FREENESS OF THE QUANTUM COORDINATE ALGEBRAS

ZONGZHU LIN

1. INTRODUCTION

The main purpose of this note is to prove that the quantum coordinate algebra A[U] is
free over the ring A = Z[v,v™!]. In [L1], Lusztig defined the quantum coordinate algebra
over Q[v,v™!] and prove that it is free as Q[v, v™!]-module. In [APW], Andersen, Polo,
and Wen defined the quantum coordinate algebra over the ring A, ,—1) and proved that
the coordinate algebra is free. The main idea was to specialize v to 1 from A, ,—1) and
then use the result from the representation theory of algebraic groups in characteristics
p > 0. The two important consequences of specifying v to 1 from A, ,_1) are that
the set of weights of an integrable U-module is W-invariant and the universal highest
weight modules D()) are free and finitely generated over A, ,—1) with characters given
by Weyl’s character formula using Kempf’s vanishing theorem in characteristic p. Using
the ring A, ,—1) gives restriction on ¢ when one wants to consider cases when ¢ is an
(th root of 1. In [AW], Andersen and Wen extended the freeness to the ring 4;, which
is still larger than A, by studying the representations at mixed case. In this paper we
will use Lusztig’s canonical basis to replace Kempf’s vanishing theorem (or its analogy
at mixed cases as in [AW]). But it is still not clear that whether the set of weights of an
integrable U-module will be W-invariant (even in the rank 1 case).

In Section 2, we introduce the quantum analogue of Joseph’s induction [Jo|. Tt is not
clear that Joseph’s induction functor can be defined on all integrable U=%-modules of type
1. In Section 3, the freeness of the universal highest weight module D(\) defined by the
Joseph induction over A is proved using the canonical basis constructed by Lusztig [L2].
We will treat the parabolic cases as well. As a consequence, we prove that integrable
modules of type 1 are locally A-finite for the parabolic subalgebras. Then using the
freeness of the universal highest weight modules, we follow more or less the argument
as in [APW] to prove the freeness of the coordinate algebras of the quantum parabolic
algebras over A in Section 4. In Section 5, the exactness of certain induction functors is
proved using the exactness of the quantum coordinate algebras over A. As application,

1991 Mathematics Subject Classification. Primary 17B55, 20G; Secondary 17B50.

Research was supported in part by NSF grant DMS-9401389.
1



2 ZONGZHU LIN

we prove the quantum analogues of several classical results over A, such as Demazure’s
vanishing theorem, Kempf’s vanishing theorem. It should be mentioned that Ryom-
Hansen has proved Kempf’s vanishing and Demazure’s vanishing theorems over any field
of characteristic p using Kashiwara’s crystal basis and Andersen-Wen’s result in the
mixed case [AW].

Throughout this paper, we will use the notations of [APW, AW] with the exception
that algebras U, U<", U=, etc., are the algebras over the ring A. All tensor product
will be taken over the ring A unless the base ring is specified.

ACKNOWLEDGMENT My thanks goes to Brian Parshall and Gerald Cliff for raising
their concerns to me.

2. JOSEPH’S INDUCTION

2.1. In this paper we fix a root system R and a set S of simple roots. Let (a;;)1<ij<n
be the Cartan matrix of R (i.e., (i, o) = aj;) and dy, ... ,d, be the smallest positive
integers such that the matrix (d;a;;) is symmetric. A’ is the quotient field of A and U’ the
quantum enveloping algebra over A’ generated by E;, F;, K;, K; ' (i = 1,...,n). Here
we use Lusztig’s version as in [Ll]. The A-algebra U generated by EZ( " = = E / [ Ju,» F(T)
Er/[rly,, (r>0) and K;, K;' (i = 1,... ,n) has a triangular decomposition U = U~ ®
U@U™. We will use a different notation for the algebras US? = U~U° and U2° = U°U*
(instead of the notation in [APW]).

Since we will be working over the ring A, let us state some of the properties of A,
which we will use in this paper without giving specific references every-time.

(a). Zv,v™'] is a Noetherian domain of global dimension 2 (see [GS, 18.9, 20.3]);

(b). Any projective module over A is free (a special case of Seshadri’s theorem [B]).

For each A € X =Z" and 0 € {£1}", let x,. : U’ — A be the algebra homomorphism
defined in the same way as in [APW, 1.1]. For each U%module M, M, , = {z €
M | ux = Xox(u)z,Yu € U} is called the y, \-weight space of M.

Lemma 2.2. For any U°-module M, M, , N M, =0 if X # p.

Proof. Suppose that there are x € M,_, N M,, , then (xox(u) — X5, (u))r = 0 for all
u € UY. We will show that the ideal J of A generated by {(x,(u) — xs,.(w)) | uw € U}
is A. Since A\ # pu, there exists ¢ such that \; # p; (say, \; > ;). By setting ¢ = —pu,,
t =X\ — i, and u = [K:C] € U°, we have, by [APW, 1.1],

(o) = xaulw) = of| 7] =01 " | =0l O
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Remark 2.3. There exists U’-module M such that M, N M, # 0 with o # . In
fact the ideal J in A as in the proof of the lemma is A2. This can be easily verified by
using the basis for U° constructed by Lusztig in [L1]. However in this paper we only
consider U-modules of type 1, i.e., the modules M with My, , #0onlyifo=(1,...,1).
In this case we simply write x» = X, and M, , = M. We will denote by II(M) the
set of weights of M, i.e., the set {\ € X | M, # 0}.

2.4. For each U-module M, >, M) is a U-submodule. By Lemma 2.2, we have
Z,\ex My = @rexMy. In fact, if vyo +vy1 + -+ - + vy = 0 is a shortest expression with
distinct A”’s and nonzero components vy: € My, then we apply u and Yo to the above
expression and then make a difference we would get a shorter expression by choosing
some u € U w exist since the ideals of A generated by (xyi(u) — xao(u)) (u € U°) is
A. We denote by F(M) the U-submodule {z € @ cx M) | Ei(r)gs = Fi(r)x =0,1<i<
n,r >> 0}. A U-module M is called integrable of type 1 if F(M) = M. We denote by
C the category of all integrable U-modules of type 1.

Lemma 2.5 (APW, 1.11). Suppose M € C.

(a). If0#wve M, and \; = max{r | Ei(r)v # 0}, p; = max{r | Fi(r)v # 0}, then
vi = iy — A; for all .

(b). If M is A-torsion free, then the subset II(M) of X is W-invariant under the
usual action of W on X.

Proof. The proof of (a) is essentially in [APW, 1.11]. To prove (b), we set y = EZ-()‘i)v.
Then y # 0 and Fi(T)y #0forr=0,1,...,\ + ;. In fact,
Ezgr)];i(r)y _ ZFi(H) [ Ki;2:—2r}EZgr—t)y _ [K ]y _ [umxl} Y40
p—y T T dl
since M is A-torsion free. Thus v+ (\; —r)a; is a weight of M for allT =0,1,... , \;+ .
Since $o, (V) = v — ;o = v+ (N — 1)y for r = p;, we have s,,(v) € II(M). Now (b)
follows from the fact that W is generated by elements s,, (i =1,... ,n). O

Lemma 2.6. Let M be a U-module such that M = @yex My and II(M) C Us_,(x; —
NR*™) for a finite set {x1,...,xs} € X. Then there exists a unique minimal submodule
K such that M/K is in C.

Proof. Note that M /K is in C if and only if K satisfies the following: for any z € M,
there exists s; > 0 for each 7 such that Fi(r)x € K and EZ-(r)x € K for all » > s;. By the

assumption on II(M), for each x € M, there exists s; for each i such that Efr)x =0 for
all r > s;. Now let {K, | @« € A} be a collection of submodules of M such that M/K,
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is in C for all & € A. Let K = NgeaK,. We will show that M/K is also in C. For fixed
veXandx e M,,let \* = (A, AY) and p®* = (uf, -+, p2) be the sequences of
non-negative integers such A\$ = max{r | Ei(r)x ¢ K,} and pu$ = max{r | Fi(r)w ¢ K,}.
Then we have v; = pf — A¢ for all ¢ by Lemma 2.2(a). However, we must have A\ < s;
for all @« € A. Take r; = v; + s;. Thus we have that uf < r; for all ¢ for all a« € A.
Therefore Fz-(r)a: € K for all » > r; and all <. This proves the lemma. O

2.7. Let us consider the categories C=° and C=Y of U=° and U="-modules respectively,
such that a U=%module (or U=%-module) M is in C=° (or in C=Y) if and only if M =
®uexM, and for each v € M, Ei(r)v =0 (or Fi(r)v = 0) for all r >> 0.

Let N be a U=%module in C=° and finitely generated over A. Then N is a direct sum
of weight spaces and the set II(N) is finite. Consider the U-module M = U ®y>0 N
which is a direct sum of weight spaces and II(M) C Uyern(x — NR'). By Lemma 2.6,
there is a unique minimal U-submodule K of M such that M /K is a U-module in C. We
denote such M/K by D(N). It can be easily verified that D defines a functor from the
category of all A-finite modules in C=° to C.

For each A-finite module N in C=%, the natural embedding N — U®y>o N (z — 1®z)
induces a UZ%module homomorphism N — D(N). The following properties of the

functor D can be verified using a similar argument as in [APW, 1.16-1.19]:

(a). D is right exact;

(b). (Frobenius reciprocity) For each F in C and A-finite N in C=°, the map
¢ : Homy (D(N), E) — Homp>o(N, E), defined by ¢(f) = foo for all f € Homy(D(N),
is an isomorphism of A-modules;

(c). For each A-finite N in C=° and finite free A-module E in C, the maps D(F ®
N)— E® D(N)and D(E® N) — E® D(N), induced by the maps 1 @ 0 : E®@ N —
E®@D(N)and c®1: N® E — D(N)® E via Frobenius reciprocity, are isomorphisms
of U-modules;

(d). D(N) is generated by o(N) as U~ -module.

3. FREENESS OF D(\).

3.1. Foreach A € X, A, is the U2%-module such that U° acts on it via the character y
and El-(r) as zero for all 7 > 0. We will write D(X) for D(.A,) if there is no confusion. Note
that D()) is generated by vy = o(1,) as U -module. Here vy € D(\)\. If D(X) # 0,
then vy, # 0. Since D()) is in C, the numbers r; = max{r | Efr)v,\ # 0} and s; =
max{s | Fz-(s)v,\ # 0} are well defined and finite. By Lemma 2.5, we have \; = s; — r;.
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However, r; =0 foralli =1,... ,n. Thus \; > 0 and A € X . This shows that D(A\) =0
ifAg X,

For A € X*  let I()\) be the left ideal of U generated by Anng>o0(.Ay). Then I(\) is
generated by Ker(y,) C UY and {Ei(r) | 7> 0,1 <i<n}. We thus have an isomorphism
of U-modules U/I(\) — M(\) = U ®p=o0 Aj.

For A € X+, let J~(A) be the left ideal of U~ generated by {F\"" | r; > A;, 1 <i < n}.
Using a similar argument as in [APW, 1.20], one can show that J(A) = J~(\) + I()) is
a left ideal of U

Theorem 3.2. For A € X, U/J(X\) is a U-module in C and is finitely generated and
free over A. The character of U/ J(\) is given by Weyl’s character formula.

Proof. Let vy be the image of 1 in U/J(A). As a U -module, U/J()\) is isomorphic to
U~/J~(A). So we only need to show that U~/J~ () is finitely generated and free over
A.

Let B be the canonical basis for U~ constructed by Lusztig [L2]. We will show that
B N J7(A) is an A-basis of J~(A). Let J~(\)" be the left ideal of (U~) = U~ ® g4 A’
generated by the set {F* | 1 < i < n}. Lusztig showed that B N.J~(\)’ is an A’-basis
for J=(A) [L2, 11.8]. Thus BNJ~(A\) is an A basis for J~(A)'NU~ since any finite sum
> pep @b with a, € A'isin U~ if and only if a, € A. Tt is clear that J~(X) C J~(A\)'NU".
We only need to show that BN J~(\)' C J~(\).

By [L2, 10.16], there is an isomorphism Aq : U~ — Kgq of A-algebras such that the
canonical basis B is the inverse image of the perverse sheaves in Py . In particular, we
have )\Q(Fi(r)) = L;,. Here L,, is the only simple perverse sheaf in Pw o with dim W; = r
and W; =0 for j # 4. As in [L2, 11.6], for each b € B such that A\o(b) = L is a simple
perverse sheaf, we have s;(b) = s;(L) as defined in [L2, 6.5, 11.6]. If b € J~(\) N B,
then b € (U~ YF™™ for some i by [L2, 11.7, 11.8]. Thus we have s;(b) > A; + 1. By
[L2, 6.6], the isomorphism Aq, and the anti-automorphism ¥ : U~ — U~ (E\") — E"),
we have b= 3" o) % F") with z, € U~. Thus we have b € J~(\). This proves that
the image of B\ (BN J~(\)) in U~ /J () is an A-basis. Therefore U/J(\) is finitely
generated and free over A and its character is give by Weyl’s character formula since
there is a bijection between the basis constructed above and the canonical basis in the

simple modules for the complex semisimple Lie algebra of the same highest weight. [

Corollary 3.3. For A € X, D(A\) =0 unless A € Xt and for A € X+, D()) is finitely
generated and free over A and its character is given by Weyl’s character formula.

Proof. Note that D()) is generated by the element vy = (1)) over U and U° acts on Avy
via the weight A. Since El-(r)v,\ =0 for all » > 0 and 4, Lemma 2.5 shows that D(\) =0
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unless \; > 0 for all . For A € X T, Lemma 2.5 also shows that Fi(r)v,\ =0 forallr >\
and all . Thus J(A) C Anny(vy) and we have a surjective map U/J(A\) — D(X). Since
U/JN) =2 M(N)/(J-(AN)M(N)) is a quotient of M(A) and in C, then we must have an
isomorphism U/J(A) = D(A). The rest of the corollary follows from Theorem 3.2. [

For each pn € X, let J*(u) be the left ideal of Ut generated by the set {EZ»(T) | r >
Wi, 1 < i< n}. Let wy be the longest element in the Weyl group W.

Corollary 3.4. Let A € X+,
(a). For anyw € W, D(X)y(n) s a rank 1 free A-module;
(b).  If vy € D(A)w is a basis element, then Uv,, = D(X);
(¢). DN = Utvy, = UtT/JT(—wo(N)). Here the last isomorphism is as UT-

modules.

Proof. By the construction of the canonical basis, BN D(\), is the basis of D()),. Now
(a) follows from Weyl’s character formula. To prove (b), we use induction on the length
l(w). Suppose Uv,, = D(A), let a; be a simple root such that I(s,,w) = l(w) + 1. By
Weyl’s character formula, we have D(A)y\)4ra, = 0 for all » > 0. Thus Ei(r)vw = 0 for
all » > 0. Let r; = max{r | Fi(r)vw # 0}. Set u = w(A). Then we have u; = r; by
Lemma 2.5. Thus s, (1) = pt — 7505 and y = "V, € D(A)w(x)-rsa;- By using the same
formula as 2.5, we have Ei(”)y = [i} = [:Z ]vw = v,,. This shows that v, € Uy. Thus
D(A) = Uy by induction. This also shows that y is an A-basis element of D())s, (.-

In (c), we take w = wy, the longest element of the Weyl group W. Denote by u =
—wpo(A). Then p € XT. By Weyl’s character formula, wy(A) is the lowest weight of D())
and we have FZ-(T)va =0 forallr >0 and 1 < i < n. Thus we have D(\) = Uy,
by using the triangular decomposition U = UTU°U~. By Weyl’s character formula,
E" vy, =0 for all # > y; and 1 < i < n. Thus we have surjective map U*+/J* (1) —
D()) of UT-modules. Once again, by using the canonical basis for U™, U™ /J*(u) is also
free of the same rank as D(\). Since D()) is free over A, the above surjective map split
as A-module map and we have U"/J*(u) = D(A\) @ N for some A-module N. Since N
is projective and therefore free as A-modules by a result of Seshadri [B], we then have
N = 0 by comparing the ranks of the free A-modules. 0

Remark 3.5. If A € Xt then D(\) is the universal highest weight module in C and the

universal lowest weight module in C with lowest weight wg(\).

3.6. Let I C {1,2,...,n}. Denote by U; the subalgebra of U generated over A by
{E" | i € I,r > 0}. We will consider the subalgebra P; = U~U°U} of U. P is a
Hopf subalgebra of U and is free over A. Let C! be the category of P;-modules M such
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that M = ®M,, as U-modules and for each € M, Efr)x = Fj(r)x =0 forallie I,
je{1,2... ,n},and r >> 0.

For each A € X+, we define Ji(—A) to be the ideal of Ut generated by {E\" | i €
I,r > \}. By Lusztig’s canonical basis for U;", U} /J; (=) is finitely generated and
free as A-module.

Let M;(—\) = P; ®p<o (A)_y, which is a P;-module generated by x_, = (1 ® 1) over
Py. Then the left ideal I;(—\) = Annp, (x_)) is the kernel of the natural surjective map
Pr — Mi(—)\). Here M;(—)\) = U/ as Uf-module. Set N;(—=\) = Jf(=A)z_,. We
claim that Nj(—\) is a P;-submodule of M;(—\). Indeed, for each i € I and r > \; and
any s > 0, we have

(r—s) | Xit+s—r .
F.(S)E(T)x_A _ Ez |: s :|£E_)\ if T 2 S,

i ) .
0 if r < s.

If0<r—s <M\, then [A#j_r} =0 Ifr—s > X then FYEM2_, € Ny(=)).

Now the result follows from the commuting relations between F' j(s) and EZ-(T). Thus the
kernel of the composition map Py — Mp(—=X\) — M;(=X)/Ni(=\) = U /Jf (=) is
J (=) + I;(=\), which is therefore a left ideal of P;. We denote by D}(—\) the P-
module M;(—\)/N;(—\), which is finitely generated and free over A.

We can also consider the Pr-module Py ®U0U,+ (A)x, which is isomorphic to U~ as U™ -
module. Similarly, we can prove that J~(A)(1® 1) is a Pr-submodule of P @goy+ (A)a
with quotient isomorphic to U~/J~ (), which is free and finitely generated over A. We
will denote this quotient by D(\). This does not abuse the notation too much since this
quotient is exactly the restriction to P; of the U-module D(\) we defined by Joseph’s
induction. It should be pointed out that, as P;-module, D(\) can not be defined as the
largest quotient of P Doy (A), since it does not have a unique maximal quotient in
Clunless I = {1,2,... ,n}.

3.7. Although, D(X) can not be defined via Joseph’s induction as Pr-module, the mod-
ule D}(—\) can be defined by a similar procedure as in Section 2. For each U="-module
N in C=° which is finitely generated over A, II(N) is finite and weights of P; ®y<o N are
in Uyenvy (p+NR*). Following a similar argument as in the proof of Lemma 2.6, we can
show that P; ®y<o N has a unique minimal Pj-submodule K such that (P; ®p<o N)/K
is in C!. We denote by D}(N) the quotient (P; ®y<0 N)/K. By the definition, one easily
show that functor D} defined on the category of A-finite modules in C=C satisfies that
analogous Frobenius reciprocity as in 2.7. Following a similar argument as in 3.3, we see
that the P-module D}(\) we defined in 3.6 is indeed the module D((A),). Now one
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can argue similarly as in [APW, 1.19] to get the tensor identity
D/ (N®E)=D}(N)® E

for all A-finite module N in C=° and any P;-module in C! which is finitely generated and
free over A.

4. FREENESS OF QUANTUM COORDINATE ALGEBRA

4.1. In this section, we still fix a subset I is {1,2,... ,n} and the subalgebra P of U.
For any A\, € X, we will consider the P;-module D}(—\) ® D(u). Let =, € D(u),
and y_y € Dj(—\)_» be the generators as A-modules. z, and y_, are the generators of
the Pj-modules D(u) and D}(—M\) respectively. Then we have J~ (1) = Anngy-(z,) and
Ji(=A) = Anng (y-»). Let @ = y_y @ v, € Di(=A) ® D(u) and Jy(A, p) be the left
ideal of Py generated by J~ (), J; (=), and ker(x,) C U°. Here v = u— A. Clearly we
have Jr(A, u) € Annp, ().

Lemma 4.2.  (a). Dj(—\) ® D(u) is generated by = over Pp;
(b). The natural surjective map Pr/Jr(\, 1) — D7(=N) ® D(u) induced by x is an

1somorphism of Pr-modules.

Proof. (a) is similar to the proof of [APW, 1.26], but one has to be a little careful
when using the tensor identity since the functor D is not defined for all A-finite U°U; -
modules. Since U=? acts on Ay_y via the character y_y, we have U~z = y_\ ® D(u).
Now one applies the functor D} and uses the tensor identity as pointed out in 3.7. Then
everything goes similarly as in [APW, 1.26]. To prove (b), we write Q@ = Pr/Jr(\, )
and write y = 1, the image of 1 in Q. Then the natural map 7 : Q — D}(=)\) ® D(u)
takes y to x. Since y generates Q over Py and y € F(Q) = {v € Q | EMv = Fj(r)v =
Oforallieland j=1,2,... ,nand asr >> 0} (cf. 1.2), which is a P;-submodule of
Q, we must have Q in C!. Let N = U~y C Q. We have an isomorphism N — y_, ® D(p)
of U=’-modules induced by 7 since Anng-(y) = Anng-(z). Let ¢ : y_x@D(u) — N C Q
be the inverse map of the above isomorphism of U<’-modules. We have a surjective map
' Dy (y_x® D(p)) — @ induced by v via the Frobenius reciprocity and @ is generated
by N over Pr (using the fact that Py = U/U°U~. Note that we have isomorphism of
Pr-modules D} (y_») ® D(p)) — D} (=) ® D(p) which sends the image of = to . Thus
we have the following homomorphisms

Dj(-A) @ D(p) 5 Q 5 Dj(=\) @ D(p)
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such that both ¢’ and 7 are surjective and (7w o ¢')(z) = x. Thus (7 0 ¢’') = id since
D} (=) ® D(p) is generated by x over P;. This shows that ¢’ has to be injective and
therefore an isomorphism of U-modules since ¢’ is surjective. 0]

Corollary 4.3.  (a). Any Pr-module M in C! is locally A-finite;

(b).  Any A-finite P-module M in C' has an A-finite free cover in C!, i.e., there is
a Pr-module F in C! such that F is A-free of finite rank and M is a quotient of F';

(c). If0%# M isin C!. Then there exists u € X such that M, # 0 and p; > 0 for
alli e 1.

Proof. Let x € M,. Set r; = max{r | Ez-(r)m # 0} for each ¢ € I and s; = max{r | Fj(r)x #
0} for each j = 1,2,... ,n. Then r; and s; are finite since M is in C!. We can choose
A= (A,...,\) and g = (p1,... , 1) in X such that v = p— X and \; > r; and
pj > sjforalli e landj=1,2,...,n Thus we have J;(\, ) € Annp,(x) and a
surjective map Pr/Jr(A\, u) — Prx. By lemma 4.2, P;/J;(\ ) is A-free of finite rank.
Thus Prz is A-finite.

(b) Let {xy,... ,z,} be a set of A-generators of M. We can assume that each x; is
a weight vector. Thus the proof of (a) shows that there exists Fy in C! such that Fj is
A-free of finite rank and F; — Pjxy is surjective. Now we have &7, Fy; — M being a
surjective Pr-map. Clearly, ®™, F, is in C! and A-free of finite rank.

(c) Take 0 # y € M. The P;-submodule N = Py C M is finitely generated over A
by (a). Thus the set II(N) = {\ € X | N, # 0} of all weights of N is none empty and
finite. There exists a maximal element with respect to the usual ordering in X. Take pu
being a maximal element of II(/N) and 0 # v € N,. By 2.5(a), we have y; > 0 for each
i € I since both F* and E act on N. O

4.4. Similar to [APW, 1.8], one can define the quantum coordinate algebra A[P;]| by
A[Pr] = {f € Hom 4(Pr, A) | f(I) =0 for some I € T},

where 7 is the set of ideals I of P; such that P;/I is a finitely generated over A and
I'NU" contains a finite intersection of ideals ker(y,) in U® with A € X. In particular,
when [ ={1,2,... ,n}, A[U] = A[P;] is defined by Lusztig in [L1].

In [APW, 1.31], it is proved that the coordinate algebra A, ,_1)[U] is free over A, »—1).
This has been extended to a smaller ring A; which is still larger than A in [AW]. In the
following theorem we show the freeness over A.

Theorem 4.5. For each I C {1,2,... ,n} The algebra A[P;] is a free A-modules.
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Proof. The proof is essentially the same as in [APW]. To prove the theorem, we first
recall that A[P;] is a Pr-module in C’ with respect to the module structure defined by
(uf)(x) = f(zu) for all x,u € Py and f € A[P;] (see [APW, 1.28-29]. In particular,
A[Pr] = &,ex A[Pr], as U%-module. We will only need to show that each A[P], is free
over A.

We consider Hom 4(Pr, A), first. Let K(v) be the left ideal of Pr generated by
ker(x,) € U°. Then Hom 4(Pr, A), = Hom 4(P;/K(v),A). Let Q(v) = {(\,n) €
XT x XT | pw— X = v} Recall that the left ideal J;(\, u) of P; is generated by
JF (=), J~(u), and ker(x,). Since P;/J;(A\ pn) = Dj(—A) @ D(u), which is free and
finitely generated over A by 4.2(b), we have D;(\, i) = Hom 4(Pr/Jr(\, i), A) is also
free and finitely generated over A. Since D;(A, u) € Hom 4 (P, A), as K(v) C Jr(A, p),
the natural embedding D;(A, 1) € Hom 4 (P, A) has image in A[P],. Note that D;(A, u)
has a natural right P;-module structure defined by (fu)(x) = f(ux) for any u,z € P;
and f € Dy(A\, ). Let Iy(\, p) = Annp, (Dy(A, p)). Then Pr/I;(A, p) is finitely gen-
erated over A since Djy(A,u) is finitely generated and free over A. Since Dy(A, p)
is a direct sum of finitely many weight spaces (with U%module as the restriction to
U° from the right Pr-module structure), I7(\, ) contains the intersection of finitely
many ker(x,)’s and D;(A\,u) € A[P/],. Let f € A[P/],. By the proof of Corol-
lary 4.3, there exists \,u € Xt such that v = p — X and f(J;(A\,u)) = 0. Then
f € Di(A, ). Thus we have A[Pf], = U pyear)Di(A, ). Fix any (A%, 1) € Q(v) and
define (A\™, u™) = (A% + mp, u® + mp) for all m > 0. Here p is the half-sum of positive
roots. Note that, for each (A, u) € Q(v), we have Jy(A, u), A) C J(A™, u™) for some m.
Thus A[P;], = Up>oDr(A™, p™). Now the rest of the proof is exactly the same as the
proof of [APW, 1.31] using the freeness of projective modules over A by a Theorem of
Seshadri [B]. O

Remark 4.6. One can replace P; by P;" = U; U°U™T which is also a Hopf subalgebra
of U. By an analogous argument as for P;, one can show that the coordinate algebra
A[U;UU] is also free as A-module.

5. DUALITY AND THE VANISHING THEOREMS.

5.1. We still fix I C {1,2,...,n}. For each Pj-module M, let F;(M) = {m €
oM, | E"m = Fm = 0fori € I,j = 1,2,...,n, asr >> 0}, which is the
unique maximal submodule of M in C!. For any N € C=°, we define the induced

module IndIUDISO(N ) = Fr(Homy<o(Pr, N)). Here the Pr-module structure is defined by
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(uf)(z) = f(au) for x,u € Py and f € Indgfgo(N). Since C=° has enough injective mod-

ules, we can define the right derived functors of Indllj’SO to get P-modules R? IndgfSO M,
denoted by Hj(M), in C! for each module M in C=0.

It is expected that H}(N) = 0 for all 5 > 0 if all weights u of M are I-dominant, i.e.,
1 € X such that p; > 0 for all « € I. In the classical case, where one can interpret these
modules as the sheaf cohomology groups of the sheaves on the quotient scheme P;/B,
which is isomorphic to the flag variety of a reductive group with smaller rank, and then
use Kempf’s vanishing theorem. Even in the special case when [ = {i}, the classical
argument still needs to be justified. Such attempt have been made in [Lin], where one
needs to replace A by a field.

We define for each A-module N, the induced module IndiiN = Fr(Hom 4(Pr, N)).
This defines the induction functor Indi{ from the category of all A-modules to CI. We
can also define, for each A-module N, a Pr-module A[P;] ® N with P; acting on N
trivially.

Lemma 5.2. The induction functor Indﬁ is exact. Furthermore, Indii(N) =~ A[P/|®@ N
as Pr-modules.

Proof. The proof of the lemma is basically the same as [APW, 1.30]. Here one would
like to use the freeness of D;(A, ) over A. O

5.3.  For each subalgebra H of Py, besides the left P-module structure as in 5.2, A[P;]
also has a left H-module structure defined by (uf)(x) = f(y(u)x) for all w € H, f €
A[P;] and = € P;. These two module structures commute each other. If H is further
a Hopf subalgebra of P, A[P;] ® N has a P;-H-bimodule structure for each H-module
N with the tensor product H-module structure. Thus the fixed point set (A[P;] @ N)#
turns out to be a Pr-module.

On the other hand, we can also consider the induction functor Indg’0 which is defined
by Ind;, N = Fy(Homgo(Pr, N)) for each U%module N in C°. Note that Ind}5(N) is a

Pr-submodule of Indﬁ(N ).

Lemma 5.4. Under the isomorphism of Lemma 5.2, we have Ind}’y N = (A[P] ® N)V°
for each Nin C°. In particular, the induction functor Indfj{) 1s exact and IndZ?O N 1is

Ind’”

y<o-acyclic.
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Proof.

Ind/,(N) = Fr(Homyo(Py, N))
= Fi(Hom 4(Pr, N)")
= (F; Hom 4 (P, N))¥"
= (A[P]® N)Y".

Here the second equality uses [Lin, 1.3] and the last equality follows from 5.2. The ex-
actness of the induction functor Ind}} follows from fact that A[P] is free over A and
(A[P1] ® N)" = @,ex(A[P;], ® N_,,). Finally, the exactness of IndJs  yields an iso-
morphism R’ IndIUDISO(IndgoS "N)~ R Ind?0 N from a Grothendieck spectral sequences.
Now the last result follows from the exactness of Indg{). O

Corollary 5.5. For each U°-module N in C° we have, as A-modules.

Inds" N = | ) Hom4(U~/J=(\),N).

AeX+

In particular, for each p € X, Indgio A, = lim Hom 4(U~/J~(mp), A,). Furthermore,
Hom 4(U~/J~(mp), A,) is a direct summand of Ind%?o A, and Indgogo A, is free as
A-module

Proof. This follows from the definition directly since each element f in Indfj{)N is
uniquely determined by values on U~ and vanishes at J~(A) for some A € X*. The
direct limit follows from the fact that for any A € X+, J=(\) D J (mp) for some m.
The last result follows from the fact that J~(mp) DO J~((m + 1)p) and U~ /J~(mp) is
free and finitely generated over A. O

5.6. Consider the Hopf algebra anti-automorphism ® : U — U such that ®(E;) = —F;,
O(F) = —FE;, ®(K;) = K;'. Then ® = Id. It is easy to see that ®(U°) = U°,
O(U;) =U;, and ®(P;) = P;. Here P = U; U=°. For any A € X, let ®(\) € X be
the weight defining the A-algebra homomorphism y, o ® : U° — A. Then ®(\) = —\.

For each right P;'-module M, ®(M) is a left Pr-module via the anti-isomorphism
® : Pp — P;. If the category C,.(P;") of right P, -modules is defined similarly as the
category C! of left Pr-modules, then ® induces a category isomorphism between C,(P;")
and CI.

5.7. Let M be a module in C=°, then Hom 4(P;" ®y=0 M, A) is an right P;"-module.
As left Pr-modules, we have the following isomorphisms:
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®(Hom 4 (P @p=0 M, A)) = ®(Homyro (P}, Hom 4 (M, A))
= Homé(UZD)((I)(P[-F)’ @(HOIHA(M, A)))
= Homy<o(Pr, Hom 4(®(M), A)).

Here Hom 4(®(M), A) is a left U=%-module arising from the right U=’-module ®(M).
If M in C=° is finitely generated and free over A, then Hom 4(®(M), A) = ®(M*) =
(®(M))* is in C=° and A-free of finite rank.

Theorem 5.8. ®(Hom 4(D;()), A)) = Ind’”

y<o(A) as Pr-modules for all A € X such that
(N aY)y>0 foralliel.

Proof. Recall the definition of D;()\). Let m be the quotient map in the exact sequence
0 —a Lod @0 Ay ZowDi(N) —.

Since Dy(\) is free over A and the above exact sequence splits over A, , thus K is also
free over A (projective modules are free over A). This gives the following exact sequence

0 —>HOII1A(D1()\),A) - HomA(P;— ®p=o0 Ay, A) EAN HomA(K, A) —h

of right P/-modules. Then we apply the functor ® to get an exact sequence of left
Pr-modules. Note that Hom 4(P;” ®p=0 Ay, A), = Hom 4 ((P}" ®pz0 Ay) -, A), as U'-
modules. The resulting sequences will still be exact if we replace each term by the direct
sum of the weight spaces. We then apply the functor F;, to get exact sequence

0 —@(D;(A)*) = IndlL, (A}) —a®(Hom 4(K, A)).

Consider the cokernel Coker(7*), which is in C! and thus locally A-finite. For any given
A-finite P-submodule of Coker(n*), let {fi,..., f,}, consisting of weight vectors, be a
A-generating set. Then f; € Hom 4 (K, A) and K, = Nj_, Ker(f;) is a P;"-submodule of
K and K/K; is in C(P;"). Therefore, (P;” ®y>0 Ay)/K;, which is A-finitely generated
and a direct sum of weight spaces, is also in C(P;"). By the definition of D;(\), we must
have K; = K and Coker(7*) = 0 and thus 7* is an isomorphism. O

Remark 5.9. The Proof of the Theorem 5.8 still works when A, is replaced by any
U=%module M provided D;(M) is finitely generated free over the ground ring A. In
particular, for any field k& with a ring homomorphism A — k, if we consider the k-
algebras Uy, = U ® 4 k and the corresponding subalgebras over k (by adding a subscript
k), by repeating everything for A over k, we have ®y (D (M)*) = Indgzgo(d)(M*)) for

any finite dimensional module M in the category Ckzo.
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Corollary 5.10. For any A\ € X, then

(a). IndU’<0 Ay is free and finitely generated over A.
(b). Ind5’<0 Av@ g k= Indi’éﬁ ky for any field k with a ring homomorphism A — k.
k

Proof. If X is I-dominant, then (a) follows from Theorem 5.8. For other A, by lemma
2.5(a), we have Dr(A\) = 0. Thus the proof of Theorem 5 8 still works by the above
remark. Now to prove (b), one uses Remark 5.9 to get Tnd’” leqo kx = @,(Dyi(ky)*). How-
ever, we have Dy (kx) = D;(Ay)® 4k by the canonical ba51s Therefore @i (Dy (ky)*) =
®(D;(Ax)*) ® 4 k since all the modules are free and finitely generated over A. O

5.11. Fori € {1,2,...,n}, {Ei(m),ﬂ(m),Kme € N} generates an A-subalgebra of U,
denoted by U;. The subalgebras U;", U;”, U=", and U7 of U; are defined accordingly. We
will also denote by C;, C?O and C;O the corresponding categories of integrable modules
of type 1 for these subalgebras respectively. For each A-finite Uizo-module N in CZSO,
let D;(N) be the unique maximal quotient of the U;-module of U; ®>0 N in C;. Note
that each module in C=° (CZ°) is in C=° (C7°) when restricted to Ufb(Ufo). A direct
verification will show D;(N) = D (N) as Uimodules for any U="-module N in C=°.
Similarly, we have the restriction functors from C to C;. The proof of the following is

almost in Andersen’s notes [A1].
Lemma 5.12. For each N in C=°, and v € X,
(Ind%, N), = {f € Hom 4(US, N) | F(E®) € Nyyans, F(ES) =0 for s >> 0, and

U<o 7

Z [WJFS_T } Fi(rft)f(Ei(S*t)) =0for0<s<r—v,—1whenr>>0

t
0<t<min{r,s}

In particular, Ind7, N = IndgiSO N when considered as U;-modules in C;.

i

U<0

Proof. We only need to show that the right hand side is contained in the left hand side
since (E* £)(1) = 0 when s >> 0 and (F") f)(E®) = 0 for all s > 0 when r >> 0. Here
one uses the commuting relation between Ei(s) and FZ-(T) as used in the proof of lemma
2.5. Let f be an element on the right hand side. f defines an US"-map f : P — N.
One clearly has (B f)(E®) = 0 for all s > 0 when r >> 0. We still need to verify that
(F" £)(E®) = 0 for each s > 0 when r >> 0. Note that

(FODED) = X [T R e,
0<t<min{r,s}

Thus we already have () f)(E®) = 0 for all 0 < s < r — 15 — 1 when r is large. We

]

must show that (F\" f)(E")) = 0 for s > r — v;. In this case, we have v; +s—r > 0 and

)
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[Vﬁts—r} = 0 unless t < v; + s — r which implies that s — ¢ > r — v; and f(Ei(s_t)) =0

when r is large. (Here v; is fixed.) If j # ¢, then we have
(FES) = HECFY) = (7D EY) = FF(E]) =

for all s when 7 is large since f(U;") C N is finitely generated over A and N is in C=0. [
The proof of the following is similar to the proof in [AP].

Proposition 5.13. R/ Ind (N, <o) & (R’ Ind;/, N)

Proof. The case when j = 0 has already been proved in Lemma 5.12. Each N in C=°
admits a resolution 0 —#V —«" such that each I/ = Indg(f ’ (; with @); being a module
in C° If follows from the exactness of IndgoS * and Indg"0 and a Grothendieck spectral

sequence arising from the composition Indgo IndUl<0 ) Indg(? * that I’ = IndgoS ’ Qj is
IndUl<0 -acyclic. The proposition will follow from 5.12 if we show that each I7 is Indgig—

acyclic. We will consider the module I = Indg(? ’ Q. Since Q = ®Q, as U’-modules, we
can assume that @ = @, for some p. Furthermore, A has global dimension 2 [GS, 18.9,
20.3]. By using an A-free resolution of @) of finite length, we can assume that Q) = A,.

This follows from the following lemma. 0

Lemma 5.14.  (a). The directed limit of injective modules in the category C (C=°,
C=", etc.) is still injective.

(b).  The induction functor Ind¥<, commutes with directed limit.

(c). For any pu € X, then IndYs (A,) = lim Ind¥<o (mp) & Apppi.

(d). For any p € X, IndYs (A,) is Indgso—acychc.

Proof. (a) Note that the category C (C=°, etc.) is A-locally finite and A is Noetherian.
Therefore the categories we are considering are locally Noetherian in the sense of [R].
Thus the directed limits of injective modules are injective [R, Thm 2].

(b) Let {(M;,¢i;) | 4,5 € I withi < j} be a directed system such that for any
1,7 € I, there exists £ € I with & > ¢ and £ > j. Let M = limM,;. We have the
induced maps t; : IndY<,(M;) —sndY<,(M) from the maps ¢; : M; —aM. If V is
any module in C with maps & : IndY<,(M;) —u/ such that & = & o gb;j if 1 < j.
We will construct a homomorphism ¢ : IndU<o(M ) —al/ such that & = (o 1[)1 For
each f € Indggoi\/[ C Hom 4(U, M), f(U) is a finitely generate .A-submodule of M.
Let {my,...,m,} is a generating set of f(U) over A. There exists j € I such that
f(U) C4;(M;) C M. For any such j, there exists a U=’-module map g : U —u/; such
that 1,09 = f since U is a free U="-module. In fact, we can choose g such that g(U) C N
with N being an A-finitely generated U="-submodule of M such that ¢;(N) = f(U).
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Thus we have g € IndY,(M;). We can now define ((f) = &;(g). It is standard to verify
that &;(g) is independent of the choice of j and g. If we take V = lim Ind}<, M;, we
get h_n;llndggo M; = Indggo limM;. This isomorphism is natural. In particular, Indggo
commutes with directed limit. Z
(c) First we show that Ind¥<o(mp) @ Ay, is isomorphic to a US°-submodule of
Indgc%O(Au). Note that Ind¥<,(mp) = ®(D(mp)*) is A-free with character given by

Weyl’s character formula. The projection pr : IndY<o(mp) —mA_,,, induces a

projection map pr,, : ndY<o(mp) @ Amprp —mA[;. As a UT-module, D(mp) is gen-
erated by D(mp)_,,, then any nonzero U~ -submodule of ®(D(mp)*) must have an
element h such that h(D(mp)_,) # 0. The Frobenius reciprocity induces a map
f o IndYeo(mp) @ Apmpis —>-Indg§0 Ay, which is given by f(r ® 1)(u) = pr_,,,(uz)
for all w € U<". The kernel of f is a U~ -submodule. Thus f is injective.

The above discussion for the injectivity of f still works if A is replaced by any field
or local domain k with an A-algebra structure, since the weights and ranks (or dimen-
sions) of Ind¥<,(mp) is independent of the choice of the ground ring A (See Corol-
lary 5.10). Thus the resulting map f is still injective. This induces injective maps
f@Id: (Ind<o(mp) @ Appin) @ k —>ﬂndg§0 A,) ® k. For each weight v of IndgoSO A,
we have f(Ind<o(mp) @ Ampsp)y = (Indgio Apu)y when m is sufficiently large. This
is true when k is a field. Over the localizations of A at prime ideals one can use the
Nakayama Lemma since each weight space is finitely generated over A. The result over
A follows from [AM, Prop. 3.9]. Thus (c) follows.

(d) Using (a) and (b), we have R’ Indgfgg limM, = lim(R’ Indgfgo M,,) for all j by
considering the Grothendieck spectral sequénces since the direct limit is exact. By using
(c), we have

lim 27 Tnd!q (Indf] <o (mp) @ Ampss) = R IndVs, (Indis” (A,)).
The left hand side is zero for j > 0 since
R Indy - (Indg<o (mp) @ Apmpsp) = Indgo(mp) @ R Indy 'y (Ampy,) = 0

for all m=+p; > 0 and j > 0 by the generalized tensor identity. (Note that the proof of the
generalized tensor identity in [APW, 2.19] works over A4 using 5.4.) Hence, Indg(? O(AM)
is Indg"go—acyclic. 0.

Let %UO = i, -8, be a fixed reduced expression of the longest element wy of the
Weyl group. Set w, = s;.---s;,. Then for any A € X, we can repeatedly apply the
functors D;,’s to get the U=%-module D;, - -- D;, Ay (see 5.11). On the other the hand, the



FREENESS OF THE QUANTUM COORDINATE ALGEBRAS 17

quantum Demazure module is defined as V,, (X) = U=, (r). Here Avy, () = D(N)w, ()
[La].

Theorem 5.15. As U="-module, we have D;, --- Dy, (Ay) = Vi, (N).

Proof. Note that using the crystal bases or the Seshadri-Lakshmibai bases [La] that
Vi, (A) is an A-direct summand of D(A) and thus free over A. Furthermore, when re-
stricted to U=

either a module D

N Vi, (A) admits a filtration with each subquotient being isomorphic to

() or isomorphic to A, with p € X such that p; ., > 0 (see
(4 r41

T =

[La]). We now use induction on r. When r = 1, this follows from 3.4-3.6. Suppose the
lemma has been proved for r. The above discussion shows that D;, --- D;, (Ay) = Vi, (A)
has a filtration as Uiffl—module with quotient isomorphic to either D; . (u) or A, with
i, > 0. Note that V,, . (A) is generated by V,, (\) over U; ,,. Thus we have a sur-
jective map D, (Vi (\)) —aV,, ., (A) of Us,,,-modules. Since D ,,(V,, (\)) is finitely

generated over A, which is a Noetherian ring, to show Ker(w) = 0 it is enough to

TRk

show the surjective map D;, ., (Vi,(A)) ® g b — V4, (A) ® 4 k is an isomorphism

v (
for every field k with a ring homomorphism A —wk. +By the definition of the func-
tor D; ., for the algebra U; _,  from Ufgl’k, we have the following surjective map
Dir+1(Vwr (M) ® A k) —alVy,
D((Dj,py (Vi (A) @ 4 K))*) = Indgzgl’k(@((vwr(/\) ® 4 k)*)). By considering the filtra-
tion of ®((Vy, () @4 k)*) induceéir+flfom the above mentioned filtration of V,,. (\) and
Kempf’s vanishing theorem for Indzigl’]; proved by Andersen in [Al], one can com-
i1

(@((Viw, (M) @ 4 k)*)), which is independent of the choice
of the field k since the filtration of V,, (\) has A-free quotients. In particular, one

(A) @4 k. Using Remark 5.9, we have the isomorphism

7»’7”«&»1

pute the character of Ind;,* .
Gyt s

can take k to be algebraically closed and specialize v to 1 to get (inductively) that

this character coincides with Demazure’s character formula [A3]. Now by [La] we have
dimk(Indg;’O“’k(CID((VwT()\) ® 4 k)*))) = dimg(Vy,,, () and the isomorphism 7 ® k. [J

ipy 1,k

Corollary 5.16. For each A € X,
(a). the map ¢, : IndY<o(N\) —>-Indgzo ---Indggo(/\), induced from the Frobenius

r

reciprocity, is surjective for all r.
(b). RIIndz,(Ind 5" Ind % () = 0 for all j > 0.

Uz’

tr—1

¢). if we we denote I, = IndUZ0 x -IndPZO, then RII.(\) =0 for all j > 0.
US Us

Proof. Consider the embedding map D;, ---D; (\) —mD()\). Since both modules are
finitely generated and free over A, we can take the A-dual and then apply the functor
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® to get the surjective map ®(D(N)*) —u@((D;, --- D;,(A))*). By applying Remark 5.9
repeatedly, we have

O((Ds, -+ Diy (X)) = Ind; 'z, - Ind, ' (A). (5.1)

ir i1
Thus (a) follows from Theorem 5.8. To show (b), we use Eq. (5.1) and the filtration of
Vi, (A) used in the proof of 5.15. By applying the functor Indgig1 to the filtration we

ipg1
can get a sequences of long exact sequences. Now (b) follows from Kempf’s vanishing
Uir+1

U=l
r+1

(c) We use induction on r. For r = 1, this is Kempf’s vanishing theorem for the
type A; proved in [Al]. Note that I,,; = Indgzgl ol,. Consider the U="-modules

Gpg1

I(m,p) = Indggo(mp) ® Apptp such that mp + 1 is dominant. By induction hypothesis,
RIL(I(m,p) = Indf<o(mp) @ R, (Amps,) = 0. By (b), L(I(m, p)) is IndU<

theorem for Ind proved in [A1] and the generalized tensor identity.

i1 .
-acyclic.
<o -acy

ir+1
For any U=%-module N which is finitely generated and free over A, one can easily con-

struct a resolution 0 —aV —al" such that [ is a direct sum of the the modules of the
form I(m,u). By [APW, 5.2] one can use this resolution to calculate R7I,,1(N) and to
get a spectral sequence
R? Ind %" (R, (N) = RPH1L,(N).
tr41

In particular, when N = A, we can apply (b) and induction assumption to get (c). O

Theorem 5.17. Let A € X, then
(a). RIIndY<o(N) =0 for j > 0;
(b). R/ Ind}<o(N) is finitely generated over A if N is finitely generated over A.

Proof. Using a 5.16(a)(c) and 5.14, one can follow the argument as in [APW, 5.7] to get
(a).

(b) If N is finitely generated and free over A, we use (a) and the generalized tensor
identity to the resolution of N used in the proof of 5.16(c) to get (b). For general M,
we can first reduce to the case that M has a single weight and then use induction on the

projective dimension of N over A. 0

Remark 5.18. 5.16(c) is the analogue of the Demazure vanishing theorem, 5.17(a) is
the analogue of Kempf’s vanishing, while 5.17(b) resembles Serre’s theorem, which says
that the cohomology groups of a coherent sheaf on a projective scheme over a Noetherian
ring are finitely generated over the base ring [H, III 5.2]. Many other results in [APW]
can also be generalized over A.
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