socle.

(ii) For λ ∈ X+, SocUR
1IndUU≤0µ = L(λ) if and only if µ = sα · (s∗α · λ) for some

α ∈ S.

(iii) If λ ∈ X+ and µ ∈ X \X+, then

Ext1
U≤0(L(λ), µ) =

{
A if µ = sα · (s∗α · λ) for some α ∈ S,
0 otherwise.

(iv) H1(U≤0, µ) = A if µ = −lα for some α ∈ S and 0 otherwise.

(v) If H2(U≤0, µ) 6= 0 then µ = −(iα + lβ) for some α, β ∈ S, i > 0 with i +
l〈β, α∨〉 > 0, and lµ+ (l − 1)ρ is not a weight of St. �

4 Non-vanishing of certain RiIndUU≤0λ

4.1. We remain assume that A is a field of characteristic 0 in this section. If v
is a primitive l-th root of 1 with l odd, let Z be the subalgebra of U0 generated by
K l
i (i = 1, . . . , n). Then Z acts trivially on each module in CU . Z is a normal Hopf

subalgebra of U (Z is contained in the center of U). Let Ũ = U/Z be the quotient
Hopf algebra. Any module in CU is also a Ũ -module. For any Hopf subalgebra H1

containing Z, write H̃1 = H1/Z, which is a Hopf subalgebra of Ũ . By [L3, 4.7], we

have RiIndUH1
π∗1
∼= π∗RiIndŨH̃1

. Here π and π1 are the quotient maps. All the theory
about the induction on ˜ level proved in [L3] can be stated for U . So in this paper we
use the induction theory for the subalgebras of U instead of Ũ .

In [Lu3], Lusztig constructed a finite-dimensional subalgebra u in U , which is gener-
ated as a subalgebra of U by Ei, Fi, K

±1
i (i = 1, . . . , n). It is proved in [L3, 5.3] that u is
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a normal Hopf subalgebra of U . Since all of the generators of Z are in u, then Z ⊆ u and
U/u = Ũ/ũ = G. Here G is isomorphic to the enveloping algebra of a split semisimple
Lie algebra over A [Lu4, 8.14]. Let π∗ : U → G be the quotient map. Corresponding
to the decomposition U = U−U0U+, we can define similarly the following subalgebras
u−, u0, u+, u≤0, and u≥0 in u and G−, G0, G+, G≤0, and G≥0 in G. Note that all of the
above mentioned subalgebras, except u−, u+, U−, U+ are actually Hopf subalgebras
of U (or G) with bijective antipodes. Let Xl = {λ ∈ X+ | 〈λ, α∨〉 < l, ∀α ∈ S} be the
set of l-restricted weights.

Lemma. There is a natural isomorphism of U0u−-modules Resu
+U0u−

U0u− Indu
+U0u−

u+U0 M ∼=
IndU

0u−

U0 Resu
+U0

U0 M for each rational u+U0-module M .

Proof: It is clear that U0 = u+U0 ∩ U0u− and u+U0u− = u+U0 ⊗U0 U0u− as vector
spaces over A (consider the PBW basis constructed by Lusztig in [Lu3, Lu4]). Following

the proof of [APW2, 1.1-1.2], we have Indu
+U0u−

u+U0 M = HomA(u+,M) = IndU
0u−

U0 M as
vector spaces over A. Now the isomorphism follows from 1.9, 1.10, and a similar
argument on the set of left ideals as in 2.2. �

The Steinberg module St is the irreducible U -module in CU with highest weight
(l − 1)ρ. It is proved in [APW1] that St = IndUU≤0(l − 1)ρ. It is further proved in [L3,

6.3] that St is isomorphic to InduU
≤0

U≤0 (l−1)ρ as uU≤0-modules and to InduU
0

u≤0U0(l−1)ρ as
uU0-modules. In both cases, St remains simple when restricted to the subalgebras uU0

and uU≤0 respectively. As uU0-module, we can embed St into InduU
0

U0u+(−(l − 1)ρ via

Frobenius reciprocity since Homu+U0(St, A−(l−1)ρ) 6= 0. However, InduU
0

U0u+(−(l−1)ρ) ⊆
HomA(u−, A) as vector spaces. By comparing the dimensions (see. [Lu3, Lu4]), we have

St ∼= InduU
0

U0u+(−(l − 1)ρ). Thus applying the Lemma to the u+U0-module −(l − 1)ρ,
we have

Corollary. When restricted to U0u−, St is isomorphic to IndU
0u−

U0 (−(l − 1)ρ). �

4.2. Note that the admissible category for U0 is a semisimple category, i.e., each
module is a direct sum of simple modules, and therefore every U0-module is injective
in CU0 . For any Hopf subalgebra U1 of U containing U0, IndU1

U0M is injective in the
category CU1 . Furthermore, every injective module in CU1 is a direct summand of
IndU1

U0M for some U0-module M . Indeed, if Q is an injective U1-module, by Frobenius
reciprocity, HomU0(Q,Q) = HomU1(Q, IndU1

U0Q). The identity map Q → Q gives an
embedding of Q into IndU1

U0Q. The injectivity of Q implies that Q is a direct summand
of IndU1

U0Q.

If we choose U1 to be one of the algebras U≤0, U≥0, U0u≤0 and U0u≥0, then all
irreducible U1-modules in CU1 are 1-dimensional.
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Proposition. For U1 being one of the subalgebras mentioned above, an indecompos-
able module M in CU1 is injective if and only if M ∼= IndU1

U0λ for some λ ∈ X.

Proof: First of all, IndU1

U0λ is injective. By Frobenius reciprocity, one obtains that λ is
the only simple submodule of IndU1

U0λ. Conversely, if Q is an indecomposable injective
U1-module, let λ be a simple U1-submodule of Q. Thus IndU1

U0λ is a direct summand of
Q using the fact that IndU1

U0λ is injective with simple socle λ. Hence Q ∼= IndU1

U0λ. �

4.3. Recall that π : U → G is the quotient map and π1 : U≤0 → G≤0 is the restriction
of π. Now we are ready to prove the following result which resembles [A2, Prop. 1.4].

Proposition. For each injective module Q in CG≤0 and any U≤0-module E, both
E ⊗ π∗1Q and π∗1(Q)⊗ E are IndUU≤0-acyclic. In particular, π∗1(Q) is IndUU≤0-acyclic.

Proof: Using a result analogous to Proposition 4.2 for subalgebras of G, we can assume

thatQ = IndG
≤0

G0 λ for some λ ∈ X. Considering both π∗1IndG
≤0

G0 λ and St as U≤0-modules
via restriction, we can use transitivity of induction functors, tensor identity, [L3, 4.7]
and Corollary 4.1 to get

(π∗1IndG
≤0

G0 λ)⊗ St ∼= (IndU
≤0

u−U0π∗1λ)⊗ St
∼= IndU

≤0

u−U0(π∗1λ⊗ Indu
−U0

U0 (−(l − 1)ρ))

∼= IndU
≤0

U0 (π∗1λ⊗ (−(l − 1)ρ)).

By Proposition 4.2, the last term is injective in CU≤0 . This shows that π∗1Q ⊗ St is
injective and therefore E ⊗ π∗1Q⊗ St is also injective for any U≤0-module E. Since St
is a U -module, we can use generalized tensor identity to get

0 = RiIndUU≤0(E ⊗ π∗1Q⊗ St) ∼= RiIndUU≤0(E ⊗ π∗1Q)⊗ St

for i > 0. Thus RiIndUU≤0(E⊗π∗1Q) = 0 for all i > 0 and E⊗π∗1Q is IndUU≤0-acyclic. The
conclusion for π∗1Q⊗E follows similarly by using the other generalized tensor identity
(see [PW, 2.8.2]). Take E = A to be the trivial module to get the last statement. �

For each G≤0-module M , let

ϕ : (π∗IndGG≤0M)⊗ St→ IndUU≤0(π∗1(M))⊗ St
ψ : IndUU≤0(π∗1(M))⊗ St→ IndUU≤0(π∗1(M)⊗ (l − 1)ρ)

be the homomorphisms defined in 1.6. Proposition 4.3 shows that the hypothesis of
Proposition 1.6 is satisfied, and we thus have
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Corollary. For each G≤0-module M and i ≥ 0, the composition Riϕ ◦ Riψ of the
maps

Riϕ : (π∗RiIndGG≤0M)⊗ St→ RiIndUU≤0(π∗1(M))⊗ St,
Riψ : RiIndUU≤0(π∗1(M))⊗ St→ RiIndHU≤0(π∗1(M)⊗ (l − 1)ρ)

is an isomorphism. Therefore Riϕ is injective and Riψ is surjective. Furthermore,
π∗RiIndGG≤0M ⊆ RiIndUU≤0(π∗1(M)). �

In the next subsection, we will use this result and an analogous argument as in [A2]
to study the vanishing behavior of RiIndUU≤0λ.

4.4. Since U is not cocommutative, one cannot expect M ⊗N ∼= N ⊗M in general.
However, as U≤0-modules, Aλ ⊗ Aµ ∼= Aλ+µ

∼= Aµ ⊗ Aλ for all λ, µ ∈ X. So we can
identify these three modules. Indeed this is true as U0-modules. We need to see that
U− acts trivially on Aλ ⊗ Aµ. (U− is not a Hopf algebra!) Since

∆(F
(m)
i ) =

m∑
s=0

v−dis(m−s)F
(s)
i ⊗K−s

i F
(m−s)
i

(see [Lu4, 1.2]), F
(m)
i (1λ ⊗ 1µ) =

∑m
s=0 v

−dis(m−s)F
(s)
i 1λ ⊗K−s

i F
(m−s)
i 1µ = 0 for m > 0.

To see the vanishing property of RiIndU
0

U≤0λ, note that for λ ∈ Xl, λ̃ = (l− 1)ρ− λ
is also in Xl. Thus both IndUU≤0λ and IndUU≤0λ̃ are not zero (see [APW1]). Therefore
we have the following commutative diagram of U≤0-modules.

IndUU≤0λ⊗ IndUU≤0λ̃ −→ λ⊗ IndUU≤0λ̃
↓ ↘ ↓
St −→ λ⊗ λ̃ = (l − 1)ρ.

(3)

Here the maps are evaluation maps except the vertical map on the left hand side, which
is actually a U -module map and arises from the diagonal map via Frobenius reciprocity
since St ∼= IndUU≤0(l − 1)ρ. It is nonzero, hence surjective by the irreducibility of St.
Let χ ∈ X and regard χ as a G≤0-module. By tensoring the U≤0-module π∗1χ to (3)
and then applying the functor RiIndUU≤0 (using the generalized tensor identity) we get
the following commutative diagram of U -modules,

RiIndUU≤0(π∗1χ)⊗ IndUU≤0λ⊗ IndUU≤0λ̃ −→ RiIndUU≤0(π∗1χ⊗ λ)⊗ IndUU≤0λ̃
↓ ↘ ↓

RiIndUU≤0(π∗1χ)⊗ St −→ RiIndUU≤0(π∗1χ⊗ (l − 1)ρ).

(4)

Here the left vertical map and the bottom horizontal map are surjective by Corollary
4.3. Therefore the vertical map on the right hand side is surjective as well. On the
other hand, by Corollary 4.3 we have RiIndUU≤0(π∗1χ⊗ (l− 1)ρ) ∼= π∗RiIndGG≤0(χ)⊗St.
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Note that G and G≤0 are the distribution algebras of a semisimple algebraic group and
its Borel subgroup. The categories of rational G- and G≤0-modules are actually the
categories of rational modules of the corresponding algebraic groups [J, II 1.20]. The
induction we defined in Section 1 for G and G≤0 as in 2.1 is the same as the induction
defined in terms of algebraic groups. Thus we can use the Borel-Weil-Bott Theorem
(A is a field of characteristic 0). Hence π∗RiIndGG≤0(χ) 6= 0 if and only if there exists
w ∈ W such that w · χ ∈ X+ and i = l(w). Examining the homomorphism U → G,
one can see the U≤0-module π∗1(χ) is isomorphic to lχ. Therefore we have proved the
following theorem, from the commutative diagram (4),

Theorem. For each λ ∈ Xl, χ ∈ X+, and w ∈ W , Rl(w)IndUU≤0(l(w · χ) + λ) 6= 0. �

Applying the Serre duality and using a similar argument as in [W], we have

Corollary. If χ ∈ X+, then for any w ∈ W , Rl(w)IndUU≤0(lw · χ ± λ) 6= 0 for all
λ ∈ Xl. �

5 Good filtrations and composition factors

5.1. Although several results in this section hold over any field, we still assume that
the field A is of characteristic 0 and v is a primitive l-th root of 1. The arguments

in 5.1–5.2 are similar to those in [J, II, 4.8–4.18]. As in 4.2, Yλ = IndU
≤0

U0 λ is the
injective hull of the simple U≤0-module Aλ. Since U− is a direct sum of weight spaces
as U0-module under the left adjoint action and Yλ ⊆ HomU0(U≤0, Aλ), the following
can be easily verified (cf. [J, II 4.8–4.9]).

(i) All weight spaces of Yλ are finite dimensional.

(ii) All weights of Yλ are in λ+ NR+.

(iii) There is an injective resolution of U≤0-modules 0→ A→ I0 → I1 → · · · , such
that all weight spaces of Ij are finite dimensional and any weight µ of Ij is in NR+ and
ht(µ) ≥ j. Here each µ ∈ NR+ is written as µ =

∑n
i=1 niαi and ht(µ) =

∑n
i=1 ni is the

height of µ.

For a Hopf algebra H with an admissible category CH and any H-module M in CH ,
recall from 1.2 that the cohomology groups of H with coefficients in M is Hj(H,M) =
ExtjH(A,M). Also in analogy to the Weyl modules, we write V (λ) = (IndUU≤0(−w0λ))∗

for λ ∈ X+. Here V (λ) is a universal highest weight module with unique simple
quotient L(λ). As a consequence of (iii), one can get an injective resolution of each
U≤0-module M by tensoring M to the above resolution.

Lemma. Let I ⊆ {1, 2, . . . , n} and M be a rational PI-module.
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(i) If dimM <∞, then Hj(PI ,M) is finite dimensional for all j.

(ii) If Hj(PI ,M) 6= 0, then there exists a weight ν of M such that −ν ∈ NR+ and
ht(−ν) ≥ j.

Proof: Using 2.5(iv), we can assume I = ∅ and PI = U≤0. Now we can use the above
mentioned resolution for M and the lemma follows from (M ⊗ Ij)U

≤0 ⊆ (M ⊗ Ij)U
0

=∑
ν(M−ν ⊗ (Ij)ν). (cf. [J, II 4.10]) �

The following theorem resembles several results for algebraic groups.

Theorem. Assume that A is a field of characteristic 0 and v is a primitive lth root
of 1. Let λ, µ ∈ X+.

(i) ExtjU(V (λ), IndUU≤0µ) =

{
A if λ = µ and j = 0,
0 otherwise.

(ii) If λ ≯ µ then ExtjU(L(λ), L(µ)) = Extj−1
U (L(λ), (IndUU≤0µ)/L(µ)) for all j > 0.

(iii) If ExtjU(IndUU≤0λ, IndUU≤0µ) 6= 0 or ExtjU(L(λ), IndUU≤0µ) 6= 0 for some j > 0,
then λ 6= µ and µ is strongly linked to λ (i.e., µ ↑ λ) [J, II 6.4].

(iv) Since χ(λ) = chIndUU≤0λ for λ ∈ X+ is given by Weyl’s character formula, for
any finite dimensional U -module V , we have

chV =
∑
λ∈X+

(∑
i

(−1)i dim ExtiU(V, IndUU≤0λ)

)
χ(λ).

(v) There are also analogous results for uU0-modules as in (i)–(iii).

Proof: By [APW1, 1.18] and a Grothendieck spectral sequence we have

ExtiU(V (λ), IndUU≤0µ) ∼= H i(U, IndUU≤0(−w0(λ))⊗ IndUU≤0µ)
∼= H i(U≤0, (−w0(λ))⊗ IndUU≤0µ) ∼= H i(U≤0, IndUU≤0(−w0(λ))⊗ µ).

Here the last two isomorphisms follow from Proposition 2.5(i). Now (i) follows from
the last isomorphism and (ii) of the lemma. Also (ii) of the lemma shows that
H i(U≤0, L(−w0λ) ⊗ µ) = 0 for all i > 0 if λ ≯ µ. Now using a similar argument
as for the proof of (i), (ii) is a consequence the long exact sequence resulted from
L(µ)→ IndUU≤0µ. (iii) follows from (ii) and the strong linkage principle [APW1, AW].
To show (iv), one uses the additivity of the Euler characters. Finally for (v) see [J, II
ch11] and [L2]. �

Remark. For the corresponding results for algebraic groups, one is referred as follows.
For (i) and (ii), see [J, II 4.13–4.14], and for (iii)–(vi), see [J, II 6.20–6.21].
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5.2. A U -module is said to have a good filtration if it has a filtration such that each
subquotient is isomorphic to an IndUU≤0λ for some λ ∈ X+.

Proposition. Let V be a rational U -module such that dim HomU(V (λ), V ) <∞ for
all λ ∈ X+. Then V has a good filtration if and only if ExtiU(V (λ), V ) = 0 for all
λ ∈ X+.

Proof: See [J, II 4.15–4.16]. �

Since the injective hull of a simple U -module L(λ) is finite dimensional (A is of
characteristic 0), then it has a good filtration. Furthermore, direct summands of a
module with a good filtration also have good filtrations since the functor ExtiU(V (λ),−)
is additive. If V and V ′ ⊂ V both have good filtrations, so does V/V ′.

5.3. For each λ0 ∈ Xl, Q1(λ
0) is the injective hull of the irreducible u-module L1(λ

0),
which is the restriction of the irreducible U -module L(λ0) to u [Lu2]. If we denote by
Q(λ) the U -injective hull of L(λ) for λ ∈ X+, then Q1(λ

0) = Q(λ0) for all λ0 ∈ Xl (see
[L3, 6.3] and [APW2, 4.6]). All irreducible uU0-modules (also uU≤0-modules) are of
the form L1(λ) = lλ1⊗L(λ0) and the uU0-injective hull of L1(λ) is Q1(λ) = lλ1⊗Q(λ0)
[L3, 4.8–4.9] [APW2, 0.9–0.10].

Lemma. If λ ∈ X+ and w ∈ W , then Rl(w)IndUuU≤0Q1(lw ·λ1 +λ0) = IndUuU≤0Q1(λ) =
Q(λ) is the U -injective hull of L(λ) and, therefore, has a good filtration.

Proof: Using [L3, 4.7], the generalized tensor identity [PW, 2.8.2], and the Borel-Weil-
Bott theorem for IndGG≤0 , we have

Rl(w)IndUuU≤0Q1(l(w · λ1) + λ0) ∼= Rl(w)IndUuU≤0(l(w · λ1))⊗Q(λ0)
∼= π∗(Rl(w)IndGG≤0(w · λ1))⊗Q(λ0) ∼= π∗(IndGG≤0(w · λ1))⊗Q(λ0)
∼= IndUuU≤0(lλ1)⊗Q(λ0) ∼= IndUuU≤0Q1(lλ

1 + λ0).

On the other hand, since IndUuU≤0(Q1(λ)) is a tensor product of a finite dimensional
U -module with an injective module, it is injective also by using [APW1, Prop. 1.18].
The second isomorphism follows since the socle of IndUuU≤0Q1(λ) is L(λ). �

5.4. The functor IndUuU≤0 defines a group homomorphism χ1 from the Grothendieck
group of CuU≤0 to the Grothendieck group of CU by χ1(M) =

∑
j(−1)jchRjIndUuU≤0(M)

for each uU≤0-module M . For each λ ∈ X, denote by Z1(λ) the induced module

InduU
≤0

U≤0 (λ). Note that χ(λ) =
∑
j(−1)jRjIndUU≤0λ is given by Weyl’s character for-

mula. Since the functor InduU
≤0

U≤0 is exact [L3, 6.1] [APW2, 1.3], we have RiIndUU≤0λ =
RiIndUuU≤0(Z1(λ)) for all i and λ. Thus

χ(λ) = χ1(Z1(λ)) =
∑
µ∈X

[Z1(λ) : L1(µ)]χ1(L1(µ))

=
∑
µ∈X

[Z1(λ) : L1(µ)](χ(µ1))(l)chL(µ0).
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Here, (l) : Z[X] → Z[X] is the ring homomorphism induced by the group homomor-
phism X → X given by λ 7→ lλ and the last equality follows from the generalized
tensor identity [PW, 2.8.2].

In [X], Xi proved that, for each µ ∈ X, Q1(µ) has a filtration with subquotients
isomorphic to Z1(λ)’s and the number of subquotients isomorphic to Z1(λ) is [Z1(λ) :
L1(µ)]. Now using the additivity of χ1, we have

χ(µ1)(l)chQ(µ0) = χ1(Q1(µ)) =
∑
λ∈X

[Z1(λ) : L1(µ)]χ(λ)

=
∑
λ∈X+

∑
w∈W

(−1)l(w)[Z1(w · λ), L1(µ)]χ(λ)

Note that the Grothendieck groups of CuU0 and CuU≤0 are the same. Using the above
character formula, a similar argument as in [DS, 2.5–2.7] will show the following.

Theorem. Let λ = lλ1 + λ0, µ = lµ1 + µ0 ∈ X. Then

(i) [Z1(λ) : L1(µ)] 6= 0 if and only if µ0 + l(w · (µ1 − λ1) + λ1) ↑ w · λ0 + lλ1 for all
w ∈ W ;

(ii) if λ, µ ∈ X+, then [IndUU≤0λ : L(µ)] =
∑
w∈W (−1)l(w)[Z1(λ) : L1(µ

0 + lw · µ1)].
�

Remarks. (1) Here (i) resembles Ye’s theorem [Y] for semisimple algebraic groups
which is generalized by Doty and Sullivan [DS].

(2) Suppose k is an algebraically closed field of characteristic p and G the simply
connected semisimple algebraic group over k with root system R. Let T be a maximal
torus of G defining R and B the Borel subgroup corresponding to R−. If λ ∈ X is such
that all composition factors of IndG1T

B1T
λ have multiplicity 1, then a G1T -composition

factor of IndG1T
B1T

λ with highest weight µ and L1(µ) have the same dimension. Therefore

the Lusztig conjecture [Lu3, 0.3] holds for all composition factors of IndG1T
B1T

λ.
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