THE GELFAND-KIRILLOV DIMENSIONS OF ALGEBRAS
ARISING FROM REPRESENTATION THEORY

ZONGZHU LIN

ABSTRACT. This note is to study a variety of graded algebras that arise from the
induced representations for semisimple algebraic groups and quantum groups. These
algebras will play an important role in a study of the cohomology groups of line
bundles over the flag varieties. This short note concentrates on the calculation of
the Gelfand-Kirillov dimensions of these algebras.

1. INTRODUCTION

In this paper, we calculate the Gelfand-Kirillov dimensions of certain graded al-
gebras arising from the representation theory of semisimple algebraic groups and
quantum groups.

For a given semisimple algebraic group G and a Borel subgroup B over a field k.
Each rational B-module M defines a vector bundle over the flag variety G/B and the
space of global sections of the vector bundle is a subspace of k[G] ® M. In particular
M is 1-dimensional, the space of global sections can be viewed as a subspace of the
coordinate algebra k[G]. If M is a commutative algebra on which B acts as algebra
automorphisms, then the space of global sections is also an algebra on which the
algebraic group G acts as algebra automorphism. The aim of the paper is to study
the properties of these algebra as far as the GK-dimension is concerned. For algebraic
groups, the geometry of these algebras can be described. But for their quantum parts,
the geometric interpretation still needs to be worked out. So far the evidence shows
that in the quantum case, the Gk-dimension is closely related to the space classifying
the flag modules of these algebras as studied by Ohn.

For a given line bundle £, associated to an integral weight A of the root sys-
tem R. A(\) = &% HY(G/B, L") is naturally a graded associative algebra with
multiplication being the tensor product map H°(G/B, L") @ HY(G/B,L{™) —
H°(G/B, E%mm)). A()) is a rational G-module on which G acts as automorphism of
graded algebra. If A is not dominant, the algebra A(\) is just the field k. For dominant
A, the algebra A(\) is finitely generated (using the fact that tensor product of two
induced modules have a good filtration). The algebra A()\) is actually a subalgebra of
the coordinate algebra and thus defines an irreducible projective variety of dimension
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GK-dim(A(X)) — 1. This variety actually is the G-orbit of the highest weight space in
the projective space P(V(A)) of the Weyl module V' (A) of highest weight A. The geo-
metric property of this algebra is of special interests, in particular, in classifying the
point modules of the graded algebra. For any submonoid A of the dominant weight
monoid X, M(A) = @yeak, is a B-algebra and H°(G/B, L(M(A))) is a G-algebra
and its GK-dimension will also be computed. However, their geometric interpretation
is to be worked out.

One can also construct analogous graded algebras A,(\) for quantum groups. Al-
though the algebras A,(\) have the same GK-dimensions as their counter parts for
G, they fail to be commutative. In this case an interesting question is to classify the
point modules and to relate the point modules with the G-orbit of the highest weight
space in the projective space of the corresponding Weyl modules for the correspond-
ing algebraic group G. When, the parameter is not a root of 1 in the field of complex
numbers, its known that the quantum coordinate algebra possesses infinite dimen-
sional irreducible modules. But it is not clear whether these subalgebras possesses
infinite dimensional irreducible modules. The computation of the GK-dimensions of
these algebras works for all characteristic and any non-zero parameter q.

This paper is organized as follows. In Section 2, we set more general induction
functor for general Hopf algebra (even bialgebras) and prove that the induced mod-
ule for a Hopf algebra from a Hopf module algebra for a Hopf subalgebra, remains
a Hopf module algebra. As a special example, a skew polynomial extension can be
viewed as an induced modules over polynomial algebras. Zhang [Zh2] proved skew
polynomial extension will increase the GK-dimension by at most 1. The results in
later sections seem to suggest a more general phenomena. This setting of induced
representation will cover both algebraic group and quantum group situations. Section
3 is devoted to computing the GK-dimensions of the induced algebras for both quan-
tum groups and algebraic groups. This dimension seems to appear naturally from
the geometry of generalized flag varieties. Section 4 contains a few general remarks
on interesting appearance of GK-dimensions. In particular the GK-dimension of the
extension algebra of a module for a finite dimensional algebra is closely related to
the complexity of the modules. For finite groups, it is proved by Carlson [C] that
the Krull dimension (which equals the GK-dimension in this case) of the extension
algebra of a finite dimensional module is the same as the complexity of the module.
For cocommutative Hopf algebras, the results of Friedlander and Suslin [FS] can be
used to prove that the same to be true for all finite dimensional modules.

2. INDUCED REPRESENTATIONS

2.1 Let k be a field and H a Hopf algebra over k. A full subcategory Cp of
the H-module category is called admissible if all modules in C are locally finite, C
includes the trivial modules and is closed under direct limit, tensor product, and finite
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dimensional dual. As studied in [Linl, Lin2], such category is uniquely determined
by a class of cofinite ideals Z = {Anng(M) | M € Ob(Cy) and dim M < oo}. For
any Hopf subalgebra D of H, the collection of ideals Zp = {D NI | I € I} defines
an admissible category Cp for the Hopf algebra D and the restriction functor from
the category of all H-modules to the category of all D-modules sends all modules
in Cy to Cp. The restriction functor Resg : Cy — Cp has a right adjoint functor
Ind® : Cp — Cy which is called the induction functor (see [Linl, Lin2]).

For any D-module M, Homp(H, M) is an H-module with H-action defined by
(hf)(x) = f(zh) for all x,h € M and f € Homp(H,M). If M is in Cp, then
Ind} (M) is the unique largest H-submodule of Homp (H, M) which is in Cg.

Example 1. Let H = Dist(G) be the distribution algebra of an algebraic group
scheme G and Cy be the category of all G-rational modules (possibly infinite dimen-
sional). For any closed subgroup scheme N of G, Dist(/N) is a Hopf subalgebra of H
and Cp is exactly the category of all rational N-modules and Indg is isomorphic to
the induction functor Ind$ as defined in [Jan] for algebraic group schemes.

Example 2. Let H = U,(g) be the quantum enveloping algebra, as defined in [L3],
of a complex semisimple Lie algebra g over C(q) with ¢ either an indeterminate or
0 # q € C. Let Cy be the category of all integrable modules of type 1. If D is any
parabolic subalgebra U(I, J) as defined in [APW], then the category Cp defined here
and the category defined in [APW] for U(1, J) are the same and the induction functor
Ind¥ is also the same as the one defined in [APW, 2.1].

Proposition 2.2. Let M be a k-algebra. If M is further a D-module algebra [Sw]
such that M is in Cp as D-module, then Ind% M is an H-module algebra.

Proof. In deed, since the multiplication map M @ M — M is a homomorphism of
D-modules, we have the induced homomorphism Ind? M @ Ind2 M — M @ M — M
of D-modules, which is the composition of the multiplication map with the evalua-
tion map Ind2 M — M [Linl]. Applying the Frobenius reciprocity [Linl], we get
a homomorphism Ind}} M ® Indj; M — Ind}} M. One can verify, using the associa-
tivity of the multiplication of M, that the above defined H-module homomorphism
is an associative multiplication on Ind® M. The identity of the multiplication is the
counit ¢ : H — k1 C M. (By the definition of D-module algebra, k1 is a trivial
D-submodule of M.) O

Note that Ind® (M) is a subalgebra of Homp(H, M) which is also a subalgebra of
Homy (H, M) with the convolution multiplication defined by

(f9)(x) =D flza)g(ze)
(@)

for all f,g € Homy(H, M) and x € H using Sweedler’s notation for comultiplication
[Sw]. In particular, when M = k and D = k, k[H] = Ind}’ k is an H-module algebra
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(as a subalgebra of the algebra Homy(H, k)). If all modules in Cy are locally finite
dimensional, then k[H| has a Hopf algebra structure, which we will not use in this
paper. (see [Linl] for more details.)

Corollary 2.3. If M = @yeaky as D-module algebra with ky being 1-dimensional
D-module and algebra structure is given by ky ® k, — ky, for a set A of characters
of D including €, where (A)(d) = Mdy)u(d)) for all d € D, then Indj (M) =

®rea Ind2 ky is isomorphic to an H-invariant subalgebra of k[H].

Proof. Using the H-module algebra structure of k[H], there is another way to see the
H-module algebra structure on Ind® M as follows. First we can embed M ®;, k[H]
in Homy(H, M) by

(a® f)(x) = f(x)a, (Vz,€ H, [ € k[H],a e M).

k[H] has a (H ® H)-bimodule with actions given by ((h ® d)f)(z) = f(y(d)zh) for
all x,h,d € H and f € k[H], where v : H — H is the antipode. This makes k[H]
an H ® D-module with H ® D being the tensor product Hopf algebra. Note that
k[H]is an H ® k = H-module algebra. By letting H act on M trivially, we can make
M an H ® D-module algebra. But with the above D = k ® D-action, k[H]| is not a
D-module algebra in general. However we have the following

A @d)(fg) = Y1 @ de) NS dy)g)
d
For all d € D and f, g € k[H]. Therefore k[H| ® M with the tensor product algebra
structure is an H ® D-module. Note that D = k ® D is a normal Hopf subalgebra
of H® D with quotient Hopf algebra being H [Linl]. Thus the D-fixed point space
(M ®k[H])P ={z € M®k[H] | d(x) = e(d)x Vd € D} is closed under multiplication
and is an H-module subalgebra. In fact, for any f;, g; € k[H] and a;,b; € M, such
that Y, fi ® a;, Y, 9; ® bj € (M @ k[H])”, then

(1®d)(zaibj®figj) = sz(l) aib;) ® (1@ d))(fig;)

5,J (d)
= ZZ ® (d f1)(d(3)97)-

Now since M is a direct sum of the 1-dimensional D-modules, we can assume a;, b;
are in the 1-dimensional submodules and (dya;) and (d(2)b;) are scalars. Apply this
to the above one shows that (M ® k[H])? is closed under multiplication.

Note that by [Linl] Indf M = (M ® k[H])P as H-module. Note that Ind% &\ =
ky® k[H)» where k[H]* = {f € k[H] | f(dz) = X\(d)f(z),Vd € D}. We get a natural
isomorphism of vector spaces @aep Ind? ky — ®renk[H]Y Note that k[H]Y = {f €
E[H] | (1®d)f = Avy(d))f,¥d € D} so the notation makes perfect sense. By the
definition of the product Ind} ky ® Indp k, — Ind}(ky,), it is easy to check that
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under the above isomorphism, multiplication is preserved and the multiplication is
an isomorphism of H-module algebras. O

2.4 For each D-module M in Cp, let T (M) be the tensor algebra of M. T'(M) is a
(graded) D-module algebra. As D-module, T'(M) is the direct sum of the submod-
ules M®" for n = 0,1,.... Thus IndP T(M) = @, Ind?(M®") (Ind} is additive
and commutes with direct limits). Furthermore, if D is cocommutative, then the
symmetric algebra S(M) is also a grade D-module algebra. Thus we can consider
the induced algebras from T'(M) or from S(M) if D is commutative. An interesting
question is to compare that GK-dimension of Ind} (1) with the GK-dimension of M
for a D-module algebra M.

2.5 The definition of admissible categories for bialgebras (without the requirement
of antipode) and its subalgebra can also be defined by simply removing the condition
about dual modules. Then we can define the induced module for bialgebras in a
similar way.

Let A be a k-algebra and o an algebra endomorphism of A. The polynomial
extension of A with respect to o is the algebra Alz, o] generated by A and an in-
determinate = subject to the commuting condition za = o(a)xr. We can make the
polynomial algebra k[y| a bialgebra by setting A(y) = y ® y and £(y) = 1. Define
a new bialgebra kly, z] with A(z) = 1® x + 2 ® y. Then k[y| is a sub-bialgebra of
kly, z]. k[y] acts on A by letting y — o. Then the multiplication of A is a homomor-
phism of k[y]-modules. We can define the admissible category C for k[z,y| to be the
full subcategory consisting of all k[x,y]-modules on which = acts nilpotently. Now
the induced algebra Indzi]’m] A is isomorphic to A[z,c]. In [Zh2], Zhang proved that
GK-dim(A[z,0]) < GK-dim(A). Let F, be the quotient field of the polynomial ring
kly]. Note that the GK-dimension of the F-algebra k[x, y] ®y, F, has GK-dimension
of 1. The results in the next section suggests that something more general along this
line should hold. The result should be closely related certain geometry.

3. ALGEBRAS FROM REPRESENTATION THEORY

3.1 In this section we set H and Cy as in Examples 1-2. Let us fix a root system
R with A C R* being the sets of simple roots and positive roots. In the case of
Example 1, we assume that G is a simply connected semisimple algebraic group and
N is a split Borel subgroup B with a maximal torus T". Thus D is the distribution
algebra of the Borel subgroup B. For any D-module M in Cp (thus a rational B-
module), Ind¥ M is the vector space of global sections of the vector bundle associated
to M over the flag variety G/B.
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In the case of Example 2, we fix D to be the subalgebra U((), A) of U,(g) generated

by U°, F{™s. (See [APW] for more details on the notations.)

Let X(T') be the character group of T, which is isomorphic to the integral weight
lattice of the root system R [Hu3]. Then all irreducible D-modules (up to isomor-
phism) in Cp in both cases are in one-to-one correspondence to the set X (77), while
the irreducible H-modules in Cy are in one-to-one correspondence to the set X of all
dominant weights in X (7'). There is a character of UY associated to each A € X(T),
which is an algebra homomorphism \ : U° — C(q) such that A\(K;) = ¢%*. For
each H or D-module M and A € X(T), we denote by M, the T (or U")-weight
space of weight A in the sense of [APW]. In particular each A\ defines a character for
the algebra D. Although the Hopf algebra D is not cocommutative, the convolution
product of characters is commutative as they factors through the cocommutative Hopf
algebra U°. Thus we can also regard X (7T') as the character group D in the quantum
case and write it additively.

3.2 For H and D as mentioned above, we can see that k[H] has no zero divisors. For
A€ X(T), Indp ky = (k[H] ® k)P = k[H]" where k[H]) = {f € k[H] | (df)(z) =
f(y(d)z) = A(y(d))f(z)} is the largest D-submodule on which D acts via the char-
acter \* = XAo+.. In fact, for any f € k[H], we have d(f ® 1) = > (d)f @ diz)1) =
S dnyMd)f ® 1. Thus f ® 1 € Ind} ky if and only if d(f ® 1) = e(d)(f ® 1) for all
de D and

Indj kx = (k[H] @ kx)” = {f € k[H] | d(f ® 1) = e(d)(f ® 1)}

In the case of algebraic groups, the above condition is equivalent to b(f®1) = (f®1)
for all b € B, ie., f®1=>0bf @ \(b)1 and bf = A(b~!)f. In the case of quantum
groups, the condition is equivalent to K;(f ® 1) = M(K;))K;f®1land 0 = F;(f®1) =
FfoK '+ foFl=EfoNK "), ie, Kif = My(K;))f and F;f = 0 for all 4.
In the case that ¢ is a root of 1, there are a few more conditions need to be checked,
which we omit here.

Let A be an additive subset of X (7) containing zero, i.e., A is a submonoid of X (7).
We define a D-module M(A) = @xcaky. The tensor product ky ® k, — kx4, defines
a k-algebra structure on M(A). We will discuss the GK—dimension of the algebra
Indf M(A). Since Indp ky = 0 unless A € X, we have Ind} M(A) = Ind} M(A N
X4)). Thus we can assume that A C X,.

Note that, by Corollary 2.3, Indg M (A) is always a subalgebra of the coordinate
algebra k[H].

Theorem 3.3. For \,u € X, the multiplication map Ind}} kyx®Ind} k, — Ind} kxy
1s onto. Thus Indg M(A) is finitely generated if A is finitely generated as submonoid
of Xi. In particular the coordinate algebra k[G/U] = 3\ . Ind%(ky) is finitely
generated for both the algebraic group and its quantum analog.
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Proof. We will prove the first part of the theorem only. The second part is a con-
sequence of the first part. Let A\, u € X,. Indg ky ® Indg k, has a filtration with
consecutive quotients being of the form Indg k, with v € X,. For semisimple alge-
braic groups this is well-known [M, Don, W] (for the characteristic 0 situation, this
is trivial due to the semi-simplicity of finite dimensional modules and the character-
ization of the simple modules by Borel and Weil). For quantum groups when the
parameter ¢ is not a root of unit, this is similar to the case of characteristic 0 re-
ductive groups with detailed work in [APW]. When ¢ is a p"-th root of 1, Andersen,
Polo, and Wen have shown the result in [APW]. The general situation is proved by
Paradowski [P] using Lusztig’s canonical basis.

To show that Ind} ky ® Indp k, — Ind} kx4, is onto, one first notes that the
dual module of Indg ky is a universal highest weight module, which is called a Weyl
module (or the quantum Weyl module). The dual module of Ind}} kx®Ind} k, admits
a filtration with consecutive quotient being Weyl modules. Now using almost identical
argument as in the proof of [W, (3.1)] one can show that the dual module of Ind}} &y,
is a submodule of the dual module of Ind}} ky ® Ind} k,,. This shows that Ind} &y,
is a quotient of Ind ky ® Ind k,. Now we conclude that the multiplication map is
onto since Homp (Ind} ky @ Ind% k,, Ind% ky,,,) is 1-dimensional. O

Note that, when A = X(7),, Ind%(M(A) is the shape algebra of the flag variety
G/B. In the quantum case, Ind2 (M (A)) is the shape algebra of the quantum flag
variety. In particular the graded algebra Ind%(M(A)) is generated by the degree 1
space, where the gradation is given by the sum of heights of the highest weights.
Ohn [O] was interested in studying the algebra Ind® M(A), especially, its geometric
properties.

3.4 Let f : N — N be a function. The polynomial growth of f is defined to
be the real number v(f) = inf{r € R | f(n) < n” foralln > 0}. Let A be a k
algebra. Suppose A is finitely generated. Let V' C A be a subspace containing a
set of generators of A. Set A, = > " | V' C A with V° = k1l and f(n) = dim(A4,).
The GK-dimension (Gelfand-Kirillov dimension) of A is defined to be v(f). The
GK-dimension of A is independent of the choice of the subspace V' and denoted by
GK-dim(A). For more general k-algebras A, the GK-dimension of A is defined to
be sup{GK-dim(A’) | A’ is a finitely generated subalgebra of A}. In particular, if
f(n) = dim(A4,) is polynomial of n, then GK-dim(A) = deg(f(n)). See [MR] and
[KL] for more details about GK-dimensions of algebras and modules.

3.5 To calculate the GK-dimension of the algebra Ind? M (A) for any finitely gen-
erated submonoid A C X,. We consider the special case A = {n\ | n € N} for
fixed A € X,. The algebra A = Ind? M(A) is naturally an N-graded algebra. Theo-
rem 3.3 shows that the subspace Ind}} ky generates the algebra Indf; M(A). By Weyl’s
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character formula [Hu3] we have

[loerr A +p,0) H (<)\,a>

HaeR+<p7 Oé) a QERF <p7 a>

dim Indf &y = +1). (3.1)

Here p is the half sum of all positive roots, and (\, a) = (g\; with (, ) being the
inner product on the Euclidean space containing the root system R.

For the convenience of later calculation, we set dim(\) = dimInd% k, and take
V = Ind} ky. Theorem 3.3 shows that V" = Ind}, k,x. Thus dim V" = dim(n)\) for
all n. By the definition of the GK-dimension, [MR, 8.1.9] we need to calculate the

dimension of A, = >_1" /V*. Note that

dim A, =Y dimV’ = " dim(i)) = (3.2)
=0 =0

1=0 a€R+ P

3.6 For fixed A, dim(i)) is a polynomial of , i.e., dim(i\) = SN 0 Gst° with a, € Q
depending on A only. In particular ay =[], cp+ ip a; Here N = |R™| is the number
of positive roots.

Define f(n) = dim(A,). We regard f(n) as a function of n. Then

= Z Zasis = Zas(z i%). (3.3)

The following lemma is well-known, but we can not locate a reference. Since we
are going to use it repeatedly, we give a proof here for the completeness.

Lemma 3.7. For any nonnegative integer s, > . 1° = mnsﬂ +t,. Heret, is a
polynomial of n of degree at most s.

Proof. When s = 0,1, this is trivial. We now use induction on s. Denote g5(n) =
Sor 5. Assume that gs(n) = a;p1n®t + an® + - ao is a polynomial of n with
coefficients ag, a1, . .. a,y1 independent of n and a1 = +1 By using the Abel partial
summation formula (or integration by parts) we one gets

gs1(n) = gs(n Z gs(i

s+1 s+1 n
(n+1 ZW > a4 ) (3.4)
7=0 i=1
s+1 1 S
=(n+1) Zajnj — ——Gs41(n) — a;g;(n)
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Thus, solving out gs,1(n) we get

—2n5+2 + terms with the degrees of n at most s + 1.
§+ (3.5)

Hence the induction proves the lemma. 0]

gs+1(n) =

Note that more generally we have v(gs(n)) = s+ 1 for any s > 0. In fact we can
write gg(n) = n*™ - L3 (L)% and g (n)/nt! — fol zidr =1/(s+1).

Let us go back to (3.3). f(n) = Zivzo asgs(n) is a polynomial of degree N + 1 by
the above lemma if (A, &) > 0 for all simple roots a.

For more general weight A, we consider the polynomial

(A a)
dx(z) = x+1). 3.6
= I (e (3.6)
Let R} be the set of all positive roots a such that (A, a) = 0. Then d)(z) has degree
N — |Rf|. Thus f(n) has degree N — |Ry| + 1.

Theorem 3.8. The graded algebra A(\) = ©°,IndD k,x has GK-dimension N +
1—|RY|.

Let I, = {a € A | (\,a") =0} and let P\ be the parabolic subgroup containing B
and positive simple roots o € I. Then the one dimensional B-modules k) extends
to Py-module structures. Thus Indg(k‘m) = Ind]GgA knx, which is the space of global
sections of the line bundle k,y on G/Py. Note that dimG/Py = N — |Rf|. The
theorem shows that the GK-dimension of the algebra Ind% B ok is dim(G/ Py)+1.
In the quantum version, we don’t have a precise geometric definition of generalized
flag manifold G/ Py. However the GK-dimension of the quantum analog of the graded
algebra Ind%(@fﬁzokn,\ is independent of the choice of the weight A. It depends on
the set Ry only. This dimension seams to be the dimension of the algebra variety
that parameterizes the isomorphism classes of the point modules of the the graded
algebras. Later we will see that variety is independent of the choice of the weight .

3.9 As mentioned in the introduction, the graded algebra A()\) defines an irre-
ducible projective variety Y, in the commutative case. In fact, using the Serre du-
ality, Ind}(ky) is the space of linear functions on the Weyl module V' ()). Theorem
3.3 shows that induced algebra homomorphism k[V (A)] — A()) is homogeneous and
surjective. Thus we can embed Y, in P(V())) as G-invariant closed subvariety. In
fact, Yy the homogeneous subvariety generated by highest weight space. Since Py sta-
bilizes the highest weight space, then we have a natural morphism G/P, — Y,. By
comparison of the dimension and the fact that both varieties are complete, therefore,
the above map is finite. In the quantum case, In the quantum case, it is interesting
to classify the point modules of the algebra A(\) and relate the variety of all point
modules in the sense of Artin-Tate-Van der Bergh [ATV] to the variety Y) or G/P;.
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3.10 Next we consider the case when A = >~ NA; C X, is a free commutative
submonoid of rank r with basis Ay, Ao, ... , \.. For example A = X is free commu-
tative monoid of rank [ with basis wy, ... ,w; being the set of fundamental weights.
Here [ is the rank of the root system. By Theorem 3.3, then algebra A = Ind} M(A)
is generated by the subspace V = @ | Ind? k,,.

A, = En; Vi= ) Ind% k,.

)\EX+
A= nidi, > n; <n

Then dim A, = )" dim(}_;_, n;A;) with the summation taken over all (n4,... ,n,) €
N” such that Y n; < n. Using Weyl’s dimension formula (3.1) we have

a€Rt aeRt

(3.7)

Here a;(o) = 222 (for i = 1,--- ,r) are non-negative rational numbers.
(psex)

More generally, let us fix an [ € N. For each n € N, set C(I,n) = {(ny,... ,n) €
N | S m; =n}. Foreach t = (ty,... 1) € N', we define

di(n) = Z niteon.
(n1,...,n)eC(l,n)

Note that d;;(n) generalizes the function gs(n). In fact gs(n) = ds(s0)(n). The
following lemma generalizes Lemma 3.7.

Lemma 3.11. For each t = (t1,...t;) € N', dj4(n) is a polynomial of n with degree

Il =14+t +---+1t and the leading coefficient %

Proof. We use induction on [. It is trivial when [ = 1. Assume [ > 1. We write

n
o) = 3 S el

n1=0 (n2,...,n)eC(l—1,n—ny) (38)
= nfdip(n—mn)=> (n—i)"d_yp(i).
n1=0 i=0
Here t' = (t3,... ,t;) € N'71. By the induction assumption, we can write d;_y 4 (i) =

Z;:o ¢t with r =1—2+1t+ -+, c,c1,...,¢ being independent of i, and
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¢ = % Then, by using Lemma 3.7, we have
" t
>t = 33 () S
i=0 =0 s=0
r t1 ¢ n
1 s -5 iS+J
ID <s>(_1) ey i
]:O s=0 i=0
T 1
S (M) (et (— e ) (B9
e J — S S +] + 1
r 1
e )
= = \s s+j+1

The leading term occurs when j = r with leading coefficient being

S0

Since 2" (1—z)t = 31 (") (—1)*z"**, by the definition of the classical Beta-function,
we have

: nge — N (1) (21
B 1t ]_ - Tl— 1d = _—
et = [ea-ama =3 (1) A2

s=0

Here B(a, [3) is the classical beta-function and B(r +1,¢, +1) = % > ( since r

. . . . . 1£!

and t; are non-negative integers (I > 2). Thus the leading coefficient is ¢, o i?ﬁ)v =
tol--;! rlt! — t1!--! 0

(lf2+t2+---+tl)! (T+t1+1)! (l*l+t1+---+tl)! .

Proposition 3.12. For positive integers v, N, and non-negative real numbers a;j,
withi=1,...,r, set J={j| Y i_;aij =0}. Then

d(n) = > H (1 + Z nla”> (3.10)

(n1,,nr)€C(rn) j=1
is a polynomial of n with degree N +r —1—|J|.

Proof. Let us consider the polynomial f(xy,---,z,) = H;V=1 (> (wia;; +1)). Then
the polynomial f(xy,---,xz,) has total degree N — |.J| since each factor has degree 1

unless 7 € J. Without lose of generality, we can assume that |J| = 0. Let us write
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f(xla T 7'1:7’) = Z Ctl,n-t?«xil s Jiff. Then

d(”) = Z f(nl"" 7n7")

(n1,+,nr)€C(r,n)

— Z Ctl,"' b Z nil N niT — Z Ctl,--- ,trdT,t(n)- (311)
(t1, str) (1,7 5tr)

(n1,,nr)EC(rn)

By the lemma above, d,;(n) is a polynomial of n with degree ¢+ - -+t,+r—1 while the
total degree of f(xy,---,x,) is N. Note that all ¢, ... ;. are sums of products of a;;’s.
Thus monomials of highest total degree N in f(xy,--- ,2,) must have nonnegative
coefficients with at least one being positive. On the other hand, the leading coefficients
of all d,;(n)’s are positive. Therefore the coefficient of n¥*7~1 (the leading term) in
d(n) must be positive. Hence d(n) has degree N 4+ r — 1 since N =t + --- + ¢, for
any monomial #' - - - 2% with total degree N. O

Let us write d(n) = Zé\zgr_l d;n’ for all n € N. Here d;’s are independent of n and
dnyr—1 > 0.

Theorem 3.13. When A C X, is a free commutative submonoid of rank r and
In = {a € A | (\aY) = 0,Y\ € A}, then the GK-dimension of Ind M(A) is
dim G/ Py +r, where Py is the parabolic subgroup containing B determined the simple
roots in Ix.

Proof. Let Jy = {a € RT | (A\,a¥) =0,VX € A}. Note that

n n N+r—1—|J|
dimA, =) d@i)=> [ > di#
i=0 i=0 =0

N+r—1—1J| n
= > 4 (Zz]> (3.12)

1
= d; | - nJ+1+...)‘
: ](j—l-l

Jj=0

Thus dim A, is a polynomial of n with the leading term occurs when j = N+r—1—|J|

and the leading coefficient being le,vvtrrr—w. Note that dim(G/Py) = N —|J|. The

theorem follows. O

3.14 A rather more general question is to compute the GK-dimension of Indf} (M (A))
for more general submonoid A. Note that all submonoid of X, is finitely generated.
Thus the algebra Ind (M (A)) needs not be finitely generated. However, let L = ZA
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be the Z-submodule of X (T') generated by A. Then L is finitely generated and free.
We need the following lemma.

Lemma 3.15. If L is a Z-submodule of Z" generated by a subset Y consisting of
elements of " with non-negative components, then L has basis {\1, ..., A} such that
Y C > NN In general, Ay,..., )\, don’t have non-negative components.

Proof. We use induction on n. When n = 1, the lemma is trivial. For n > 1, let
{e1,...,en} be the standard basis of Z". We consider the projection ¢ : Z" — Z"!
to the first n — 1 components. Let L = ¢(L) and Y = ¢(Y). Then L in Z"! is
generated by Y. By the induction hypothesis, L has a Z-basis {\, ..., A} such that
Y C Z:,:I N),. If ¢ : L — L is not an isomorphism, then the kernel is a rank one free
Z-submodule with a basis ae,, for some positive integer a. In this case, \; = (\;,0) € L
fori=1,...,7" and {\{,..., A\, ae,} is the required basis.

If ¢ : L — L is an isomorphism of Z-modules, let \; € L such that ¢(\;) = A; for
i=1,...,r". Then \; = ()\;, a;) for uniquely determined a; € Z. Each element of YV’
is of the form y = (,a) with § € Y and a € N. Then §j = Z:lzl x;\; for some z; € N.

Then y = Z:lzl x;\; since ¢ is an isomorphism between L and L. 0

We remark that in general one can not take the basis with non-negative components,
even having 7Z replaced by the fields Q and R of rational numbers and real numbers
respectively. The above inductive argument can prove that, for n = 1,2,3, if L is a
Q-subspace generated by vectors with non-negative components, then L has a basis
with non-negative components such that such that all vectors in L with non-negative
components are non-negative linear combinations of the basis element. In general
when dim L = 1 or n, the statement is trivial. Thus the situations for n = 1,2 are
trivial. For n = 3, one only needs to consider dim L. = 2. If one can take one of
the three projections ¢ which is not an isomorphism on L, then one of the standard
basis element is in L and the induction above will finish the proof. The only case the
above proof needs more attention is that ¢ is an isomorphism and one of a; is positive
and the other is negative. Now one can easily replace the one with negative a; by a
non-negative linear combination of two \; with zero in the third component.

For n > 3, one can take L to be the solution space of x; + 2o = x5 + x4 in R L
is generated by (1,0,1,0),(1,0,0,1),(0,1,1,0),(0,1,0,1). But L does not have a R-
basis with non-negative components such that these four generators are non-negative
linear combinations of the basis vectors.

3.16 We are now ready to compute the GK-dimension of Indf(M(A)) for any
submonoid A of X . Let L = ZA be the free Z-submodule of rank r. The subsets
I € A and J;, C R are defined similarly. Then we have I, = I}, and Jy = J;,. Let
Py be the parabolic subgroup of GG containing B with Iy being the simple roots of
the Levi factor.
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Theorem 3.17. For any submonoid A C X, the GK-dimension of the algebra
Indp M(A)) = dim(G/Py) + 1.

Proof. First of all QA has a Q-basis {A1,..., A} CA. Let A’ =577 | N); C A. Note
that every element of A is a Q-linear combination of Aj, Ag,..., \.. Thus we have
In = Iy and Jy = Ju. Therefore, Py = Py. Since Ind? M(A') is a subalgebra of
Ind® M(A), by Theorem 3.13, the GK-dimension of Ind}, M (A) is at least dim G /P +
1.

We now need to prove that the GK-dimension of Ind}} M(A) cannot be larger than
dim G/P,. Let L = ZA. By the lemma above, L has a Z-basis {1, ..., A} such that
A C ' N\, For each n, we define

An:{)\GA | )\:inl)\z,nz EN,ZT:TLZ‘:TL}.
1=1 1=1

Note that all n; € N and A, + A, € A,,4,,. This defines a graded algebra structure
on Indj(M(A)) = @2, Ind} (M (A,)).

Using the Weyl dimension formula, we have

dim Indjy M (A,) = ) _ dim())

AEA,

< Z H|1+Znaw|

(ni,+,nr)eC(r,n) j=1 (313)

< Z H<1+an\%|>_d)

(n1,,mr)€C(rn) j=1

where a;; = (\i, a). Proposition 3.11, d(n) is a polynomial of degree N +r—1—|Jz|.
Then the sequence f(n) = dim(®?,_, Ind M(A,,)) has growth rate not larger than
N +7r — |JL‘

Let A be a finitely generated subalgebra of Ind2 (M (A)). There exist ny such that
the generators are in V = @"_Ind® M(A,,). We can assume that A is generated
by V, then V"™ C @I, IndH M (Am) Thus dim V"™ < f(nng). This shows that
the GK-dimension of A is at most N + r — |Jy|. Therefore, by the definition, the
CGK-dimension of Ind}y M(A) is at most N + 7 — |Ja|.

Since N — |Jz| = dim G/Py, we thus have GK-dim(Ind? M(A)) = dim G /P, +
rank ZA. O

Remark 1. If H = Dist G and D = Dist(B) for a reductive group G with a Borel
subgroup B, then the GK-dimension of Indf M (A) is the same as the Krull dimension
and the dimension of the quotient variety G /U with U being the unipotent radical of
B. However for the quantum groups, this algebras are not commutative.
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3.18 Note that the algebra M(A) is graded when a basis as in the above proof for
L = 7ZA is given. dim M(A,) = (H;f;l) which is a polynomial of n of degree r — 1.
The above proof also shows that GK-dim(M(A)) = rank(ZA) for any submonoid A
of X,.

Thus the above results suggest that GK-dim Ind? (M) < dim G/P + GK-dim(M)
for any D-module algebra M, where P is parabolic subgroups of G such that M

extends to the a P-module structure (or its quantum analog).

4. FINAL REMARKS

4.1 Let H be the quantum enveloping algebra over k& = C(gq). The canonical
basis defined by Lusztig defines a canonical basis for each Ind% ky through the dual
basis of the canonical basis of the quantum Weyl module for all A € X,. The
Zlq,q "]Hlattice Az ,-1(\) generated by this basis in Indj ky respects the tensor
product in the sense that the multiplication Ind% k) ® Ind? k, — Ind2 ki sends
Azjg.a-11(A) ®z1g.0-11 Azfgq-11(11) to Aglgg-11(A 4 1) (see the [L1, 25.1.2]). One can
also define the induced modules by taking Z[q,q '] as the ground ring instead of
the field k. Let Hz 41 and Dy 41 be the Z[g, ¢~ '|-form in H and D respectively,

then Az ,—1(A) = Inng“jﬂ Z[q,q"'],. In this way we can get a Z[q, ¢ ']-form
ﬁz[qu]—l}(A) = @readzjge-1(A) in Indj M(A) for each submonoid A see [APW] and
Lin3|.

4.2 For any field k and any ring homomorphism Z[q,¢~'] — k, we can form the
k-Hopf algebras Hy = k ®gzjqq-1) Hzlgq-1) and Dy = k ®gzjq4-1] Dzjqq-1- Then de-
fine Indg’; Mi(A). An easy computation will show that Indgi Mi(A) =k ®zjgq-1]
Azjg.-(A). In particular, if Z[g,¢7'] — k sends ¢ to 1, then Indg’; My.(A) is the
algebra we constructed for the corresponding semisimple algebraic group G. Thus
Ind? M(A) is a quantum deformation of the corresponding algebra of the semisimple
algebra group.

4.3 It is also interesting to note that for the distribution algebra of semisimple
algebraic groups in positive characteristic p, the GK-dimension is 0 since the algebra
itself is a direct union of finite dimensional hyperalgebras. This shows that different Z-
forms in the enveloping algebra of the complex semisimple Lie algebra could give rise
to k-algebras with different GK-dimensions. However, for the quantum enveloping
algebras defined by Lusztig using “divided” powers, then GK-dimension does not
change when the base field is of characteristic 0 even in the root of unity cases..

4.4 For fixed and algebraic group GG and Borel subgroup B, the algebra Indg M(A)
is a subalgebra of the coordinate algebra k[G]. In fact, Indg: Mi(A) = @ue_rk[G),
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is the subalgebra of B-semi-invariants in k[G]. Here G acts on k|G| from left by
(bf)(x) = f(b7'z) for all z € G and all b € G. Since G is connected, this algebra
is an integral domain. There is a natural gradation defined by the height of weights
in X, in the sense of ht(\) = 2221 n; if A = 2221 n;w;, with wy, -+ ,w; be the
fundamental weights. This graded algebra defines an irreducible projective scheme
X (A), on which G acts. The flag variety G/B is the special case. If A = X, then
A(A) contains the homogeneous coordinate algebra of G/B as a subalgebra. This
defines a surjective G-equi-variant map X(A) — G/B. An interesting question is
to describe the geometry of the projective scheme X (A), and their relation with the
representations of the algebraic groups, in particular, the cohomology groups of line
bundles of over the flag varieties.

4.5 For finite dimensional algebra A and a finite dimensional A-module M, let

- — P, — Py — M — 0 be the minimal projective resolution. Define f(n) = dim P,
for all n € N. The complexity of M, ¢(M) is defined to be v(f) + 1.

On the other hand, Ext’ (M, M) = &5, Exty (M, M) is a graded k-algebra with
the multiplication being the Yoneda product (see [Benl]. Let g(n) = dim Ext" (M, M).
It is easy to see that GK-dim(Ext’ (M, M)) < v(g)+1. One the other hand, following
an argument as in [Ben2, 5.3] we always have v(g) < ¢(M) — 1. If Ext} (M, M) is
finitely generated as a k-algebra, then GK-dim(Ext% (M, M)) = v(g) + 1. Further-
more, if Ext% (M, M) is finitely generated as a k-algebra and Ext% (M, S) is a finitely
generated Ext’ (M, M)-module, then we have GK-dim(Ext’ (M, M)) = ¢(M). Note
that the complexity ¢(M) was defined as an integer in [Ben2|. But the definition we
give here is more natural.

Friedlander and Suslin [FS] have provedthat for a finite algebraic group scheme
G and any finite dimensional rational G-module M, Ext% (M, M) is finitely gener-
ated as a k-algebra and Ext% (M, N) is a finitely generated as Ext’ (M, M)-module.
Note that in this case the Yoneda product coincides with the cup product, and
Ext’y (M, M) is graded commutative. Thus the Hilbert series of the graded vector
space Ext’ (M, N) has the form p(t)/ [[(1 —¢!') with p(¢) being a polynomial. There-
fore v(dim Ext’y (M, N)) is an integer.

Now for any finite dimensional Hopf algebra H, the category of all H-modules is
isomorphic to the category of all H°-comodules. Here H® is a finite dimensional Hopf
algebra. (See [Linl]). Thus we have

Theorem 4.6. If A is a finite dimensional cocommutative Hopf algebra, then for any
finite dimensional H-module M, we have GK-dim(M) = ¢(M) which is always an
mnteger.
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