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1. Introduction

Suppose that V' is a vertex operator algebra (VOA). One of the axioms for a VOA
is that V' is a module for the Virasoro algebra Vir, and in particular there are
operators L(0), L(1), L(—1) in Vir which generate a copy of the Lie algebra si5(C)
represented on V. The purpose of present paper is to study VOAs as modules for
sla, and more generally, to study twisted V -modules as modules for sis.

Our interest in this was stimulated by two sources: the calculations of McKay
and Strauss [MS] on the decomposition of an initial segment of the Moonshine
module into simple Monster modules, and the results of Li [Li] on VOAs. These
paper are related as follows. Among other things, Li establishes that the operator
L(—1) is almost an injection. (See Section 2.4 for a precise statement; the re-
sults are probably well-known to experts.) Li’s result applies in particular to the
Moonshine module V& [FLM] with its usual decomposition into L(0)-eigenspaces

called “head characters” of the Monster M in [MS]), V¥ = VieVie-. . It im-
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plies that there are M-invariant injections V! — VTE 41 (n #0) which are induced
by L(—1). One can plainly see this effect in the decompositions of [MS].

In this paper we will show dually that L(1) is almost surjective. When applied
to Vi, for example, we obtain decompositions

Vi = L(-1)Vi@ker(L(1)|V2,,)

of M-modules valid for all n. These decompositions seem to be not generally
known to group-theorists.

We also obtain analogues for twisted V-modules. Thus, for example, one
expects decompositions similar to the above for the action of the Baby Monster
on a certain Zs-twisted V¥-module, though the module in question has at this
time not been constructed rigorously.

The properties of L(—1) and L(1) mentioned above have consequences for the
action of (L(0),L(1),L(—1)) = slo on V and its twisted modules. In fact, any
twisted V -module is a direct sum of indecomposable sls-modules M (p) (Verma
modules), P(u) (projective modules), M(0)" (the dual module of M(0)) and
C (the trivial module) in the category O defined by Bernstein-Gelfand-Gelfand.
These are explored in Sections 2 and 3.



In Section 4, we study vertex operator algebras with different Virasoro elements
and we also construct a family of simple vertex operator algebras V with the
properties that Vj is not one-dimensional and V,, # 0 for some negative n.
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2. Injectivity of L(-1)

2.1. VERTEX OPERATOR ALGEBRAS. For the readers’ convenience, we briefly
recall the definition of a vertex operator algebra and certain properties. (See [B],
[FLM] and [FHL] for details.)

A vertex operator algebra is a Z-graded vector space:

V:HVn; for veV,, n=wtv; and

nez

(1) dimV,, < oo for all n and V,, =0 for n << 0

equipped with a linear map

V — (End V)][[z, 27 1]]
v—Y(v,z2)= Z vzt (v, € EndV)

neZ

and with two distinguished vectors 1 € V;, w € V5 satisfying the following condi-
tions for u,v € V':

up,v =0  for n sufficiently large;
Y(1,2)=1;
Y(v,2)1 € V[[z]] and lim Y (v,2)1 = v;

z—0

P (Zl — ZQ) Y (u,21)Y (v, 22) — 250 (Zz — Zl) Y (v,22)Y (u, 21)

(2) = 2515 (21 — ZO) Y (Y (u, 20)0, 22)

z2
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(Jacobi identity) where §(z) = >, ., 2™ is the algebraic formulation of ¢-function
at 1 and all binomial expressions, for instance, (z1 — 22)" (n € Z) are to be
expanded in nonnegative integral powers of second variable z5. The Jacobi identity
is interpreted algebraically as follows: if this identity is applied to a single vector
of V' then the coefficient of each monomial in zg, z1, 22 is a finite sum in V;

[L(m), L(n)] = (m —n)L(m+n) + 11—2( 3 — m)0min.o(rank V)

for m,n € Z, where

L(n)=wpy1 for neZ, ie, Y(w,z)= Z L(n)z "2

nez
and
rank V' € Q;
L(0)v =nv = (wtv)v for veV, (neZ);
d
EY(U’Z) =Y (L(-1)v,2).

This completes the definition. We denote the vertex operator algebra just defined
by (V,Y,1,w) (or briefly, by V). The series Y (v, z) are called vertex operators.

REMARK. The finiteness condition (1) is essential for our main result, although
many of the consequences do not need this condition.

2.2. TWISTED MODULES. An automorphism g of the vertex operator algebra V'
is a linear automorphism of V preserving 1 and w such that the actions of g and
Y (v,z) on V are compatible in the sense that

gY(v,z)g_1 =Y (gv, 2)

for v € V. Then gV,, C V,, for n € Z. Furthermore, if g acts diagonally on each
V,, with eigenvalues in the unit circle S? :

Ve = H Vrf

rel0,1)

where V" is the eigenspace of g in V,, with eigenvalue 2" we call g uni-
tary. In this case V = HrE[O,l) V" with an obvious notation V". Note that any
automorphism of V' of finite order is always unitary.

We also have the notion of g-twisted module generalizing that defined in [FFR]
and [D2] where ¢ is of finite order. Let (V,Y,1,w) be a vertex operator algebra
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and g be a unitary automorphism of V. A g-twisted module M for V is a
C-graded vector space:

M:HMn; for we M,, n=wtw
neC

dim M,, < oo for n e C, and,
M,+x =0  for each fixed A € C and n €Z sufficiently small;

equipped with a linear map
V — (End M){z}
vi— Yy(v,2) = Z vz "t (v, € End M)

neR

(where for any vector space W, we define W{z} to be the vector space of W -
valued formal series in z, with arbitrary real powers of z) satisfying the following
conditions for u,v € V, we M, and r € [0,1):

Yy (v, 2) = Z vz "t for v eV
ner+7

vw =0 for [ &R sufficiently large;
Yi(1,2) = 1;

Z2 — 21

2615 <21 _ ZQ) Yar(u, 21)Yar (v, 22) — 2615 <

<0

) Y (v, 22)Yar(u, 21)

—20

3) s <Zl - ZO) s <Zl - ZO) Yar (Y (1, 20)0, 2)

z2 z2

[L(m),L(n)] = (m —n)L(m+n) + 11—2( 3 — m)0min.o(rank V)

for m,n € Z, where

L(n)=wp41 for neZ, ie, Yy(w,z) = Z L(n)z"""2

nezZ
(4) L0O)w =nw = (wtw)w for we M, (ne C);
(5) diZYM(v,z) =Yu(L(-1)v, 2).



This completes the definition. We denote this module by (M, Yas) (or briefly by

The following are consequences of the definition
(6) [L(=1), Y (v, 2)] = Y (L(=1)v, 2);
(7) [L(0),Yar(v,2)] = Yar (L(0)v, 2) + 2Yar (L(—1)v, 2).

REMARK. From (3), (4), (5) and (7) we find that if v € V' is homogeneous, then
v, has weight wt v —n — 1 as an operator, that is, v, : M)y — M +wtv—n—1. In
particular, L(n) has weight —n.

REMARK. If g =1, we obtain the ordinary module notion for the vertex operator
algebra (V,Y,1,w) in the precise sense of [FLM]. In the rest of the paper, when
we say twisted modules, we will include the ordinary modules.

Clearly, V is a V-module and it is called the adjoint module. A simple V-
module M is defined to be a V -module in which 0 and M are the only submod-
ules. A vertex operator algebra is simple if it is a simple module for itself.

2.3. CONTRAGRADIENT TWISTED MODULES. Let (V,Y,1,w) be a vertex oper-
ator algebra and (M, Y)s) be a g-twisted V -module for a unitary automorphism
g. The contragradient module M’ is defined as follows: For each n € C, let M),
be the dual vector space of M,, and M’ = @, ccM],. Consider the natural pairing
(,): M ®M — C defined by (w',w) = w'(w) for any w € M and w’ € M'.
Define the linear map Yy : V — (End M’){z} such that

<YM’ (Uv Z)wl7 w> = <U),, YM<€zL(1)(_2_2)L(O)Ua z_l)w>

forall v € V, w € M, and w’ € M’. Then (M’,Yy;) carries a g~ !-twisted
V-module structure (cf. [FHL], [X]), and we have

(L(n)w',w) = (w', L(—n)w)

forall n € Z, w € M, and w' € M’. Since L(n) is an operator on the graded
vector space M of degree —n, the linear map L(—n) : My — Mj_, is exactly
the dual linear map of the linear map L(n) : M4, — M,.

For an ordinary V-module M, it is proved in [FHL] that the natural identifi-
cation M — (M')" is actually a V-module isomorphism. This result is also true
for g-twisted modules with the same argument.

2.4. Let g be a unitary automorphism of V' and M be a g-twisted V -module.
An element w € M is called vacuum-like if

(8) vp(w) =0 forallveV and 0 <n €R.

In particular, all vacuum-like elements are in M, and killed by L(—1) as one sees
by considering the element v = w and n = 1 and 0. The following lemma was
proved in [Li] for vacuum-like elements in ordinary modules.
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LEMMA. Let M be a twisted V -module. An element w € M is vacuum-like if
and only if L(—1)w = 0.

PROOF:—  The proof is basically the same as in [Li]. Suppose that L(—1)w =
0. For each r € [0,1), take any element v € V" (if there are any) such that
Y (v, z)w # 0. Then there exists k € r+Z such that vyw # 0 and v,w = 0 for all

n € R such that n > k. Using the derivative property LY (v,z) =Y (L(-1)v, 2)

and (6), we can get [L(—1),vg41] = —(k + 1)vg. This shows that vyw = 0 if
k # —1 since L(—1)w =0 and vg4qw = 0. In particular, v,w = 0 for all n € R
and n > 0. 0J

REMARK. If r # 0, then £+ 1 # 0 for all £ € r + Z. The proof of the lemma
shows that Yas (v, z)w = 0 for all v € V" with r # 0 and any vacuum-like element
w.

PROPOSITION. Let M be a g-twisted module. Then
(i) the linear map L(—1): My — Mxy1 is injective for all X\ € C unless A =0;
(ii) the linear map L(1): Mxy1 — M)y is surjective for all X € C unless A =0.

PROOF:— (i) is exactly the above lemma since ker(L(—1)) C My. To show (ii),
we consider the contragradient twist module module M’. Applying (i) to M’,
the linear map L(—1) : My — M, is injective. Thus its dual map L(-1)" :
(M5, )" — (M) is surjective. By the finite dimensionality of M)’s, we have
My = (MJ})’. By the remark in 2.3, L(1) is exactly L(—1)". Thus (ii) follows. [

COROLLARY. Let V' be a vertex operator algebra. Then L(—1) gives an Aut(V')-
module embedding from V,, to Vi1 for n # 0. O

REMARK. Recall from [FLM] that the moonshine module V¥ is a vertex operator
algebra whose automorphism group is the Monster simple group M. The corollary
above asserts that V7 is an M-submodule of Vrf 41 if m # 0. This is consistent

with the computation [MS] for the first few characters of V4. We shall obtain a
refinement of this result in the next section.

3. slp-structure of modules for a vertex operator algebra

3.1. Note that {L(—1),L(0),L(1)} generate a three dimensional Lie algebra iso-
morphic to sl = {X,H,Y} by setting X = —L(1),H = —2L(0), and Y =
L(—1). Under this correspondence, the L(0) weight A corresponds to the H -
weight —2\ for any A € C. The simple root and the fundamental weight of sl
corresponds to the L(0)-weight —1 and —% respectively. For consistency, we will
use the L(0) weight throughout this paper. For an slo-module M, M) means the
L(0) weight space corresponding to the weight A\. However, when we say highest
weight we mean the highest H -weight with respect to the root system of sls.
For the Lie algebra sly, the category O, as defined by Bernstein-Gelfand-
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Gelfand in [BGG], consists of all sly-modules N such that a) N is finitely gen-
erated over the universal enveloping algebra U(slz), b) N is a direct sum of H-
eigenspaces and each eigenspace is finite dimensional, and c¢) L(1) acts on every el-
ement of N nilpotently. For each A\ € C, the Verma module M ()\) = C[L(—1)]v™
is such that L(0)vt =A™ and L(1)vt =0. M(\) isin O and any module gen-
erated by an element v with L(0)v = Av and L(1)v = 0 is a quotient of M (\).
M(X) has a unique irreducible quotient V(\) and every simple module in O is
isomorphic to one of the V(\)’s. Let Z be the center of the enveloping algebra
U(sly). Z acts on V(A) via a central character x» : Z — C. xx = x, if and only
if 4 = —X+1 by the Harish-Chandra Theorem [H1, 23.3] . If two simple mod-
ules V(\) and V(u) appear in the same indecomposable module as composition
factors, then xn = x, and A —p € Z. For all A € C, we have V() = M(\)
unless A\ € %Z and A < 0 (corresponding to the dominant H -weights). For the
exceptional A, M(\) has exactly two composition factors V(A), which is finite
dimensional, and V(=X +1). We will use P(\) to denote the projective cover of
V(A). We have P(A\) = M()) unless A € 1Z and A > 1. For the exceptional
A, P(\) has three composition factors with V(=X + 1) being in the middle and
V(M) as the simple quotient and simple submodule. There is an exact contravari-
ant functor (called duality functor [CI]) D : O — O such that D(V (X)) = V()
(such modules are called self-dual). P(\) is self-dual unless A € $Z and A < 0.
For more properties about the category O, we refer the reader to [H2, I]. For the
exceptional A’s, we have P(A\) = M(\) # V(A).

Each twisted module M for a vertex operator algebra (V,Y,1,w) is automat-
ically a module for the Lie algebra slo. Note that M satisfies the conditions b)
and c) but fails to satisfy the finite generation condition a). For one can see that,
apart from the trivial module, all other “highest weight” simple modules of the
Virasoro algebra are not finitely generated over U(sly) since the dimension of the
weight space of weight n approaches infinity as n approaches infinity. However,
for each given A € C, the sly-submodule of M generated by M) is in the category
O. Although the module M is far from being finitely generated over U(sls) and
thus not in O, M is a union of submodules which are in O.

LEMMA. As sly-module, M is a direct sum of (infinitely many) indecomposable
modules in the category O.

PrROOF:—  Since the module M is not finitely generated, one cannot simply use
the Krull-Schmidt theorem. We shall see that the proof for the category O still
works. Let Z be the center of the universal enveloping algebra U(sly). M can
be regarded as a Z-module. For each central character x : Z — C, we define

MX = {we M| forany z € Z, (2 — x(2))*w = 0 for some positive integer k}.
Then MX is an sly-submodule of M and M = @, MX. The latter holds since

M) is Z-invariant and finite-dimensional for each A\ € C. Next we will show that
each MX is in the category O, so that we can apply the Krull-Schmidt theorem
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to refine the direct sum decomposition of M with each component being in O.
Note that each module in O has a composition series.

For a given central character y, suppose A and —A\ + 1 both define x. Let
T(X\) be the sly-submodule of MX generated by MY 4+ MX, ., which is finite-
dimensional. Thus 7'(A) is in O. Note that MX is a union of modules in O.
Let N be any sls-submodule of MX such that N isin O. Then N +T()\) is a
submodule of MX and also in O. Therefore, any composition factor of N +T'()\)
has to be isomorphic to either V/(A\) or V(=X + 1). However, (N + T(\))/T(\)
has no weights A and —\ + 1, and thus has no composition factor isomorphic to
either V/(\) or V(—=A+1). Hence (N +T(X))/T(\) has to be 0. This shows that
N CT(\), whence MX =T(A) isin O. O

3.2. We now discuss the sly-indecomposable components of M. Since L(—1) is
injective and L(1) is surjective at M) with A # 0, then any sls-direct summand
of M will also have the same property. In particular, this is the case for each
indecomposable component N of M.

PROPOSITION. Let N be an indecomposable sls -module in the category O such
that L(—1) is injective at each non-zero L(0)-weight and L(1) is onto to Ny for
each A # 0. Then the following hold:

(i) If N has a weight not in %Z or all weights of N are in %Z and % is the
smallest one, then N is isomorphic to a simple Verma module M () with
pE 3% or p=4;

(i) If N has a weight \ € %Z and A < 0, then N is isomorphic to the projective
cover P(p) of a simple Verma module M (p) with p € 57 and p> 3 ;

(iii) If all the weights of N are in %Z and all weights are at least 1, then N 1is
isomorphic to a simple Verma module M(X) for some \ € %Z and A > 1,
which is not projective;

(v) If all the weights of N are in 57 with 0 being the smallest weight and L(1)Ny #
0, then N is isomorphic to the projective module P(1) if there exists v € Ny
such that L(—1)L(1)v # 0 or isomorphic to the dual of the Verma module
M(0) otherwise;

(v) If all the weights of N are in +Z and the smallest weight is 0 and L(1)Ny =0,
then N is isomorphic to either the Verma module M(0) or the trivial module.

PROOF:— Since N is in the category O and indecomposable, there exists A
such that Ny_,, =0 for n € C unless n € Z. In fact N has to belong to a central
character x, for some A. Furthermore, we can choose A such that Ny # 0 and
Nyx_, =0 for all n € Z and n > 0. We discuss the possibilities of A:

(i) A¢ N or A = 1. In this case, the Verma modules M ()\) and M(—X+ 1)
are the only two irreducible composition factors of V. Both of them are projective
modules as well by BGG-reciprocity. Thus any non-zero quotient map from N to a
simple module splits and gives a direct sum decomposition. Thus N is isomorphic

to M(\) or M(—X+1).



(i) A € 3Z and XA < 0. The finite-dimensional simple module V(\) and
the simple Verma module M(—X + 1) are the only two simple modules in the
category O with the central character y . They are therefore the only two possible
composition factors of N. Note that M(—\+ 1)p = 0 and the operator L(—1)
kills no non-zero vector in V(A)g. This shows that L(—1) acts on N injectively
by assumption. Therefore, the sly-submodule T'(\) generated by N, has to be
isomorphic to a direct sum of copies of the Verma module M (\) with quotient
being a direct sum of copies of the simple Verma module M (—A+1). By properties
of the Verma module M (\), we have L(1)T'(A)_x41 = 0. However, —\ # 0, and
L(1) maps N_x41 onto N_j. This shows that there exists an element v € N_y 4
such that L(1)v # 0 and v generates a submodule isomorphic to the projective
cover P(—A+1) of the simple Verma module M (—A+1). This projective module
is self-dual in the sense of [CI] and therefore is injective. Thus N has a direct
summand isomorphic to P(—A+1). This shows that N is isomorphic to P(—A+
1).

(iii) A € 2Z and A > 1. There are only two irreducible modules V()) and
V(=X + 1) in the category O with central character x,. Since L(—1) acts on
N injectively, the sls-submodule generated by N, is a direct sum of the Verma
module M (A) and the quotient has no composition factor with the central char-
acter xx. Thus N has to be isomorphic to a direct sum of Verma modules and
therefore is isomorphic to the simple Verma module M ()).

(iv) A = 0. In this case the only possible composition factors of N are the
trivial module V' (0) and the simple Verma module M(1). For any subquotient @
of N as slp-module and v € @, with u > 1, we have L(1)v # 0. This means that
L(1) : Qu+1 — @, has to be injective for p > 0. In particular, L(1) : Ny41 — Ny
is a linear isomorphism for g > 0. By comparing dimensions and using the
injectivity of L(—1) on N, with p > 0, we conclude that L(—1) : N, — N,41
is an isomorphism for all p > 0. If L(1)N; # 0, we fix a v € Ny such that
L(1)v #0. Let T be the sly-submodule of N generated by v. We claim that T’
is an injective module in the category . Therefore, we have N = T'. Indeed, if
L(—1)L(1)v # 0, then the argument is the same as in case (ii) and T is isomorphic
to the projective cover P(1) of the simple Verma module M(1). Then P(1) is
self-dual and injective. If L(—1)L(1)v =0, L(1)v generates the one-dimensional
trivial submodule and its quotient by 7' gives the simple Verma module M (1).
Thus T is isomorphic to the dual of the Verma module M (0), which is projective.
Thus T is injective and N is isomorphic to T'.

(v) If the condition is the same as in (iv) except that we have L(1)N; = 0,
then we set Ty = ker(L(—1)|Ny). Take Ty such that Ny = Ty & Ty gives a
vector space decomposition. Set Ko = L(—1)Ty = L(—1)Ny C Ny and a vector
space decomposition N7 = Ky @ K; for a vector subspace K; of N;. Tj is
already an sly-submodule (trivial). Let (T7) and (Kj) be the sly-submodules
generated by T7 and K respectively. Then L(—1) acts on both (77) and (K;)
injectively. Since any possible H-weights of N/((T1) + (K1) +Tp) are larger than
1, this quotient has to be zero since it belongs to the central character xo. Thus



we have N = (T1) + (K1) + Tp. We now show that this is a direct sum. It is
enough to show that it is a direct sum on each weight space. It is a direct sum of
the weight spaces Ny and N7 by definition since all the generators are maximal
vectors (i.e., killed by L(1)). The direct sum decomposition follows from the fact
that L(—1): N, — N,y is an linear isomorphism. Since Ny # 0, we have either
To # 0 or (T1) # 0. Now the indecomposibility of N shows that K; =0 and N
is isomorphic to either (77), which is a single copy of the Verma module M (0),
or Ty, which is the one-dimensional trivial module. O

COROLLARY. As a module for slsy, a twisted V -module M is a direct sum of
M(p) (0 3Z or p>0), P(p) (1w € 3Z and p>0), M(0)*, and the trivial
module C. O

3.3. Anelement w of a twisted V-module M is called quasi-primary if L(1)w =
0. Let QP(M) be the set of all quasi-primary vectors in M. Then C[L(—1)|QP(M)
is an sly-submodule of M. In [Li], a vertex operator algebra V is called QP-
generated if V. = C[L(—1)]QP(V). He proved that any QP-generated simple
vertex operator algebra V has no negative weights, i.e., V,, = 0 for all nega-

tive integers n. We will adopt his terminology and call a twisted V-module M
QP-generated if C[L(—1)|QP(M) = M.

THEOREM. For a vertex operator algebra V , a twisted V -module M is QP-
generated if and only if M, =0 for all n € 1Z with n <0 and L(1)M; = 0.

ProoOF:— Note that M is QP-generated if and only if each sl5-indecomposable
component is QP-generated. Suppose that M is QP-generated. Let us fix a direct
sum decomposition of M into indecomposable slo-modules. Assume that there
exists 0 > n € %Z such that M, # 0. We can take n to be the minimal
such number. Then there exists an indecomposable component N of M such
that N, # 0 and N,, = 0 if m < n. Note that the weights of N are in
n + Z. By the proof of Proposition 3.2(ii), IV is isomorphic to P(—n + 1). Thus
the slp-submodule T'(n) generated by N,, is a Verma module which contains all
quasi-primary vectors in N. Thus N cannot be generated by the quasi-primary
vectors in N as slp-module, and we must have M, # 0 for all n € %Z with
n < 0. If L(1)M; # 0, there exists an indecomposable sls-component N such
that L(1)N; # 0. By what we just proved above, 0 is the smallest weight of N.
Now by Proposition 3.3(iv) N is isomorphic to either the projective module P(1)
or the dual of the Verma module M (0). In both cases, N is not generated by the
quasi-primary vectors.

Conversely, if M,, =0 forall n € %Z with n < 0, then for any sls-indecomposable
component N of M, case (ii) of Proposition 3.2 does not occur. The condition
L(1)M; = 0 also rules out case (iv) of Proposition 3.2. Thus any component N
has to correspond to one of the cases (i), (iii) or (v). In each of these cases, N is
generated by the quasi-primary vectors. Therefore M is QP-generated. O

COROLLARY. A wertex operator algebra V' is QP-generated if and only if V' has
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no negative weights and L(1)V; = 0.
Proor:— Note that a vertex operator algebra has only integer weights. O

3.4. PROPOSITION. Let V' be a vertex operator algebra and M a twisted V -
module. Assume that n € C satisfies one of the following:

(i) n ¢ 12,

(i) n <1,

(iii) n € 3Z, n>1 and L(1) in injective on M_, 1.
Then there is a decomposition:

M, = ker(L(1)|M,) ® L(~1)M,_,.

PrOOF:— We decompose M into a direct sum of indecomposable sl;-modules.
It is enough to show that the result holds for each indecomposable component.
Let N be such an indecomposable component of M. If N = M(\) with A ¢ 17
or A € 2Z and A > 0, then both L(—1) and L(1) are isomorphisms between
Ny4; and Ny4;41 forall i € Z and ¢ > 0. The decomposition of N, is also clear.
If N=P(k+1) for any k € 3Z and k > 0, then one only needs to take care
of the decompositions of N_; and Njy;. The decomposition of N_j is clear.
But the decomposition at k + 1 = n fails since ker(L(1)|Ngy1) N L(—1)(Ng) # 0.
However, n = k + 1 is excluded by assumption (iii) since N_j C ker(L(1)|M_y).
If N =M(0) or M(0)*, then similar arguments give the decomposition of N,, for
n =0 and n > 1. However, the decomposition of N7 fails in these two cases. If
N = C, the result is trivial. Now the result follows from Corollary 3.2. 0

4. Change of Virasoro elements

4.1. WEIGHT ONE SUBSPACE AND VIRASORO ELEMENTS. Let (V)Y,1,w) be a
vertex operator algebra. Our goal in this section is to change the Virasoro element
w to w’ such that (V)Y,1,w’) is again a vertex operator algebra. Of course, the
rank and the gradation will change accordingly. The reader can refer to [Lian]
for a discussion of how to construct a Virasoro element for a pre-vertex operator
algebra. Let u € V7 be a lowest weight vector for the Virasoro algebra, that is,
L(n)u =0 for all n > 0. We also assume that

(9) upu =0 if n>1lorn=0, wyu=2A1

for some A € C*. Then from the Jacobi identity (2), the component operators u,,
of Y(u, z) satisfy relations

(10) [L(m), up] = —nUpim

(11) (U, Un] = MOt 0-

11



Set
W=wtuoleVy L'(z)=Y(W, 2)= Z L'(m)z"™2,
meZ

Then L'(m) = L(m) — (m + 1)u,, for m € Z. In particular, L'(—1) = L(-1)
and Y (L'(—1)v,2) = LY (v,2) for all v € V. It is straightforward to verify from
(10) and (11) that the operators L’(m) satisfy the Virasoro algebra relation with
central charge rank V' — 12\ :

[L'(m),L'(n)] = (m —n)L (m+n) + %( 3 — m)Omano(rank V — 12)\)

for m,n € Z.

In general, (V,Y,1,w’) is not a vertex operator algebra. In fact, V' may not
be a direct sum of eigenspaces of L’(0); and if it is, the finiteness condition and
boundedness condition (1) may not hold. Thus we need an additional assumption
on u : ug is semi-simple in the sense that V is a direct sum of eigenspaces of
ug. Since L(0) and ug are commutative by (10), each V,, is a direct sum of
ug-eigenspaces. For convenience we set

Vinn = {v € Viplupv = nv}

for m,n € C. Then

V) ={veV|L'(0)v=mv}= H Vit

’

s,teC, s—t=m

We have

PROPOSITION. Let (V,Y,1,w) be a vertex operator algebra and let v € V; be a
lowest weight vector such that (9) holds. Suppose that ug is semi-simple with only
integer eigenvalues on V, dimV,! < oo for all m € Z, and V,, =0 if n € Z is
sufficiently small. Then (V,Y,1,w") is a vertex operator algebra of rank equal to
rank V — 12\. O

4.2. EXAMPLES OF SIMPLE VERTEX OPERATOR ALGEBRA WITH NONZERO SUB-
SPACE OF NEGATIVE WEIGHTS. It was originally believed in [D1] and [Li] that
any simple vertex operator algebra has the properties: a) the subspace of negative
weights is zero, b) the subspace Vj is one-dimensional. In fact it is proved in [Li]
that a simple vertex operator algebra V which is QP-generated in the sense of
Section 3.3 has properties a) and b). However, one should notice from Theorem
3.3 that the condition that V' is simple is not essential, although the QQ P condition
is essential at least for the property a). Unfortunately, we found counter-examples
when we were trying to prove these properties for simple vertex operator algebras
in general. This section is devoted to these examples.

12



We are working in the setting of [FLM] and we assume that the reader is
familiar with the vertex operator algebra Vj constructed from an even lattice L.
For our purpose, we shall take L to be the root lattice of si(2,C). That is, L = Z«
where « is the unique positive root of si(2,C) with (a,a) = 2. Then

Vi = Cla(—-1), a(-2),...] ® C[L]

where a(—n) for n > 0 are commuting variables and C[L] is the group algebra

with basis e’ for 3 € L, 1 =1®¢€" and w = {a(—1)?. Moreover, (V.,Y,1,w)

is a simple vertex operator algebra. For A\ € C, set u = Aa(—1) € (V1)1. Then
u has the property given in Proposition 4.1. Recall from [FLM] that uo = Aa(0)
and «(0) acts on Vi, by

a(0)(v® eP) = (o, BYv @ €

for v € Cla(-1

a(—1),..] and B € L. Also recall that if v = a(—1)4 ---a(—k)* for
i;>0and k> 1

]
then

L(0)(v ® €P) = (i1 + 2ig + - - kig + %(6, B))v el
We find that
(12) L'(0)(v®e?) = (iy + 2z + - kig, + %(6, B) — Ma, B))v @ eP.
PROPOSITION.  The structure (Vi,Y,1,0’) is a vertex operator algebra if and
only if \ € %Z.

PrROOF:— Clearly, A € 1Z if (V,Y,1,w’) is a vertex operator algebra . In fact,
in (12) taking § = « gives the result. Now assume that A € %Z. Again by (12)
all the eigenvalues of L’(0) are integers. Thus it is sufficient to prove that each
eigenspace (V1) of L'(0) is finite-dimensional and (V7),, = 0 if m is sufficiently
small. Set

C[L];, = span {e’|8 € L, L' (0)e® = meP} = {e"*|n? — 20\ = m,n € Z}

It is easy to see that C[L],, is finite-dimensional for m € Z and C[L],, = 0 if n
is sufficiently small. The result now follows immediately. O

Finally we have

COROLLARY. Let 1 < \ € %Z. Then (V5,Y,1,u") is a simple vertex operator
algebra such that dim (V7)) is greater than 1 and (V)| _5, # 0. O
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