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Introduction This is a continuation of the investigation in [L3] into the module
structure of those modules for quantum enveloping algebras U analogous to the coho-
mology groups of line bundles on the flag varieties for semisimple algebraic groups. In
[L3], we used the admissible categories for Hopf algebras and their induction theory
and proved a modified Borel-Bott-Weil theorem for R{*)Ind{j<ow - A when A is in the
dominant chamber and not too close to chamber walls. In this paper we first prove
some special Mackey decomposition theorems for certain Hopf subalgebras of U. Then
we use these theorems to obtain some results on the vanishing properties of certain
cohomology groups, and on all possible composition factors of these modules.

A more general form of Mackey decomposition theorem for algebraic groups is
proved by Cline, Parshall, and Scott in [CPS] using the geometric method, which is
available since the modules involved in the theorem are cohomology groups of line
bundles over the quotient varieties. For quantum groups, the analogous result is not
obvious especially when the higher derived functors are involved. This result has
fundamental importance in the theory and is used in [APWI, Sect. 5] to get the
Demagzure character formula and the Kempf vanishing theorem for quantum groups.
We prove a special Mackey decomposition theorem in Section 2 (over a field). As
a consequence, we prove that the cohomology groups of U (the quantum enveloping
algebra) and the cohomology groups of the “parabolic” subalgebras are isomorphic
if the coefficients are in a U-module. This resembles a result in [CPSK] by Cline,
Parshall, Scott, and van der Kallen.

In Section 3, we use the Mackey decomposition theorem proved in Section 2 to study
R'IndY<o\. Similar to Andersen’s result on the first cohomology of line bundles [A1],
we describe all \’s such that R'Indy<cA # 0. The socles of such non-zero modules
are simple and their highest weights can be calculated. As a consequence, the first
U=%-cohomology can be described.

Another consequence of the Mackey decomposition theorem is that Q® F is Indggo—
acyclic for any injective B-module Q and any rational U<"-module E. Here B is a Borel
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subgroup of the semisimple algebraic group G of the same root system and there is a
Frobenius map from U to the distribution algebra of G [Lu4, 8.14] (in this case the
parameter is a root of 1). The same result for semisimple algebraic groups is proved by
Andersen [A2] using the ampleness of certain line bundles. The proof given here also
gives a non-geometric proof to Andersen’s result. Many results in Andersen’s paper
[A2] can be stated for quantum groups (but this does not yield a short proof of Kempf’s
vanishing theorem). Thus we have an analogous result on the non-vanishing of certain
higher derived functors at weights close to a chamber wall. This is done in Section 4.
In the last section, we use the results on cohomology groups proved in Section 2
to get a criterion for a module to have a good filtration which was proved by Donkin
[D2] for algebraic groups. Using the results developed in this paper and those in
[APW1], one can follow an argument similar to that in [DS] to get Ye’s result [Y] for
quantum groups at roots of 1, which describes all composition factors (not mentioning
multiplicities) of Ind{j<cA when A is in the dominant chamber and not close to a
chamber wall. When A is close to a chamber wall, one can use the cancellation principle.
Ye’s result for quantum groups has also been observed by J. E. Humphreys.
ACKNOWLEDGMENT. The author is grateful to the referee, who made many useful
comments and suggestions. Lemma 1.2 and its proof were pointed out by the referee.

1 Rational representations of Hopf algebras

1.1. We assume, throughout this section, that A is a Dedekind domain and H an A-
free Hopf algebra over A. We denote by v : H — H the antipode, by A: H — H® H
the comultiplication, and by € : H — A the counit. All tensor products in this paper
are assumed to be taken over A unless specified.

Let M,V be two (left) H-modules. Then M ® V is also an H-module with the
action defined by h(m ® v) = X hqym ® hgv for all h € H (using the Y -notation).
The (left) H-module structure on M* is defined by (hf)(m) = f(y(h)m) for all h € H
and f € M*. An H-module M is called trivial if hm = e(h)m for all h € H and
m € M. A full subcategory C of H-modules is called admissible if it satisfies the
following conditions:

(i) Each module in C is locally finite in C, i.e., for M in C and any m € M, Hm is
finitely generated over A;

(ii) C is closed under direct limit;

(iii) C is closed under tensor product;

(iv) If M € Ob(C) is finitely generated and projective over A, then M* is also in C;

(v) The trivial module A is in C;

(vi) For each exact sequence 0 — K — F' — M — 0 of H-modules, F'is in C if
and only if both K and M are in C;



(vii) Each A-finite module M in C has a projective A-finite cover F' in C, i.e., there
is a surjective H-map F' — M in C such that F' is finitely generated and projective
over A.

A set 7 of cofinite 2-sided ideals of H is called admissible if

(i) for each I € Z, there is J € Z such that J C v~ (1),
(ii) there is an I € 7 such that I C ker(g),
(iii) for any Iy, Iy € Z, there is J € Z such that J C I, N I,

(iv) for any I1,I5 € Z, there is a J € Z such that J C I} A I,. Here I} A I5 is the
kernel of the composition map H > H @ H — H/I, ® H/I.

7 is called flat if each I € 7 contains an ideal J € Z such that H/J is finitely generated
and projective as A-module. Each Z defines a linear topology on H with Z as a basis at

0. Two admissible sets of ideals are called equivalent if they define the same topology
in H.

By (i)-(iv), one can see that all operations of Hopf algebras are continuous and we
have a topological Hopf algebra. (For two topological Hopf algebras H and G, H ® G
is also a topological Hopf algebra with the tensor product topology on H ® G being
defined by the set of ideals I ® G + H ® J with [I’s and J’s defining the topology on
H and G respectively.)

It is proved in [L3, 1.7] that the admissible categories of H-modules are in one-to-
one correspondence with the equivalence classes of flat admissible sets of ideals of H.
If H° is the continuous dual of H with respect to the given topology, then HY is also a
Hopf algebra and the admissible category of H-modules is equivalent to the category of
all (right) H°-comodules [L3, 1.8]. Thus each admissible category has enough injective
objects.

1.2. From now on we fix an admissible category C for H and a flat admissible set 7
of ideals corresponding to C. We will call the modules in C rational H-modules. If any
confusion may arise, we will add the subscript H to appropriate notations to indicate
that they are related to H. For a rational H-module M, M# = {m € M | hm =
e(h)m,Vh € H} is called the fixed point set. Thus we have M =~ Homy (A, M) and
the cohomology groups H'(H, M) of H in the category C with coefficients in M are
naturally isomorphic to the groups Ext’; (A, M). Here the extensions are taken in the
category of rational H-modules and A is the trivial H-module.

Let M and N be two H modules. Then there is a natural H-module structure on
Hom (M, N) given by (hf)(m) = > hay f(v(h@)m) forallh € H, f € Homa(M, N)
and m € M. The following lemma is essentially proved in [APW1, 2.9], where 7 is
assumed to bijective. The proof given here was pointed out by the referee. Using this
lemma, the proof of Proposition 1.5 has been simplified and is more apparent.
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Lemma. Homy (M, N) = Homyu (M, N)? for any H-modules M and N.

Proof: Homa(M, N)# D Hompg (M, N) is proved in [APW1, 2.9]. To show the other
inclusion, we consider the opposite Hopf algebra H° in which the multiplication and
the comultiplication are defined to be opposite to those of H. Now Homa(M, N) is
an H ® H°P-module with the action defined by ((g ® h)f)(m) = gf(hm) for g € H,
h € H?, f € Homy(M, N), and all m € M. Note that f € Hompy (M, N) if and only
if (h@1)f =(1®h)f for all h € H. In fact, using the > -notation, we have, for each
f € Homs(M,N)"¥ and h € H,

(he1)f = (hay©e(h@) f = >_(hay@v(he)he) f =Y (e(ha) @) f = (1@h)f.
Here the second last equality holds since f € Hom4 (M, N)#. O

1.3. Let C be an A-flat coalgebra over A. Suppose that p: M — M ® C and ¢ :
N — C'® N define the right and left C'-comodule structures on M and N respectively.
The cotensor product MOcN is defined to be the A-submodule Ker(p ® 1 — 1 ® 0)
of M ® N. If B is another A-flat coalgebra over A, and N is, in addition, a right
B-comodule with the structure map 5 : N — N ® B. We call N a C-B-bicomodule, if
(1®05)6 = (6®1)p. If N is a C-B-bicomodule, then M ® N is a right B-comodule and
MOeN is a B-subcomodule of M ® N (see [S]). Furthermore —OcN is a left exact
functor from the category of all C-comodules to the category of all B-comodules if N

is A-flat.

Let G be another Hopf algebra satisfying the same assumptions as H does and
equipped with an admissible category Cq defined by a flat admissible set Zg of ideals.
A homomorphism ¢ : G — H is called compatible if it is continuous with respect to the
topologies defined by the admissible sets of ideals, i.e., for each I € Ty, there exists
I' € I such that I’ C o71(I). Thus o defines an exact functor o* : Ciy — Cg which
is called the restriction functor. Let Cy be the functor from the category of all H-
modules to Cy by defining C'y (M) being the maximal H-submodule which is in Cy (Cy
is closed under direct limit). C¢ is defined similarly for G. Thus the induction functor
0. : C¢ — Cpg is defined by 0.(M) = CyHomg(H, M). The Frobenius reciprocity
[L3] says that o, is right adjoint to the restriction functor ¢*. Thus ¢ sends injective
objects to injective objects. On the other hand, the map ¢ induces a homomorphism
0% H° — G° of Hopf algebras and H® can be regarded as a left G°-comodule with the
structure map § = (6° ® 1)A : H* — G° ® H°. Note that Cy and Cg are equivalent to
the categories of (right) H%-comodules and G°-comodules respectively. The following
proposition was proved in [L3, 3.6] under the assumption that the antipode of G is
bijective due to the assumption in [APW1, 2.9]. Now this assumption can be removed
by using Lemma 1.2. However the proof given here is more direct.

Proposition. For each M in Cg, the map ¢ : M ® H° — Homy(H, M) induces an
isomorphism MOgoH® = o,(M) of H-modules. Therefore, we have an isomorphism of
functors —Ogo H® = 0, (—).



Proof: Let M be a rational G-module. If py; : M — M ® G° is the G°-comodule
structure map and py(m) = > m)®@y), then gm = > ya)(g)m) for all g € G. Since
Ind2M C CyHomy(H, M) = M ® H° C Homy(H, M) by [L3, 1.6], we only need to
show Indd M = MOgo H° as subsets of Homy (H, M). On the other hand, we have the
inclusion M ® G° ® H® C Homs(G ® H, M) given by (m®@y® f)(g®@h) = f(h)y(g)m
for y € G° and f € H°. Thus an element Y m; ® f; of M ® H° is in MOgo HY if and
only if
> m; @0 (fi) ® fie) =D Mio) @Yy D fi

as elements in Homu (G ® H, M). But this is equivalent to

Z fiy(@(9)) fi2) (R)mi = Z Yi,1)(9) fi(h)mg o) (1)
for all g € G and h € H. However the left hand side of (1) is

Z fila(g)h)m; = (Z m; ® fi)(a(g)h)

and the right hand side of (1) actually is

> LWy (9)mie) = filk)gm; = g(O_m; @ f;)(h).

Thus an element " m; ® f; of M ® H is in MOgo HC if and only if it is in Homg(H, M).
Note that M @ H® = Cy(Homa(H, M)) [L3, 1.6]. We thus have MOgH® = (M ®
H° NHomg(H, M) =Ind2M. O

If G is a Hopf subalgebra of H, we can take the category Cg to be the one corre-
sponding to the flat admissible set Zg of ideals I N G (I € Zy) of G which defines the
induced topology on G. In this case we will write o, = Indg . Since each admissible

category has enough injective objects [L3, 1.8], we can consider the derived functor
RIndZ of IndZ at a rational G-module.

Remark.  the functors o, : C4 — Cgx depends only on the categories Cq and Cyx not
on the admissible sets of ideals defining the categories C; and Cy.

1.4. The following is a test for the exactness of the induction functors.

Lemma. Suppose that A is a field and we have compatible homomorphisms of Hopf
algebras H, RNy s A H, such that i) o ¢ = 1y,. Then ¢, is exact.

Proof: Let M be a rational H;-module. Then M = ¢*y*M. Here ¢*M is a rational
H-module. Since A is a field (this is the only place that requires A to be a field for the
results in Theorem 2.4), by the tensor identity [PW, 2.8.2], we have ¢, M = ¢p*M ¢, A
and the exactness follows. O



1.5. The maps ¢, : H® H — H (or ¢, : H® H — H), defined by ¢,.(z ® y) =
Y v(ay)zye (or gz @ y) = X xayyy(ee)) for all z,y € H, make H into a right
(or left) H-module, which is called the right (or left) adjoint representation of H. An
A-submodule D of H is called right (or left) normal in H if ¢,(D ® H) C D (or
¢»(H ® D) € D). D is called normal if it is both left and right normal. If D is a
normal Hopf subalgebra of H and D, = Ker(¢|p) the augmentation ideal of D, then
HD, = D, H is a Hopf ideal and H/H D, is called the quotient Hopf algebra, denoted
by H/D (by abuse of notations). Assuming that the topology of H/D is the quotient
topology of H, all modules in Cy on which D acts trivially have the form 7*N for
some module N in Cy/p. Here 7 : H — H/D is the canonical map and Cy/p is the
admissible category for H/D. For each H-module M in C, the D-fixed point set M?
is an H-submodule and M” = 7*N for some H/D-module N in Cy/p [L3, 4.4]. We
will denote N by MP if the H/D-module structure on MP is clear from the context.
Furthermore, when we want to emphasize the D-action on an H-module, we will denote
it by o*M with o : D — H being the inclusion map.

Lemma. For each M in Cgy, MP is an H-submodule of M and has a natural H/D-
module structure. Thus it defines a functor M — MP from Cy to Ch/p, which is
right adjoint to the exact functor ©* and therefore sends injective objects to injective
objects. O

The proof of this lemma is straight forward keeping in mind that the topology on H/D
is generated by the basis {w(I) | I € T}.

Proposition. Suppose D is a normal Hopf subalgebra of H and the induction functor
Indg is exact. If E is in Cg, finitely generated over A, then the ith right derived
functor of the functor V +— Homp(c*E,c*V) from Cy to Cy/p can be identified with
V s Ext),(0*E,0*V). Furthermore, there exists a spectral sequence with the F,
terms

By = Bxtyy, (M, Extl (0" E,0"V)) = Extij’ ("M ® E, V) (2)
for each M in Cy/p.

Proof: First we show that V' +— Homp(c*E,c*V) defines a functor from Cy to Cy/p.
In fact, by Lemma 1.2 and the above lemma, Homp(c*E, 0*V) = Homa(E, V)P is
an H-submodule of Hom(E, V) and is D-trivial. Since E is finitely generated over
A, there exists a rational H-module P which is finitely generated and projective over
A such that P — E — 0 is exact as H-modules. Thus, as H/D-modules, we have
Homp(c*E,0*V) C Homp(c*P,0*V) = Homa(P, V)P by Lemma 1.2. Since P is
finitely generated and projective over A, the natural A-isomorphism Homa(P, V) =
V ® P* is actually an isomorphism of H-modules and the latter is in Cy. Thus
Homp(c*E,0*V) is in Cy/p by [L3, 4.4]. One can verify that any H-homomorphism
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V' — V' induces an H/D-homomorphism Homp(E,V) — Homp(E,V’). Thus we
have an functor Homp(c*(E),0*(—)) : Cu — Cu/p-

Since Indg is exact, o*[ is injective in Cp for each injective module @ in Cpy (see [L3,
3.7, [PW, 2.9.1]). If 0 - V — I" is an injective resolution in Cy, 0 — o*V — o*(I")
is an injective resolution in Cp. By applying the functor Homp(c*(E),—) to this
resolution, we have R'Homp(c*(E),o*(—))(V) = Ext’(c*(E),0*(V)) as A-modules.
This shows that Ext},(c*(E),0*(V)) has an H/D-module structure and is in Cg,/p for
each V in Cy.

For any rational H/D-module M, we have

Homy (7" (M) ® E,V) = Homu(M ® E, V)" = Hom4(M,Hom(E,V))"
= (Homyu (M, Hom4(E,V))?)H/P

by the lemma above. Since M is trivial as D-module we have

Homy (M, Hom4(E,V))? = Homp(M,Homu(E,V)) = Hom4 (M, Homu(E,V)?)
= Homyu(M,Homp(E,V)).
Thus we have an isomorphism ¢ : Hompy (7*M ® E,V) = Hompy,p(M, Homp(E,V)),
which is natural in both M in Cy/p and V in Cy. The spectral sequence (2) follows

from the Grothendieck spectral sequence for the composition of functors Homy (7* M ®
E,—) =Homp/p(M,—) o Homp(c*E,0*—). O

Remark. The spectral sequence (2) is a (type of) Hochschild-Serre spectral sequence.
The special case of (2) when M = A is a field is proved in [PW, 2.11.1]. If, in
addition, E is projective over A, one can follow the remark in [J; I, 6.4] to establish
the isomorphism .

1.6. If Hy is a Hopf subalgebra of H, then G; = w(H;) is a Hopf subalgebra of G
and DH, = H,D is a Hopf subalgebra of H as well. Denote by m : DH; — G the
restriction of 7 to DH;. Let F be a rational Hi-module, which is finitely generated
and projective over A. We assume that the D H-module Imdg;H 'E extends to a rational
H-module in this subsection.

Define the functors Fi, F, and F3 from Cg, to Cy as follows. For each M in Cgq,,
F(M) = 7*(Indg M) ® Indj"E,
F(M) = Indj (M) ® Ind" E = Indj; (75 (M) ® Ind™ E),
F(M) = Indj (M ® E).

There are natural transformations ¢ : Fy — F; and ¢ : Fy, — F3 defined as follows.

The map p : i M — Indp™ (7 M) resulted from Frobenius reciprocity is natural in
M. Using [L3, 4.6], we have

Fy (M) 2 Ind}y (M) ® Indj " E.
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We can define p(M) = Indj,, (p) ® id since Indjy (rjM) = Indj, Indf™ (77 M).
Let ev : IndgfﬁE — E be the evaluation map, define ¢(M) = Ind} (id ® ev). The
naturality of ¢ and 1 can be easily verified.

Lemma. If7n{Q)® E and 7i(Q) are Indgl—acych’c for each GG1-injective module (), then
for any Gi-module M and i > 0, we have

R'F(M) 2 7*RIndg M @ Indp™E
R'F(M) = Rindj (M) ® Indp™E
RF(M) = R'ndj (miM ® E)

Proof: First of all, 7* is always exact and Indfffh (E) is flat over A since F is flat over

A (E is torsion free implies that Indj;" (E) is torsion free and therefore flat since A
is a Dedekind domain). Since the induction functor sends injectives to injectives, the
first isomorphism follows from a Grothendieck spectral sequence. The assumptions of
the lemma also implies that there are Grothendieck spectral sequences which will yield
the last two isomorphisms. O

Proposition. Suppose Indng1 is exact and m7() ® E and mj(@) are Indgl—acyc]jc for
each G1-injective module (). Then for any Gi-module M and all i > 0, we have

(i) R'(1) o ¢)(M) is an isomorphism for i > 0 if M is A-flat ,
(ii) if M is A-flat, there are natural isomorphisms of H-modules

RiIndgl (mi(M)® E) = W*(]:gilndgl]\/[) ® IndgfflE,
RInd (E® i (M) = Indy™(E)@r*(R'Indg, M).

Proof: Note that for any Gi-module M we have

R(M) = Indfy, (xi(M) © nd )
Fi(M) = Indpy Indg™ (rj(M) ® Indj" E);
Fi(M) = Indp, Indg™ (rj(M)® E).
Here we have used [L3, 4.7,3.7] and the tensor identity for the first isomorphism, and

the transitivity of induction functors for the second and third isomorphism. Now we
consider the following commutative diagram:

(M) @d?E M mali (M) ® Ind)™ E)
01(M) | L (M)
mdy" (i (M) @ E) "2 (M) @ md)ME.



Here 1) is the evaluation map, ¢; is the map resulted from Frobenius reciprocity such
that ¢, o ¢y = id, and 6, is obtained via Frobenius reciprocity corresponding to the
map id®ev : 7} (M) ® IndgfﬁE — (M) ® E. By applying the functor Ind},; to the
above commutative diagram we have ¢ = Ind}},; (¢1) and ¢ = Indj, (61 o ¢1). Thus
Yo =TIndpy, (6).

Since Indj"™ is exact, then Indj;" (77 (=) ® E) and Indj" (7} () ® Indj/" E) =
Indgffl(ﬂ’f (—) ® IndgfhE send injective Gj-modules to Indng—acyclic modules by
the assumption and a generalized tensor identity. The functor 7f(—) ® IndflfllE sends
injective Gi-modules to Ind}},;, -acyclic modules follows from [L3, 4.7] and generalized
tensor identity. Since ¥, ¢1, and 6; are natural in M, we can apply the functor
RZ‘IndgHl to the above commutative diagram and use three Grothendieck spectral
sequences to get

R'Ind}, (¢1) = R'¢, R'Ind}, (61 0¢1) = R, and that
R'Ind}y, (61) : R'Indpy, (77 (=) ® Indp™ E) — Rindpy, (Indp™ (75 (—) @ E))

is a natural transformation. Therefore R o R'¢ = Ri(y o ¢) = R'Indj (1), Note
that 61 (M) is an isomorphism if M is A-flat (the isomorphism in the tensor identity,
see the proof in [PW, 2.7.1]). Thus we have R'Indp,, (61)(M) = R'Ind},, (6:(M)) is
an isomorphism. This shows (i) and the first isomorphism. The second isomorphism
can be shown using a similar argument by tensoring £ and IndgflE on the left side
and using the right generalized tensor identity [PW, 2.7.1, 2.8.2]. O

Remark. Let H be the distribution algebra of a semisimple algebraic group, D the
distribution algebra of the rth Frobenius kernel and H; the distribution algebra of
the Borel subgroup (corresponding to negative roots for a chosen root system). If
E = (p" — 1)p (p is the half sum of all positive roots), the isomorphism given here is
the Andersen-Haboush identity [A2, H].

1.7. Let P be a Hopf subalgebra of H and U an A-submodule of H. For any H-
module M in Cy, we set MY = {m € M | um = e(u)m, Yu € U}.

Proposition. Suppose the multiplication map P ® U — H is onto. Then for each
rational P-module M, the restriction of the evaluation map ev : IndiM — M to
(Ind} M)V is injective.

Proof: Recall that Ind2% M C Homp(H, M). For each f € Homp(H, M)V, uf = (u)f
means f(zxu) = (uf)(x) = e(u)f(z) for all x € H and u € U. If ev(f) = f(1) = 0,
then f(p) = pf(1) = 0 for all p € P. By the assumption, each x € H can be written

as x = Y piu; and f(x) =X pif(w;) = X pie(w;) f(1) =0. Thus f=0. O

1.8. We say a Hopf subalgebra L normalizes U (an A-submodule of H) from right
(or left) if ¢, (U ® L) CU (or ¢,(L@U) CU).
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Lemma. If L normalizes U from right, then MV is a rational L-module for each
rational H-module M.

Proof: Since M| is a rational L-module, we only need to show that MY is an L-
submodule of M|,. For m € MY and = € L, we have, by [L3, 4.2,

u(zm) = (uz)m =Y zm¢,(u® z@)m = Y_xme(u)e(z))m = e(u)zm
for all w € U. Thus zm € MY. O

1.9. We state a special Mackey decomposition theorem with conditions given in
terms of admissible sets of the ideals. Let G and H; be two Hopf subalgebras of H
with induced topologies. Then G; = G N H; is also a Hopf subalgebra of H (see [Sw]).

Proposition. Suppose H; ®¢, G = H as A-modules. If for each I' € Ty, and J € Zg,
there exists I € Iy such that I C I'G + H,J, then ResglndglM = IndglResgiM for
each rational Hi-module M. Furthermore, if Indgi is exact, then RengiIndglM =
R'Indg, Resg' M for all i > 0.

Proof: By the assumption, we have the isomorphism
Hompy, (H, M) — Homg, (G, M)

of G-modules given by f +— f|g for all f € Hompy, (H, M).

Since the topology on G is induced from the topology on H, CyHompy, (H, M) C
CeHomg, (G, M) is clear. If f € Hompy, (H, M) is such that f|g € CocHomg, (G, M),
then f(J) = 0 for some J € Zs. Thus f(G) is a finitely generated A-submodule
of M and N = H,; f(G) finitely generated over A since M is a rational H;-module.
There exists I’ € Ty, such that I'N = 0. By the assumption, there exists I € Iy
such that I C I'G + HyJ and f(I) C f(I'G+ H,J) =I'"f(G)+ H,f(J) = 0. Hence
f € CyHompy, (H, M) and the first part of the proposition follows. Since the exactness
of Indgi implies that ResgllQ is injective in Cg, for each injective module @) in Cpg,
[PW, 2.9.1], the second part of the proposition follows from a Grothendieck spectral
sequence. [

Corollary. If H = H; ® G as Hopf algebras such that H has the tensor product
topology, then Indg1 is exact.

Proof: Note that G = H; NG = A. Thus both Ind and Indf! are exact by [L3, 1.6,
3.5]. The conclusion follows from the above proposition. O
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1.10. Before we end this section, we discuss the situation when the admissible cate-
gory Cy is defined by a set of left ideals. Let £ be a collection of left ideals of H. For
each H-module M, we define Cz(M) ={m € M | Anng(m) D I for some [ € L}. Let
Cc be the category of H-modules M such that Cz(M) = M. Suppose that C. is an
admissible category and Z is an admissible set of the ideals of H defining C. [L3, 1.7].
Then that relation between Z and £ can be stated as follows: Each I in Z contains
a left ideal in £ and each left ideal in £ contains an ideal in Z. Such an admissible
category C, is said to be defined by £. For an admissible set Z of ideals and a collection
L of left ideals, the above relation between Z and L is actually equivalent to Cz = C,.

Let 0 : G — H be a homomorphism of Hopf algebras with admissible categories
Cq and Cpy defined by collections L4 and L of the left ideals respectively. Then o is
compatible if and only if for each left ideal I € L, 0! (I) contains a left ideal in L.
Furthermore, if G is a Hopf subalgebra of H, the induced admissible category Cg from
Cp is defined by Lo ={ING | € Ly}

Suppose the admissible category Cy is defined by a collection Ly of left ideals. Then
for the subalgebras G, H; as in Proposition 1.9, the induced admissible categories Cg
and Cp, are also defined by collections Lo and Lp, of left ideals. By the relation
between Z and £ we mentioned above, the condition on ideals in Proposition 1.9 is
equivalent to the following: for each I’ € Ly, and J € L, there exists [ € Ly such
that I C I'G+ H,J. This condition will have the advantage in application to quantum
groups since the categories for quantum groups are defined by certain collections of
left ideals (see [APWT1]).

2 A Mackey decomposition theorem for quantum
groups

2.1. We still assume that A is a Dedekind domain through 2.2. Fix a ring ho-
momorphism Z[v,v"!] — A and denote the image of v in A by v as well. Let
U = Uy @ A. Here Uy, ,-1) is the Z[v, v !]-algebra defined by Lusztig in [Lu4]
with generators {Ei(m), E(m), K1 <i < n,m > 0} and relations related to the Car-
tan matrix (a;;) of a semisimple complex Lie algebra with root system R of rank n.
U has a Hopf algebra structure with a bijective antipode. Lusztig has proved that
U=U @U°®@U" as A-modules. Here U~ (or U™) is the subalgebra of U generated
by {F'™ |1 <i<n, m>0} (or {E™ |1<i<n, m>0}) and U° is generated
by {K*!, Ifn} | 1 <i<n,m>0}. For more details about the algebra Uy, ,-1) and
notations, one is referred to [APW1, Lu2, Lu3, Lu4].

Let X be the lattice of integral weights of the root system R corresponding to the
Cartan matrix (a;;) and (dy,...,d,) a sequence of (smallest) positive integers such
that (d;a;;) is a symmetric matrix. Denote by X the set of dominant weights with
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respect to the set S of simple roots, which correspond to the E;’s. Each A € X defines
an homomorphism \ : U% — A of A-algebras as in [APW1, 1.1] (with all o; = 1).
Let Ly be the collection of left ideals of U consisting of those left ideals generated by
Ker), Ei(r), Fi(s) (all 7 > m;, s > n; and all 7) and their finite intersections. The category
Cu of integrable module of type 1 (defined similarly as in [APW1, 1.6]) is defined by
Ly. It is shown in [L4] that Cy is an admissible category. Modules in Cy can also be
described as follows: A U-module M is in Cy if it is a direct sum of weight spaces (as
U’-module) and locally finite as U'- and U -modules. Thus all theory we developed
in Section 1 can be used for the Hopf algebra U and the admissible category Cy;. The
induction functors we defined in Section 1 (cf. 1.10) from various Hopf subalgebras
coincide with those defined in [APW1, APW2, AW|.

2.2. Let I C {1,2,...,n} and P; be the A-subalgebra of U generated by U=0 =
U-U° and {E!™ | i € I,m > 0}. Similarly, let U; (or S;) be the subalgebra of U
generated by U° and {F"™ E™ | i € I,m > 0} (or {K/", Ki],Fi(m),E,fm) i€

I,m > 0}). Thus S; is isomorphic to the quantum enveloping algebra corresponding
to the Cartan matrix of the subroot system R; in R generated by the simple roots
{a | i € I}. Let Ur? and S7° be the intersections of Uy and S; with U= respectively.
Note that all these subalgebras are Hopf subalgebras of U with bijective antipodes. In
each of these Hopf subalgebras, the topology is induced from the topology of U.

The left ideals in Lp, are generated by {E(”), E](»Sj),lo | ri > my, 85 > ny, 1 <i <
n,j € I} for some integers m;,n; > 0 and some finite intersection I, of Ker(\)’s with
A € X. Similarly, the left ideals in £y, and Ly<o are generated by similar sets with
indices 7, j’s being limited to ¢,j € [ and 1 <7 < n respectively. The left ideals in Lg,
and £ gso are generated in a similar way, where Iy should be replaces by the intersection

of the subalgebra S; with finite intersections of Ker(A)’s with A € X.

Let E; be the subalgebra of UT generated by {Ez(m) | i € I,m > 0} and Wy the
parabolic subgroup generated by {s,, | ¢ € I} in W (the Weyl group of R with s, being
the reflection defined by a@ € R). By extending a reduced expression of the longest
element w; of Wy to a reduced expression of the longest element wy of W, we can
assume that the first |R]| roots in the total ordering of R used in the construction
of Dyer-Lusztig bases for UT [Lu4, Appendix] are exactly those roots in R} . For each
1 € I, the braid group element 7; acting on S; and U commutes with the embedding
of S; into U. Using the Dyer-Lusztig bases for S; and U, we see that the subset
{]_[ﬂeR;r Eémﬁ)} of U™ is a basis for F;. Using these bases, we can get the following
isomorphisms of A-modules resulted from multiplications:

P2US®E;, U2Ur®E;, S;=S7®E.

Lemma. (i) For each J" € Ly<o and J" € Ly,, there exists J € Lp, such that
JC JU +U="J".
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(ii) For each J' € L;<0 and J" € Lg,, there exists J € Ly, such that J C J'S; +
uglJ”. I

Proof: (i) Suppose the left ideal J’ of U=C is generated by {FZ-(”), Ii | ri >ml,1<i<
n} and the left ideal J” of U; is generated by {Fi(”), EJ(-SJ), Iy | ri > mi,s; > nji,j €
I}. Let J be the left ideal of P; generated by the set D = {Fi(”),E](-S’), | >
mi,s; > nj, 1 < i <n,j €I} with ny =nj (j € I), m; = max(mj,m;) (for iel),
m; = m; for i € I, and Iy = [) N I. Thus J € Lp,. Note that D = D; U D, with
Dy ={F" | r; > my,i ¢ I} and Dy = {F") E¥) Iy | r; > ns,s; > my,i € I}. Bach
element of E; commutes with all elements of D;. Thus we have E;D; C J'U;. Since
Dy C J”, we have E;Dy C J”. Therefore, we have

J =P D=U="(E;D, + E;Dy) CU="(JU +J")CJU +U="J".

(i) Note that for each A € X, we have E"Ker(\) = Ker(A + ro;)E” by us-
ing the generating relations of the algebra U and considering the generators of the
ideal Ker(A\) € U° [APW1, 1.1]. Suppose J' is the left ideal of U7" generated by
{F ra) 1| i > m!,i € I'} and J” the left ideal of S; generated by {F\"?, ECV 17 | r; >
my, s >mnli € ]} for a set of integers m/, m!,n! > 0 and I} = N_,Ker(\*) for some
/\17 ..., A in X. Let J; be the left ideal of E; generated by {EZ-SI) | s; >nl,i € I}, then
Jr is a U’-submodule of E; under the adjoint action and J; C J”. It can be proved
that Ey/J; is a finitely generated free A-module using Lusztig’s canonical basis [Lu5|
for F; (with respect to the Cartan matrix (a;;); jer). Let II be the set of U%-weights of
E;/J;. Set Iy = Ny Npen Ker(X — 3). If E is a finite product of Ei(”)’s (ri >0,i€el)
with weight v under the adjoint action of U° on E;, the above argument shows that

ISt if vell
cq 0 ’

i=1 Bell

Here we have used the fact that F € J; if v € Il since the image of E in E;/J; is a
v-weight vector. Let m; = min(m}, m!) for i € I and J be the left 1deal of U generated
by D = {F") E®) ' | r; > my,s; > n!,i € I}. Since E{F E®} C J” for all
ri > m,s; >n! and i € I, we have E;D C J'S; + UISOJ” and

J=UD=U:"E;D CUJ'S;+UJ") = J'S; + U J". O

Proposition. We have isomorphisms of functors

<0

ResP’ Ind”

U <0 U S Ur
<o = Ind %o Res] <o, and Resg/Ind %o = Ind Lo Res !

<0 -
I UI I SI
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Proof: Use the above lemma, Proposition 1.9, and 1.10. O

2.3. From now on, we assume that A is a field unless it is specified. Let V =W & W’
as vector spaces. Identify both T'(W) and T'(W’) with subalgebras of the tensor algebra,
T(V). Let (W’) be the ideal of T'(V') generated by W’. The maps of vector spaces
W — V — W, with the last map being the projection, induce homomorphisms of

algebras T'(WW) 2, (V) 2, T (W) with ¥ o ¢ = Lpawy.

Lemma. If J is an ideal of T(V') generated by a set X = X, U X; such that X, C
T(W) and Xy C (W'), then the maps ¢ and ¢ induce homomorphisms of algebras

T(W)/(Xo) 2 T(V)/J % T(W)/(Xo) such that ¢ o = Lo, x,y. Here (Xo) is the
ideal of T (W) generated by Xj.

Proof: Since T(V) =T(W) @ (W’) and 9 is the projection with respect to this direct
sum decomposition, J = T(V)XT(V) € (W') + (Xo). Therefore (Xo) = JNT(W)

and ¥(J) C (X,). This shows that ¢ and 1 are well defined. 1) o 1) = 1 follows from
Yop=1. O

.. <0 Us°
Proposition. The functors Indggo and Ind sI<° are exact.
I I

<0

Proof: To show the exactness of Indg’;o, we consider S9 = S7° N U and U7’ =
I

St g0 UP. For each left ideal J' € L <o and each left ideal J” € Ly, JUO+ S0 is

already a left ideal of U=? and contains a left ideal .J € L,;<o (consider the generators).
I

<0 <0
Il

Thus by Proposition 1.9 and 1.10, we have isomorphism of functors Resg{) Ind Slgo =

I
<0

Indglg Res§§ . So we only need to show the exactness of Indgé). Let (UY) be the

subalgebra of U generated by K, [ﬁ} with i & I and m > 0, then U° = SY @ (U?)
as algebras. By the commutativity of all three algebras, one can easily verify that the
topology of UV is generated by the set of ideals {J; ® (U?) + S?® Jy | J; € Is9,J> €

Zwoy}- The exactness of Indg§ follows from Corollary 1.9.

To show the exactness of Indgig, we first consider the quantum enveloping algebra

Ug(v) and its subalgebras over Q(Iv) (the field of rational functions). The subalgebra

U&%) is generated by the set {F;, K;, K; ' | i = 1,...,n}. Let V be the vector space

with basis {f;, ki, k7' | i = 1,...,n} (of dimension 3n), W' and W be the subspaces

of V with bases {f; | i € I} and {f; | i € I} U {ki,k;' | i = 1,...,n} respectively.

Examining the generating relations of the algebra U&?J) (see [Lu4, 1.1]), one finds out
<0

that Ug,) = T(V)/D such that the ideal D has a generating set X with each element
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being either in (W’) or in T'(W). Using the above lemma, we get the homomorphisms
of algebras (U&%)) ;2 U&%) ¥, (U&?})) 1 such that ¢ gives the natural embedding
and © o ¢ = 1. By considering the Dyer-Lusztig basis of U <0 With respect to a

reduced expression of wy extending a reduced expression of wy as 111 2.1, we note that
¢(Fér)) — 0forall 3 € R*\R;and (F") = F" for all i € I. Thus one can verify that

the maps ¢ and v preserve the Z[v, v™!]-subalgebras generated by Fi(m) KGE { lni ] and
the like using the above mentioned bases. Tensoring A to the induced homomorphisms
over Z[v,v™!], we can get homomorphisms U" 4 g0 Y U7° such that ¢ o ¢ = 1.
It is easily verified that the both homomorphisms are compatible with the induced

topologies (consider the generators of the left ideals). Now the proposition follows
from Lemma 1.4. O

2.4. Theorem. If A is a field and 7 > 0, then Res R]ImdU<0 = RjIndggoResgig
I I

<0
and ResSIRJIndU = RJIndS OReSZ<0
I

<0

Proof: By 2.3, Res <3 and ResU<0 send injective objects to injective objects. The

isomorphisms follow from 2.2 by Grothendleck spectral sequences. O

For each A\ € X, we denote by Ay (or simply A if there is no confusion) the rank 1
U="-module, on which U° acts via the character X\ and U~ acts trivially. For 1 <i <mn,
let I = {i}. Then St is isomorphic to the quantum enveloping algebra of type A;. The
following result is fundamental to several important results (over fields) in [APW1].
Let p be the half sum of all positive roots in R.

Corollary. Let A be a field. If I = {i}, A € X, then lend5’<0

either j =1 with (A + p, « )<Oorj:OW1th()\+p, ) > 0.

(A\) # 0 if and only if

Proof: Since A is a field, the corollary follows from the theorem and [APW1, Sect. 4].
O

2.5. Using Kempf’s vanishing theorem for the quantum enveloping algebra S; (see
[APW1, AW]), the followings are the consequences of Theorem 2.4 and certain spectral
sequences. Here A remains to be a field.

{A for 5 =0,

. J PI
(i) R'IndyoA = 0 for j > 0.

U<o0

(ii) RIndj<eM = R/Ind} M for any Pr-module M.
(iii) R/Indf A =0 for all j >0 and A € X, with (A, o) =0 for all i € I.

The proof of the following proposition is just an application of the above facts and the
generalized tensor identity to get a degenerate spectral sequence from the composition
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of functors Homy(V’, Ind}, —) = Homp, (V’, —). One can also take V' = A to get the
U- and Pj-cohomologies. A special case will be that I = @ and P; = U=". This
resembles the “transfer theorem” in [CPSK]. See [J, II 4.7] for proof.

Proposition. Let V, V' be rational U-modules and M a rational P;-module such that
Rilnd}, M = 0 for j > 0. Then,

(i) Ext},(V',V ®Indj<oM) = Ext}, (V',V ®@ M),
(il) Ext{,(V',V) = Ext}, (V', V),

(i) HI(U,V)= HI(P,V),

(iv) HI(Pr, M) = H)(U=°, M).

Proof: (i) follows from the property (ii) and the above mentioned Grothendieck spec-
tral sequence. (ii) and (iii) are special cases of (i) by taking M = A and V' =
respectively. To show (iv), we consider Homp, (4, Indg’go—) = Homy<o(A, —). Using
the property (i) and generalized tensor identity, we have R’ Indgfgo(M )=0if 7 > 0.
Now (iv) is a consequence of a degenerate spectral sequence. O

3 The structure of Rllndggo)\

3.1. We will keep the same notations as in Section 2 and assume that A is a field.
Let E; be the subspace of UT with basis []gep+\ g, Eémﬁ) (mg > 0). Thus we have
E; ® B} = Ut as vector spaces with the isomorphism given by multiplication. On
the other hand, following Lusztig [Lu4, 1.6, 8.8], we have U™ = 3, U\ as vector
spaces. Here the sum is taken over ZR" and U, is the A-span of all monomials of the

form E,L-(:nil) e EZ-(smiS) with iy,...,1, € {1,...,n} and A = >7_, m;,a,. It follows from
the definition that Uy U C Uy, ,. Note that the elements [[gcp+ émﬁ) € Uy, with
A = Y ger+ mgf, of the Dyer-Lusztig basis in U™ form a basis for Usf. Recall that the
ordering in R, over which the product is taken, is given by a reduced expression of wq
extending a reduced expression of w; in W such that all factors Eémﬁ ) with B e RS

appear on the left hand side.
Proposition. For each rational U-module M, MPr is a U;-submodule of M.

Proof: Since M is a rational Ur-module via restriction, we only need to show that M By
is Us-invariant. Note that MPr = {v € M | Eém)v =0,V € R*\ R;,m > 0}. Using
the defining relations of the algebra U and the definition of E[gm) via the braid group

action, which leaves the subalgebra U° invariant, we can show that for each h € U°,
B3 € Rt and m > 0, Eém)h = h’Eém) for some h' € U°. Thus U°MFE1 C MFi.
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We first show E; M C M¥i. U has an A-basis {[]gep+ Eﬁ ) S ger+ maf = A}
With the above order in R™ as we mentioned prior to the proposition, one can see that
UFv=0forallv € MPrif A\ = X7 nyo; with n, #Oforsomez ¢1.1f5 € RT\R;and
m > 0, then for any 7 € I and k& > 0, one has Eﬁm)E € Uyl 51 ka, and E(k MPFPr C MPr,

Finally, we show that Fi(" MEr C MEr for alli € T and n > 0. Let g€ R\ Ry
and m > 0. Since Eém) e Ul

BV =Y ag B B,

1s

Here the sum is taken over {iy,...,is} € {1,---,n}* for with s > 0 and {n;,,...,n; } €
N° such that >77 ; n;a;, = mf3. Foreachi € [ andt =1,...,s, we have
) ) _ | EVEL it Q£
L, R = n— k) (ni,—k) . .
> F hi E;, if 7 =1.

By a direct calculation we can write
(m) p(n) _
k=0

Here, h(y) (k) € U° and e (k) = [Taers B with the above fixed order in Rt and
> acht Mo = mf — ka;. Since § € Ry, there exists a € RT \ Ry such that n, > 0.
Then e (k)v = 0 for all v € MPr. Therefore " F MP =0 and F" MP C MP1.
Now the proposition follows from the fact that U; is generated as algebra by ﬂ(k), Ei(k)
(i€l and k>0),and U°. O

3.2. Recall that for \,u € X(T), A > p if A — u € NRT. For each U%module M,
denote by M, the A-weight space of M for \ € X.

Proposition. (i) If M is a finite-dimensional U-module such that MU" = M),
then pn < A for all p € X with M,, # 0 and MPFr = @VGNR?M,\_V.

(ii) If L()\) is the simple U-module of highest weight \, then L(\)¥7 is a simple
U;-module.

(iii) If N is a rational Pr-module, then the restriction of the evaluation map ev :
InngN — N to (InngN)E} is injective.

Proof: (i). If 0 # v € M, and p # A, by the assumption, there exist ¢ and m > 0 such

that 0 # E™v € M, 4 ma;- Thus X is the only maximal weight of M and p < A\. (If
is a maximal weight of N = U*w, then N, C MU"). Let 8 € Rt \ R; and m > 0. For

v €NRf, EJ" My, © My_yymp = 0 since A—v+mf3 £ A, Thus @,¢pe My, C MP.

veN
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On the other hand, M? is a rational U-module. If u € X such that (M%7), # 0, then
for each 0 # v € (M¥1),, V = Ujv C M¥1 is finitely dimensional and has a maximal
weight p/ = p + v for some v € NRf. For 0 # v/ € V,,, we have Eém)v’ = 0 for all

B € RT and m > 0. Hence p' is a maximal weight of M and x/ = X by the assumption.
Thus v € My—, and MP1 C @, cyps My

(ii). Suppose that M = L(\), then L(\)"I is a U-module with simple socle since
(L(A\)F1)Pr = L()\)s. Using the Dyer-Lusztig basis for U~ such that the factors Fﬂ(m)
with 3 € R} are on the right side in the products, one can show that @VGNR?L()\),\_V =
Uy vt which is, therefore, simple. Here vt € L(\) is a highest weight vector.

(iii). It follows from the definition of E; and E} that P ® E} = U as vector spaces
given by the multiplication. Thus (iii) is a consequence of Proposition 1.7. O

3.3. The isomorphism classes of simple U;-modules in Cyj, are parameterized by the
set of weights A € X such that (A, ) > 0 for all i € I. We denote by L;(\) the
simple U;-module with highest weight .

Corollary. For A,y € X, [IndY<o\ : L(p)] = [Ind/"

USO)‘ : LI(N)]-

Proof: If v is not a root of 1 and the ground field is of characteristic 0, then IndY <o\ is

U-irreducible. Therefore Indﬁ’go)\ is irreducible as U;-module by Proposition 2.2. Thus

we have 3, cp (Indf<o\)a_p = Indgg())\ in this case by 3.2(ii). However, since both
IndY <o\ and Indgfgo)\ (use Proposition 2.2 ) are finitely generated free modules over

Z[v,v~!] by Lusztig’s canonical basis [Lu5|, one can use the base change relation as
in [APW1, Section 3] over Z[v,v!], which has global dimension 2, to show the above
equality for other fields A. Then one can follow a similar argument as in [J, 5.21]. O

3.4. Lemma. Let M be a Pr-module.
(i) IfSocy,M = L;(\) and Ind}, M # 0, then Soc,Indy M = L(\) and A € X..
(ii) If X\ is a maximal weight of InngM, then A € X, and (M*1), # 0.

(iii) Suppose Fj(m)M =0forallj ¢ I andm > 0. If \ € X, such that (MF1)y # 0,
then X is a weight of IndIUDIM .

Proof: One can copy the proof of Lemma 5.14 of [J, II] using Proposition 3.2, Theorem
2.4, and the weights of Rllndg{gb,u given as in [APW1, 4.4]. The subspace E} should

be in the position of U(P) as in the proof of [J, II 5.14]. O

3.5. In the rest of Section 3, we assume that A is a field of characteristic 0 and
v is a primitive [th root of 1 with [ odd and 3 { [ if R has a component of type
Gy (i.e., we can choose d; such that d; { [ whenever d; # 1). The dot action of
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the Weyl group W on X is defined by w - A = w(A+ p) — p for all w € W and
A € X. Here p is the half sum of positive roots. Let ¢ € {1,...,n}, I = {i} and
A€ X, such that 0 < (N, o)) =7 =ril+ro with 0 < ryg <. If u = s,, -\, then
N = Rllndgfgou =} Rllndgjgoﬂ has a basis {fo,..., f-} such that f; € Ny, (r)1ja; and

the actions of E'™ and F™ are given in [APW1, 4.4].

Lemma. Fj(m)N =0 for all j # i and m > 0. Furthermore,

(L) ifrg=10-1,

Proof: The first statement is a consequence of the weight space decomposition of N.
If L;(p) is a simple submodule of N, then L;(u)®r C N¥1. For 0 < j <r, f; € N1 if

and only if E{™ f; = | ™"
form=j+1,...,r. Write j = 511 + jo with 0 < jo < [. It is clear that f, € NF1. We

assume j < r. If ro =1—1, then [;} = <;i {ljol} # 0. This shows that NE1 = Af,
d d;

fi+m = 0 for all m > 0. This is equivalent to [?} =0
di di

and SOCUIN = L;(\). If ro < 1 —1, one can see that [n?lnl] =0forrl<m<r
d;

.
J

and f,.;_1 € NPI. However, one has {”lj_l} # 0 for j <ril—1and { ] = 0 for

r>j>nrl—1 Thus NP = Af, + Af.;_1. Since f. generates the whole module N
(as Fi(m)fr = frm for m =0,...,7), we see that Socy;, IV is generated by f,,;—1, which
is a proper submodule. The lemma follows from the fact that f,;—; has the weight
Sa;(A) + (ril — Dy = 84, - A+ 1r1lay. O

3.6. Proposition. For A € X and a € S, we write (\,a") = rl 4+ 1o with 0 <
Ty < l.

(i) Ifrg=1—1, then R'IndY<o(ss - ) # 0 if and only if A € X, and if so,
Socy; RMndY <o (54 - A) = L(N).

(ii) Ifrg <1 —1, then R'Ind}<o(sq - A) # 0 if and only if s, - X +rila € Xy, and if
S0,
Socy R'MndY <o (54 - A) = L(sq - A + 1r1la).

(iii) If R'Indf<o(ss - A) # 0, then X is a maximal weight of R'IndY<o(ss - \) if
A€ X, and s, - A+ rila is a maximal weight of R'Ind{<o(sq - A) if A & X .

Proof: Let a = «o; and I = {i}. If ro = [ — 1, there is an P;-module isomorphism
o : Rllndgfgo(sa “A) — Indggo)\ as Sr-modules by [APWI1, 4.5-4.6]. However, by
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examining the Pj-actions on these two modules, one can see that ¢ is also a P-map.

Thus (i) follows.

To show (ii), let N = R'Ind;"(sq - A). If R'ndf<o(sq - A) = Ind}, N # 0, then
Sq A+ rila € X, and SocURllndggo(sa ‘A) = L(8q - A+1mla) by 3.4 | 3.5. Conversely,
one knows from 3.5 that (N¥1), (e # 0 and Fj(m)N =0 for all j # i and m > 0. If

So * A+ 7ila € X4, then by 3.4, it is a weight of Ind¥, N. Thus R'Indfj<os, - A # 0.

If ;1 is a maximal weight of R'IndY<s, -\, then it has to be a weight of N*’ and in
X by 3.4 (ii). However, if A € X, A is a weight of R'Ind¥<os,-A and A > s4-A+71lov.
Now (iii) follows from (i) and (ii). O

3.7. Let o € R, we define the reflection s’- in the upper a-hyper-plane by setting
S8 oA =58a- A+ an(a)laif A € X and (cx(a) — 1)l < (A + p,a) < ex(a)l for some
ca(a) € Z. The proof of the following is similar to those as in [A3, 2.3,2.4,2.9] using
the spectral sequence in 1.5.

Corollary. (i) For p € X, if R'IndY<op # 0, then it has a simple socle.

(ii) For A € X, Socy R'Ind{<op = L(\) if and only if i = s, - (5% - \) for some
acs.

(i) IfA e X, and p € X \ X4, then

A if p = 84 - (5% - A\) for some a € S,
Extyrzo(L(A), 1) = { 0 otgerwise.( )

iv) HY U= u) = A if p = —la for some o € S and 0 otherwise.

(
(v) If H*(U= i) # 0 then p = —(ia + I3) for some o,3 € S, i > 0 with i +
I{B,a") >0, and lu + (I — 1)p is not a weight of St. O

4 Non-vanishing of certain Rilndggo)\

4.1. We remain assume that A is a field of characteristic 0 in this section. If v
is a primitive I-th root of 1 with [ odd, let Z be the subalgebra of U° generated by
K! (i =1,...,n). Then Z acts trivially on each module in Cy. Z is a normal Hopf
subalgebra of U (Z is contained in the center of U). Let U = U/Z be the quotient
Hopf algebra. Any module in Cp is also a U-module. For any Hopf subalgebra H;
containing Z, write H; = H,/Z, which is a Hopf subalgebra of U. By [L3, 4.7], we
have RiIndjy, 7} & 7*R'Ind} . Here m and m; are the quotient maps. All the theory
about the induction on ~ level proved in [L3] can be stated for U. So in this paper we
use the induction theory for the subalgebras of U instead of U.

In [Lu3], Lusztig constructed a finite-dimensional subalgebra u in U, which is gener-
ated as a subalgebra of U by E;, F;, Ki*' (i = 1,...,n). It is proved in [L3, 5.3] that u is
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a normal Hopf subalgebra of U. Since all of the generators of Z are in u, then Z C u and
U/u=U/&=G. Here G is isomorphic to the enveloping algebra of a split semisimple
Lie algebra over A [Lu4, 8.14]. Let 7* : U — G be the quotient map. Corresponding
to the decomposition U = U~UU™, we can define similarly the following subalgebras
u, ul, ut, w0 and ©2° in w and G—, G°, G, G=°, and G=" in G. Note that all of the
above mentioned subalgebras, except u~, u™, U™, UT are actually Hopf subalgebras
of U (or G) with bijective antipodes. Let X; = {)\ € X; | (\aY) <l, Va € S} be the
set of [-restricted weights.

Lemma There is a natural isomorphism of U%u~-modules Resio U u IndZiggufM =
Ind ReonU M for each rational u™U"-module M.
Proof: Tt is clear that U° = vtU° N U%~ and vU%%~ = uTU® ®yo Uu~ as vector

spaces over A (consider the PBW basis constructed by Lusztig in [Lu3, Lu4]). Following
the proof of [APW2, 1.1-1.2], we have IndZigg“_M = Homy(u™, M) = Indggu_M as
vector spaces over A. Now the isomorphism follows from 1.9, 1.10, and a similar
argument on the set of left ideals as in 2.2. O

The Steinberg module St is the irreducible U-module in Cy with highest weight
(I —1)p. It is proved in [APW1] that St = Indfj<o(I — 1)p. It is further proved in [L3,
6.3] that St is isomorphic to IndU<o (I1—1)p as uU="-modules and to Ind“<oUo (I—1)pas
uU%modules. In both cases, St remains simple when restricted to the subalgebras ul®
and uU=° respectively. As uUO module, we can embed St into IndUou+( (I —1)p via
Frobenius reciprocity since Hom,+o(St, A__1),) # 0. However, IndUou+( (I—1)p) C
Homy (u™, A) as vector spaces. By comparing the dimensions (see [Lu3, Lud]), we have
St = In dU0u+( (I —1)p). Thus applying the Lemma to the u™U’module —(I — 1)p,
we have

Corollary. When restricted to U%u~, St is isomorphic to Ind%e" (—(1 —1)p). O

4.2. Note that the admissible category for U° is a semisimple category, i.e., each
module is a direct sum of simple modules, and therefore every U%-module is injective
in Cy,. For any Hopf subalgebra U; of U containing U°, Indg%)M is injective in the
category Cy,. Furthermore, every injective module in Cy, is a direct summand of
IndghM for some U%-module M. Indeed, if Q) is an injective U;-module, by Frobenius
reciprocity, Homo(Q, Q) = HomUl(Q,IndghQ). The identity map @Q — @ gives an
embedding of () into Indg})Q. The injectivity of ) implies that () is a direct summand
of Ind} Q.

If we choose U; to be one of the algebras U0, U=°, U%= and U°u=°, then all
irreducible U;-modules in Cy, are 1-dimensional.
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Proposition. For U; being one of the subalgebras mentioned above, an indecompos-
able module M in Cy, is injective if and only if M = Indg%)/\ for some A € X.

Proof: First of all, Indg%))\ is injective. By Frobenius reciprocity, one obtains that A is
the only simple submodule of Indg})/\. Conversely, if () is an indecomposable injective
U;-module, let A be a simple U;-submodule of (). Thus Indg%))\ is a direct summand of
() using the fact that Indgh)\ is injective with simple socle A. Hence ) =2 Indgh)\. O

4.3. Recall that 7 : U — @ is the quotient map and 7, : US? — G=" is the restriction
of 7. Now we are ready to prove the following result which resembles [A2, Prop. 1.4].

Proposition. For each injective module @ in Cg<o and any U<-module E, both
E®7iQ and 71(Q) ® E are Ind}<,-acyclic. In particular, 7(Q) is IndY<o-acyclic.

Proof: Using a result analogous to Proposition 4.2 for subalgebras of GG, we can assume
that Q = Ind% " A for some A € X. Considering both 71IndSs A and 5t as U<°-modules
via restriction, we can use transitivity of induction functors, tensor identity, [L3, 4.7]
and Corollary 4.1 to get

(7iInd% " \) ® St = (IndV ) emiA) ® St

AV~ o (75X @ Indio V" (—(1 — 1)p))
~ IndYs (mA® (—(1—1)p)).

2

By Proposition 4.2, the last term is injective in Cy<o. This shows that 77Q) ® St is
injective and therefore E ® 7} Q ® St is also injective for any U=C-module E. Since St
is a U-module, we can use generalized tensor identity to get

0= R'IndY<(E @ 71Q ® St) = RIndY<(F ® 71 Q) ® St

for i > 0. Thus R'IndY<(E®7Q) = 0 for all i > 0 and E®m}Q is Ind¥ <,-acyclic. The
conclusion for 77Q) ® E follows similarly by using the other generalized tensor identity
(see [PW, 2.8.2]). Take E = A to be the trivial module to get the last statement. O

For each G=°-module M, let

¢ : (mIndS<oM) ® St — IndY <o (7 (M)) @ St
¢ o IndYeo(m5(M)) @ St — Ind¥ <o (7} (M) @ (I —1)p)

be the homomorphisms defined in 1.6. Proposition 4.3 shows that the hypothesis of
Proposition 1.6 is satisfied, and we thus have
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Corollary. For each G="-module M and i > 0, the composition R'p o Ri1) of the
maps

Ro : (r"RIndS<oM) ® St — R'Indy < (7} (M)) @ St,
R RIndY<o(mi(M)) ® St — RiIndio(nt (M) @ (1 —1)p)

is an isomorphism Therefore R is injective and Rt is surjective. Furthermore,
*RZIHdG«)M - RZIDdU«)(ﬂ'l(M)). O

In the next subsection, we will use this result and an analogous argument as in [A2]
to study the vanishing behavior of RiIndggo A

4.4. Since U is not cocommutative, one cannot expect M ® N =2 N ® M in general.
However, as U<C-modules, Ay ® A, = Ay, 2 A, ® A, for all \,pp € X. So we can
identify these three modules. Indeed this is true as U%-modules. We need to see that
U~ acts trivially on Ay ® A,. (U~ is not a Hopf algebral) Since

ZU is(m—s) )(X)K sF(m s)

(see [Lud, 1.2]), F™ (1, ® L)=>m", p=distm=9) pl9)1 | Ki_sFi(m_S)lu =0 for m > 0.

To see the vanishing property of RiIndgio)), note that for A € X, A = l=1)p—2A
is also in X;. Thus both Ind{<,A and Indjj<o\ are not zero (see [APW1]). Therefore
we have the following commutative diagram of U=%-modules.

mdf<od @ Indj<od — A @ IndY <o)

l N\ o (3)
St — AR A= (l—1)p.

Here the maps are evaluation maps except the vertical map on the left hand side, which
is actually a U-module map and arises from the diagonal map via Frobenius reciprocity
since St = IndU<o(l — 1)p. It is nonzero, hence surjective by the irreducibility of St.
Let ¥ € X and regard x as a G=%-module. By tensoring the U<%-module 7}x to (3)
and then applying the functor Rilndggo (using the generalized tensor identity) we get
the following commutative diagram of U-modules,

RIndY<o(nty) @ IndY<od @ IndY<od  —  R'IndY<o(7ix @ A) @ IndY<o A

‘ l N ‘ l (4)
R'IndY< (7t x) ® St —  RIndY<o(mix ® (1 —1)p).

Here the left vertical map and the bottom horizontal map are surjective by Corollary
4.3. Therefore the vertical map on the right hand side is surjective as well. On the
other hand, by Corollary 4.3 we have R'Indf<o(mix ® (I —1)p) = 7* RlInd%<o () ® St.
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Note that G and G=Y are the distribution algebras of a semisimple algebraic group and
its Borel subgroup. The categories of rational G- and G=°-modules are actually the
categories of rational modules of the corresponding algebraic groups [J, IT 1.20]. The
induction we defined in Section 1 for G and G= as in 2.1 is the same as the induction
defined in terms of algebraic groups. Thus we can use the Borel-Weil-Bott Theorem
(A is a field of characteristic 0). Hence 7* R1Ind%<o () # 0 if and only if there exists
w € W such that w - x € X, and i = [(w). Examining the homomorphism U — G,
one can see the US’-module 7} (x) is isomorphic to lx. Therefore we have proved the
following theorem, from the commutative diagram (4),

Theorem. For each A € X;, x € X;, and w € W, R Indl < (I(w-x) +A) #0. O
Applying the Serre duality and using a similar argument as in [W], we have

Corollary. If y € X, then for any w € W, R Indf<(lw - x = \) # 0 for all
A€ X O

5 Good filtrations and composition factors

5.1. Although several results in this section hold over any field, we still assume that
the field A is of characteristic 0 and v is a primitive [-th root of 1. The arguments
in 5.1-5.2 are similar to those in [J, II, 4.8-4.18]. As in 4.2, Y) = IndeOA is the
injective hull of the simple U=’-module A,. Since U~ is a direct sum of weight spaces
as U%module under the left adjoint action and Yy C Homgo(U=?, Ay), the following
can be easily verified (cf. [J, IT 4.8-4.9]).

(i) All weight spaces of Y, are finite dimensional.
(ii) All weights of Y, are in A + NR™.

(iii) There is an injective resolution of U=%-modules 0 — A — Iy — I; — - -, such
that all weight spaces of I; are finite dimensional and any weight p of I; is in NR* and
ht(u) > j. Here each p € NR* is written as u = Y1 ; n;o; and ht(u) = 3 n; is the
height of .

For a Hopf algebra H with an admissible category Cx and any H-module M in Cy,
recall from 1.2 that the cohomology groups of H with coefficients in M is HY(H, M) =
Ext’; (A, M). Also in analogy to the Weyl modules, we write V() = (Ind¥<o(—wo)))*
for A € X,. Here V()) is a universal highest weight module with unique simple
quotient L(A). As a consequence of (iii), one can get an injective resolution of each
U=%module M by tensoring M to the above resolution.

Lemma. Let I C{1,2,...,n} and M be a rational P;-module.
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(i) Ifdim M < oo, then H?(Py, M) is finite dimensional for all j.

(ii) If H7(P;, M) # 0, then there exists a weight v of M such that —v € NRT and
ht(—v) > j.

Proof: Using 2.5(iv), we can assume [ = () and P; = USY. Now we can use the above
mentioned resolution for M and the lemma follows from (M @ I,)V=" C (M ® I,)V" =
>, (M-, ®(I;),). (cf. [J,114.10]) O

The following theorem resembles several results for algebraic groups.

Theorem. Assume that A is a field of characteristic 0 and v is a primitive [th root
of 1. Let \,p € X.

; A if A=pandj=0
: J U _ % J 3
(i) Exty(VA), Indy<op) = { 0 otherwise.
(i) If X # p then Ext},(L(X\), L(p)) = Extd; ' (L(N), (IndY<op)/L(y)) for all j > 0.
(i) If Ext} (IndY <o\, IndY<op) # 0 or Ext},(L(\),Ind¥<ou) # 0 for some j > 0,
then \ # p and p is strongly linked to A (i.e., p T A) [J, II 6.4].

(iv) Since x(\) = chIndY<o\ for A € X is given by Weyl’s character formula, for
any finite dimensional U-module V', we have

chV = (Z(—l)idim Exti; (V, Indggo)\)> X(A).

AeX 4 %
(v) There are also analogous results for uU°-modules as in (i)—(iii).

Proof: By [APW1, 1.18] and a Grothendieck spectral sequence we have

Exti (V(A), IndY<op) = HY(U, Ind <o (—wo())) @ Ind¥<op)
= H'(U=’, (~wo(N) @ Indg<op) = H (U=, Indg<o (—wo(N)) © p).

Here the last two isomorphisms follow from Proposition 2.5(i). Now (i) follows from
the last isomorphism and (ii) of the lemma. Also (ii) of the lemma shows that
HY(U=, L(—wo\) @ u) = 0 for all 4 > 0 if A # u. Now using a similar argument
as for the proof of (i), (ii) is a consequence the long exact sequence resulted from
L(p) — Ind¥<op. (iii) follows from (ii) and the strong linkage principle [APW1, AW].
To show (iv), one uses the additivity of the Euler characters. Finally for (v) see [J, II
chll] and [L.2]. O

Remark. For the corresponding results for algebraic groups, one is referred as follows.
For (i) and (ii), see [J, IT 4.13-4.14], and for (iii)—(vi), see [J, II 6.20-6.21].
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5.2. A U-module is said to have a good filtration if it has a filtration such that each
subquotient is isomorphic to an IndggoA for some A € X .

Proposition. Let V' be a rational U-module such that dim Homg (V' (A), V) < oo for
all \ € X;. Then V has a good filtration if and only if Exty(V(\),V) = 0 for all
Ae X,

Proof: See [J, I1 4.15-4.16]. O

Since the injective hull of a simple U-module L()\) is finite dimensional (A is of
characteristic 0), then it has a good filtration. Furthermore, direct summands of a
module with a good filtration also have good filtrations since the functor Ext}, (V ()), —)
is additive. If V' and V' C V both have good filtrations, so does V/V".

5.3. Foreach \° € X;, Q1(A\°) is the injective hull of the irreducible u-module L;()\°),
which is the restriction of the irreducible U-module L(A°) to u [Lu2]. If we denote by
Q()) the U-injective hull of L(\) for A € X, then Q;(\") = Q()\°) for all A\ € X (see
[L3, 6.3] and [APW2, 4.6]). All irreducible uU°-modules (also uU<-modules) are of
the form L;(\) = IN' @ L(A°) and the uU%injective hull of Ly () is Q1(A) = IN@Q(A\°)
L3, 4.8-4.9] [APW?2, 0.9-0.10].

Lemma. If\ € X, andw € W, then R)IndY,<oQ: (Iw- A\ + \°) = IndY, <0 Q1 (\) =
Q(A) is the U-injective hull of L(\) and, therefore, has a good filtration.

Proof: Using [L3, 4.7], the generalized tensor identity [PW, 2.8.2], and the Borel-Weil-
Bott theorem for IndS<,, we have

R™IndY <0 Q1(I(w - A\) + A\°) 22 R IndY, <o (I(w - A1) ® Q(\)

=~ (R IndG<o (w - ') ® Q(\°) 2 7% (IndG<o (w - A1) @ Q(A°)

>~ Ind¥ <o (INY) @ Q(\°) =2 Ind¥,<0Q1(IN' + \°).

On the other hand, since IndY;<0(Q1())) is a tensor product of a finite dimensional
U-module with an injective module, it is injective also by using [APW1, Prop. 1.18].
The second isomorphism follows since the socle of IndY;<0Q1()\) is L(\). O

5.4. The functor IHnggo defines a group homomorphism y; from the Grothendieck
group of C,;r<o to the Grothendieck group of Cy by x1(M) = Zj(—]_)jChRjInnggo(M)
for each uU=-module M. For each A € X, denote by Z;()\) the induced module
Ind?Z5°(A). Note that y(\) = Y (—1)? Rilndj<o ) is given by Weyl’s character for-
mula. Since the functor Ind}%%o is exact [L3, 6.1] [APW2, 1.3], we have RInd}j<,\ =
R'IndY <o (Z1()\)) for all 4 and A. Thus

XA = xai(Zi(N) = D120 La(p)]xa (La(w)

neX

= > [Z:(N) : L) (x(1") D eh L(°).

pneX
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Here, (1) : z|X] — Z[X] is the ring homomorphism induced by the group homomor-
phism X — X given by A — [\ and the last equality follows from the generalized
tensor identity [PW, 2.8.2].

In [X], Xi proved that, for each p € X, @Q1(p) has a filtration with subquotients
isomorphic to Z;(A)’s and the number of subquotients isomorphic to Z;(A) is [Z;(A) :
Li(p)]. Now using the additivity of y;, we have

X PchQ () = x1(Qu() = D [Z1(N) + Li(p)]x (M)

AeX

= > 2 (N)UZ(w - A), La(w)]x(V)

NEX, weW

Note that the Grothendieck groups of C,y0 and C,;;<0 are the same. Using the above
character formula, a similar argument as in [DS, 2.5-2.7] will show the following.

Theorem. Let A = I\ + X0 p=Ip' + p° € X. Then

(1) [Zi(N): Li(p)] # 0 if and only if u® + l(w - (p* — AY) + AN T w - A° + I\ for all
weW;

(i) if A\, € Xy, then [Indf<o) : L(p)] = Spew (=)™ [Z1(N) : Li(p® + lw - ).
g

Remarks. (1) Here (i) resembles Ye’s theorem [Y] for semisimple algebraic groups
which is generalized by Doty and Sullivan [DS].

(2) Suppose k is an algebraically closed field of characteristic p and G the simply
connected semisimple algebraic group over k£ with root system R. Let T' be a maximal
torus of GG defining R and B the Borel subgroup corresponding to R~. If A € X is such
that all composition factors of Indgﬁ)\ have multiplicity 1, then a G;T-composition
factor of Ind%ﬁ)\ with highest weight 1 and L; () have the same dimension. Therefore

the Lusztig conjecture [Lu3, 0.3] holds for all composition factors of Indgig)\.
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