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Introduction This paper serves three purposes. The first is to build up a con-
nection between the representation theories of the quantum enveloping algebra U of a
semisimple Lie algebra and the quantum groups defined in [15]. The second one is to
study the structure of the derived functors of the induction functor, defined in [1]. At
each integral weight, these derived functors give rise to certain U -modules resembling
the cohomology groups of line bundles over the flag varieties of the corresponding al-
gebraic groups. Finally we would like to generalize the representation theory of the
hyperalgebras of algebraic groups to Hopf algebras.

Since Lusztig first studied the quantum deformations of certain simple representa-
tions of semisimple Lie algebras in [10], he has established certain connections between
the representations of U and the representations of an algebraic group in prime char-
acteristic in [11, 13, 14]. It has been a hope that some of the problems in modular
representation theory of algebraic groups could be solved through the representations
of quantum enveloping algebras. The representation theory of U resembling that of
algebraic groups is studied in [1] by Andersen, Polo and Wen (APW for short). Fol-
lowing another line of defining quantum groups, Parshall and Wang [15] studied the
representation theory of quantum groups in terms of comodules of the quantum co-
ordinate algebra. They have studied the linear quantum groups in detail and many
of the classical theories have been extended in this special case. Out of curiosity, one
would like to see how these two theories are related. In the appendix to [1], Polo uses
the representation theory developed in that paper and shows that the coordinate alge-
bra (defined by Lusztig in [14]) of U is isomorphic to the quantum coordinate algebra
of SLq(n) (with v 7→ q−1) if the Lie algebra has root system An−1. In this paper
we further establish a connection between the induction functors and the associated
cohomology theories through the isomorphism of quantum coordinate algebras.

This paper is organized as follows. In Section 1, we give a general setting on the
coordinate algebra, which is called the Hopf dual, of a certain representation category,
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which is called admissible category, of a Hopf algebra over a Dedekind domain. The
idea goes back to Kostant [8], where the coordinate algebra of the simply connected
semisimple group over Z is constructed from the category of rational representations
of the Hopf algebra — the so called Kostant Z-form. It is proved that the admissible
category is naturally equivalent to the category of comodules of the Hopf dual. In
Section 2, we start from a Hopf algebra H and construct its distribution algebra D(H),
which is a Hopf algebra again if H is infinitesimally flat as in the classical situation.
Under certain completeness condition, the category of all D(H)-modules arising from
H-comodules form an admissible category for D(H) and its Hopf dual with respect to
this admissible category is isomorphic to H in a natural way.

We define, in Section 3, the induction functor from a Hopf subalgebra of H with
respect to the admissible category inherited from the admissible category for H. The
induction functor satisfies the Frobenius reciprocity. The idea is based on Andersen’s
definition of induction for a quantum enveloping algebra. Donkin [5] define the in-
duction in terms of comodules. Then we show that the two induction functors are
naturally isomorphic via the equivalence between the admissible category and the co-
module category of the Hopf dual. As an example, Polo’s isomorphism for An−1 induces
an isomorphism (see 5.2) of the induction functors defined in [1] and [15].

The normal Hopf subalgebras and their representations are studied in Section 4.
This generalizes the theory of normal subgroup schemes and their associated hyperal-
gebras as in [18]. This is a dual version of what is called quantum normal subgroups of
a quantum group in [15]. The analogous theorem about the commutativity of derived
functors of the induction functor with the “Frobenius twists” and the analogous tensor
product theorem for Hopf algebras are proved in 4.7 and 4.8.

Starting from Section 5 we concentrate on the quantum enveloping algebra U and
its subalgebras. We first show that the finite dimensional Hopf algebra u constructed
by Lusztig [13] is a normal Hopf subalgebra of U at an lth primitive root of 1. By using
a basis argument we prove that the induction from u to some interesting subalgebras
are exact. In Section 6, we use the results of Nanhua Xi and APW [1] to show that
the Steinberg type module is injective when restricted to u. As a consequence, the
induction functor IndU

u is exact and injective u-modules extend to U -modules. Using
the established results we are able to get some results about the socle and radical
structure of cohomology modules in 6.7. This resembles the author’s earlier results on
structure of cohomology groups of line bundles on flag varieties [9].

It should be mentioned that several conquences in Section 6 have been proved in
[2] by APW, in which the inductions in the infinitesimal level and the U -structure of
the injective hulls of simple u-modules are also studied.
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1 Hopf duals and admissible categories

1.1. Let A be a Dedekind domain. All tensor products will be taken over A through-
out this paper unless otherwise indicated. Let H be a Hopf algebra over A with comul-
tiplication ∆ : H → H ⊗ H, counit ε : H → A, antipode γ : H → H, multiplication
m : H ⊗ H → H, and unit u : A → H. We further assume that H is projective as
A-module. Let I be a set of cofinite two-sided ideals of H. We call I admissible if it
satisfies the following conditions:

(i) for each I ∈ I, there is J ∈ I such that J ⊆ γ−1(I),

(ii) there is an I ∈ I such that I ⊆ ker(ε),

(iii) for any I1, I2 ∈ I, there is J ∈ I such that J ⊆ I1 ∩ I2,
(iv) for any I1, I2 ∈ I, there is a J ∈ I such that J ⊆ I1 ∧ I2. Here I1 ∧ I2 is the

kernel of the composition map H
∆→ H ⊗H → H/I1 ⊗H/I2.

We define H0
I = {f ∈ HomA(H,A) | f(I) = 0 for some I ∈ I}. It follows from (i)

that f ◦γ ∈ H0
I if f ∈ H0

I , from (ii) that ε ∈ H0
I , and from (iii) and (iv) that H0

I is an A-
algebra with the multiplication m0 : H0

I⊗H0
I → H0

I defined by m0(f ⊗g) = (f⊗g)◦∆
and identity ε.

1.2. Let I1 and I2 be two admissible sets of ideals in H. We say I1 ≤ I2 if for each
I1 ∈ I1 there is I2 ∈ I2 such that I1 ⊇ I2. We say I1 and I2 are equivalent, denoted
by I1 ∼ I2, if I1 ≤ I2 and I2 ≤ I1.

Lemma. (i) H0
I1
⊆ H0

I2
if I1 ≤ I2,

(ii) H0
I1

= H0
I2

if I1 ∼ I2.

Let I be an admissible set of ideals of H. We call a subset I0 of I a basis (of I) if
for each I ∈ I there is J ∈ I0 such that J ⊆ I. It follows from the definition that I0
also is admissible and I0 ∼ I.

We call an H-module M locally finite if for each x ∈ M there is an H-submodule
N of M such that x ∈ N and N is finitely generated as A-module.

It follows from the cofiniteness of the ideals in I that H0
I is a locally finite H-module

via the right regular (or left regular) action (hf)(x) = f(xh) (or (hf)(x) = f(γ(h)x) )
for all h, x ∈ H and f ∈ H0

I . (In this paper all H-modules are left H-modules).

1.3. We call an admissible set I flat if it has a basis I0 such that H/I is projective
over A for each I ∈ I0.

Lemma. Let I1, I2 be two flat admissible set of ideals of H. Then H0
I1

= H0
I2

if and
only if I1 ∼ I2.
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Proof: We may assume that H/I is A-projective for each I ∈ I1 or I ∈ I2. Let
I ∈ I1. Then N = HomA(H/I,A) ⊆ H0

I1
as an H-submodule (with right regular

action). Projectivity of H/I over A implies AnnH(N) = I. Let {f1, · · · , fs} be a finite
generating set of N over A. Since fi ∈ H0

I1
= H0

I2
, there exists Ii ∈ I2 such that

fi(Ii) = 0 for each i. Thus there exists J ∈ I2 such that J ⊆ ∩s
i=1Ii ⊆ I and I1 ≤ I2.

Similarly, we have I2 ≤ I1.

1.4. Proposition. If I is a flat admissible set of ideals of H, then H0
I is a Hopf

algebra.

Proof: Use a similar argument as in [3].

1.5. For a fixed flat admissible set I of ideals of H, let CI be the full subcategory
of those H-modules such that for each x ∈ M there is an H-submodule N of M with
x ∈ N and AnnH(N) ⊇ I for some I ∈ I. We simply write H0 (or C) for H0

I (or CI)
if I is understood.

An H-module M is called trivial if hm = ε(h)m for all m ∈ M and h ∈ H. The
tensor product M ⊗ N of two H-modules M and N is also an H-module with the
H-action defined by h(m⊗n) =

∑
h(1)m⊗h(2)n. Here ∆(h) =

∑
h(1)⊗h(2) (using the∑

-notation in Sweedler’s book [16]). The dual module M∗ of an H-module M is an
H-module with the H-action defined by (hf)(m) = f(γ(h)m) for all h ∈ H, f ∈ M∗

and m ∈M . The following properties can be easily verified.

(i) Each module in C is locally finite in C, i.e., for each module M in C and each
m ∈M , there is an A-finite H-submodule N of M in C such that x ∈ N ;

(ii) C is closed under direct limit;

(iii) C is closed under tensor product;

(iv) M∗ is also in C if M ∈ Ob(C) is finitely generated and projective over A;

(v) The trivial module A is in C;
(vi) For each exact sequence 0 → K → F → M → 0 of H-modules, F is in C if

and only if both K and M are in C;
(vii) Each A-finite module M in C has a projective A-finite cover F in C, i.e., there

is a surjective H-map F → M in C such that F is finitely generated and projective
over A.

(vii) can be verified as follows; let {mi}si=1 be a finite generating set of M as A-
module. There is Ii ∈ I such that H/Ii is A-projective and Ii ⊆ AnnH(Hmi) for
each i. The surjective maps H/Ii → Hmi of H-modules i =, . . . , s induce a surjective
H-map ⊕H/Ii →M .

If M is an A-module, we define
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H(M) = {f ∈ HomA(H,M) | f(I) = 0 for some I ∈ I}.

In particular, H0
I = H(A). It can be verified that H(M) is an H-module in C with

either the right regular action (hf)(x) = f(xh) or the left regular action (hf)(x) =
f(γ(h)x).

Proposition. H(−) defines an exact functor from the category of A-modules to C.

Proof: Since C is a full subcategory of the category H-Mod, we denote by C: H-
Mod → C the right adjoint functor of the embedding functor. Then C(M) = {m ∈
M | AnnH(Hm) ⊇ I for some I ∈ I} is the maximal submodule of M in C for each
H-module M . Therefore we have H(M) = C(HomA(H,M)) for each A-module M .
Hence the left exactness of H follows. The exactness can be easily verified by using
the fact that both H and H/I are projective over A for I ∈ I.

1.6. Proposition. Let M be an A-module. The natural map φM : M ⊗ H0
I →

H(M), defined by φM(m⊗ f)(x) = f(x)m, is an isomorphism of H-modules when H0
I

and H(M) are both considered as H-modules through the right (or left) regular actions
and M is considered as a trivial H-module.

Proof: It is clear that the map φM is an H-map when H0
I and H(M) are both con-

sidered as H-modules through right (or left) multiplications. one can verify that
φ :? ⊗ H0

I → H(?) is a natural transformation of functors. To see that φ is an
isomorphism we need to show that φM is bijective for each M . This follows from the
arguments of [1] (1.30).

1.7. A full subcategory C of H-Mod is called admissible if it satisfies (i)–(vii) in 1.5.
For an admissible category C, we define

IC = {AnnHN | N ∈ Ob(C) is finitely generated and projective over A}.

Proposition. (i) IC is a flat admissible set of ideals of H.

(ii) CIC = C.
(iii) Let I1 and I2 be two flat admissible set of ideals. Then I1 ∼ I2 if and only if
CI1 = CI2.

Proof: It is easily verified that IC is admissible (cf.1.1 and 1.5). We only show that
IC is flat. If I = AnnH(N) with N finitely generated and projective over A, then
H/I ⊆ HomA(N,N) shows that H/I is finitely generated and projective over A as
well.
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In (ii), C ⊆ CIC follows from the facts that N in C, with N being finitely gener-
ated and projective over A, is in CIC and each module in C is a union of submodules
isomorphic to the quotients of certain N . To show C ⊇ CIC , it suffices to show that
H/I is in C for each I ∈ IC. Since I = AnnH(N) with N in C and finitely generated
and projective over A, then HomA(N,N) ∼= N ⊗ N∗ as H-modules with H acting
on HomA(N,N) by (hf)(n) = h(f(n)) and on N∗ trivially. Furthermore the A-linear
embedding H/I → HomA(N,N) is actually an H-map. Therefore, H/I is in C.

It is clear that I1 ∼ I2 implies CI1 = CI2 by the definition in 1.5. We show I1 ≤ I2
if CI1 = CI2 . Let I ∈ I1, then H/I is in CI1 = CI2 . Let {xi} be a finite set of generators
of H/I over A. There is Ji ∈ I2 for each i such that Ji ⊆ AnnH(Hxi). Therefore there
is J ∈ I2 such that J ⊆ ∩Ji ⊆ ∩AnnH(Hxi) ⊆ I.

Remark. By (iii) and 1.2(ii), the Hopf algebra H0
I depends only on the admissible

category C.

1.8. For each H-module M , there is a natural map ρM : M → HomA(H,M) defined
by ρM(m)(h) = hm. Since H(M) ⊆ HomA(H,M), we can identify M ⊗ H0

IC with
H(M) via the isomorphism φM in 1.6. Using the same argument as in ([16] 2.1.1–
2.1.2) one can show that M is an H0

IC -comodule if and only if ρM(M) ⊆ H(M). If M
is in C, we have ρM(M) ⊆ H(M) and, therefore, M is an H0

IC -comodule.

Theorem. The above correspondence gives a category equivalence between the admis-
sible category C and the category of all H0

IC -comodules.

Proof: If ρM : M →M⊗H0
IC is an H0

IC -comodule structure, we define mM : H⊗M →
M as the composition of the following maps:

H ⊗M id⊗ρM→ H ⊗M ⊗H0
IC

T1,2⊗id→ M ⊗H ⊗H0
IC

id⊗̄v→ M.

Here T1,2 is the twist map and v(h ⊗ f) = f(h) for all h ∈ H and f ∈ H0
IC . Once

again one can argue as in ([16] 2.1.1–2.1.2) and show that mM does give an H-module
structure on M . To see M is in C as H-module, let m ∈ M and ρM(m) =

∑
mi ⊗ fi

(a finite sum). For any h ∈ H, hm =
∑
fi(h)mi = ρM(m)(h) (regarding M ⊗H0

IC as a
subset of HomA(H,M)). Since fi ∈ H0

IC , there are Ii ∈ IC such that fi(Ii) = 0. There
exists I ∈ IC such that I ⊆ ∩Ii. Thus I ⊆ AnnH(Hm). Furthermore, one can check
that the H0

IC -comodule structure on M determined by the H-module structure on M
is the same as the original comodule structure. HomH(M,N) = HomH0

IC
(M,N) and

the naturality can be checked routinely.

Remark. The right regular action of H on H0
IC corresponds to the comodule ∆0 :

H0
IC → H0

IC ⊗ H
0
IC and the left regular action of H on H0

IC corresponds to the H0
IC -

comodule

H0
IC

∆0

→ H0
IC ⊗H

0
IC

T (γ⊗1)→ H0
IC ⊗H

0
IC .
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The properties of the category of all comodules for a coalgebra over a field has been
studied by Green in [6]. One can modify the arguments to get the following:

Corollary. (i) Each admissible category has enough injectives.

(ii) Each injective module in C is a direct summand of Q⊗H0
IC for some injective

A-module Q.

1.9. Let φ : G→ H be a homomorphism of Hopf algebras. Suppose IH and IG are
flat admissible sets of ideals in H and G respectively. We say φ is compatible if for
each I ∈ IH there is I ′ ∈ IG such that I ′ ⊆ φ−1(I). For example, if IH is a given
flat admissible set of ideals in H, one can define IG = {φ−1(I) | I ∈ IH}. Then IG is
a flat admissible set of ideals in G. Such a set IG is called the inherited set from IH

through the map φ. We will also say the admissible category corresponding to IG is
inherited from the admissible category corresponding to IH . In this case, φ is clearly
compatible.

Proposition. If φ is compatible, then the dual map φ∗ : H∗ → G∗ induces a homo-
morphism of Hopf algebras φ0 : H0

IH
→ G0

IG
.

Proof: We first show that φ∗(H0
IH

) ⊆ G0
IG

. In fact, if f ∈ H0
IH

, there is I ∈ IH such
that f(I) = 0. There exists I ′ ∈ IG such that φ(I ′) ⊆ I by the compatibility of φ.
Then φ∗(f)(I ′) = f(φ(I ′)) = 0 and φ∗(f) ∈ G0

IG
. Other properties can be checked

from the definitions. For example,

∆0
G(φ0(f))(x⊗ y) = f(φ(xy)) = f(φ(x)φ(y))

= ∆0
H(f)(φ(x)⊗ φ(y)) = (φ0 ⊗ φ0)∆0

H(x⊗ y).

Corollary. Suppose IG is inherited from IH through φ and A is a field. If φ is
injective, then φ0 is surjective.

Proof: If f ∈ G0
IG

, then f(φ−1(I)) = 0 for some I ∈ IH and f factors through
G/φ−1(I) ⊆ H/I. Since A is a field and any linear map on a subspace extends to a
linear map of the whole space, we can extend f from G/φ−1(I) to H/I. Thus there is
an A-linear map on H which extends f and vanishes at I. This shows the surjectivity
of φ0.

Remark. If the flat admissible set IG in G is given first and φ is surjective, then the
set IH = {φ(I) | I ∈ IG} is an admissible set of ideals in H. In general it is not flat
if A is not a field. However if A is a field, all admissible set of ideals are flat. In this
case φ is compatible and φ0 is an injective homomorphism of Hopf algebras. So we can
identify H0

IH
as a Hopf subalgebra of G0

IG
.
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1.10. Let φ : G→ H be a compatible homomorphism of Hopf algebras with respect
to the given admissible sets IH and IG of ideals in H and G respectively. For each H0

IH
-

comodule M , M →M ⊗H0
IH

1⊗φ0

→ M ⊗G0
IG

defines a G0
IG

-comodule structure on M ,

denoted by φ0(M). On the other hand, for each H-module M , G⊗M φ⊗1→ H⊗M →M
defines a G-module structure on M , denoted by φ∗(M). Let τH denote the category
equivalence from CH to the category of H0

IH
-comodules as in 1.8. Similarly, τG denotes

the category equivalence from CG to the category of G0
IG

-comodules.

Proposition. Suppose φ is compatible. If M is an H-module in CIH
and N is an

H0
IH

-comodule, then

(i) φ∗(M) is in CIG
,

(ii) the identity map τGφ
∗(M)→ φ0τH(M) is an isomorphism of G0

IG
-comodules,

(iii) the identity map φ∗τ−1
H (N) → τ−1

G φ0(N) is an isomorphism of G-modules in
CIG

.

Proof: Since M is in CIH
, there exists I ∈ IH for each m ∈ M such that I ⊆

AnnH(Hm). Since Gm = φ(G)m ⊆ Hm, one has AnnG(Gm) ⊇ φ−1(AnnH(Hm) ⊇
φ−1(I) ⊇ I ′ for some I ′ ∈ IG by the compatibility of φ. This shows that φ∗(M) is in
CIG

. To show (ii), let ρM : M → M ⊗H0
IH

be the H0
IH

-comodule structure on τH(M)
induced from the H-module structure on M as in 1.8. Then ρ′M = (1 ⊗ φ0)ρM is the
G0
IG

-comodule structure on φ0τH(M). Denote by ρ′′M : M → M ⊗ G0
IG

the comodule
structure on τGφ

∗(M). Consider the diagram:

M
ρ′′M→ M ⊗G0

IG
⊆ HomA(G,M)

‖ ↑ (1⊗ φ0) ↑ φ∗
M

ρM→ M ⊗H0
IH
⊆ HomA(H,M)

.

For each m ∈M , f ∈ H0
IH

and g ∈ G

ρ′′M(m)(g) = gm = φ(g)m = ρM(m)(φ(g)) = (φ∗(ρM(m)))(g).

φ∗(m⊗ f)(g)=(m⊗ f)(φ(g))=f(φ(g))m=φ0(f)(g)m=(1⊗ φ0)(m⊗ f)(g).

Thus the above diagram commutes and ρ′M = ρ′′M . This proves (ii). (iii) follows from
(ii) and 1.8.

1.11. If G and H are two Hopf algebras and IG, IH are flat admissible sets of ideals
in G and H respectively, then IG⊗H = {I ⊗ H + G ⊗ J | I ∈ IG, J ∈ IH} defines a
flat admissible set of ideals in G ⊗ H and G0

IG
⊗ H0

IH
= (G ⊗ H)0

IG⊗H
(see the proof

Lemma 3 in [3]).

If A→ B is a homomorphism of rings, HB = H ⊗B is a Hopf algebra over B and
IB = {I ⊗ B | I ∈ I} is a flat admissible set of ideals in HB if I is so. Furthermore,
(H ⊗B)0

IB

∼= H0
I ⊗B as Hopf algebras.
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2 Distribution algebras of Hopf algebras

2.1. As in Section 1, we assume once again that A is a Dedekind domain and H an
A-projective Hopf algebra over A. Let I = Kerε be the augmentation ideal of H. We
define D(H) = {f ∈ H∗ | f(In) = 0 for some n ≥ 0}. Since H∗ is already an algebra,
D(H) is a subalgebra of H∗. In fact the set I = {In | n ≥ 0} is an admissible set of
ideals inH andD(H) = H0

I . This can be easily checked using ∆(In) ⊆ ∑n
s=0(I

s⊗In−s).
We call D(H) the distribution algebra of H.

We call H infinitesimally flat if H/In is finitely generated and projective over A
for each n, i.e., I is a flat admissible set of ideals in H. In this case, D(H) is a Hopf
algebra (cf. 1.4).

Proposition. If H is infinitesimally flat, then D(H) is A-projective.

Proof: By the definition we have D(H) =
⋃

n≥0(H/I
n)∗. The projectivity of H/In for

all n and the exact sequence

0→ In/In+1 → H/In+1 → H/In → 0

show that In/In+1 is finitely generated and projective over A. Thus (In/In+1)∗ is
A-projective and the proposition follows.

Remark. The above proof is an imitation of the proof of APW [1](1.31). For a given
flat admissible set I ideals, if I has a basis {Ii}i∈N such that Ii ⊇ Ii+1, the proposition
remains true for the projectivity of H0

I . For such I, all the results in the rest of this
section can be stated by replacing D(H) for H0

I under the assumption ∩I∈II = {0}.

2.2. Proposition. Let H be infinitesimally flat and ∩n≥0I
n = {0}. For an A-

module M and an A-linear map ω : M → M ⊗ H, we define an A-linear map ψω as
the composition of maps

D(H)⊗M id⊗ω→ D(H)⊗M ⊗H T1,2⊗1→ M ⊗D(H)⊗H →M,

i.e., ψω(f ⊗ m) =
∑
f(hi)mi if ω(m) =

∑
mi ⊗ hi. Then ω defines an H-comodule

structure on M if and only if ψω defines a D(H)-module structure on M .

Proof: We can essentially use the same argument as in Sweedler’s book ([16] 2.1.1)
together with the following lemma.

Lemma. Under the assumption of the proposition, D(H) is dense in H∗, i.e., if
x ∈ H such that f(x) = 0 for all f ∈ D(H), then x = 0. Furthermore, D(H)⊗D(H)
is dense in (H ⊗H)∗.
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Proof: The first assertion follows from ∩n>0I
n = {0} and the projectivity of H/In.

The second assertion follows from D(H)⊗D(H) = ⊕n,m(In/In+1)∗⊗ (In/In+1)∗. The
latter is dense in (H ⊗H)∗.

2.3. We assume the condition in Proposition 2.2 on H in the rest of this section.
Then H = ⊕n≥0(I

n/In+1) and D(H) = ⊕n≥0(I
n/In+1)∗ as A-modules. For an A-

module M , one has M ⊗ (In/In+1) ∼= HomA((In/In+1)∗,M) and

⊕n≥0HomA((In/In+1)∗,M) ⊆ HomA(⊕n≥0(I
n/In+1)∗,M) = HomA(D(H),M).

Thus the canonical map τM : M ⊗ H → HomA(D(H),M), defined by (m ⊗ h)(f) =
f(h)m for all h ∈ H, m ∈ M and f ∈ D(H), is injective. So we can see M ⊗H as a
subset of HomA(D(H),M). If M is a D(H)-module, we have the map, as in 1.8,

ρ : M → HomA(D(H),M) by ρ(m)(x) = xm,∀x ∈ D(H),∀m ∈M.

Using the terminology in ([16] 2.1.1-2.1.2), a D(H)-module M is called rational if
ρ(M) ⊆M ⊗H. Following a similar argument as in ([16] 2.1.2) we have

Lemma. M is a rational D(H)-module if and only if the D(H)-module structure on
M is the one arising from an H-comodule structure as in Proposition 2.2.

Using this lemma, the following properties of the category of all rational D(H)-
modules can be easily verified.

Proposition. Let L,M,F be D(H)-modules with M,F rational. Then

(i) any D(H)-submodule N of M is rational,

(ii) every cyclic D(H)-submodule of M is A finite,

(iii) any D(H)-quotient module of M is rational,

(iv) L has a unique maximal rational submodule,

(v) f : M → F is a D(H)-map if and only if it is an H-comodule map,

(vi) M ⊗ F is rational,

(vii) M∗ is rational if M is finitely generated and projective over A.

(viii) The category of all rational D(H)-modules are closed under direct limit.

2.4. In this subsection we show that all rational D(H)-modules form an admissible
category for D(H) (cf. 1.6). If A is a field, this follows from the proposition in 2.3.
But for A being a Dedekind domain, we need to verify (i) and (vii) in 1.5.

Proposition. (i) Every H-comodule if locally finite,

11



(ii) For every A-finite H-comodule M , there is a surjective H-comodule map F →
M such that F is finitely generated and projective over A.

Proof: (i) can be proved for all A-projective H-modules by studying its coefficient
space as in [6]. In general, for each H-comodule M , the comodule structure map
ρM : M → M ⊗ H is an injective H-comodule map regarding M as a trivial H-
comodule in the tensor product M⊗H. If P is the projective cover of M as A-module,
the induced surjective map φ : P ⊗H →M ⊗H is a homomorphism of H-comodules.
For each finite subset S ofM , choose a finite subset T of P⊗H such that φ(T ) = ρM(S).
Thus the H-subcomodule < T > of P ⊗H generated by T is finitely generated over A
and, therefore, φ(< T >) =< S > is also finitely generated over A.

To show (ii), let be a generating set of M over A. < T > is A-projective since
P ⊗H is projective over A.

2.5. It follows from 2.4 that the category C of all rational D(H)-modules is an
admissible category forD(H). Following 1.7, we denote by Ĥ the Hopf algebraD(H)0

IC .
By 1.8 and 2.3, there is a category equivalence between the category of all H-comodules
and the category of all Ĥ-comodules. Since D(H) is dense in H∗ the natural map
φ : H → D(H)∗, defined by φ(h)(f) = f(h) for all h ∈ H and f ∈ D(H), is injective

Theorem. φ defines an isomorphism H → Ĥ of Hopf algebras

Proof: For each h ∈ H, let M be an H-subcomodule of H (with the right regular
action) with h ∈ M such that M is finitely generated and projective over A. Then
M is a rational D(H)-module with the module structure defined as in 2.2. Let J =
AnnD(H)(M). Then J ∈ IC. If ∆(h) =

∑
h(1) ⊗ h(2) and f ∈ J , then 0 = fh =∑

f(h(2))h(1) and

φ(h)(f) = f(h) = f(
∑

ε(h(1))h(2)) =
∑

ε(h(1))f(h(2)) = ε(
∑

f(h(2))h(1)) = 0.

Hence φ(h)(J) = 0 and φ(h) ∈ Ĥ. This shows φ(H) ⊆ Ĥ.

Following the embedding Ĥ ⊗ Ĥ ⊆ (D(H)⊗D(H))∗, we have

∆Ĥ(φ(h))(f ⊗ g) = φ(h)(fg) = (fg)(h) =
∑

f(h(1))g(h(2))

=
∑

φ(h(1))(f)φ(h(2))(g) =
∑

(φ(h(1))⊗ φ(h(2)))(f ⊗ g).

Hence ∆Ĥφ = (φ⊗ φ)∆H . The counitary condition follows from 1D(H) = εH . Thus φ
is a map of Hopf algebras.

Since Ĥ is a rational D(H)-comodule, there is an H-comodule structure ∆′
Ĥ

:

Ĥ → Ĥ ⊗H such that fĥ =
∑
ĥ(2)(f)ĥ(1) for all ĥ ∈ Ĥ and f ∈ D(H). The natural

12



embedding HomA(D(H), H) → HomA(D(H), Ĥ) induced by φ yields the embedding

Ĥ ⊗H 1⊗φ→ Ĥ ⊗ Ĥ. Thus we have a commutative diagram

Ĥ
∆′

Ĥ−→ Ĥ ⊗H
id ↓ ↓ 1⊗ φ
Ĥ

∆Ĥ−→ Ĥ ⊗ Ĥ
.

It follows that, for each h ∈ Ĥ, ∆Ĥ(h) =
∑

(h(1) ⊗ h(2)) with h(2) ∈ φ(H). Thus
h =

∑
ε(h(1))h(2) ∈ φ(H) and φ is onto.

3 Induced representations

3.1. Let A be a fixed Dedekind domain. All Hopf algebras in this section are assumed
to be projective over A with bijective antipodes. Let H be a Hopf algebra over A with
a fixed flat admissible set I of ideals (admissible category C) for H. Denote by C
the functor from the category of all H-modules to C, which is right adjoint to the
embedding functor from C to the category of all H-modules. H0

I is the Hopf dual of
H corresponding to C or I.

Let σ : G→ H be a homomorphism of Hopf algebras. By adding ′ we denote by I ′,
C ′, and C ′ a flat admissible set of ideals, the admissible category and the corresponding
functor for G respectively. We will assume throughout this section that σ is compatible
(cf. 1.9) with respect to the admissible categories C and C ′. Equivalently, each module
in C yields a G-module in C ′ through σ, i.e., σ∗ : C → C ′ defines a functor (cf. 1.10).

Following 1.9, σ induces a homomorphism of Hopf algebras σ0 : H0 → G0, which
also defines an exact functor (which is called the restriction functor) σ0 : C → C ′. Via
the category equivalence in 1.8, the two functors σ0 and σ∗ are isomorphic (cf. 1.10).

3.2. Let M ∈ Ob(C ′). HomA(H,M) is a G−H-bimodule with the G-module struc-
ture defined by (gf)(x) =

∑
g(1)f(γH(σ(g(2)))x) and the H-module structure defined

by (hf)(x) = f(xh) for all g ∈ G, f ∈ HomA(H,M) and x, h ∈ H. So g(hf) = h(gf)
for all f ∈ HomA(H,M), g ∈ G and h ∈ H.

For each G-module M , MG = {m ∈ M | gm = εG(g)m,∀g ∈ G} is the G-fixed
point set of M . HomA(H,M)G is an H-submodule of HomA(H,M) by the commuta-
tivity of the two actions on HomA(H,M). Setting σ∗(M) = C(HomA(H,M)G) defines
a left exact functor σ∗ : C ′ → C, which is called the induction functor.

3.3. For each M ∈ Ob(C ′), the evaluation map ev : σ∗(σ∗(M)) → M is defined
by ev(f) = f(1) for all f ∈ σ∗(M). ev is a G-module map since HomA(H,M)G =
HomG(H,M) by the bijectivity of γG (cf. [1] 2.9). Here we regard H as a left G-
module through the algebra homomorphism σ.
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Proposition. (Frobenius Reciprocity) Let E ∈ Ob(C) and M ∈ Ob(C ′). The
map τ : HomH(E, σ∗(M)) → HomG(σ∗(E),M), defined by τ(f) = ev ◦ f , is an iso-
morphism of A-modules.

Proof: τ−1 is constructed as follows: For each G-module map f : σ∗(E)→ M , define
f̃ : E → HomA(H,M) by f̃(x) : H → M with f̃(x)(h) = f(hx). f̃ is an H-map. For
each g ∈ G,

(g(f̃(x)))(h) =
∑

g(1)(f̃(x)(γHσ(g(2))h)) =
∑

g(1)f(σ(γG(g(2)))hx)

=
∑

g(1)(γG(g(2))f(hx)) =
∑

(g(1)γG(g(2)))f(hx) = εG(g)f̃(x)(h)

for all h ∈ H. Therefore f̃(x) ∈ HomA(H,M)G and f̃(E) ⊆ σ∗(M) since E is in C.
One can verify that τ−1(f) = f̃ and τ(f̃) = f easily.

Remark. The Frobenius reciprocity shows that σ∗ is right adjoint to the restriction
functor σ∗. Furthermore it shows that the module σ∗(M) is determined uniquely from
the universal property that, for each H-module E and any G-module map f : σ∗(E)→
M , there is a unique H-module map f̃ : E → σ∗(M) such that f = ev ◦ f̃ .

3.4. Let σ be as in 3.3 and ρ : K → G be another compatible homomorphism of
Hopf algebras with respect to a fixed admissible category C ′′ for K and the same C ′ for
G as in 3.3. The composition σ ◦ρ : K → H is also a compatible map of Hopf algebras
with respect to the admissible categories C and C ′′ for H and K respectively. Then we
have the isomorphism of functors σ∗ ◦ ρ∗ ∼= (σ ◦ ρ)∗ following 3.3 and the uniqueness of
adjoint functors since σ∗ ◦ ρ∗ ∼= (σ ◦ ρ)∗. We make the isomorphism explicit as follows:

Lemma. For each K-module M in C ′′, the map ξM : (σ ◦ ρ)∗(M) → σ∗(ρ∗(M)),
defined by (for f ∈ (σ ◦ρ)∗(M) ) ξM(f) = f̃ : H → ρ∗(M) with f̃(h) : G→M for each
h ∈ H such that f̃(h)(g) = f(σ(g)h) for all g ∈ G, is an isomorphism of H-modules.

Proof: Since f ∈ (σ ◦ ρ)∗(M) implies that f(σρ(k)h) = kf(h) for all k ∈ K, h ∈ H,

f̃(h)(ρ(k)g) = f(σ(ρ(k)g)h) = k(f(σ(g)h)) = k(f̃(h)(g))

shows that f̃(h) ∈ HomA(G,M)K . To see f̃(h) is in ρ∗(M), take I ∈ I such that
f(I) = 0. The compatibility of σ shows that there exists I ′ ∈ I ′ such that I ′ ⊆ σ−1(I).
Thus we have I ′(f̃(h)) = f(σ(I ′)h) = 0 and f̃(h) ∈ ρ∗(M). One can show that
f̃ ∈ σ∗(ρ∗(M)) in a similar way.

3.5. The unit map σ = u : A→ H is a compatible homomorphism of Hopf algebras
with the category of all A modules as the admissible category for A. Therefore for
each A-module M , we have HomA(H,M)A = HomA(H,M). It follows from 1.5 that
σ∗(M) = H(M) = M ⊗H0

I as H-modules. In particular, σ∗(A) = H0
I .
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Following 1.8, each H-module M in C has an H0
I-comodule structure ∆M . One

knows that the fixed point set of the H0
I-comodule M is MH0

I = {m ∈ M | ∆M(m) =
m⊗ 1}.

Lemma. For each M in C, MH = MH0
I .

Proof: Recall that hm =
∑
fi(h)mi for all h ∈ H if ∆M(m) =

∑
mi ⊗ fi for m ∈ M .

It is clear that ∆M(m) = m ⊗ 1 implies hm = ε(h)m. On the other hand, if hm =∑
fi(h)mi = ε(h)m for all h ∈ H, then

∑
mi ⊗ fi = m⊗ 1 in HomA(H,M) under the

embedding M ⊗H0
I ⊆ HomA(H,M). Thus we have ∆M(m) = m⊗ 1.

3.6. Let σ : G→ H be as in 3.3. For each G-module M in C ′ with the G0
I′-comodule

structure ρM : M → M ⊗ G0
I′ , the natural map φM : M ⊗ H0

I → HomA(H,M) is
a G − H-bimodule map. Here M ⊗ H0

I is in C as H-module with the H0
I-comodule

structure given by 1 ⊗ ∆0
H : M ⊗ H0

I → M ⊗ H0
I ⊗ H0

I . As a G-module, M ⊗ H0
I is

in C ′ with the G0
I′-comodule structure δ on M ⊗H0

I defined as the composition of the
following maps:

M ⊗H0
I

ρM⊗∆0
H−→ M ⊗G0

I′ ⊗H0
I ⊗H0

I
1⊗1⊗γ0

Gσ0⊗1
−→ M ⊗G0

I′ ⊗G0
I′ ⊗H0

I
1⊗m0

G⊗1
−→ M ⊗G0

I′ ⊗H0
I

T2,3−→M ⊗H0
I ⊗G0

I′ .

One can easily show that C(HomA(H,M)G) = (CHomA(H,M))G. Thus σ∗(M) =

(M ⊗H0
I)

G = (M ⊗H0
I)

G0
I′ by Lemma 3.5.

On the other hand, Donkin in [5] defines the induced comodule, denoted by σ0(M),
as an H0

I-subcomodule of M ⊗H0
I by

σ0(M) = {
∑

mi⊗fi ∈M⊗H0
I | (1⊗σ0⊗1)(1⊗∆0

H)(
∑

mi⊗fi) = (ρM⊗1)(
∑

mi⊗fi)}.

Proposition. σ0(M) = σ∗(M) for each G-module M in C ′.

Proof: Since σ∗(M) = (M ⊗H0
I)

G0
I′ , both σ0(M) and σ∗(M) are subsets of M ⊗H0

I .
We first show σ0(M) ⊆ σ∗(M). If

∑
mi ⊗ fi ∈ σ0(M), then

δ(
∑

mi ⊗ fi) = (1⊗ T (m0
G ⊗ 1))(ρM ⊗ γ0

G ⊗ 1)(1⊗ (σ0 ⊗ 1)∆0
H)(

∑
mi ⊗ fi)

= (1⊗ T (m0
G ⊗ 1))(ρM ⊗ γ0

G ⊗ 1)(ρM ⊗ 1)(
∑

mi ⊗ fi)

= (1⊗ T (m0
G ⊗ 1))(1⊗ 1⊗ γ0

G ⊗ 1)((ρM ⊗ 1)ρM ⊗ 1)(
∑

mi ⊗ fi)

= (1⊗ T (m0
G ⊗ 1))(1⊗ 1⊗ γ0

G ⊗ 1)((1⊗∆0
G)ρM ⊗ 1)(

∑
mi ⊗ fi)

= (1⊗ T )(1⊗ (m0
G(1⊗ γ0

G)∆0
G)⊗ 1)(ρM ⊗ 1)(

∑
mi ⊗ fi)

= (1⊗ T )(1⊗ u0
Gε

0
G ⊗ 1)(ρM ⊗ 1)(

∑
mi ⊗ fi)
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Here we have used the identity m0
G(1⊗γ0

G)∆0
G = u0

Gε
0
G for the Hopf algebra G0

I′ . Then
by the counitary condition, (1⊗ ε0

G)ρM(m) = m⊗ 1 for all m ∈M , we have

δ(
∑

mi ⊗ fi) = (
∑

mi ⊗ fi)⊗ 1

and
∑
mi ⊗ fi ∈ σ∗(M).

The inclusion map ι : σ0(M) → σ∗(M) is a homomorphism of H0
I-comodules.

The evaluation map e : σ0(M) → M defined by Donkin is given by e(
∑
mi ⊗ fi) =∑

fi(1)mi = (
∑
mi ⊗ fi)(1). Thus we have the commutative diagram

σ0(M)
ι→ σ∗(M)

e ↓ ↙ ev
M

.

However, both modules σ0(M) and σ∗(M) together with the evaluation maps satisfy
the Frobenius reciprocity. Therefore ι has to be an isomorphism and the two sets are
the same.

Remark. Let H be the distribution algebra of an affine algebraic group and G the
distribution algebra of a closed subgroup. If we consider the admissible categories
as the categories of rational modules of the algebraic groups, then the induction we
defined here is the same as the induction defined for group schemes.

3.7. It follows from Corollary 1.8 that the category C ′ has enough injective objects.
So the right derived functors Rnσ∗ of σ∗ can be defined. The following proposition
can be found in [15] (2.7-2.9), which is proved over a field there, but it can be easily
extended over A, which is a Dedekind domain.

Proposition. (A) (Generalized Tensor Identity) Rnσ∗(σ
∗(N)⊗M) ∼= N ⊗Rnσ∗(M)

is an isomorphism of H-modules in C for each A-flat H-module N in C and G-module
M in C ′.

(B) If γG and γH are bijective, then followings are equivalent:

(i) σ∗ is exact,

(ii) σ∗(H0
I) is injective in C ′,

(iii) σ∗(Q) is injective in C ′ for some injective module Q in C,
(iv) σ∗(Q) is injective in C ′ for all injective module Q in C.

3.8. Proposition. Suppose that A is a field and H is a flat module over G. If
σ∗(C(N)) = C ′(σ∗(N) for each H-module N (not necessarily in C), then σ∗ is exact.
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Proof: Let M be a G-module in C ′. Then we have the isomorphism of vector spaces

HomA(H ⊗G M,A) ∼= HomG(M,σ∗(HomA(H,A))

= HomG(M,C ′σ∗(HomA(H,A))

= HomG(M,σ∗C(HomA(H,A))

= HomG(M,σ∗H0
I).

Since σ∗H0
I is injective if and only if HomG(?, σ∗H0

I) is exact, we only need to show
that the functor HomA(H⊗G?, A) is exact. However H⊗G? is exact since H is flat over
G. Since A is a field, then A is injective in the category of all vector spaces over A.
Now the proposition follows from Proposition 3.7.

4 Normal Hopf subalgebras

4.1. Let H be a Hopf algebra. We define the following operators:

φr : H ⊗H → H by φr(x⊗ y) =
∑

x(1)yγ(x(2)),

φl : H ⊗H → H by φl(y ⊗ x) =
∑

γ(x(1))yx(2).

In general φr and φl are not coalgebra homomorphisms (if H is not commutative).
However φr and φl do commute with the counit maps. In fact, the counit map ε :
H → A is a homomorphism of algebras, and

ε(φr(x⊗ y)) =
∑

ε(x(1))ε(y)ε(γ(x(2))) =
∑

ε(x(1))ε(γ(x(2)))ε(y) = ε(x)ε(y).

Definition. Let D ⊆ H be a Hopf subalgebra. We call D left (or right) normal
if φl(D ⊗ H) ⊆ D (or φr(H ⊗ D) ⊆ D). D is called normal if it is both left and
right normal. One can verify that φl (or φr) makes H into a right (or left) H-module.
Thus D is left (or right) normal if and only if D is a submodule of H with the module
structure defined by φl (or φr).

Remarks. (1) The definition given here is motivated by the definitions given by
Yanagihara [18] (Section 12) and by Parshall-Wang in [15]. In the former reference, H
is assumed to be cocommutative.

(2) If H is cocommutative or commutative, then the left normality and the right
normality are equivalent. This is clear from the definition if H is cocommutative. If H
is commutative, then γ2 = id and γ is an automorphism ([16] 4.0.1). (Compare with
[15](1.5.1).)

Example. Let G be an algebraic group scheme over an algebraically closed field A
and G1 a closed subgroup scheme. Then we have Dist(G1) ⊆ Dist(G). G1 is normal
in G if and only if Dist(G1) is normal. [18](12.12).
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4.2. In general, let (C,∆C , εC) be a coalgebra. Then HomA(C,H) is an associative
A-algebra with the multiplication defined by f ∗g = mH(f⊗g)∆C and the identity uH ◦
εC . Each element g ∈ Homcoalg(C,H) has a multiplicative inverse γ◦g in HomA(C,H),
which is an anti-homomorphism of coalgebras. Let G(C) be the multiplicative group
generated by Homcoalg(C,H) in HomA(C,H). (Compare with the definition of quantum
groups by PW in [15].) One can easily see that all elements in G(C) commutes with
the counits, i.e., εH(g(c)) = εC(c) for all g ∈ G(C) and c ∈ C.

Take the coalgebra C = H ⊗H. Let p1 (or p2) : C → H be the projection defined
by p1(h⊗ d) = εH(d)h (or p2(d⊗ h) = εH(d)h. Then p1 and p2 are homomorphism of
coalgebras. It is easily checked that φr = p1 ∗ p2 ∗ γp1 and φl = γp2 ∗ p1 ∗ p2.

Proposition. Let h, d ∈ H. Then

hd =
∑

φr(h(1) ⊗ d)h(2) and dh =
∑

h(1)φl(d⊗ h(2)).

Proof: Let C = H ⊗ H be as before. φr ∗ p1 = p1 ∗ p2 and p2 ∗ φl = p1 ∗ p2. For
x⊗ y ∈ C, we have

p1 ∗ p2(x⊗ y) = mH(p1 ⊗ p2)∆C(x⊗ y)
= mH(

∑
(εH(y(1))x(1) ⊗ εH(x(2))y(2)))

= mH(
∑

εH(x(2))x(1) ⊗
∑

εH(y(1))y(2) = m(x⊗ y) = xy;

(p2 ∗ φl)(x⊗ y) = m(p2 ⊗ φl)(
∑

((x(1) ⊗ y(1))⊗ (x(2) ⊗ y(2))))

= m(
∑

(εH(x(1))y(1) ⊗ φl(x(2) ⊗ y(2))))

= m(
∑

(y(1) ⊗ φl(
∑

(εH(x(1))x(2) ⊗ y(2)))))

=
∑

y(1)φl(x⊗ y(2)).

Similarly we have φr ∗ p1(x⊗ y) =
∑
φr(x(1) ⊗ y)x(2) and the proposition follows.

Let D be a normal Hopf subalgebra of H and ID be the augmentation ideal of D.
We denote by < ID > the two-sided ideal in H generated by ID.

Corollary. < ID >= IDH = HID is a Hopf ideal in H.

Proof: IDH = HID is a two-sided ideal inH by the Proposition. The inclusion relation
ID ⊆ IDH ⊆< ID > gives the equalities in the corollary. That < ID > is a Hopf ideal
follows from the fact that ID is a Hopf ideal in D.

Definition. We call the Hopf algebra H/IDH the quotient Hopf algebra of H by the
normal Hopf subalgebra D and denote it by H/D.
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4.3. Proposition. Let σ : H → G be a homomorphism of Hopf algebras. If G1 is
a left (or right) normal Hopf subalgebra of G, then σ−1(G1) is also a left (or right)
normal Hopf subalgebra of H.

Proof: We use φH
l and φG

l to denote the operations as in 4.1 on H and G respectively.
The proposition follows from σ ◦ φH

l = φG
l ◦ (σ ⊗ σ), which can be verified easily since

σ is a map of Hopf algebras.

Examples. (1) A is a normal Hopf subalgebra of H for any Hopf algebra H.

(2) If σ : H → G is a homomorphism of Hopf algebras, then σ−1(A) is a normal
Hopf subalgebra of H.

(3) If D is a normal Hopf subalgebra of H and σ : H → H/D is the canonical
projection, then σ−1(A) is a normal Hopf subalgebra of H such that D ⊆ σ−1(A) and
H/D = H/σ−1(A). But in general, D 6= σ−1(A).

Remark. Unlike the normal subgroups in a group, the normal Hopf subalgebra is not
uniquely determined by its quotient. There are two normal Hopf subalgebras with one
strictly contained in the other one, but they may have the same quotient Hopf algebra.

4.4. Proposition. Let D be a left (or right) normal Hopf subalgebra of H and M
a left (or right) H-module. Then the D-fixed point set MD is an H-submodule of M .
If D is normal, then MD is an H/D-module.

Proof: We will show the proposition for left H-module M only. If m ∈ MD, we need
to show hm ∈MD for all h ∈ H. Let d ∈ D. By Proposition 4.2 and the left normality
of D, we have,

d(hm) = (dh)m =
∑

h(1)φl(d⊗ h(2))m =
∑

h(1)εH(φl(d⊗ h(2)))m

=
∑

h(1)εH(d)εH(h(2))m = εH(d)hm

for all d ∈ D. Thus hm ∈MD.

For each m ∈ MD and
∑
hidi ∈ HID,

∑
hidim =

∑
hiε(di)m = 0. Thus HID is

in the kernel of the homomorphism H → EndA(M). Therefore it induces a homomor-
phism H/HID → EndA(MD).

4.5. In the rest of this section, we fix a normal Hopf subalgebra D in H. Let I ′
(or I ′′) be a flat admissible set of ideals in D (or G = H/D). We assume that the
embedding σ : D → H and the projection map π : H → G are compatible. We further
assume that I ′′ is equivalent to {π(I) | I ∈ I}, which is also an admissible set of ideals
in G. Denote by C ′ and C ′′ the corresponding admissible categories with respect to I ′
and I ′′ respectively. The restriction functors σ∗ and π∗ are defined.

Lemma. {π(I) | I ∈ I} and I ′′ are equivalent if and only if C ′′ is equivalent to the
full subcategory of all D-trivial H-modules in C under the functor π∗.
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Proof: It is clear that π∗ : C ′′ → C is a faithful functor since π is compatible. Suppose
the two sets of ideals are equivalent. For each D-trivial H-module M in C, there
exists an H/D-module N such that M = π∗(N) by 4.4. For each n ∈ N , one has
π−1(AnnH/D((H/D)n)) = AnnH(Hn). By the assumption, there exists I ′′ ∈ I ′′ such
that I ′′ ⊆ AnnH/D((H/D)n). Thus N is in C ′′. The other direction can be checked
similarly by considering the modules H/(I +HID) for I ∈ I.

4.6. Let G1 be a Hopf subalgebra in G = H/D and H1 be a Hopf subalgebra in H
such that D ⊆ H1 and π(H1) = G1. We assume that the admissible categories for H1

and G1 are inherited from the admissible categories for H and G respectively. From
now on, we call a module rational if it is in the given admissible category (which will
be clear from the context). We denote by π1 : H1 → G1 the restriction of π. Since π
is compatible, π1 is also compatible. For each rational G1-module N , π∗1(N) = π∗(N)
is a rational H1-module, on which D acts trivially.

We denote by IndH
H1

and IndG
G1

the induction functors (from Hopf subalgebras with
the inherited admissible categories) respectively. For simplicity, we still assume that
all antipodes are bijective.

Proposition. π∗ ◦ IndG
G1
∼= IndH

H1
◦ π∗1.

Proof: Let N be a rational G1-module. The natural map φN : π∗HomG1(G,N) →
HomH1(H, π

∗
1(N)), defined by φ(f̃) = f̃ ◦ π : H → π∗1(N) for f̃ ∈ HomG1(G,N), is an

isomorphism of H-modules. φ−1
N is defined as follows: HomH1(H, π

∗
1(N)) is D-trivial

by 4.2 and the D-triviality of π∗1(N). For each f ∈ HomH1(H, π
∗
1(N)), f(IDH) =

εH(ID)f(H) = {0}. Let φ−1(f) be the induced map f̃ : G → N . It is easily verified
that f̃ ∈ HomG1(G,N). It follows from Lemma 4.5 that f ∈ C(HomH1(H, π

∗
1(N))) if

and only if f̃ ∈ C ′′(HomG1(G,N)) for each f̃ ∈ HomG1(G,N). It is clear that φ is
natural. So the proposition follows.

4.7. Note that the functor π∗ is exact. IndG
G1

is left exact and sends injective objects

to injective objects. Thus we have an isomorphism Rn(π∗ ◦ IndG
G1

) ∼= π∗ ◦ RnIndG
G1

of
functors arising from a Grothendieck spectral sequence. On the other hand, in order
to get a Grothendieck spectral sequence for the composition IndH

H1
◦ π∗1 of functors, we

need π∗1 to send injective objects to IndH
H1

-acyclic objects.

Proposition. If IndH1
D and IndH

D are both exact, then π∗1 sends injective objects to
IndH

H1
-acyclic objects. Furthermore we have RnIndH

H1
◦ π∗1 ∼= π∗ ◦RnIndG

G1
.

Proof: It follows from Corollary 1.8 that each injective module in C is a direct summand
of Q⊗H0

I for some injective A-module Q. Keeping in mind that all functors involved
are additive and commute with direct sums, one can copy the second part of the proof
in ([7] I 6.11).
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Remark. If D is the distribution algebra of a normal algebraic subgroup of an
algebraic group with distribution algebra H, the condition in the proposition is always
satisfied and the result is classical (cf. [7] I, 6.5).

4.8. In this and next two subsections we assume that A is a field. Let π : H →
H/D = G be as in 4.5 with certain fixed admissible categories. Then all the simple
modules will be finite-dimensional.

Proposition. Suppose each simple D-module is the restriction of a simple H-module
to D. Then

(i) SocD(M) is an H-submodule of M for each rational H-module M ,

(ii) each semisimple H-module is still semisimple when restricted to D,

(iii) if HomD(L1, L1) is 1-dimensional over A for all simple D-module L1, then an
H-module is simple if and only if it has the form π∗(L) ⊗ L1 for a simple D-module
L1 and a simple G-module L.

Proof: Let L be a simple H-module such that the restriction L1 of L to D is also
simple. Then HomD(L1,M) is an H-module. Similar to [7] (I, 2.14(3)), we consider
the injective map φL1 : HomD(L1,M) ⊗ L1 → M defined by φL1(f ⊗ x) = f(x). For
each h ∈ H,

φL1(h(f ⊗ x)) = φL1(
∑

h(1)f ⊗ h(2)x) =
∑

(h(1)f)(h(2)x) =
∑

h(1)f(γ(h(2))h(3)x)

=
∑

h(1)f(ε(h(2))x) =
∑

h(1)ε(h(2))f(x) = hf(x) = hφL1(f ⊗ x)

shows that φL1 is a homomorphism of H-modules. Since HomD(L1,M) is a trivial D-
module, Im(φL1) is a semisimple D-module and SocD(M) =

∑
Im(φL1). Here the sum

is taken over all simple D-modules L1. Therefore the D-socle of M is an H-module
and (i) follows. (ii) is a consequence of (i) by taking M simple.

To show (iii), takeM simple in (i). Choose L1 such that φL1 6= 0, which has to be an
isomorphism. Thus M is a tensor product as in (iii). Conversely, let M = π∗(L)⊗L1.
Each y ∈ π∗(L) defines a map fy : L1 →M by fy(x) = y⊗x. This is a homomorphism
of D-modules since fy(dx) = y ⊗ dx = d(y ⊗ x). This defines an injective H-module
map π∗(L)→ HomD(L1,M). In fact, for h ∈ H,

(hfy)(x) =
∑

h(1)(fy(γ(h(2))x)) =
∑

h(1)(y ⊗ γ(h(2))x) =
∑

h(1)y ⊗ h(2)γ(h(3))x

=
∑

h(1)y ⊗ ε(h(2))x = hy ⊗ x.

By tensoring L1 , one can show that the above defined map gives an isomorphism
π∗(L) ∼= HomD(L1,M) of H-modules. HomD(L1,M1) 6= 0 is an H-submodule of π∗(L)
for any H-submodule M1 6= 0 of M . Hence, π∗(L)⊗ L1 ⊆ HomD(L1,M1)⊗ L1 ⊆ M1

and M is simple.
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Remark. Compare the proof (iii) with the one in [4]. In the case of quantum algebras,
(i) and (ii) are proved in [2] 3.3–3.4.

We call a Hopf algebra H together with an admissible category C split over the field
A if HomH(L,L) is 1-dimensional over A for every simple object L in C.

4.9. We assume that D is split over A and each simple D-module is the restriction
of a simple H-module to D.

Lemma. If all finite dimensional rational G-modules are semi-simple, then Soci
DM =

Soci
HM for all finite dimensional rational H-modules M in the admissible category for

H and all i.

Proof: We show the proposition for i = 1 only. It follows from 4.8 that SocHM ⊆
SocDM . On the other hand, HomD(L1,M) is a semisimple H-module since all finite
dimensional G-modules are semisimple. Hence Im(φL1) = HomD(L1,M) ⊗ L1 and
SocDM are semisimple as H-modules by 4.8 (iii).

Proposition. Suppose IndH
D is exact. If all finite dimensional rational G-modules are

semisimple, then the injective hull of a simple D-module L in the admissible category
for D is the restriction of the injective hull of L in the admissible category for H.

Proof: Let Q be the H-injective hull of L and Q1 the D-injective hull of L (restricted
to D). Since IndH

D is exact, then Q is injective as D-module by 3.7. Since L is a
D-submodule of Q, we can take Q1 as a D-submodule of Q. Let M 6= 0 be any finite
dimensional H-submodule of Q. Then SocDM = SocHM = L. Thus M ⊆ Q1 and
Q ⊆ Q1 since Q is locally finite as H-module. Thus Q1

∼= Q as D-modules.

5 Induction theory for Hopf subalgebras of quan-

tum enveloping algebras

5.1. Let v be an indeterminate and g a complex semisimple Lie algebra with Cartan
matrix (aij)1≤i,j≤n. The quantum enveloping algebra U is a Z[v, v−1]-algebra with

generators E
(m)
i , F

(m)
i , K±1

i (i = 1, . . . , n, and m ≥ 0) and some relations related to

the Cartan matrix (aij). Here E
(m)
i = Em

i /[m]!di
, F

(m)
i = Fm

i /[m]!di
and {d1, . . . , dn}

is a sequence of positive integers such that (diaij) is symmetric. For more detailed
definition and notations, one is referred to [1, 13, 14]. Let A be a Dedekind domain
and Z[v, v−1]→ A be a homomorphism of rings. Define UA = U ⊗Z[v,v−1] A. Then UA

is a Hopf algebra over A which is free over A. The following situations are of special
interest:

(i) A is a field and the image of v (denoted by v as well) is not a root of 1;
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(ii) A is a field of characteristic 0 and v is an l-th primitive root of 1 for some odd
integer l. For example, let A be the l-th cyclotomic field over Q;

(iii) Let l = pr for an odd prime integer p and a positive integer r in (ii). Let
A = Z[v] be the ring of integers in the l-th cyclotomic field over Q.

The category of all integrable UA-modules (cf. [10]) is a direct sum of 2n equivalent
subcategories. It is proved in [1] that the subcategory C of integrable UA-modules
of type 1 is an admissible category with the corresponding coordinate Hopf algebra
(UA)0

IC (which is denoted by A[U ] in [1]). If the root system if type An−1, Polo proves
in the Appendix to [1] that (UA)0

IC is isomorphic to the quantum coordinate algebra
A[SLq(n)] of the quantum special linear group SLq(n) defined by Parshall and Wang
in [15] (with v = q−1). (One can modify Polo’s proof to get the isomorphism over
Dedekind domains.)

Lemma. If the root system is of type An−1, then the category of all integrable UA-
modules of type 1 is equivalent to the category of all rational modules for the quantum
special linear group SLq(n).

5.2. Let U≤0
A be the subalgebra of UA generated by {F (m)

i ,
[

Ki

t

]
, K±

i }, which is

an A-free Hopf subalgebra of UA. Let I be the flat admissible set of ideals in UA

corresponding to the flat admissible category C. Let I ′ be the admissible set of ideals in
U≤0

A inherited from I and C ′ the corresponding admissible category. Then C ′ consists of
all those locally finite U≤0

A -modules with weight space decompositions and of type 1 (cf.
[1]). Thus the embedding U≤0

A → UA is compatible with respect to the categories given
above. In this situation, the induction functor defined in 3.1 is exactly the same as the
one defined by APW in [1]. The map (UA)0

I → (U≤0
A )0

I′ of 1.9 is given by assigning to
each f ∈ (UA)0

I the restriction f |
U≤0

A
of f to U≤0

A . If the root system is of type An−1, one

can check that Xij|U≤0
A

= 0 if i < j in the proof of the isomorphism (UA)0
I → A[SLq(n)]

in ([1] 12.7). So we have an induced homomorphism of Hopf algebras: A[SLq(n)]/ <
Xij | i < j >→ (U≤0

A )0
I′ . Here A[SLq(n)]/ < Xij | i < j > is the coordinate algebra

A[Bq] of the quantum Borel subgroup Bq of lower triangular matrices as in [15]. We
claim that this homomorphism is an isomorphism. By constructing a basis {Is}s∈N

for I ′ such that Is+1 ⊆ Is for all s ∈ N, one can show that (U≤0
A )0

I′ is A-projective.
Using the construction of a basis for A[SLq(n)] in [1]( 12.9–12.11), one can get a basis
for A[Bq]. Thus A[SLq(n)] is A-free. The isomorphism follows from the argument in
[1](12.12).

Theorem. If the root system is of type An−1, then

(i) (U≤0
A )0

I′
∼= A[Bq] (with v 7→ q−1),
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(ii) the induction functor defined by Andersen in [1] and the induction functor

Ind
SLq(n)
Bq

defined by Parshall and Wang in [15] are isomorphic through the category

equivalence in 1.8 and the isomorphism (UA)0
I → A[SLq(n)] constructed by Polo.

Proof: (i) follows from the above argument and (ii) follows from 3.6, (i) and 1.8 since
Parshall and Wang use the induction functor defined by Donkin.

5.3. In the rest of this section, we assume that the image of v in A is an l-th primitive
root of 1 with a fixed odd integer l and 3 6 | l if the root system has a component G2.

UA is generated as algebra by {K±1
i , Ei, Fi, E

(l)
i , F

(l)
i }. The subalgebra u generated by

{K±1
i , Ei, Fi} is a Hopf subalgebra, which is A-free of finite rank [13, 14].

Proposition. The Hopf subalgebra u is a normal Hopf subalgebra of UA.

Proof: It follows from 4.1 that u is left normal if and only if φl(u ⊗ S) ⊆ u for a
generating set S of the algebra UA. So it suffices to show φl(u⊗x) ⊆ u and φl(x⊗u) ⊆ u

for x = F
(l)
i , E

(l)
i with i = 1, · · · , n. It follows from Lusztig [14] that

∆(E
(l)
i ) =

l∑
b=0

vdib(l−b)E
(l−b)
i Kb

i ⊗ E
(b)
i .

Thus we have, for each x ∈ u,

φl(x⊗ E(l)
i ) =

l∑
b=0

vdib(l−b)γ(E
(l−b)
i Kb

i )xE
(b)
i

= γ(E
(l)
i )x+K l

ixE
(l)
i +

l−1∑
b=1

vdib(l−b)γ(E
(l−b)
i Kb

i )xE
(b)
i .

The last term is in u. Note that γ(E
(l)
i ) = (−1)lvdil(l−1)K−l

i E
(l)
i , v is an l-th root of 1,

l is odd, and K2l
i = 1. Thus we have γ(E

(l)
i ) = −K lE

(l)
i and φl(x ⊗ E(l)

i ) ∈ u if and

only if [x,E
(l)
i ] = xE

(l)
i −E

(l)
i x ∈ u since K l ∈ u. But this has been proved by Lusztig

in [14] (8.5). A similar argument will show φl(x⊗ F (l)
i ) ∈ u by using the formulas

∆(F
(l)
i ) =

l∑
a=0

vdia(l−a)F a
i ⊗K−a

i F
(l−a)
i ,

γ(F
(l)
i ) = (−1)v−dil(l−1)F

(l)
i K l

i ,

keeping in mind that K l
i is central in UA.

5.4. For notational simplicity, we drop the subscript A and denote U = UA. Our
goal is to prove that the induction functors from u to U and to uU≤0 are exact. So

24



we can apply 4.7 in this case. Since the admissible category for U is the category of
all integral U -modules of type 1, on which K l

i acts as identity, the ideal generated by
{K l

i − 1} is a Hopf ideal of U and is contained in every ideal in I. Therefore we will
consider the Hopf algebra Ũ = U/ < K l

i − 1 | i = 1, · · ·n > and its Hopf subalgebra
ũ, which is the image of u in Ũ . These algebras have been discussed in [13] and they
have the following properties:

(i) ũ ∼= ũ+ ⊗ ũ0 ⊗ ũ− as A-modules, therefore it has basis∏
E(nα)

α

∏
Ki,ti

∏
F (mα)

α (0 ≤ ti, nα,mα ≤ l − 1),

and Ũ ∼= Ũ+ ⊗ Ũ0 ⊗ Ũ− as A-modules with basis∏
E(nα)

α

∏
Ki,ti

∏
F (mα)

α (0 ≤ ti, nα,mα).

Here, Ki,t = K−t
i

[
Ki

t

]
and

[
Ki

t

]
=

[
Ki;0

t

]
. (See [1, 13, 14] for notations in U .)

(ii) ũ is a normal Hopf subalgebra of Ũ since the quotient map U → Ũ is a surjective
map of Hopf algebras and φ̄r(h̄⊗ d̄) = φr(h⊗ d) for all h ∈ U and d ∈ u.

(iii) Let G = Ũ/ũ. The ideal Iũ of ũ is generated by {Eα, Fα, Ki−1}. Therefore the
ideal ŨIũ is the ideal in Ũ generated by {Eα, Fα, Ki−1} as well. It follows from Lusztig
[14] that G is isomorphic to the distribution algebra of the simply connected semisimple
algebraic group scheme defined over A with the same root system. G = G+⊗G0⊗G−

has a basis
{∏

E(nα)
α

∏
Ki,ti

∏
F (mα)

α | 0 ≤ ti, nα,mα

}
. The quotient map π : Ũ → G is

given by π(E
(nl)
i ) = E

(n)
i , π(Ki,lti) = Ki,ti , π(F

(lm)
i ) = F

(m)
i and π(E

(n)
i ) = π(F

(n)
i ) = 0

if l - n. With respect to the basis given above, we can define an A-linear map ψ : G→ Ũ
such that

ψ(
∏
E(nα)

α

∏
Ki,ti

∏
F (mα)

α ) =
∏
E(lnα)

α

∏
Ki,lti

∏
F (lmα)

α .

It is clear that π ◦ ψ = 1G.

5.5. Theorem. The multiplication map m : ũ ⊗ ψ(G) → Ũ is an isomorphism of
A-modules.

Proof: By considering the bases, we have the following identifications of A-modules.

ψ(G) = ψ(G−)⊗ ψ(G0)⊗ ψ(G+),

ũ = ũ+ ⊗ ũ0 ⊗ ũ−,
Ũ = Ũ− ⊗ Ũ0 ⊗ Ũ+.

Lusztig has shown in [14] (8.8) that the multiplication map gives an isomorphism of
A-modules ψ(G+) ⊗ ũ+ → Ũ+. On the other hand, the multiplication maps give rise
to the isomorphisms

Ũ+ ⊗ ũ0 m→ Ũ+ũ0, ũ0Ũ+ m← ũ0 ⊗ Ũ+.
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Similarly, we have the isomorphisms: ũ− ⊗ Ũ≥0 m→ ũ−Ũ≥0 = Ũ≥0ũ−
m← Ũ≥0 ⊗ ũ−.

Using the commutativity of the algebra Ũ0, we can show that the multiplication map
ψ(G0)⊗ ũ0 → Ũ0 is an isomorphism of A-algebras. Putting all the above isomorphisms
together one can get the isomorphism in the theorem.

Let G1 be one of the subalgebras G0, G+, G−, G≥0 and G≤0 of G and Ũ1 be one
the subalgebras Ũ0, Ũ+, Ũ−, Ũ≥0 and Ũ≤0 of Ũ corresponding to G1 (i.e., with the
same superscript). By considering the restriction of the isomorphism in the theorem
we get

Corollary. The multiplication map m : ũ ⊗ ψ(G1) → ũψ(G1) = ũŨ1 is an isomor-
phism of A-modules.

5.6. Let G1 and Ũ1 be as above. Let the PBW type basis be taken according to
the tensor product decompositions G = G− ⊗G0 ⊗G+ and Ũ = Ũ− ⊗ Ũ0 ⊗ Ũ+ with
the same chosen order in the set of positive roots for both G and Ũ . It follows from
the definition of ψ that ψ(G1) ⊆ Ũ1 and ψ is compatible with the tensor product
decompositions (i.e., ψ has a tensor product decomposition too).

Lemma. The restriction ψ|G1 is a homomorphism of algebras.

Proof: If G1 = G+ (or G−), this follows from ([14] 8.6). If G1 = G0 and Ũ1 = Ũ0,
which are commutative, we can use the identity of ([13] 6.2(c))

Ki,tKi,t′ =
t′∑

j=0

(−1)j+1v−tj
[

t+j−1

j

]
di

Ki,tKi,t′−j + v−tt′
[

t+t′

t

]
di

Ki,t+t′

in U over Z[v, v−1]. In G, the above identity becomes

[
Ki

t

][
Ki

t′

]
=

t′∑
j=0

(−1)j+1
(

t+j−1

j

)[
Ki

t

][
Ki

t′−j

]
+

(
t+t′

t

)[
Ki

t+t′

]

by taking v = 1 and Ki = 1 into account. Similarly in Ũ we have

[
Ki

tl

][
Ki

t′l

]
=

t′l∑
j=0

(−1)j+1
(

t+j−1

j

)[
Ki

tl

][
Ki

(t′−j)l

]
+

(
t+t′

t

)[
Ki

(t+t′)l

]

by identifying vl = 1 and K l
i = 1 and using the fact that l is odd. However, the

above identities determine the multiplications in G0 and Ũ0 respectively. Therefore ψ
preserves the multiplications in this situation.
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Recall from ([13] 2.3 (g9), (g10)), we have the following identities in U over Z[v, v−1]

[
Ki;−c

t

]
=

t∑
j=0

(−1)jvc(t−j)
[

c+j−1

j

]
di

Kj
[

Ki

t−j

]
,

[
Ki;c

t

]
=

t∑
j=0

vc(t−j)
[

c

j

]
di

K−j
[

Ki

t−j

]

for t, c ≥ 0 (c > 0 in the first identity). Similarly we can get the corresponding formulas
in G and Ũ as follows: in G we have[

Ki;−c

t

]
=

t∑
j=0

(−1)j
(

c+j−1

j

)[
Ki

t−j

]
,

[
Ki;c

t

]
=

t∑
j=0

(
c

j

)[
Ki

t−j

]

and in Ũ we have [
Ki;−cl

tl

]
=

t∑
j=0

(−1)j
(

c+j−1

j

)[
Ki

(t−j)l

]
,

[
Ki;cl

tl

]
=

t∑
j=0

(
c

j

)[
Ki

(t−j)l

]
.

This identities shows that ψ(
[

Ki;c

t

]
) =

[
Ki;lc

lt

]
for all c ∈ Z.

Let G1 = G≥0 (or G≤0). Since ψ is multiplicative restricted to G0 and G+ (or G−),

using E
(c)
j

[
Ki

t

]
=

[
Ki;−caij

t

]
E

(c)
j one can see that ψG1 is multiplicative.

5.7. Let X be the weight lattice of the root system R of g and S = {α1, · · · , α} the
set of simple roots in R. Each λ ∈ X defines an algebra homomorphism (still denoted

by λ) λ : Ũ0 → A such that λ(Ki) = vdi〈λ,α∨i 〉 and λ(
[

Ki

l

]
) =

[
〈λ,α∨i 〉

l

]
di

. Let I(λ) be

the kernel of λ. Then I(λ) is generated by{
Ki − vdi〈λ,α∨i 〉,

[
Ki

l

]
−

[
〈λ,α∨i 〉

l

]
di

| i = 1, · · · , n
}
.

If M is a Ũ0-module and λ ∈ X, set Mλ = {m ∈ M | hm = λ(h)m for all h ∈
Ũ0}. Then

∑
λ∈X Mλ is a Ũ0-submodule of M . M is said to have a weight space

decomposition if M =
∑

λ∈X Mλ. If M is A-flat, then
∑

λ∈X Mλ = ⊕λ∈XMλ. If A is a
field and dimAM is finite, the character of M is defined as chM =

∑
λ dimAMλe(λ),

which is an element of the group ring Z[X] with basis {e(λ) | λ ∈ X}.
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For a finite set {λ1, · · · , λs} of weights, set I(λ1, · · · , λs) = I(λ1)∩I(λ2)∩· · ·∩I(λs).
A Ũ0-module M which is finitely generated over A has a weight space decomposition
if and only if I(λ1, . . . , λs) ⊆ AnnŨ0(M) for some finite set {λ1, . . . , λs}. Let I be the
admissible set of ideals of Ũ corresponding to the category of integrable Ũ -modules.
It is proved in [1] (1.29) that I ∈ I if and only if it contains some I(λ1, · · · , λs) and

E
(n)
i , F

(m)
i for all n > nI , m > mI and i = 1, · · · , n with some fixed nI ,mI .

Consider the map π : Ũ → G. Then π(
[

Ki

ml

]
) =

[
Ki

m

]
=

(
Hi

m

)
withHi = EiFi−FiEi

inG. Similarly, for each integral weight λ we define the ideal I ′′(λ) ofG0 as the kernel of

the algebra homomorphism λ : G0 → A with λ(
[

Ki

t

]
) =

(
〈λ,α∨〉

t

)
and I ′′(λ1, · · · , λs) =

I ′′(λ1) ∩ · · · ∩ I ′′(λs). Let I ′′ be the flat admissible set of ideals in G corresponding to
the category of rational G-modules. Then following [7] (II 1.20), one has the similar

results that I ′′ ∈ I ′′ if and only if I ′′ contains I ′′(λ1, · · · , λs) and all E
(n)
i and F

(m)
i

with n > nI′′ and m > mI′′ for some integral weights λ1, · · · , λs and some integers nI′′

and mI′′ . Let Xl = {µ ∈ X | 0 ≤ 〈µ, α∨i 〉 < l, i = 1, · · · , n}. Each λ ∈ X admits a
decomposition λ = lλ1 + λ0 with λ0 ∈ Xl and λ1 ∈ X.

Lemma. The sets I ′′ and π(I) of ideals in G are equivalent.

Proof: If λ is an integral weight, the ideal I(λ) contains the ideal of Ũ0 generated by{[
Ki

l

]
− 〈λ1, α∨i 〉

}
. Here

[
〈λ,α∨i 〉

l

]
di

= 〈λ1, α∨i 〉. Thus we have ψ(I ′′(λ1)) ⊆ I(λ) since

ψ|G0 is a homomorphism of algebras. Hence ψ(I ′′(λ1
1, · · · , λ1

s)) ⊆ I(λ1, · · · , λs) and

I ′′(λ1, · · · , λs) ⊆ πψ(I ′′(λ1
1, · · · , λ1

s)) ⊆ π(I(λ1, · · · , λs)).

Now suppose I ∈ I. There exist λ1, · · · , λs and nI , mI such that I(λ1, · · · , λs) ⊆ I

and E
(n)
i , F

(m)
i ∈ I for all n > nI , m > mI and i. If I ′′ is the ideal of G generated

by I ′′(λ1
1, · · · , λ1

s) and {E(n)
i , F

(m)
i | nl > nI ,ml > mI}, then I ′′ ⊆ π(I). Conversely, if

I ′′ ∈ I ′′ contains I ′′(λ1, · · · , λs) and {E(n)
i , F

(m)
i | n > nI′′ ,m > mI′′}, we set I equal

to the ideal of Ũ generated by I(lλ1, · · · lλs) and {E(n)
i , F

(m)
i | n > lnI′′ ,m > lmI′′}.

Then I ∈ I and π(I) ⊆ I ′′.

5.8. Let G1 and Ũ1 be as in 5.6. The admissible sets I ′′1 and I1 of ideals in G1 and
ũŨ1 inherited from I ′′ and I respectively can be described as follows:

(i) If G1 = G+ (or G−) and Ũ1 = Ũ+ (or Ũ−), then I ′′1 and I1 are the sets of all
A-cofinite ideals.

(ii) If G1 = G0 and Ũ1 = Ũ0, then I ′′1 consists of all I ′′(λ1, · · · , λs) and I1 consists
of all I(λ1, · · · , λs).

28



(iii) If G1 = G≥0 (or G≤0) and Ũ1 = Ũ≥0 (or Ũ≤0), then I ′′1 consists of all ideals I ′′

of G1, containing some I ′′(λ1, · · · , λs) and {En
i , | n > nI′′} (or {F n

i , | n > nI′′}). The
set I1 for Ũ1 can be described similarly.

A similar argument as in 5.7 can show that π1(I1) and I ′′1 are equivalent. Here
π1 : G1 → Ũ1 is the restriction map of π.

Lemma. If I ∈ I1, then there exists I ′′ ∈ I ′′1 such that ψ(I ′′) ⊆ I.

Proof: Let G1 = G+ (or G−) and Ũ1 = Ũ+ (or Ũ−). If I ∈ I1 contains {E(n)
i | n > nI}

(or {F (n)
i | n > nI} ), consider the ideal I ′′ generated by the set {E(n)

i | ln > nI} (or

{F (n)
i | ln > nI} ). It is clear that the image of the generating set for I ′′ under ψ is

contained in I. Then I ⊇ ψ(I ′′) since ψ is a homomorphism of algebras from G1 to
ũŨ1. For G1 = G0, this has been proved in 5.6 and (ii). For G1 = G≥0 (or G≤0), the
lemma follows from the description of the sets I ′′1 and I1 in (iii) and a similar argument
using the fact that ψG1 is a homomorphism of algebras.

5.9. Theorem. If Ũ1 is one of the subalgebras Ũ0, Ũ≥0 and Ũ≤0 of Ũ , then the

induction functor IndũŨ1
ũ is exact.

Proof: It follows from Corollary 5.5 that the map Homũ(ũŨ1,M) → HomA(G1,M),
given by f 7→ f̃ with f̃(g) = f(ψ(g)), is a natural isomorphism as A-modules for each
ũ-module M . Denote by C1 and C ′′

1 the functors for ũŨ1 and G1 respectively. We
now show that f ∈ C1Homũ(ũŨ1,M) if and only if f̃ ∈ C ′′

1 HomA(G1,M). In fact, by
Lemma 5.8, f̃ ∈ C ′′

1 HomA(G1,M) if f ∈ C1Homũ(ũŨ1,M). Conversely, if f̃(I ′′) = 0
for some I ′′ ∈ I ′′1 , ũψ(I ′′) is a cofinite left ideal of ũŨ1 and the quotient ũŨ1-module
ũŨ1/(ũψ(I ′′)) is in C1. Since

(ũψ(I ′′)f)(ũŨ1) = f(ũŨ1ũψ(I ′′)) = f(ũψ(I ′′)) = ũf(ψ(I ′′) = 0,

we have f ∈ C1Homũ(ũŨ1,M). Note that C ′′
1 HomA(G1,M) = HI′′1 (M). This shows

that the two functors IndũŨ1
ũ and HI′′1 are isomorphic. Thus the theorem follows from

the exactness of the latter one (cf. 1.5).

6 Structure of higher derived functors

6.1. Throughout this section, we assume that A is a field of characteristic 0 in
addition to the assumption in 5.3. We will consider the induction for the following pairs
of Hopf subalgebras of the quantum algebra Ũ : (ũ≤0, ũ), (ũ≤0Ũ0, ũŨ0) and (Ũ≤0, ũŨ≤0).
For each Hopf subalgebra mentioned here, we consider the admissible category inherited
from the admissible category of Ũ -modules.
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Lemma. Let (Ũ1, Ũ2) be one of the pairs of subalgebras of Ũ mentioned above. Then

(i) Ũ2 = Ũ1 ⊗ ũ+ as A-modules.

(ii) With the given admissible categories Ci and the functors Ci, C1(M) = C2(M)
for all Ũ2-modules M .

Proof: (i) follows from the tensor product decomposition ũ = ũ−⊗ũ0⊗ũ+. To show (ii),
one only need to show C1(M) ⊆ C2(M) for each Ũ2-module (M). For each m ∈ C1(M),
let N = Ũ1m be the Ũ1-submodule generated by m. Then the Ũ2-submodule generated
by m is Ũ2m = ũ+N , which is A-finite. In the case (Ũ1, Ũ2) = (ũ≤0, ũ) we are done
since the categories consist of all locally A-finite modules. For the remaining two
situations, we have Ũ0 ⊆ Ũ1 ⊆ Ũ2. An A-finite Ũi-module is in Ci if and only if it has
a weight space decomposition. In our case C1(M) ⊆ ⊕µMµ. Here Mµ is the weight
space of µ in M . Following [11] (5.2), ⊕µMµ is a Ũ2-submodule of M . Therefore we
have Ũ2m ⊆ ⊕µMµ and Ũ2m is in C2.

Corollary. (APW [2] 1.3) The induction functor IndŨ2

Ũ1
is exact.

Proof: It follows from (i) of the lemma that Ũ2 is a free Ũ1-module. Since we have
assumed that A is a field, the corollary follows from 3.8.

6.2. For each integral weight λ, there is a 1-dimensional Ũ≤0-module Aλ, on which Ũ0

acts through the character λ and Ũ− acts trivially. Thus Aλ is a Ũ1-module through
restriction. It follows from (i) in Lemma 6.1 that HomŨ1

(Ũ2, Aλ) ∼= HomA(ũ+, A),

which is finite-dimensional. In case (Ũ1, Ũ2) is of the last two situations, we can choose
the dual basis of ũ+ corresponding to a PBW type basis of ũ+ and use the commutation
relations

E
(n)
j Ki = v−diaijnKiE

(n)
j and E

(n)
j

[
Ki

l

]
=

[
Ki;−naij

l

]
E

(n)
j

to give a weight space decomposition to HomŨ1
(Ũ2, Aλ) as a Ũ0-module via the re-

striction. Recall that the Ũ2-structure is given by (yf)(x) = f(xy) for each y ∈ Ũ2,

f ∈ HomŨ1
(Ũ2, Aλ). This shows IndŨ2

Ũ1
Aλ = HomŨ1

(Ũ2, Aλ) , which has character

e(λ)ch(IndŨ2

Ũ1
A) = e(λ)

∏
α∈R+

1− e(−lα)

1− e(−α)
.

Furthermore one can show that Indũ
ũ≤0(Aλ) ∼= IndũŨ0

ũ≤0Ũ0(Aλ) ∼= IndũŨ≤0

Ũ≤0 (Aλ) as ũ-

modules and ũŨ0-modules respectively.

By [17], all simple ũŨ0-modules are parameterized by X. For each λ ∈ X we denote
by L̂1(λ) the simple ũŨ0-module of highest weight λ. The set of simple ũ-modules are
parameterized by Xl. For each λ ∈ Xl the simple Ũ -module L(λ) (we will use L(µ)
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to denote the simple Ũ -module of the dominant highest weight µ ∈ X) is still simple
when restricted to ũ ([11] (7.1)). In general, each λ ∈ X admits a decomposition
λ = λ0 + lλ1 with λ0 ∈ Xl and λ1 ∈ X. Then one has L̂1(λ) = lλ1 ⊗ L(λ0), which
has a ũŨ≤0-module structure and is ũŨ≤0-simple also. All simple ũŨ≤0-modules are
obtained in this way. By the Frobenius reciprocity,

HomŨ2(L̂1(µ), IndŨ2

Ũ1
(Aλ)) = HomŨ1

(L̂1(µ), Aλ)

and a standard highest weight theory argument, one can show that IndŨ2

Ũ1
(Aλ) has a

unique simple submodule L̂1(λ).

6.3. The simple Ũ -module L(λ) is still simple when restricted to ũ if λ ∈ Xl. Spe-
cially, L((l − 1)ρ) is simple as ũ-module, which is a quotient module of Z((l − 1)ρ) =

ũ⊗ũ≤0 A(l−1)ρ [17]. Now it follows from APW [1] that L((l − 1)ρ) = St = IndŨ
Ũ≤0((l −

1)ρ), which has the character of “Steinberg module” and is injective as Ũ -module
[1](9.10). Comparing the dimensions we have L((l − 1)ρ) = Z((l − 1)ρ), which is sim-
ple as ũ-module. Following [17] (2.16) we consider a Z-filtration of the ũ-injective hull
of L((l − 1)ρ) and conclude that Z((l − 1)ρ) is injective as ũ-module. Thus we have

shown that the injective Ũ -module St = IndŨ
Ũ≤0((l−1)ρ) restricted to ũ is the injective

ũ-module Z((l − 1)ρ).

Proposition. (APW [2] 4.8) The induction functor IndŨ
ũ is exact.

Proof: This follows from 3.7.

If we set (H,D,G) = (Ũ , ũ, G) in 4.9, all the conditions we assumed there are
satisfied. (The conditions in 4.5 were verified in 5.7.) Denote by Q1(λ) the injective
hull of the ũ-module L1(λ) for λ ∈ Xl and Q(λ) the injective hull of the Ũ -module
L(λ) for λ ∈ X+.

Corollary. (APW [2] 4.6) If λ ∈ Xl, then the injective ũ-module Q1(λ) is the re-
striction of Q(λ) to ũ.

6.4. Theorem. If M is a G≤0-module, then there is an isomorphism of Ũ-modules

RnIndŨ
ũŨ≤0(π∗1(M)) ∼= π∗(RnIndG

G≤0(M)).

Proof: By 5.9, IndũŨ≤0

ũ is exact and by the above proposition IndŨ
ũ is exact. Now the

theorem follows from 5.7 and 4.7.

Corollary. If λ = λ0 + lλ1 with λ0 ∈ Xl, and L̂1(λ) = lλ1 ⊗ L(λ0) is the simple
ũŨ≤0-module, then

RnIndŨ
ũŨ≤0L̂1(λ)=

{
L(λ0 + lw · λ1) if w · λ1 ∈ X+ and n = l(w) for some w ∈ W,
0 otherwise.
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Proof: Here we use the generalized tensor identity and the above formula keeping in
mind that RnIndG

G≤0(λ1) = L(w · λ1) if w · λ1 ∈ X+ and n = l(w) for some w ∈ W
and 0 otherwise since the characteristic of the field is 0. Then we use Lusztig ’s tensor
product theorem.

6.5. It follows from APW [1] (1.13) (or rather its proof) that the characters of all
finite dimensional Ũ -module are W -invariant in the group ring Z[X]. One can also
use the argument of Lusztig that the character of each irreducible module is a Z-
linear combination of the characters of the universal highest weight modules, whose
characters are given by Weyl’s character formula [10]. For notational simplicity, we
denote û = ũŨ0. So L̂1(λ) is the simple û-module with highest weight λ. For a module
M of finite length, and a simple module L in an appropriate category, we denote by
[M : L] the multiplicity of L in M .

Proposition. Let M be a finite dimensional Ũ-module. Then

(i) Soci
ũM = Soci

ŨM = Soci
ûM for i ≥ 1.

(ii) For any w ∈ W , and λ ∈ X,[
Soci

ũM/Soci−1
ũ M : L̂1(λ

0 + lλ1)
]

=
[
Soci

ũM/Soci−1
ũ M : L̂1(λ

0 + lwλ1)
]
.

(iii) For any finite dimensional û-module N , Soci
ũN = Soci

ûN .

Proof: Note that û/ũ is isomorphic to the Hopf algebra G0 and all rational G0-modules
are semisimple. Thus (i) and (iii) follows from Lemma 4.9. To show (ii), let us recall
that

SocũM =
∑

λ0∈Xl

Homũ(L1(λ
0),M)⊗ L1(λ

0).

Here Homũ(L1(λ
0),M) = π∗(E) as Ũ -module for some rational G-module E. If

chE =
∑

µ∈X aµe(µ), then ch(π∗(E)) =
∑

µ∈X aµe(lµ). Since chE is W invariant,
the proposition follows from

[SocũM : L̂1(λ
0 + lw(λ1))] = dim Homũ(L1(λ

0),M)lw(λ1).

6.6. For each λ ∈ X, we denote Ẑ ′
1(λ) = IndũŨ0

ũ≤0Ũ0(Aλ), which is isomorphic to

IndũŨ≤0

Ũ≤0 (Aλ) as ũŨ0-modules. We will denote the latter by Ẑ ′
1(λ) as well. By comparing

the dimensions, we have chẐ ′
1((l − 1)ρ) = chL((l − 1)ρ) which is W -invariant. On the

other hand, one can verify that chẐ ′
1(λ) = e(λ − (l − 1)ρ)chẐ ′

1((l − 1)ρ). Following a
similar calculation as in Jantzen’s book [7] (II, 9.13) we have, for w ∈ W ,

(i) [Ẑ ′
1(λ) : L̂1(µ

0 + lµ1)] = [Ẑ ′
1(w · λ) : L̂1(µ

0 + l(w · µ1))].
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(ii) If [Ẑ ′
1(λ) : L̂1(µ

0 + lµ1)] 6= 0, then lµ1 + µ0 ↑ λ ↑ l(µ1 + 2ρ) + w0(µ
0).

Here ↑ stands for the strong linkage order defined in X with respect to the integer l.
The strong linkage principle in the “infinitesimal” level can be derived from 4.6, 6.4
and the strong linkage principle at the “global” level in [1]. One can also find it in [2].

6.7. Recall the transitivity of induction functors. It follows from the exactness of

IndũŨ≤0

Ũ≤0 that

RiIndŨ
Ũ≤0(λ) = RiIndŨ

ũŨ≤0(Ẑ
′
1(λ)).

Here we consider Ẑ ′
1(λ) as ũŨ≤0-module. Since ũ is a normal Hopf subalgebra and every

simple ũ-module is the restriction of a simple ũŨ≤0-module, for each i > 0, Soci
ũẐ

′
1(λ)

is a ũŨ≤0-submodule of Ẑ ′
1(λ) by 4.8(i) and yields a Ũ -module RjIndŨ

ũŨ≤0(Soci
ũẐ

′
1(λ)).

Theorem. Let λ = λ0 + lλ1 ∈ X+ such that 5(h − 1) < 〈λ1 + ρ, α∨〉 for all positive
roots α. Then, for all w ∈ W ,

(i) RiIndŨ
Ũ≤0(w ·λ) 6= 0 if and only if i = l(w). Furthermore chRl(w)IndŨ

Ũ≤0(w ·λ) =

chIndŨ
Ũ≤0(λ), which is given by Weyl’s character formula.

(ii) For each j,

Socj

Ũ
Rl(w)IndŨ

Ũ≤0(w · λ) = Rl(w)IndŨ
ũŨ≤0(Socj

ũẐ
′
1(w · λ)),

Radj

Ũ
Rl(w)IndŨ

Ũ≤0(w · λ) = Rl(w)IndŨ
ũŨ≤0(Radj

ũẐ
′
1(w · λ)).

(iii) for µ = µ0 + lµ1 ∈ X+ and i ≥ 0,

[Socj

Ũ
Rl(w)IndŨ

Ũ≤0(w·λ) : L(µ)] = [Socj

Ũ
IndŨ

Ũ≤0(w·λ0+lλ1) : L(µ0+l(w·(µ1−λ1)+λ1))].

[Radj

Ũ
Rl(w)IndŨ

Ũ≤0(w·λ) : L(µ)] = [Radj

Ũ
IndŨ

Ũ≤0(w·λ0+lλ1) : L(µ0+l(w·(µ1−λ1)+λ1))].

Proof: Following a similar argument as in [7] (II, 11.14), one can show that the as-
sumption in the theorem implies that all ũŨ≤0-composition factors of Z̃ ′(w · λ) have
the form L̃(µ0 + lw · (µ1)) with µ1 ∈ X+ − ρ. (i) follows immediately from Corollary
6.4. To prove (ii), one can copy the argument in [9] (Section 2). But one has to be a
little bit careful about the proof of 2.4 in that paper since it is not clear if we can have
an analogue argument in the quantum group case. However the result of that Lemma
is the consequence of 6.6. The argument for the radical series follows from the Serre
duality which is proved by APW in [1]. (iii) is a consequence of (ii).

Remark. There is a similar argument as in [9] Section 5 to discuss the vanishing
properties of these higher derived functors at a weight. These vanishing properties
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are much nicer than in the classical case. Finally there is a connection between the
structure of the induced modules here and the structure of Weyl modules in generic
situation (their highest weights may not be in the bottom p2-alcove) by taking l = pr.
This will be discussed else where.
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References

[1] H.H. Andersen, P. Polo, K. Wen, Representations of quantum algebras, Invent.
Math.

[2] H.H. Andersen, P. Polo, K. Wen, Injective modules for quantum algebras,

[3] C. Chen, W.D. Nichols, A duality Theorem for Hopf algebras over Dedekind rings,
Comm. Algebra 18(10) (1990), 3209–3221.

[4] E. Cline, B. Parshall, L. Scott, On the tensor product theorem for algebraic groups,
J. Algebra, 63, (1980), 264–267.

[5] S. Donkin, Hopf complements and its injective comodules, Proc. London Math.
Soc., (3) 40 (1980), 298–319.

[6] J.A. Green, Locally finite representations, J. Algebra 41 (1976), 131–171.

[7] J.C. Jantzen, Representations of Algebraic Groups, Academic Press, Orlando,
1987.

[8] B. Kostant, Groups over Z, pp. 90–98 in A. Borel, G.D. Mostow (eds.) Alge-
braic Groups and Their Discontinuous Subgroups, (Proc. Symp. Pure Math. 8),
Providence, R.I., 1966 (Amer. Math. Soc.)

[9] Z. Lin, Structure of cohomology of line bundles on G/B for semisimple algebraic
groups, J. Algebra, 134 (1990), 225–256.

[10] G. Lusztig, Quantum deformations of certain simple modules over enveloping
algebras, Adv. in Math. 70 (1988), 237–249.

[11] G. Lusztig, Modular representations and quantum groups, pp. 59–77, Classical
Groups and Related Topics, Contemporary Math. 82, Amer. Math. Soc., Provi-
dence, RI, 1989.

[12] G. Lusztig, On quantum groups, J. Algebra 131 (1990), 466–475

34



[13] G. Lusztig, Finite-dimensional Hopf algebras arising from quantized universal en-
veloping algebra, J. Amer. Math. Soc. 3 (1990), 257–296.

[14] G. Lusztig, Quantum groups at roots of 1, Geom. Dedicata 35 (1990), 89–113.

[15] B. Parshall, Jianpan Wang, Quantum linear groups, Mem. Amer. Math. Soc. Vol.
89, No. 439 (1991)

[16] M. Sweedler, Hopf Algebras, Benjamin, New York, 1974.

[17] Nanhua Xi, Representations of finite dimensional Hopf algebras arising from quan-
tum groups, preprint, Academia Sinica.

[18] H. Yanagihara, Theory of Hopf Algebras Attached to Group Schemes, (Lecture
Notes in Mathematics 614), Springer-Verlag, Berlin/Heidelberg/New York, 1977.

Address:
Department of Mathematics
University of Washington
Seattle, WA 98195

35


