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ABSTRACT

THE STRUCTURE OF COHOMOLOGY OF LINE BUNDLES

ON THE FLAG VARIETIES FOR SOME GROUPS OF RANK 2

MAY, 1989

ZONGZHU LIN, B.S., HARBIN SHIPBUILDING ENGINEERING INSTITUTE

M.S., UNIVERSITY OF MASSACHUSETTS

Ph.D., UNIVERSITY OF MASSACHUSETTS

Directed by: Professor James E. Humphreys

Let G be a connected and simply connected semisimple algebraic group over an

algebraically closed field of positive characteristic and B a Borel subgroup of G.

Each character of B induces a line bundle on the flag variety G=B. Its cohomology

groups are rational G-modules in a natural way. The main problem is to study the

vanishing behavior and their G-module structure of all cohomology groups of the

line bundles on the flag variety G=B.

In this thesis work, the G-module structure of all nonvanishing cohomology

groups is studied for the group of type B2 if the weight is in the bottom p2-alcove.

In Chapter 2, it is proved that all composition factors of nonvanishing cohomology

groups can be calculated via the cancellation principle through the generic Ander-

sen filtrations. The socle series of the induced modules for p-singular weights are

computed in Chapter 3. The socle series for higher cohomology groups are studied

in Chapter 4. In Chapter 5, the filtrations for all cohomology groups expected by

Humphreys are constructed and their properties are studied. The modified sum

formula is proved to be satisfied by these filtrations.
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Intr oduction

Let G be a connected algebraic group over an algebraically closed field, B a Borel

subgroup of G and T a maximal torus. Any rational B -module induces a vector

bundle on the flag variety G=B (a projective variety). It turns out that each such

induced vector bundle has a G-linearization in a natural way. So the cohomology

groups have rational G-module structure. If G is replaced by its semisimple quotient

(modulo its radical), the flag variety does not change. So we can assume that G

is simply connected and semisimple. Let R be the root system of G with respect

to T such that B corresponds to the negative roots. Let X (its elements are also

called weights) be the character group of T , which is also the character group of

B . Each one dimensional B -module (coming from a weight) induces a line bundle

on G=B. It turns out that the Picard group of G=B is isomorphic to the character

group of B .

In the early fifties, A. Borel and A. Weil [12] studied the cohomology of line

bundles with nonzero global sections on G=B over the complex field. Later on in

1957, R. Bott [13] studied the cohomology groups of all line bundles on G=B and

extended the results of Borel and Weil (as conjectured by them). The conclusion

is stated as follows:

A. There is exactly one nonvanishing cohomology group for each line bundle.

B. The nonvanishing cohomology group is simple and isomorphic to the H 0 of

the line bundle induced by the dominant weight in the orbit of the original weight

under the “dot” action of the Weyl group W .
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C. The characters of the cohomology groups (as T -modules they are direct sums

of weight spaces) can be calculated through Weyl’s character formula.

Later on, M. Demazure [14] gave a very simple and algebraic proof (avoiding

the use of Kodaira’s vanishing theorem). So the above results remain true for

any algebraically closed field of characteristic zero. When the field has positive

characteristic, the above mentioned results fail. Generally a line bundle may have

many nonvanishing cohomology groups and these may not be simple as G-modules.

In 1974, Kempf [25] proved that the vanishing property A does hold for those

line bundles induced from dominant weights. In 1979, Andersen [2] determined all

nonvanishing H 1 (also their simple socles as G-modules). So Serre duality can be

applied to get all vanishing behavior of the top two cohomology groups. For any

other cohomology groups we still don’t have any major progress.

To the third question concerning the characters of simple modules the answer

is still conjectural (except in some small region of X ). Fortunately the Euler char-

acters of all line bundles do not depend on the characteristic of the field and can

be calculated through Weyl’s character formula. So the problem is converted to

determining all composition factors and their multiplicities in each nonvanishing

cohomology group (or just H 0). The Weyl modules are constructed from simple

modules of a complex Lie algebra (having root system R) by taking reduction p.

It turns out that the Weyl modules are the universal highest weight modules and

isomorphic to the highest cohomology groups of some line bundles as G-modules.

So another question is to determine the composition factors and their multiplicities

in Weyl modules. Lusztig [27] conjectured (from the analogue of composition fac-

tors of Verma modules for complex Lie algebras) that the multiplicity of a simple

module in a Weyl module can be determined by the Kazhdan-Lusztig polynomials

for the affine Weyl group. It seems not easy to prove this conjecture.

2



For the second problem concerning the G-module structure of cohomology

groups, the situation seems worse since we don’t even have a conjecture about

what the structure should look like. Andersen has contributed a lot to this theory.

In 1980, he proved the strong linkage principle [4] for all cohomology groups (not

only for Weyl modules). So this limits the highest weights of all composition fac-

tors of the cohomology groups of the line bundle induced from a weight ¸ inside

the orbit of ¸ under the action of the affine Weyl group. Further he extended the

translation principle to all cohomology groups (this was first proved for Verma mod-

ules and Weyl modules by Jantzen). So the structures of the cohomology groups

should be same (at least the multiplicities and socle or radical series) if the weights

corresponding to the line bundles are in the same facet.

As we mentioned, all nonvanishing H 1 have simple socle (for H 0 this is clear

since there is a unique line fixed by B ). Further, Humphreys [17] conjectured that

when the weight is in general position, the vanishing behavior of characteristic 0

should hold and the unique nonvanishing cohomology group should have a simple

socle and simple head. This turns out to be right . Andersen proved this in 1985

[6], and the highest weights of the simple socle and head can be calculated via a

new action (which is also called alcove identification by Doty and Sullivan) of the

affine Weyl group, involving a positive integer r , on the character group of T . His

proof involved the representations of some subgroup schemes of G. This seems to

be a good approach. It is proved in [26] that the socle and radical structures of all

nonvanishing cohomology groups are determined by those of the induced modules

(denoted by Zr ) of infinitesimal subgroup schemes, at least for weights in general

(generic) position. Ye [29] determined, in 1985, all possible highest weights of

composition factors of those induced modules for infinitesimal subgroup schemes.

But no information was given on multiplicities. In 1987, Andersen and Kaneda [10]

3



proved that the socle and radical series of Z1 can be calculated through the generic

inverse Kazhdan-Lusztig polynomials [28] provided Lusztig’s conjecture (which has

an equivalent interpretation in terms of translation [8]) is true. This approach does

not give any information when the weight is close to a chamber wall.

The connection with the Lusztig conjecture requires the weight to be p-regular

(for multiplicity this will be enough since the translation functors preserve multi-

plicities). So the structure of H i for p-singular weights seems to be untouched.

Another question concerning structure is the existence of certain filtrations. In

1977, Jantzen [21] constructed a filtration for Weyl modules using a contravariant

bilinear form. It turns out that this filtration satisfies a sum formula which is

computable. So in some special cases this sum formula can be used to compute

the composition factors of Weyl modules. Jantzen conjectured that this filtration

should be consistent with certain intertwining homomorphisms. In 1983, Andersen

[3] constructed a filtration in each nonvanishing cohomology group and a similar

sum formula. It turns out that this filtration for the highest cohomology in the

generic case coincides with the Jantzen filtration. In that paper he proved that

the Jantzen conjecture implies the Lusztig conjecture and in his later paper [9]

he proved that the Jantzen conjecture implies that the Jantzen filtrations are the

radical filtrations for Weyl modules.

Humphreys [17] conjectured that there should be a filtration for each nonvanish-

ing cohomology group and they should satisfy certain sum formulas. Actually this

filtration exists in the generic case, which is exactly the Andersen filtration. From

this filtration we can use a certain cancellation process to calculate the composition

factors of H i when the weight is close to a chamber wall. This process can also give

us the vanishing behavior of H i . But this process is still not well understood when

the rank is higher and more nonvanishing cohomology groups appear for one line

4



bundle. For H 0 this cancellation seems to work in general (in the bottom p2-alcove)

provided the Lusztig conjecture is true. In fact, the multiplicities of simple factors

in Weyl modules are given via inverse Kazhdan-Lusztig polynomials constructed

by Andersen [8]. Later on, Kaneda [24] reformulated these polynomials as an al-

ternating sum of certain generic inverse Kazhdan-Lusztig polynomials constructed

by Lusztig [28]. This formulation exactly gives the cancellation principle for H 0.

However for higher cohomology groups we can only prove this in low rank cases.

Concerning the socle and radical series of H 0 (or higher cohomology group),

Doty and Sullivan [15] studied the intertwining homomorphisms and gave an upper

bound and lower bound for Soci H 0. It seems impossible to calculate these bounds

if the multiplicities are not one. However for the groups of type B2 or A2, these

bounds can be calculated and therefore they got the socle series for H 0 in generic

situation. In 1986, Bai-Wang-Wen [11] and, independently, Sullivan proved that the

socle series of H 0, when the weight is close to a chamber wall, can be calculated

from the generic ones with highest weight in the same facet type, provided the

composition factors of H 0 are known and multiplicities are at most one.

In this thesis work, we study the cohomology groups of line bundles on the

flag variety for the group of type B2 since for the group of type A2 these are well

understood and for the group of type G2 we have no information on the socle

structure of H 0 because the multiplicities are not one any more.

In Chapter 1 we give some basic facts about the cohomology groups of line bun-

dles on flag varieties and the representation theory of algebraic groups in positive

characteristic. We also establish some exact sequences that will be used frequently

in later chapters.

In Chapter 2, we use induction on the “distance” of the weight from “−½” and

the vanishing behavior to prove that the composition factors of nonvanishing H i can

5



be calculated from the generic Andersen filtrations via the cancellation principle

stated by Humphreys [17].

In Chapter 3 we use the method of Doty and Sullivan to study the loop of maps

between the cohomology groups for p-singular weights and then to calculate the

socle series of H 0 for p-singular weights. It turns out that the socle series of H 0 is

preserved by translation functors (Theorem 3.3.1).

The socle structure of higher cohomology groups is studied in Chapter 4. Most

of this chapter consists of tedious calculations of characters. We first in Section

4.1 establish a method to calculate the socle series of H 1 in H 1-chambers. In

Section 4.2, we study the submodule structure of the extra cohomology groups. To

determine the socle series of higher cohomology groups, we first study the socles

of higher cohomology groups in Section 4.3. Finally, the socle series of higher

cohomology groups are calculated in Section 4.6.

Chapter 5 is devoted to the study of the filtrations for cohomology groups. The

filtrations are constructed in Section 5.1 through the socle series of Z1 and their

existence is proved by using Serre duality. The consistency of the filtration with

translation functors is proved in Section 5.2 and with intertwining homomorphisms

is checked in Section 5.3. The sum formulas are reformulated and proved in Section

5.4. In this section we avoid the tedious checking of characters and use a more

systematic treatment.

6



C h a p t e r 1

Cohomology and Induced

Represent ations

In this chapter we state some of the basic facts in the modular representation

theory and the cohomology theory of line bundles on the flag variety for a semisim-

ple algebraic group G.

1.1 Affine Weyl Group and Alcoves

Let G be a connected and simply connected semisimple algebraic group over an

algebraically closed field k of characteristic p > 0. Let T be a maximal torus of G

with the root system R and B a Borel subgroup containing T and corresponding

to negative roots R− such that R+ = −R− is the set of positive roots. Denote by

S ⊆ R+ the set of simple roots. X (T) denotes the character group of T which is

the full set of integral weights. There is a partial order relation on X (T) such that

¸ ≥ ¹ if ¸ − ¹ is a sum of positive roots. The Weyl group W = NG(T)=T acts on

X (T) as a reflection group generated by the simple reflections s®(¸ ) = ¸ −〈¸; ®∨〉®

(for all ® ∈ S; ¸ ∈ X (T)). Here 〈 ; 〉 is a fixed W -invariant inner product on

E = X (T)⊗R. Let `(w) be the least length of w expressed as a product of simple

7



reflections. We define the “dot” action of W on E as w · ¸ = w(¸ + ½) −½for all

w ∈ W and ¸ ∈ E , where ½= 1
2

∑
®∈R+ ®. Let Wp be the affine Weyl group which

is generated by all s®;np, where s®;np · ¸ = s® · ¸ + np®, (¸ ∈ E , n ∈ Z, ®∈ R).

Let H® be the reflection hyperplane of s® for ® ∈ R for the “dot” action on

E . Each connected component of the complement of
⋃

®∈R+ H® in E is called a

chamber. The closure of each chamber is a fundamental domain for W . A chamber

is called dominant if any element ¸ in it satisfies 〈¸ + ½;®∨〉 > 0 for all ® ∈ R+

(or all ® ∈ S). Let X + be the set of weights in the dominant chamber. Similarly

let H®;np be the reflection hyperplane of s¸;np in E . An alcove A is a connected

component of the complement of the union of all H ¸;np in E and then its closure Ā

is a fundamental domain for the affine Weyl group Wp in E . An alcove type is an

orbit of alcoves under the translations by pX (T).

We define the r -restricted weights to be the weights in the set

X r = {¸ ∈ X | 0 < 〈¸ + ½;®∨〉 ≤ pr for all ®∈ S}:

For each weight ¸ ∈ X (T), there is a unique decomposition ¸ = ¸ 0 + pr ¸ 1 with

¸ 0 ∈ X r . Then we define a new action of W on X (T) by wr · ¸ = ¸ 0 + pr w · ¸ 1

for all w ∈W . Any translate of X r under an element of pr X (T) is called an r -box.

Any weight ¸ = pr ¸ 1 + ¸ 0 lies in a unique r -box with ¸ v = pr ¸ 1 +(pr −1)½as upper

vertex and ¸ v = pr ¸ 1 −½as the lower vertex.

Further we denote by

Cpr =
{
¸ ∈ X (T) | 0 < 〈¸ + ½;®∨〉 < pr ; ®∈ R+

}

the bottom pr -alcove in the dominant chamber and by Cpr the closure of it (by

changing < into ≤ in the above definition).
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1.2 Cohomology of Line Bundles on G/B

Let M be a finite dimensional rational B -module. We define a vector bundle

L(M ) on the flag variety G=B via

L(M )(U) = {f ∈ Mor(¼−1(U); M ) | f (xh) = h−1f (x); ∀x ∈ ¼−1(U); h ∈ B}

(1.1)

for any open set U ⊂ G=B. Here ¼ : G → G=B is the canonical projection map

of algebraic varieties. It follows that each cohomology group of L(M ) has a G-

module structure and H 0(G=B;L(M )) ∼= IndG
B M as G-modules. The induction

functor from the category of B -modules to the category of G-modules (both are

abelian categories and have enough injectives) is left exact. It turns out

H i (G=B;L(M )) ∼= Ri IndG
B M (1.2)

for all i . We will simply denote H i (M ) = H i (G=B; M ).

By using the Grothendieck spectral sequence and the tensor identity

IndG
B (M ⊗ V ) ∼= (IndG

B M )⊗ V for G-module V; (1.3)

one can get the generalized tensor identity

H i (M ⊗ V ) ∼= H i (M )⊗ V for G-module V . (1.4)

If M = k¸ is the one dimensional B -module defined via a weight ¸ , then L(k¸ )

is a line bundle on G=B. It turns out that all the line bundles on G=B can be

got in this way. We will simply denote H i (¸ ) = H i (k¸ ). From the definition of

the induced modules one can show that H 0(¸ ) 6= 0 implies ¸ ∈ X + . Now Kempf’s

vanishing theorem says that H i (¸ ) = 0 for all i > 0 if ¸ is dominant. Since there is

a unique line in H 0(¸ ) fixed by B , H 0(¸ ) has a simple socle L(¸ ) with the highest

weight ¸ . It turns out that all the simple modules can be got in this way.
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Since dim G=B = N = #R+ , the vanishing theorem of sheaf cohomology says

that H i (¸ ) = 0 if i > N . Now one can show that the canonical sheaf on G=B is

L(k−2½). Therefore Serre duality has the form

H i (M )∗ ∼= H N −i (M ∗ ⊗ k−2½): (1.5)

Now we define ¸ ∗ = −w0(¸ ). The Serre duality for line bundles can be written as

H i (¸ )∗ ∼= H N −i (w0 · ¸ ∗): (1.6)

Let M be a T -module of finite dimension. We define the character ch(M ) =

∑
¸ ∈X (T ) dim M ¸ e(¸ ) to be an element in Z[X (T)]. If M is a rational B -module

the Euler character of M is defined by Â(M ) =
∑

(−1)i chH i (M ) (H i (M ) is always

finite dimensional if M is finite dimensional). Specially Â(¸ ) =
∑

(−1)i H i (¸ ) is

the Euler character of the line bundle L(¸ ) which can be calculated from Weyl’s

character formula

Â(¸ ) =

( ∑

w∈W

(−1)` (w)e(w · ¸ )

)/(∑

w∈W

(−1)` (w)e(w · 0)

)
: (1.7)

Therefore Â(w · ¸ ) = (−1)` (w)Â(¸ ). Now the additivity of Euler characters shows

Â(M ) =
∑

¸ ∈¦( M )

dim M ¸ Â(¸ ): (1.8)

Here Π(M ) is the set of all weights of M .

Let ® ∈ S. By studying the structure of the cohomology groups for rank

one groups, we can use the spectral sequence for the composition of the induction

functors IndG
P ◦ IndP

B to prove the following: If 〈¸ + ½;®∨〉 = np > 0, then

H i +1 (s® · ¸ ) ∼= H i (¸ ) for all i ≥ 0 : (1.9)

If ¸ ∈ C̄p, then

H i (w · ¸ ) =





H 0(¸ ) = L(¸ ) if i = `(w) and ¸ ∈ X + ;

0 otherwise.
(1.10)
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Since the category of G-modules is abelian, Exti
G(M ; N ) can be defined. Using

standard homological methods and the fact that Ext1
G(L(¹ ); H 0(¸ )) = 0 if ¹ 6> ¸ ,

one can show

Ext1
G(L(¹ ); L(¸ )) ∼= HomG(L(¹ ); H 0(¸ )=L(¸ )) if ¹ 6> ¸ . (1.11)

1.3 Strong Linkage Principle

Let ¸ and ¹ ∈ X (T). We denote ¸ ↑ ¹ if there is an ® ∈ R+ such that

¸ = s®;np · ¹ for some n and ¸ < ¹ . We say ¸ is linked to ¹ if ¸ ∈ Wp · ¹ and ¸ is

strongly linked to ¹ if ¸ = ¹ or there is a sequence of weights ¸ = ¸ 0; ¸ 1; · · · ; ¸ s = ¹

such that ¸ i−1 ↑ ¸ i for i = 1; · · · ; s. The following theorem was proved by Andersen

in [4].

Theorem Let ¸; ¹ ∈ X + and w ∈W. If L(¹ ) is a composition factor of H i (w · ¸ ),

then ¹ is strongly linked to ¸ .

Now by using 1.11 we can get

Corollary Let ¸; ¹ ∈ X + . If Ext1G(L(¸ ); L(¹ )) 6= 0, then ¸ is linked to ¹ , i.e.,

¹ ∈W · ¸ .

Corollary If L(¸ ) and L(¹ ) occur as composition factors of the sameindecompos-

ablemodule, then ¸ ∈Wp · ¹ .

It follows from this corollary that each G-module M can be written as a direct

sum
∑

¸ ∈ ¹Cp
Pr ¸ M , where Pr ¸ M is the maximal submodule of M such that all of
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its composition factors have their highest weights in Wp · ¸ . Therefore Pr ¸ is an

exact functor. We define, for ¸; ¹ ∈ C̄ ∩ X + , the translation functor T ¸
¹ via

T ¸
¹ M = Pr ¸ (L(º )⊗ Pr ¹ M ) (1.12)

for all G-modules M . Here º is the unique dominant weight in W (¸ − ¹ ). It is easy

to see that T ¸
¹ and T ¹

¸ are adjoint functors. Since C̄p is a fundamental domain of

the affine Weyl group Wp, we will simply denote, for each alcove A with ¸; ¹ ∈ Ā,

by T ¸
¹ the translation functor defined via the corresponding W -conjugate weights

in C̄p.

A facet F is defined to be a set

F =





x ∈ X (T)

∣∣∣∣∣∣∣∣

〈x + ½;®∨〉 = n®p ∀®∈ R+
0 (F );

n®p < 〈x + ½;®∨〉 < (n® + 1) ∀®∈ R+
1 (F ):





(1.13)

for a set of integers n® with ®∈ R+ and a partition R+ = R+
0 ∪R+

1 . The closure F̄

(or upper closure F̂ ) of F can be defined by changing < into ≤ (or only the upper

one) in the inequalities.

Let F be a facet, ¸ ∈ F and ¹ ∈ F̄ . Then

T ¹
¸ H i (¸ ) = H i (¹ ) for all i ≥ 0; (1.14)

T ¹
¸ L(¸ ) =





L(¹ ) if ¹ ∈ F̂ ,

0 otherwise,
(1.15)

if both ¸ and ¹ are dominant. Further if ¸; ¹ ∈ F , then H i (¸ ) and H i (¹ ) have the

same submodule structure. Some more properties will be stated where they are

used.

Suppose M is a G-module. We define [M : L(¸ )] to be the multiplicity of the

simple module L(¸ ) appearing in a composition series of M . Thus the character of
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M can be written as

ch(M ) =
∑

¸ ∈X +

[M : L(¸ )]chL(¸ ):

We denote [M ] = {¸ ∈ X + | [M : L(¸ )] 6= 0}. For any B -module E , Â(E ) is a

virtual character of G-modules which can be written as Â(E ) =
∑

¸ ∈X +
a¸ chL(¸ ).

In this sense, we can define Â(E )+ and Â(E )− as characters of G-modules as follows

Â(E )− =
∑

aλ< 0

−a¸ chL(¸ );

Â(E )+ =
∑

aλ> 0

a¸ chL(¸ ):

In fact one can regard Â(E ) as an integer valued function defined on X + . Therefore

Â(E )+ and Â(E )− are the positive and negative parts of the function Â(E ) in the

usual sense and [M ] is the support of the function chM for a G-module.

1.4 Representations of GrT and GrB

Let F r : G → G be the Frobenius homomorphism of algebraic groups. Then

Gr = KerF r r , Gr T and Gr B , the pullback of T and B in G respectively, are

subgroup schemes. Gr B=B is an affine scheme and the induction functor IndGrB
B is

exact. Denote Zr (¸ ) = IndGrB
B for each ¸ ∈ X (T). Z r (¸ ) has a simple socle L r (¸ )

and a simple head as a Gr B -module (or as Gr T -module). All the simple Gr B -

modules (or Gr T -modules) can be got in this way. L r (¸ ) is a simple G-module if

¸ ∈ X r . By using spectral sequences we can show

H i (Zr (¸ )) ∼= H i (¸ ) (1.16)

for all ¸ ∈ X (T) and i ≥ 0. It is not hard to show that SocGrT M is a Gr B -

submodule of M if M itself is a Gr B -module.
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Theorem (Andersen) If ¸ = ¸ 0 + pr ¸ 1 such that 2(h − 1) ≤ 〈¸ 1 + ½;®∨〉 ≤

p− 2(h− 1) for all ®∈ R+ (h is the Coxeternumber of the root system), then

Soci
GH 0(¸ ) = H 0(Soci

GrT Zr (¸ )) (1.17)

Let Qr (¸ ) be the injective hall of the simple module L r (¸ ) in the category of

Gr T -modules. Qr (¸ ) has a Gr B -module structure and it has simple socle and

simple head L r (¸ ). The module Qr (¸ ) possesses a filtration as Gr B -module with

subquotients of the form Z r (¹ ) (see [23] 11.4 and remark 11.2). The number of

Zr (¹ ) appearing as subquotients in the filtration is the same as [Z r (¹ ) : L r (¸ )].

The following translation invariance is also true for the modules Qr (¸ ) as both

Gr T - and Gr B -modules.

Zr (¸ + pr º ) ∼= Zr (¸ )⊗ pr º ; (1.18)

L r (¸ + pr º ) ∼= L r (¸ )⊗ pr º : (1.19)

We can also replace the Zr ’s by their socle and radical filtrations in (1.18).

1.5 Socles of Nonvanishing H1

Andersen in [2] has given some structure and vanishing behavior of the first

cohomology of the line bundles.

Theorem (Andersen) Let ¸ ∈ X (T). Then H 1(¸ ) 6= 0 i® there is an ® ∈ S

such that one of the following three conditions is satis¯ed. In each of the cases

H 1(¸ ) hasa simple socle.

1. −p < 〈¸ + ½;®∨〉 < 0 and s® · ¸ is dominant, SocH1(¸ ) = L(s® · ¸ );
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2. 〈¸ + ½;®∨〉 = −npr for somer ∈ N; n < p and s® · ¸ is dominant,

SocH1(¸ ) = L(¸ + npr ®);

3. −(n+1)pr < 〈¸ +½;®∨〉 < −npr with r ∈ N and n < p, ¸ +npr ® is dominant,

SocH1(¸ ) = L(¸ + npr ®).

In general, if ¸ ∈ X (T) such that −p < 〈¸ + ½;®∨〉 ≤ 0 for some ® ∈ S, then

H i +1 (¸ ) ∼= H i (s® · ¸ ) for all i ≥ 0.

We say a weight ¸ ∈ X (T) has standard vanishing if w ·¸ ∈ X + for some w ∈W

such that H i (¸ ) = 0 unless i = `(w), otherwise we say that ¸ has nonstandard

vanishing.

1.6 Some Exact Sequences

Let ¸ ∈ X (T) with 〈¸ + ½;®∨〉 > 0. Andersen [4] has derived the following

exact sequences of G-modules.

· · · → H i +1 (s® · ¸ )→ H i (¸ )→ H i +1 (V®(¸ ))→ · · · ; (1.20)

· · · → H i +1 (C®(¸ ))→ H i +1 (V®(¸ ))→ H i (Q®(¸ ))→ · · · : (1.21)

Here V®(¸ ), C®(¸ ) and Q®(¸ ) are B -modules associated to the pair (®; ¸ ) and

Π(C®(¸ )) = Π(Q®(¸ )) = {s® · ¸ + ip® |0 < ip < 〈¸ + ½;®∨〉}

with multiplicity 1. In this paper we will frequently use these two exact sequences.

Whenever the B -modules C®(¸ ) and V®(¸ ) appear, they will mean the modules

associated to the pair (®; ¸ ) with ® ∈ R+ (if 〈¸ + ½;®∨〉 < 0 we will denote

C®(¸ ) = C®(s® · ¸ ) for notational simplicity, and also I hope this would not be

confused with the character defined in Humphreys [17]).
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Since Π(C®(¸ )) is a string of weights, C®(¸ ) has a B -filtration in a natural way.

So we have the following exact sequences of B -modules with np < 〈¸ + ½;®∨〉 <

(n + 1)p.

0→ I → C®(¸ )→ s® · ¸ + np®→ 0; (1.22)

0→ s® · ¸ + p®→ I → C®(¸ )→ 0: (1.23)

Proposition If 0 < np < 〈¸ + ½;®∨〉 ≤ (n + 1)p and n < p, then we have

isomorphismsof B-modules: Q®(¸ ) ∼= C®(¸ ) and C®(¸ ) ∼= C®(¸ − p®) (if n ≥ 2).

Proof: By Andersen [4], C®(¸ ) has a basis {ȩi | i = 1; 2; : : : ; n} with

te¸
i = (s® · ¸ + ip®)(t)e¸

i ∀t ∈ T;

X−®(x)e¸
i =

i∑

k=1




ip

kp


 (xp)i−ke¸

k =
i∑

k=1




i

k


 (xp)i−ke¸

k :

Therefore C®(¸ ) has the basis {ȩi | i = 2; · · · ; n − 1}. Now define Á : C®(¸ ) →

C®(¸ −p®) by Á(ȩi ) = ie¸ −p®
i−1 for i = 2; · · · ; n− 1: Now it is easily verified that Á is

an isomorphism of B -modules. The proof of the isomorphism Q®(¸ ) ∼= C®(¸ ) can

be done in a similar way.

Throughout this paper we will assume p ≥ h, where h is the Coxeter number

of the root system. For all the dominant weights ¸ = p¸ 1 + ¸ 0 , we will assume

¸ v ∈ Cp2 . Then ¸ ∈ Cp2 .
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C h a p t e r 2

Composition Factors of Cohomology

In this chapter, we prove that the composition factors of nonvanishing H i (w·¸ 0)

with ¸ 0 ∈ Cp2 , but not too close to the upper wall, can be calculated through the

cancellation principle as stated in [17] for the group of type B2.

2.1 Characters of Extra Cohomology

2.1.1 Vanishing Pattern

From now on, the group will be fixed to be of type B2 unless otherwise indicated.

In this case S = {®; ¯ } with ® short and most ¸ ∈ X (T) have standard vanishing

cohomology except when ¸ is close to the chamber walls (more precisely, the (®+¯ )-

wall or (2® + ¯ )-wall). Andersen has worked out the vanishing pattern for the

group of type B2 in [1]. Figure 1 shows that only those weights in the alcove

with numbers in them have nonstandard vanishing and the number i in the alcove

indicates that the weight in the alcove has nonvanishing H i in addition to the

standard nonvanishing one.

17



¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡
¡
¡
¡
¡
¡¡

¡
¡
¡
¡
¡
¡

¡
¡
¡
¡
¡
¡@

@
@
@
@
@

@
@
@
@
@
@

@
@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@@

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡¡@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@@

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

1

1

1

1

1

1

1

1

1

1

3

3

3

3

3

3

3

3

3

3

2 2

2 2
2 22 2

3 33 3
3 3

3 3

1 1

1 1
1 11 1

2 22 2
2 2

2 2

Figure 1: The Nonstandard Vanishing Behavior for B2

2.1.2 Generic Andersen Filtrations

It is known that, in the case of B2, all the composition factors of H 0(¸ ) have

multiplicity one for ¸ ∈ X + such that ¸ v ∈ Cp2 . If ¸ is generic (cf., for example,

Andersen [6]), H 0(¸ ) has exactly twenty composition factors. If ¸ is not generic,

the composition factors of H 0(¸ ) can be determined by the cancellation principle

as stated, for example, in Humphreys [17], from the generic case. In fact one can

use Jantzen’s sum formula for the Jantzen filtration to get the composition factors
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for H 0(¸ ), bearing in mind that the composition factors of H 0(¸ ) have multiplicity

one. For H ` (w)(w · ¸ 0) with ¸ 0 ∈ X + (we will always denote ¸ = w · ¸ 0), Andersen

defined a filtration and got a similar sum formula. If ¸ 0 is generic, this filtration

pattern can be predicted from the inverse Kazhdan-Lusztig polynomials and has

been calculated by Humphreys as shown in Figure 4–7 on page 35– 38.

In these figures, one can see that the patterns only depend on the alcove type

containing the weight ¸ . For ¸ 0 not generic, Humphreys conjectured that the

composition factors of H ` (w)(¸ ) and the other nonvanishing cohomology groups (if

there is one) can be obtained by using the cancellation principle as follows: Take

the generic Andersen filtration pattern of the same alcove type for H ` (w)(¸ ) with

highest weight ¸ 0 in the dominant chamber. Consider the upper vertex of all boxes

containing a weight involved in this pattern. If an upper vertex v is contained in a

chamber wall, then cancel everything in that box. Otherwise there is w′ ∈W such

that w′ · v is in the dominant chamber. In this case, multiply every number in that

box by (−1)` (w0) and translate them into the corresponding alcoves in the box with

upper vertex w′ · v in the dominant chamber. Now, cancel the same numbers with

different sign in each alcove and keep the nonmatching numbers with their signs

unchanged. So in this way we get a pattern in the dominant chamber such that in

some alcoves there are numbers with signs. All the numbers with positive signs (the

original numbers in the alcoves) give the highest weights of composition factors of

H ` (w)(¸ ) and all the numbers with negativesigns (the numbers from non-dominant

chambers) give the highest weights of composition factors of the extra cohomology

groups. For more detailed description one can see Humphreys [17], [19].
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2.1.3 Characters of H 1 in the s¯ s®-Chamber

We first consider the extra cohomology for a weight ¸ close to the (®+ ¯ )-wall.

We will always denote by ¸ 0 the dominant weight in the W -orbit of ¸ under the

“dot” action.

Let ¸ = s¯ s® · ¸ 0 with H 1(¸ ) 6= 0 and −(n + 1)p < 〈¸ + ½;̄ ∨〉 < −np for some

n ∈ N. One can use (1.20) and (1.21) in 1.6 and the vanishing pattern in 2.1.1 to

get the following exact sequences:

0→ H 0(V¯ (s¯ · ¸ ))→ H 1(¸ )→ 0; (2.1)

0→ H 1(V¯ (s¯ · ¸ ))→ H 2(¸ )→ H 1(s¯ · ¸ )→ H 2(V¯ (s¯ · ¸ ))→ 0; (2.2)

H 0(V¯ (s¯ · ¸ )) ∼= H 0(C¯ (s¯ · ¸ )); H 2(V¯ (s¯ · ¸ )) ∼= H 1(C¯ (s¯ · ¸ )); (2.3)

0→ H 1(C¯ (s¯ · ¸ ))→ H 1(V¯ (s¯ · ¸ ))→ H 0(C¯ (s¯ · ¸ ))→ 0; (2.4)

0→ H 0(C¯ (s¯ · ¸ )))→ H 0(I 0)→ H 1(I 1)→ H 1(C¯ (s¯ · ¸ ))→ 0: (2.5)

Here the last exact sequence is the induced one from the exact sequence of B -

modules

0→ I 1 → C¯ (s¯ · ¸ )→ I 0 → 0

in which I 0 is the quotient consisting of all the weights of C¯ (s¯ · ¸ ) in the dominant

chamber and I 1 is the submodule consisting of all the weights of C¯ (s¯ · ¸ ) in the

s¯ -chamber. Using the notation in 1.3 we have

Proposition Suppose [H 0(¸ 0)] ∩ [H 1(¸ )] = ∅. Then

chH 1(¸ ) =


 ∑

0<ip< 〈sβ ·¸ + ½;¯_ 〉

Â(¸ + ip¯ )




+

:
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Proof: As s¯ · ¸ = s® · ¸ 0 has standard vanishing, we have [H 0(¸ 0)] = [H 1(s¯ · ¸ )].

Now from the exactness of (2.1), (2.2) and (2.3) one gets

[H 0(C¯ (s¯ · ¸ ))] ∩ [H 1(C¯ (s¯ · ¸ ))] = ∅:

On the other hand, Â(C¯ (s¯ · ¸ )) = chH 0(C¯ (s¯ · ¸ ))− chH 1(C¯ (s¯ · ¸ )). Thus

chH 0(C¯ (s¯ · ¸ )) = (Â(C¯ (s¯ · ¸ )))+ and chH 1(C¯ (s¯ · ¸ )) = (Â(C¯ (s¯ ¸ )))−. Now

the proposition follows from (2.1) and

Â(C¯ (s¯ · ¸ )) =
∑

0<ip< 〈sβ ·¸ + ½;¯_ 〉

Â(¸ + ip¯ ):

Remark One can calculate the composition factors of H 1(¸ ) from this character

formula provided the assumption is proved. It turns out that the composition

factors calculated from this formula and those gotten by applying the cancellation

principle are the same. Therefore we can use the cancellation principle to calculate

the composition factors provided the assumption is proved. We will prove the

assumption in section 2.2.

2.1.4 Characters of H 2 in the s¯ -Chamber

Now we consider the weight ¸ in the s¯ -chamber with nonvanishing H 2(¸ ). In

this case, the exact sequences in 1.6 will have the following form:

0→ H 0(V¯ (¸ 0))→ H 1(¸ )
Á
→ H 0(¸ 0)→ H 1(V¯ (¸ 0))→ H 2(¸ )→ 0; (2.6)

H 0(V¯ (¸ 0)) ∼= H 0(C¯ (¸ 0)) ∼= H 1(V¯ (¸ 0)); (2.7)

chH 0(C¯ (¸ 0)) =
∑

0<ip< 〈¸ 0+ ½;¯_ 〉

Â(¸ + ip¯ ): (2.8)
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Proposition Suppose [H 2(¸ )] ∩ [H 0(¸ 0)] = ∅. Then

chH 2(¸ ) =


 ∑

0<ip< 〈¸ 0+ ½;¯_ 〉

Â(¸ + ip¯ )− Â(¸ 0)




+

Proof: Considering exact sequence (2.6), we get

0→ Im(Á)→ H 0(¸ 0)→ H 1(V¯ (¸ 0))→ H 2(¸ )→ 0:

Then we have the following character formula

chH 2(¸ )− ch(ImÁ) = chH 1(V¯ (¸ 0))− H 0(¸ 0):

Note that [H 2(¸ )] ∩ [ImÁ] ⊆ [H 2(¸ )] ∩ [H 0(¸ 0)] = ∅. We have

chH 2(¸ ) = (chH 1(V¯ (¸ 0))− chH 0(¸ 0))
+ ;

and the proposition follows from (2.7) and (2.8).

Remark As in 2.1.3, as long as one proves the assumption in the proposition, one

can use this character formula to calculate the composition factors of H 2(¸ ), there-

fore the composition factors of H 1(¸ ). It turns out that the results obtained from

this character formula and those from the cancellation principle coincide. Therefore

we can use the cancellation principle to calculate the composition factors of H 2(¸ )

when we have proved the assumption in this proposition.

2.2 Proof of the Assumptions

2.2.1 Format of the Proof

In this section we will prove the assumptions in 2.1.3 and 2.1.4. The format of

the proof is to use induction on the number n for which np < 〈s¯ · ¸ + ½;̄ ∨〉 <
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(n +1)p. Of course, the assumptions are obvious when n = 0. In order to state the

format clearly, let

P3(n) := The assumption in 2.1.3 for this n holds;

P4(n) := The assumption in 2.1.4 for this n holds.

The induction procedure can be formulated as follows: Suppose P3(m) and P4(m)

for all m < n, then we prove P3(n). Finally, we prove P4(n) by using P3(n) which

has been proved. This will complete our proof.

However, by the remarks following the Propositions in 2.1.3 and 2.1.4, we will

use the cancellation principle to compute the composition factors of H i (¸ ) for m if

we assume P3(m) or P4(m). Keep in mind that we will assume P3(m) and P4(m)

for all m < n in the following subsections.

2.2.2 Estimation of the Intersections for P3(n)

Let ¸ = s¯ s®·¸ 0 with H 1(¸ ) 6= 0. The exact sequences in 2.1.3 give the following

0→ H 1(¸ )→ H 0(I 0)→ H 1(I 1)→ H 1(C¯ (s¯ · ¸ ))→ 0; (2.9)

chH 0(I 0) =
∑

¸ + ip¯ ∈¦( I 0)

Â(¸ + ip¯ ):

Here all the weights in the summation are in the dominant chamber. In order to

show [H 1(¸ )] ∩ [H 0(¸ 0)] = ∅, let us consider

[H 0(¸ + ip¯ )] ∩ [H 0(¸ 0)] for all ¸ + ip¯ ∈ Π(I 0):

In this case ¸ lies in one of the four possible alcoves marked with “a”,“b”, “c”

and “d” in the following picture.
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In these four cases, we have [H 0(¸ + ip¯ )] ∩ [H 0(¸ 0)] = ∅ for all i with ¸ + ip¯ in

the dominant chamber except the following cases where the intersection has only

one weight which is indicated in Figure 2 on page 26.

alcove type i = weight in common

a n − 1 ¸ a

b n ¸ b

c n ¸ c

Therefore for ¸ in alcove of type “d”, we have finished the proof. For ¸ in the other

three alcoves it will be enough to show the weight listed above is not a weight of

H 1(¸ ) in each case.

2.2.3 Translation Principle

In Theorem 2.5 of [1], Andersen, by using the translation principle, has proved

the following.

Proposition (Andersen) Let ¹ ∈ X + and s a re°ection in one of the walls of

the alcovecontaining ¹ suchthat s · ¹ > ¹ . Then, for all y ∈Wp and i ≥ 0,

[H i (y · ¹ ) : L(¹ )] = [H i (ys · ¹ ) : L(¹ )]:

Now by using this proposition we can show that L(¸ a) is not a composition

factor of H 1(¸ ) for ¸ in the alcove “a”, by taking the reflection s in the upper wall
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of the alcove containing ¸ a and y ∈Wp such that y·¸ 0 = ¸ a. In Figure 2 we give the

filtration of H 2 which is calculated from the generic filtration defined by Andersen

[3]. The numbers with boldface are the filtration levels of the composition factors

of H 1(¸ ) with highest weights in the corresponding alcoves (we will prove in section

4.2 that these numbers do come from a filtration of H 1(¸ )).

2.2.4 Proof of P3(n)

To finish the proof for ¸ in either “c” or “b”, we set ˜̧ = w0 · ¸ ∗ and apply the

exact sequences in 1.6 to the pair (¯ ; ˜̧). So we have the following exact sequences:

H 4(V¯ (˜̧)) ∼= H 3(˜̧);

0→ H 2(V¯ (˜̧))→ H 3(s¯ · ˜̧)→ H 2(˜̧)→ H 3(V¯ (˜̧))→ 0; (2.10)

0→ H 3(C¯ (˜̧))→ H 3(V¯ (˜̧))→ H 2(C¯ (˜̧))→ H 4(C¯ (˜̧))

→ H 4(V¯ (˜̧))→ H 3(C¯ (˜̧))→ 0:

H 0(C¯ (˜̧)) = H 1(C¯ (˜̧)) = 0 ; H 2(C¯ (˜̧)) ∼= H 2(V¯ (˜̧)): (2.11)

The following exact sequences come from the exact sequences of B -modules in 1.6.

0→ H 2(C¯ (˜̧))→ H 2(s¯ · ˜̧ + np¯ )→ H 3(I )→ H 3(C¯ (˜̧))→ (2.12)

H 3(s¯ · ˜̧ + np¯ )
Á
→ H 4(I )→ H 4(C¯ (˜̧))→ 0;

0→H 3(I )→H 3(C¯ (̧̃ − p¯))→H 4(s¯ · ˜̧ + p¯)
°
→H 4(I )→H 4(C¯ (̧̃ − p¯))→0: (2.13)

Here we claim that Á 6= 0. Otherwise we have

[H 3(s¯ · ˜̧ + np¯ )] ∩ [H 0(¸ 0)] ⊆ [H 3(C¯ (˜̧))] ∩ [H 0(¸ 0)]

⊆ [H 4(V¯ (˜̧))] ∩ [H 0(¸ 0)] ⊆ [H 3(˜̧)] ∩ [H 0(¸ 0)] = [H 1(¸ )] ∩ [H 0(¸ 0)]:
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Figure 2: Filtrations of H 1 and H 2 in the s¯ s®-Chamber
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However, s¯ · ˜̧ + np¯ is in the s®s¯ s®-chamber with nonvanishing H 2 and

(n − 1)p < 〈s¯ · ˜̧ + np¯ + ½;̄ ∨〉 = 〈s¯ · ˜̧ + ½;̄ ∨〉+ 2np < np:

By the induction hypothesis in 2.2.1, we have P4(n − 1) and the composition

factors of H 3(s¯ · ˜̧ + np¯ ) can be calculated through the cancellation principle.

So we find out that [H 3(s¯ · ˜̧ + np¯ )] ∩ [H 0(¸ 0)] has 3 weights in type “c” and 4

weights in type “b”. The highest weight s®s¯ s® · (s¯ · ˜̧ + np¯ ) is in the alcove with

dark sides in Figure 2 unless ¸ 0 is lower enough (in this case the weights ¸ b and ¸ c

do not appear). This shows that Á 6= 0.

On the other hand, ˜̧−p¯ is in the s®s¯ s®-chamber with standard vanishing. By

applying the exact sequences in 1.6 to the pair (¯ ; ˜̧− p¯ ), one can get H 4(C¯ (˜̧−

p¯ )) = 0 and therefore ° is onto. From this we see that H 4(I ) has a simple head

which is same as the head of H 3(s¯ · ˜̧ + np¯ ). This forces Á to be surjective and

H 4(C¯ (˜̧)) = 0 . Therefore

H 3(C¯ (˜̧)) = H 4(V¯ (˜̧)) = H 3(˜̧):

It follows from the strong linkage principle that L(¸ b) (we take “b” as an

example, for “c” the argument is the same) cannot be a composition factor of

H 3(C¯ (˜̧ − p¯ )). Therefore ¸ b 6∈ [H 3(I )] by (2.13) and

[H 4(s¯ · ˜̧ + p¯ ) : L(¸ b)] = [H 4(I ) : L(¸ b)] = [H 3(s¯ · ˜̧ + np¯ ) : L(¸ b)] = 1:

Now from (2.13) we have [H 3(C¯ (˜̧)) : L(¸ b)] = 0 and [H 3(˜̧) : L(¸ b)] = 0. So

P3(n) is proved.

2.2.5 Estimation of the Intersections for P4(n)

With n fixed as in 2.2.4 we prove P4(n) under the induction hypothesis in 2.2.1

and P3(n) which has been proved.
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Set ¸ = s¯ · ¸ 0 with H 2(¸ ) 6= 0 and np < 〈¸ 0 + ½;̄ ∨〉 < (n + 1)p. Similarly ¸

lies in one of the four alcoves marked with “a”, “b”, “c” and “d” as in the picture.

¡
¡
¡
¡
¡

@
@@d c
b
a

First let us consider the case when ¸ is contained in either “a” or “b” since

s® · ¸ has standard vanishing. Then, we will consider the case when ¸ is in “d” and

deal with “c” last since the result on “d” will be used in the proof for “c”. So we

assume ¸ is in either “a” or “b” in this subsection.

The exact sequences in 1.6 for the pair (®; s® · ˜̧) (˜̧ = w0 · ¸ ∗ as in 2.2.4) have

the following form:

H 1(V®(˜̧)) ∼= H 2(˜̧);

0→ H 2(V®(˜̧))→ H 3(˜̧)→ H 2(s® · ˜̧)→ H 3(V®(˜̧))→ 0; (2.14)

0→ H 2(C®(˜̧))→ H 2(V®(˜̧))→ H 1(C®(˜̧))→ 0;

H 1(V®(˜̧)) ∼= H 1(C®(˜̧)) ; H 3(V®(˜̧)) ∼= H 2(C®(˜̧)): (2.15)

Consider the filtration of the B -module C®(˜̧) with the subquotients V0, V1 and

V2 having the following properties:

V0 Consisting of all the weights of C®(˜̧) in the s®s¯ s®-chamber with H 2 6= 0;

V1 Consisting of the two weights in the two H 3-chambers with standard vanishing;

V2 Consisting of all the weights in s¯ s®-chamber with H 1 6= 0.

Using the vanishing property of these subquotients and the exact sequences

induced from the filtration one can prove

[H 2(˜̧)] = [H 1(C®(˜̧))] ⊆ [H 1(V2)] ⊆
⋃

~̧+ ip®∈¦( V2)

[H 1(˜̧ + ip®)]:

28



Now the assumption in 2.2.1 and P3(n) can be used to calculate [H 1(˜̧ + ip®)] in

the union and one will see that [H 1(˜̧ + ip®)]∩ [H 0(¸ 0)] = ∅. So P4(n) follows from

Serre duality in cases “a” and “b”.

2.2.6 Proof of P4(n)

Let ¸ be in either alcove “d” or “c”. Then s® · ¸ has an extra cohomology

H 3(s® · ¸ ) in the s®s¯ -chamber. However, [H 3(s® · ¸ )] = [H 1(w0 · (s® · ¸ )∗)] and

P3(n) implies [H 3(s® · ¸ )] ∩ [H 0(¸ 0)] = ∅. The exact sequences associated to the

pair (®; ¸ ) yield

· · · → H 3(s® · ¸ )→ H 2(¸ )→ H 2(C®(¸ ))→ 0: (2.16)

So we only need to show [H 2(C®(¸ ))]∩ [H 0(¸ 0)] = ∅. Let us consider the following

exact sequences of B -modules

0→ s® · ¸ + p®→ C®(¸ )→ I → 0;

0→ C®(¸ − p®)→ I → s® · ¸ + np®→ 0;

which induce the following exact sequences of G-modules

H 1(C®(¸ ))→H 1(I )→H 2(s®·¸ + p®)→H 2(C®(¸ ))→H 2(I )→H 3(s®·¸ + p®)→0;

(2.17)

· · · → H 2(C®(¸ − p®))→ H 2(I )→ H 2(s® · ¸ + np®)→ 0: (2.18)

For alcove “d” we use the assumption P3(n− 1) and P4(n− 1) to get the following:

[H 2(¸ − p®)] ∩ [H 0(¸ 0)] = ∅;

[H 2(s® · ¸ + np®)] ∩ [H 0(¸ 0)] = {ˆ̧};

[H 3(s® · ¸ + p®)] ∩ [H 0(¸ 0)] = {ˆ̧};

[H 2(s® · ¸ + p®)] ∩ [H 0(¸ 0)] = {ˆ̧} (2.19)
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where ˆ̧ = s¯ · (s® · ¸ + (n − 1)p®). Since [H 2(C®(¸ − p®))] ⊆ [H 2(¸ − p®)] we

have [H 2(C®(¸ − p®))]∩ [H 0(¸ 0)] = ∅. Note that L(ˆ̧) has multiplicity 1 in all the

modules listed above. So (2.18) implies [H 2(I ) : L(ˆ̧)] = 1.

On the other hand, the coefficient of chL(ˆ̧) in the Euler character Â(I ) =

chH 2(I ) − chH 1(I ) is −1. Therefore [H 1(I ) : L(ˆ̧)] = 2. Since H 1(C®(¸ )) ⊂

H 2(s® ·¸ ), [H 1(C®(¸ )) : L(ˆ̧)] ≤ 1. Now one can chase in (2.17) to get [H 2(C®(¸ )) :

L(ˆ̧)] = 0.

For alcove “c”, one can use P4(n) for alcove “d” in addition to the induction

assumptions to calculate the intersections in (2.19). It turns out that all the inter-

sections in (2.19) are empty in this case. So we have finished the proof of P4(n).

2.3 Extra Cohomology along the 2α+β-Wall

2.3.1 Character Formula

One can follow exactly the same way as we did in section 2.1 and section 2.2

to get similar results for the cohomology H i (¸ ) for ¸ close to the 2®+ ¯ -wall with

nonstandard vanishing, i.e. the following character formulas:

chH 1(¸ ) =


 ∑

0<ip< 〈sα·¸ + ½;®_ 〉

Â(¸ + ip®)




+

if ¸ = s®s¯ · ¸ 0; (2.20)

chH 2(¸ ) =


 ∑

0<ip< 〈sα·¸ + ½;®_ 〉

Â(¸ + ip®)− Â(¸ 0)




+

if ¸ = s® · ¸ 0; (2.21)

provided [H 1(¸ )] ∩ [H 0(¸ 0)] = ∅ in (2.20) and [H 2(¸ )] ∩ [H 0(¸ 0)] = ∅ in (2.21).

The proof of the two conditions is very similar to the way we used in the previous

two sections. Of course, the entire proof heavily depends on the computation of

composition factors in each individual case. However the calculation in 2.2.5 and
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2.2.6 can be carried over. But the calculation in 2.2.2–2.2.4 cannot be carried over

directly since the translation along ® does not move the weights very far each time

to avoid the meeting of [H 0(I 0)] and [H 0(¸ 0)].

2.3.2 In the s®s¯ -Chamber

Let ¸ = s®s¯ · ¸ 0 with H 1(¸ ) 6= 0. Here there are two possible alcoves (for a

fixed n). We first assume ¸ to be in the bottom alcove. Similar to 2.2.4 we consider

the pair (®; ˜̧) which yields the following

H 4(V®(˜̧)) ∼= H 3(˜̧): (2.22)

If we show H 4(C®(˜̧)) = 0, we will have H 3(˜̧) ∼= H 3(C®(˜̧)). The exact sequences

of B -modules in 1.6 yield the following exact sequences

→H 3(I )→H 3(C®(˜̧))→H 3(s®· ˜̧+np®)
Á
→H 4(I )→H 4(C®(˜̧))→0; (2.23)

0→ H 3(I )→ H 3(C®(˜̧ − p®))
Ã
→ H 4(s® · ˜̧ + p®)

°
→ H 4(I )→ 0: (2.24)

We will show that H 4(C®(˜̧)) = 0 and H 3(I ) = 0 by showing Á is onto and Ã is

injective. So one can calculate the character of H 3(C
α
(˜̧)) from (2.23) which has

only one composition factor and the intersection property is automatically satisfied.

Note that H 3(s® · ˜̧ +np®) and H 4(s® · ˜̧ +p®) have the same simple head. So it

is enough to show Á 6= 0 since (2.24) implies that H 4(I ) has the same simple head

as H 4(s® · ˜̧). However the exact sequences arising from the pair (¯ ; ¸ ) show that

[H 1(¸ )] ⊆ [H 2(C¯ (¸ ))] and chH 2(C¯ (¸ )) = Â(C¯ (¸ )). If Á = 0, the exact sequence

(2.23) will induce the following

[H 3(s® · ˜̧ + np®)] ⊆ [H 3(C®(˜̧))] ⊆ [H 4(V®(˜̧))] = [H 3(˜̧)] ⊆ [H 2(C¯ (¸ ))]:
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Figure 3: Filtration of H 2 and H 1 in the s®s¯ -Chamber

Here the sets on the both sides can be calculated and it turns out that this inclusion

does not hold. Since H 4(C®(˜̧)) = 0, (2.23) and (2.24) imply ImÁ = Im° , we have

[ImÃ] ⊇ [H 4(s® · ˜̧ + p®)] \
(
[H 4(s® · ˜̧ + p®)] ∩ [H 3(s® · ˜̧ + np®)]

)
: (2.25)

Applying the exact sequences associated to the pair (®; ˜̧ − p®), one can calculate

chH 3(C®(˜̧ − p®)) = −Â(C®(˜̧ − p®)). It turns out that the right hand side of

(2.25) contains all highest weights of the composition factors of H 3(C®(˜̧ − p®)).

Therefore Ã is injective.

For ¸ in the top alcove one has H 1(¸ ) ∼= H 0(C®(¸ )). Let I 0 be the quotient

of C®(¸ ) consisting of all the weights of C®(¸ ) in the dominant chamber. Then

[H 0(I 0)] ⊇ [H 1(¸ )]. Now the calculation shows that [H 0(¸ 0)]∩ [H 0(I 0)] = {¹ 1; ¹ 2},

where ¹ 1 and ¹ 2 are marked in Figure 3 on page 32.

Now, by the translation principle as stated in 2.2.3 and the result which has

been proved for the bottom alcove in 2.3.2, one can show that L(¹ 1) and L(¹ 2) are

not composition factors of H 2(¸ ).
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2.3.3 Upper Wall of the p2-Alcove

In 1.6 we assumed that ¸ 0 lies in Cp2 . So one may ask about the alcoves close

to the wall H®+ ¯ ; p2 = {Â ∈ X ⊗R | 〈Â+ ½;(®+ ¯ )∨〉 = p2}, i.e., the upper wall of

Cp2 . Examining our proof, this condition is used in the following three facts:

1. The vanishing pattern of Andersen;

2. C®(¸ ) ∼= Q®(¸ ) and C®(¸ − p®) ∼= C®(¸ ) in Proposition 1.6;

3. Jantzen’s decomposition pattern.

Andersen worked out the vanishing pattern in the whole region W · C̄p2 in [1].

To consider the second condition, we recall that |〈w · ¸ 0+½;®∨〉| < p2 for all w ∈W

and ® ∈ R+ if ¸ 0 is in Cp2 . All the weights we met in our proof are in a string of

weights between w · ¸ 0 and s®w · ¸ 0 for a simple root ® and have to be in W ·Cp2 .

So the second condition is satisfied throughout our proof.

Now let us consider the third condition. It follows from Jantzen’s generic decom-

position pattern in [20] that all the composition factors in H 0(¸ 0) have multiplicity

one. Further using the argument in [11] we can conclude that H 0(¸ 0) has the

Jantzen decomposition pattern (with a certain cancellation if ¸ 0 is close to a cham-

ber wall) if all composition factors of Z1(¸ 0) have the form L 1(¹ ) with ¹ 1 in C̄p2

(¹ = ¹ 0 + p¹ 1, cf. 1.1). This condition will be satisfied for all the weights involved

in the proof if the upper vertex of the box containing ¸ 0 is inside Cp2 .

For a p-singular weight ¸ , the multiplicity of a simple factor in H i (¸ ) can be

calculated through the translation functor from a p-regular weight. However, the

generic socle filtration pattern for H 0 will be established in Chapter 3. The generic

socle filtration patterns for H ` (w) can be calculated from the generic socle series
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patterns for H 0 by a formula in Lin [26] (Remark in 3.2). Then the proof throughout

this chapter works for p-singular weights as well. So we conclude

Theorem For a group of type B2, suppose ¸ 0 is a weight such that the upper

vertexof the box containing ¸ 0 is in Cp2. Then the composition factors of the extra

cohomology of the line bundle corresponding to w · ¸ 0 can be calculated throughthe

cancellation principle as stated in [17].
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Figure 4: Alcove Type I
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Figure 5: Alcove Type II
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Figure 6: Alcove Type III
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Figure 7: Alcove Type IV
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C h a p t e r 3

Socle Series of Induced Modules f or

p-Singular Weights

As we know the socle series of H 0(¸ ) for a p-regular weight ¸ from Doty and

Sullivan [15], we will, in this chapter, use the method developed in [15] to calculate

the socle series of H 0(¸ ) for a p-singular weight ¸ . Throughout this chapter we

assume p > h. The weight ¸ is always assumed to be dominant and in the bottom

p2-alcove Cp2 and all composition factors of H 0(¸ ) have multiplicity one.

3.1 Estimation of Socle Series in General

3.1.1 Images of Intertwining Homomorphisms

Throughout this section we assume G is a semisimple algebraic group (not

necessarily B2). Let ¸ ∈ X . Define

R¸ = {®∈ R | 〈¸ + ½;®∨〉 ≡ 0 (mod p)}:

Let ® ∈ R. We say ¸ is ®-regular if ® 6∈ R¸ , otherwise we say ¸ is ®-singular.

Suppose ®∈ R+ . We denote (s®)∗ · ¹ = s® · ¹ + np® if np ≤ 〈¹ + ½;®∨〉 < (n + 1)p,
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i.e., (s®)∗ is the reflection in the nearest lower ®-hyperplane. Thus we can see that

¹ is ®-singular if and only if (s®)∗ · ¹ = ¹ . Further we denote R+
¸ = R¸ ∩ R+ and

R−
¸ = R¸ ∩ R−. Set `(¸ ) = #R+

¸ .

Let w ∈W and ®∈ S such that `(s®w) = `(w)+1. From now on in this chapter

we fix a generic weight ¸ in the dominant chamber unless indicated (by generic we

mean in the sense of Andersen [6]). There are G-module homomorphisms Ã and Á

such that

H ` (w)+1 (s®w · ¸ )
Ã
→ H ` (w)(w · ¸ );

H ` (w)(w · ¸ )
Á
→ H ` (w)+1 (s®w · ¸ ):

Here Ã and Á are induced from the maps between induced modules from B to the

minimal parabolic subgroup P® by the induction functor IndG
Pα

.

If w · ¸ is ®-singular, Á and Ã are isomorphisms of G-modules. However for w · ¸

being ®-regular, one has the following exact sequence

H ` (w)+1 (s®w · ¸ )
Ã
→ H ` (w)(w · ¸ )

Á
→ H ` (w)+1 (s®w · ¸ )

Ã
→ H ` (w)(w · ¸ ):

As ¸ is generic, H ` (w)(w · ¸ ) has simple socle for all w ∈ W (cf. Andersen [6]).

Therefore the maps Á and Ã are unique up to scalars. If w · ¸ is ®-regular (equiva-

lently, ¸ is w−1(®)-regular), we have the following character formula:

ch(ImÃ) = ch(KerÁ) = Â(¸ )− Cw¡ 1(®)(¸ ) = C−w¡ 1(®)(¸ );

ch(ImÁ) = ch(KerÃ) = Cw¡ 1(®)(¸ ):

Here we use the notation of Humphreys [17] ( it should not be confused with the

B -modules defined in 1.6) and denote, for each positive root ° ,

C° (¸ ) =
∑

0<k p< 〈¸ + ½;°_ 〉

Â(s° · ¸ + kp°);

C−° (¸ ) = Â(¸ )− C° (¸ ):
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3.1.2 Estimation of Second Socles

Let w0 = s¯ N
· · · s¯ 1 be a reduced expression for w0 in W with ¯ i ∈ S. So we

have a loop of intertwining homomorphisms

H ` (w0)(s¯ N
· · · s¯ 1 · ¸ )

ÃN→ · · · → H j (s¯ j
· · · s¯ 1 · ¸ )

Ãj
→ · · ·

Ã1→ H 0(¸ )

↑ ↓

H ` (w0)(s¯ N
· · · s¯ 1 · ¸ )

ÁN← · · · ← H j (s¯ j
· · · s¯ 1 · ¸ )

Áj
← · · ·

Á1← H 0(¸ ):

Here Ãj ( or Áj ) is an isomorphism if and only if s¯ j¡ 1
· · · s¯ 1 · ¸ is ¯ j -singular or

equivalently (s¯ j¡ 1
· · · s¯ 1)

−1(¯ j ) ∈ R+
¸ . If Áj (or Ãj ) is not an isomorphism, Áj (or

Ãj ) kills the socle of H j −1(s¯ j¡ 1
· · · s¯ 1 · ¸ ) (or H j (s¯ j

· · · s¯ 1 · ¸ )). Thus the images

of the maps have Loewy length at most `` (H j (s¯ j
· · · s¯ 1 · ¸ ))−1; here `` (M ) is the

Loewy length for a G-module M .

Let w = s¯ j
· · · s¯ 1 which extends to a reduced expression for w0. Consider the

composites

uw = Ã1 · · ·Ãj : H ` (w)(w · ¸ )→ H 0(¸ );

vw = Áj · · ·Á1 : H 0(¸ )→ H ` (w)(w · ¸ ):

There are exactly `w(¸ ) isomorphisms among the series of maps Ã1; : : : ; Ãj (or

Á1; : : : ; Áj ), where `w(¸ ) is defined as follows. Let ®i = s¯ 1 · · · s¯ i¡ 1
(¯ i ) for all

i = 1; : : : ; N . Thus R+ = {®1; : : : ; ®N }. Denote

R+ (w) = {®∈ R+ | w(®) ∈ R−};

`w(¸ ) = #(R+ (w)
⋂

R+
¸ ) = #{®i | ¸ is ®i -singular and 1 ≤ i ≤ j }:

Proposition Using the notation set up above, one has

uw(Sock+ `(w)−`w(¸ )
G H ` (w)(w · ¸ )) ⊆ Sock

G(H 0(¸ ));

vw(Sock+ `(w)−`w(¸ )
G H 0(¸ ) ⊆ Sock

G(H ` (w)(w · ¸ ):
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From this proposition, we get

v−1
w (Soc1

GH ` (w)(w · ¸ )) ⊇ Soc
1+ `(w)−`w(¸ )
G H 0(¸ ); (3.1)

uw(Soc
2+ `(w)−`w(¸ )
G H ` (w)(w · ¸ )) ⊆ Soc2

GH 0(¸ ): (3.2)

Let us consider Soc2
GH 0(¸ ) first. Set `` (¸ ) to be the Loewy length of H ` (w)(w ·¸ )

and define

B 2
¸ =

⋂

w∈W;`(w)−`w(¸ )=1

v−1
w (Soc1

GH ` (w)(w · ¸ ));

U¸ =
∑

` (w)−`w(¸ )= `` (¸ )−3

uw(H ` (w)
x (w · ¸ ));

where H ` (w)
x (w · ¸ ) = Soc

`` (¸ )−1
G H ` (w)(w · ¸ ) is the unique maximal submodule of

H ` (w)(w · ¸ ) as it has a computable simple head. Clearly we have the inclusion

U¸ ⊆ Soc2
GH 0(¸ ) ⊆ B 2

¸ : (3.3)

Corollary Let ¹ and º be two dominant weights. If ¹ 6> º and [B 2
º : L(¹ )] = 0,

then Ext1G(L(¹ ); L(º )) = 0.

Remark Generally the module B 2
¸ is not computable, even its character is not

computable by simply knowing the characters of the images of the maps. However

the multiplicity of a simple factor in B 2
¸ can be calculated if its multiplicity in

H 0(¸ ) is no more than one. For the groups of type A2 and B2 this condition is

satisfied by all simple factors if ¸ v ∈ Cp2 .

3.1.3 Estimation of Higher Socles

More generally, we define

B j
¸ =

⋂

w∈W;`(w)−`w(¸ )= j −1

v−1
w (Soc1

GH ` (w)(w · ¸ )):

Therefore B j
¸ ⊇ Socj

GH 0(¸ ). To calculate B j
¸ , we define the subset Wj (¸ ) ⊆ W as

follows: w ∈Wj (¸ ) if
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1. `(w)− `w(¸ ) = j − 1;

2. For any ®∈ S with `(s®w) = `(w)− 1, s®w does not satisfy 1.

Lemma Let w ∈Wj (¸ ) and ®∈ S. If `(s®w) = `(w)− 1, then w · ¸ is ®-singular

or equivalently ¸ is w−1(®)-singular.

Proof Let w = s®s¯ l
· · · s¯ 1 be a reduced form for w and wi = s¯ i

· · · s¯ 1 (set

® = ¯ l+1 ). Thus

`w(¸ ) = #{i | 1 ≤ i ≤ l + 1; 〈wi−1 · ¸ + ½;̄ ∨
i 〉 ≡ 0 (mod p)}:

As j − 1 ≥ `(wl) − `wl
(¸ ) ≥ `(w) − 1 − `w(¸ ) = j − 2. On the other hand,

`(w)− `w(¸ ) 6= j − 1 by 2. Hence `wl
(¸ ) = `w(¸ )− 1 and wl · ¸ is ®-singular.

We can reformulate B j
¸ , via this lemma, by

B j
¸ =

⋂

w∈Wj (¸ )

v−1
w (Soc1

GH ` (w)(w · ¸ )); (3.4)

U¸ =
∑

w∈W``(λ)¡ 4(¸ )

uw(H ` (w)
x (w · ¸ )): (3.5)

Here the characters can be calculated as follows.

ch(v−1
w (Soc1

GH ` (w)(w · ¸ ))) = ch(Ker(vw)) + ch(Soc1
GH ` (w)(w · ¸ )) (3.6)

=
∑

®∈R+(w)\R+
λ

C−®(¸ ) + chL(w−1
r · (w · ¸ )):

3.2 Socle Series for Groups of Type B2 or A2

3.2.1 Generic Second Socle

For the groups of type B2 and A2, H 0(¸ ) is always multiplicity free under usual

restrictions on ¸ , so the characters of B j
¸ and U¸ can be calculated. Since Lusztig’s
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conjecture is true in these two cases, the results of Andersen and Kaneda [10] and

Lin [26] can be used to determine the Loewy length of H ` (w)(w · ¸ ) which turns out

to be N + 1− `(¸ ).

For p-regular weights ¸ , the calculation has been carried out by Doty and Sul-

livan [15], so we only need to do the calculation for p-singular weights ¸ . As our

main object of this paper is to investigate the representations of the group of type

B2, the calculation presented here is only for that group. The calculation for A2

can be done in the same way, but we only state the result here in that case.

Theorem If the group G is of type B2 or A2 and ¸ is a genericp-singular weight,

then

Soc2
GH 0(¸ ) = B 2

¸ = U¸ :

Proof The proof is based on the calculation of the characters of B 2
¸ and U¸ . It

turns out that the both have the same characters. The calculation is given in the

next subsection.

3.2.2 Calculation of B 2
¸ and U¸

In this subsection we assume the group is of type B2 and ¸ is generic p-singular.

There are eight types of p-singular weights which lie in eight types of facets. How-

ever for the facet consisting of only one special point, the module H ` (w)(w · ¸ ) is

simple for all w ∈ W . Hence we only need to consider the other seven facets.

Among them only the type “7” has dimension 0 and the rest are of dimension one.

We indicate the types in Figure 8.

Table 1 gives the set R+ (w) \R+
¸ and therefore `(w)− `w(¸ ) = #(R+ (w) \R+

¸ )

can be read off from the table. In this table we denote ° = ®+ ¯ and ´ = 2®+ ¯ .

Table 2 on page 46 gives the set Wj (¸ ) to calculate the character for B j
¸ .
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Table 1: The set R+ (w) \ R+
¸

¸ s® s¯ s®s¯ s¯ s® s®s¯ s® s¯ s®s¯ w0

1 ® ° ®; ´ ®; ° ; ´ ° ; ´ ®; ° ; ´

2 ¯ ¯ ; ° ´ ° ; ´ ¯ ; ° ; ´ ¯ ; ° ; ´

3 ® ¯ ¯ ®; ´ ®; ´ ¯ ; ´ ®; ¯ ; ´

4 ¯ ¯ ; ° ´ ° ; ´ ¯ ; ° ; ´ ¯ ; ° ; ´

5 ® ¯ ¯ ; ° ® ®; ° ¯ ; ° ®; ¯ ; °

6 ® ¯ ¯ ®; ´ ®; ´ ¯ ; ´ ®; ¯ ; ´

7 ¯ ¯ ´ ´ ¯ ; ´ ¯ ; ´

In Table 4 on page 53, one can find the highest weights of the composition

factors of U¸ . Here we use the notation similar to that used by Doty and Sullivan

in [15] but slightly different. Instead of considering the lower vertex of the box, we

consider here the upper vertex which is in the box and the action of wr on the upper

vertex is the same as the ordinary dot action of w. By (m; n; i) we denote the weight

¹ in the facet of type “i” of the box with upper vertex ¹ v = ¸ v + mp! ® + np! ¯ .

In this case, N − 2 − `(¸ ) = 2 − `(¸ ). If ¸ is of type 1–6, N − 2 − `(¸ ) = 1. For

w ∈W2(¸ ), the character of each term in U¸ can be easily computed as follows.

ch(uw(H ` (w)
x (w · ¸ ))) = ch(ImÃj )− ch(Hd(H ` (w)(w · ¸ )))

= Csβ1
···sβj¡ 1

(¯ j )(¸ )− ch(Hd(H ` (w)(w · ¸ ))):

However for ¸ of type 7, U¸ = usα
(H 1

x (s® · ¸ ) = H 0
x (¸ )). The highest weights of

composition factors of B 2
¸ (and B j

¸ ) can be read off from Table 3 on page 52 via

the character formula (3.7) and (3.4).
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Table 2: The set Wj (¸ )

¸ j = 2 j = 3 j = 4

1 s®; s®s¯ s¯ s®; s¯ s®s¯ s®s¯ s®; w0

2 s¯ ; s¯ s® s®s¯ ; s®s¯ s® s¯ s®s¯ ; w0

3 s®; s¯ s¯ s®; s¯ s®s® w0

4 s¯ ; s¯ s® s®s¯ ; s®s¯ s® s¯ s®s¯ ; w0

5 s®; s¯ s®s¯ ; s®s¯ s® w0

6 s®; s¯ s¯ s®; s¯ s®s® w0

7 s¯ ; s¯ s® s¯ s®s¯

3.2.3 Higher Socles

In this subsection we calculate the higher socles of H 0(¸ ) for p-singular ¸ . By

the definition,

0 ⊆ B 1
¸ ⊆ B 2

¸ ⊆ · · · ⊆ B N −1
¸ = H 0(¸ )

forms a filtration for H 0(¸ ) since the map H 0(¸ ) → H ` (w0)(w0 · ¸ ) has only one

simple composition factor in its image. Further, we know Soci
GH 0(¸ ) ⊆ B i

¸ . Hence

{B i
¸ } will be the socle filtration of H 0(¸ ) if we can prove that B i

¸ =Bi−1
¸ is semisimple.

However as we know Soc2
GH 0(¸ ) from 3.2.1 and 3.2.2, the extensions between two

simple factors can be calculated.

Theorem If G is of type A2 or B2 and ¸ ∈ Cp2 is generic, then

Soci
GH 0(¸ ) = B i

¸ :

Proof By the above argument, we only need to show that B i
¸ =Bi−1

¸ is semisimple.

To do so we only need to show Ext1
G(L(¹ ); L(º )) = 0 for any two composition

factors L(¹ ) and L(º ) of B i
¸ =Bi−1

¸ . In Figure 9 and 10 on page 54 and page 55 one
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can find the highest weights of the composition factors of B i +1
¸ =Bi

¸ in the facets

marked with “i”. The calculation of chB i
¸ is based on the calculation of C° (¸ ) for

all ° ∈ R+ . Table 3 on page 52 gives simple factors for C−° (¸ ).

3.2.4 Nongeneric Cases

Now let us discuss the socle series of H 0(¸ ) for a nongeneric weight ¸ . Let ¹ be

a dominant weight. Recall from 1.1 that there is a unique way to write ¹ = ¹ 0+p¹ 1

with ¹ 0 ∈ X 1. Here we state a theorem of Bai-Wang-Wen in [11].

Theorem (Bai-Wang-Wen) Suppose¸ ∈ X + suchthat all composition factors

L1(¹ ) of Z1(¸ ) with ¹ ∈ X + have¹ 1 ∈ C̄p. Then

[Soci H 0(¸ )=Soci−1H 0(¸ ) : L(¹ )] ≤ [Soci H 0(¸ + pº )=Soci−1H 0(¸ + pº ) : L(¹ + pº )]

(3.7)

for any º ∈ X + suchthat ¸ + pº is generic.

As we can see, for all ¸ with ¸ v ∈ Cp2 , the condition of the theorem is satisfied.

On the other hand, if all composition factors of H 0(¸ +pº ) have multiplicity one for

such generic weight ¸ + pº , then the inequality in the theorem can be reformulated

as

[Soci H 0(¸ )=Soci−1H 0(¸ ) : L(¹ )]

= [Soci H 0(¸ + pº )=Soci−1H 0(¸ + pº ) : L(¹ + pº )][H 0(¸ ) : L(¹ )]: (3.8)

since L(¹ + pº ) lies in only one layer in H 0(¸ + pº ) and [H 0(¸ ) : L(¹ )] is either 0

or 1 by the inequality (3.7).

Theorem If G is of type A2 or B2, then the socle seriesof H 0(¸ ) for ¸ closeto

a chamber wall can be calculated using the cancellation principle from the generic

socle seriespattern.
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Proof In fact, the composition factors of H 0(¸ ) in this case can be calculated

through the cancellation principle (for p-singular weights this can be verified via

translation principle). Then equation 3.8 will give the socle series of H 0(¸ ).

3.3 Translation Property

3.3.1 Translation Functor on Socle Series

We have the socle series of H 0(¸ ) for both p-regular and p-singular weights ¸ .

One may ask how the socle series of H 0(¸ ) and the socle series of H 0(¹ ) are related

under the translation functor for ¸ inside an alcove A and ¹ in the closure of that

alcove. It is easy to see that, for ¹ ∈ Â (the upper closure of A),

T ¹
¸ Soci

GH 0(¸ ) ⊆ Soci
GH 0(¹ ):

In order to state the theorem in general, we introduce the following notation.

Let ® ∈ R+ . Each ® hyperplane H has a positive side defined by ®. Let A and

B are two alcoves. We define d(B; A) to be the signed sum of the number of

hyperplanes separating A from B : a hyperplane H is counted +1 if A is on the

positive side and B is on the negative side of H and is counted −1 if A is on the

negative side and B is on the positive side of H . For each weight ¹ ∈ X (T) there

is a unique alcove A denoted by A(¸ ) such that ¹ ∈ Â.

Theorem SupposeG is of type A2 or B2. Let F be a facet in the dominant chamber

and ¸ ∈ F and ¹ ∈ F̄ . Then

T ¹
¸ Soci

GH 0(¸ ) = Soci−d(A(¹ );A (¸ ))
G H 0(¹ ): (3.9)

Proof This can be easily verified by comparing the socle series of H 0(¹ ) and

T ¹
¸ Soci

GH 0(¸ ).
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Corollary (A) Let ¸ i ; ¹ i ∈ X + (i = 1; 2) with ¸ 1 ∈ Wp · ¸ 2 and ¹ 1 ∈ Wp · ¹ 2. If

Fi is a facet containing ¸ i and ¹ i ∈ F̂i (for i = 1; 2), then Ext1G(L(¸ 1); L(¸ 2)) = 0

if and only if Ext1G(L(¹ 1); L(¹ 2)) = 0.

If we use the notation in 1.4 and Andersen’s theorem in that section, we can get

Corollary (B) If F is a facet with ¸ ∈ F and ¹ ∈ F̄ , then

T ¹
¸ Soci

G1T Z1(¸ ) = Soci−d(A(¹ );A (¸ ))
G1T Z1(¹ ):

3.3.2 Conjectures

We can see in the case of B2 that the translation functors preserve not only the

multiplicity of composition factors from the inside of a facet to its upper closure,

but also their positions in the socle series. Another way of considering the struc-

ture is the calculation of the Exti
G between two simple modules. From the work

of Andersen and Kaneda [10], one can see that the Lusztig conjecture has more

implications than just the multiplicity problem.

Conjecture Let ¸ i ; ¹ i ∈ X + (i = 1; 2) with ¸ 1 ∈Wp · ¸ 2 and ¹ 1 ∈Wp · ¹ 2. If Fi is

a facet containing ¸ i and ¹ i ∈ F̂i (for i = 1; 2), then Ext1G(L(¸ 1); L(¸ 2)) = 0 if and

only if Ext1G(L(¹ 1); L(¹ 2)) = 0.

One direction is clear by applying the functor T ¹
¸ . But the other direction

needs the study of the submodule structure (not only socle structure) of H 0(¸ ) for

p-regular weights ¸ . The next conjecture actually implies this one generically.

Conjecture Theorem 3.3.1 shouldbe true at least in the generic situation for all

semisimplegroups.
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The above conjectures are expecting that the structures of induced modules

for p-regular weights determine the structures of induced modules for p-singular

weights. However, the converse should be true also by assuming the Lusztig con-

jecture. A facet F is said to be minimal if it has the minimal dimension among

all the facets contained in the upper closure of the alcove containing F . Then each

alcove contains a unique minimal facet in its upper closure. The number of minimal

facet types is the same as the number of alcove types and all the special points are

minimal facets of the same type.

Conjecture The positionsof simplemoduleswith highestweightsin minimal facets

in the socle structure of induced modulesdetermine the socle seriesof all induced

modulesin the genericcase.

The position of L(¸ ) with ¸ being a special point is always clear. Then deter-

mining the positions of L(¸ ) for ¸ in minimal facets involves only p-singular weights

for which the induced modules have smaller “size”. For the group of type B2, all

the socle series of H 0 are actually determined by three sets of data corresponding

to the weights in type 5, 6, and 7 (altogether twenty-nine numbers).
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Table 3: Composition Factors of C−° (¸ )

type C−° (¸ ) for ° ∈ R+ \ R+
¸

1 ° = ® ° = ®+ ¯ ° = 2®+ ¯

(0,0;1), (1,−1;5) (0,0;1), (−1,1;5) (0,0;1), (−1,1;5)

(0,−1;5), (−1,0;5) (−2,1;5), (−1,0;5) (0,0;5), (1,−1;5)

2 ° = ¯ ° = ®+ ¯ ° = 2®+ ¯

(0,0;2,4,6), (−1,0;3) (0,0;2), (2,−1;6) (0,0;2,4,6), (0,−1;6)

(0,−1;6), (−2,1;6) (−2,1;6) (1,−1;3), (2,−1;6)

3 ° = ® ° = ¯ ° = 2®+ ¯

(0,0;3), (−1,0;4,6) (0,0;3), (−1,0;2,4,6) (0,0;3), (−1,1;6)

(0,−1;3), (1,−1;4,6) (−1,1;6) (1,−1;4)

4 ° = ¯ ° = ®+ ¯ ° = 2®+ ¯

(0,0;4), (−1,0;3) (0,0;4,6), (−1,0;3) (0,0;4), (1,−1;3)

(−2,0;6) (1,−1;3), (0,−1;4,6) (2,−2;6)

5 ° = ® ° = ¯ ° = ®+ ¯

(0,0;5), (0,−1;1) (0,0;5), (−1,0;1,5) (0,0;5), (−1,0;1)

(1,−1;5), (−1,0;5) (−2,0;5) (1,−1;5), (0,−1;5)

6 ° = ® ° = ¯ ° = 2®+ ¯

(0,0;6), (0,−1;2) (0,0;6), (−1,0;3) (0,0;6), (−1,0;3)

(0,−2;6) (−2,0;4) (0,−1;2,4,6), (−2,0;6)

7 ° = ¯ ° = 2®+ ¯

(0,0;7), (−1,0;7) (0,0;7), (1,−1;7)
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Table 4: Composition factors of U¸

type uw(H ` (w)(w · ¸ )) U¸

w = s® w = s®s¯

1
(0; 0; 1); (0;−1; 5)

(−1; 0; 5)

(0; 0; 1); (−1; 0; 5)

(−1; 1; 5)

(0; 0; 1); (1;−1; 5)

(−1; 0; 5); (−1; 1; 5)

w = s¯ w = s¯ s®

2

(0; 0; 2); (0; 0; 4)

(0; 0; 6); (−2; 1; 6)

(0; 1; 6)

(0; 0; 2); (0; 0; 4)

(0; 0; 6); (0;−1; 6)

(2;−1; 6)

(0; 0; 2); (0; 0; 4)

(0; 0; 6); (0;−1; 6)

(2;−1; 6); (−2; 1; 6)

w = s® w = s¯

3

(0; 0; 3); (1;−1; 6)

(1;−1; 4); (−1; 0; 6)

(−1; 0; 4)

(0; 0; 3); (1;−1; 6)

(−1; 0; 4); (−1; 0; 6)

(−1; 1; 6)

(0; 0; 3); (−1; 1; 6)

(−1; 0; 4); (−1; 0; 6)

(1;−1; 4); (1;−1; 6)

w = s¯ w = s¯ s®

4 (0; 0; 4); (−1; 0; 3) (0; 0; 4); (1;−1; 3)
(0; 0; 4); (−1; 0; 3)

(1;−1; 3)

w = s® w = s¯

5
((0; 0; 5); (1;−1; 5)

(−1; 0; 5)

(0; 0; 5); (−1; 0; 1)

(−1; 0; 5)

(0; 0; 5); (1;−1; 5)

(−1; 0; 5); (−1; 0; 1)

w = s® w = s¯

6 (0; 0; 6); (0;−1; 2) (0; 0; 6); (−1; 0; 3)
(0; 0; 6); (0;−1; 2)

(−1; 0; 3)

w = s®

7
(0; 0; 7); (−1; 0; 7)

(1;−1; 7)

(0; 0; 7); (−1; 0; 7)

(1;−1; 7)
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Figure 9: Socle Series of H 0 of Type 1–4
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Figure 10: Socle Series of H 0 of Type 5–7
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C h a p t e r 4

Socle Str ucture of Higher

Cohomology

In this chapter, we discuss the socle structure of the higher cohomology groups

of the line bundles induced from the weights ¸ = w · ¸ 0 ∈ W · Cp2 such that all

composition factors of H 0(¸ 0) have multiplicity one. First we discuss the socle

series of all H 1, then we discuss the submodule structure of all extra cohomology

groups. To calculate the socle series of higher cohomology groups, we first calculate

their socles by considering the socles of certain injectives in the category of all G1T -

modules. Finally the socle series of higher cohomology groups are constructed.

4.1 The Socle Series of H1

4.1.1 Socle Patterns

Let M be a G-module. We denote by

0 = Soc0
GM ⊂ Soc1

GM ⊂ · · · ⊂ Soc`−1
G ⊂ Soc`

GM = M ;

0 = Rad`
GM ⊂ Rad`−1

G ⊂ · · · ⊂ Rad1
GM ⊂ Rad0

GM = M ;
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the socle and radical filtrations (or series) of M respectively; Here ` is the Loewy

length of the module M . Denote by M i = Soci +1
G M =Soci

GM for all i ≥ 0 the i -th

socle layer of M and by

S[M ] = {(¸; i; m) ∈ X + ×N×N | [M i : L(¸ )] = m}

the socle pattern of M .

It is known that the socle filtration of H 0(¸ ) coincides with the dual filtration

of the Jantzen filtration for H 4(˜̧) (for the generic case, see Doty and Sullivan [15],

for the nongeneric case see Bai et al [11]). In this section, we are going to show

that the socle series of H 1(¸ ), for ¸ in the H 1-chambers, coincides with the dual

filtration of the Andersen’s filtration for H 3(˜̧).

Lemma If 0→ M → E is exact, then

Soci
GM = (Soci

GE ) ∩M for all i ≥ 0:

The proof is the routine chasing on the diagram by considering the simple

factors.

4.1.2 Extension Conditions

Let M be a G-module. If one takes a composition series of M and applies the

functor Hom(L(¸ 0); ?), one can get the following

dim Ext1
G(L(¸ 0); M ) ≤

∑

¹ ∈X +

[M : L(¹ )] dim Ext1
G(L(¸ 0); L(¹ )): (4.1)

Proposition Let 0 → M → E → Q → 0 be an exact sequence of G-modules.

Suppose Soc1
GM = Soc1

GE and Ext1G(L(Â); L(¹ )) = 0 whenever[Qi−1 : L(Â)] 6= 0

and [M =Soci
GM : L(¹ )] 6= 0 for all i ≥ 0 . Then E i = Qi−1 ⊕M i for all i ≥ 0.
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Proof It follows from (4.1) and the assumption that Ext1
G(L(Â); M =Soci

GM ) = 0

for all Â ∈ X + with [Qi−1 : L(Â)] 6= 0 for all i ≥ 0. Now we use induction on

i . If i = 0, the proposition follows from the assumption. Now suppose i > 0 and

E j = Qj −1 ⊕M j for all j < i . Then we can show inductively that

0→ Socj +1
G M → Socj +1

G E → Socj
GQ→ 0

is exact for all j < i . This induces the exact sequence

0→ M =Soci
GM → E=Soci

GE → Q=Soci−1
G Q→ 0:

Let Â ∈ X + with [Qi−1 : L(Â)] 6= 0. We have the induced long exact sequence of

vector spaces

0→HomG(L(Â); M=Soci
GM)→HomG(L(Â); E=Soci

GE)→HomG(L(Â); Q=Soci−1
G Q)→0:

Therefore

[E i : L(Â)] = dim HomG(L(Â); E=Soci
GE ) = dim HomG(L(Â); M =Soci

GM )

+ dim HomG(L(Â); Q=Soci−1
G Q) = [M i : L(Â)] + [Qi−1 : L(Â)]:

Now the proposition follows from the semisimplicity of E i .

Remark It is well known that Ext1
G(L(Â); L(¹ )) = Ext1

G(L(¹ ); L(Â)). Using the

strong linkage principle and (1.11) one can easily check the condition in the propo-

sition, provided one knows Soc2
GH 0=Soc1

GH 0 for all induced modules and the socle

of certain kind of modules. This is the case for the group of type B2. This propo-

sition tells us how to determine the socle series of a module from the socle series of

its submodules and quotients under certain circumstances.
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4.1.3 The Socle Series of H 1

Now we can use Proposition 4.1.2 to determine the socle series of the H 1. Let

us discuss this more generally for a moment (G is not necessarily of type B2).

Let ¸ 0 ∈ X + and ®∈ S and ¸ = s® · ¸ 0. If ¸ 0 is ®-singular, then H 1(s® · ¸ 0) ∼=

H 0(¸ 0) and we need to do nothing. So we assume np < 〈¸ 0 + ½;®∨〉 < (n + 1)p.

By 1.6 we have the following exact sequence

0→ H 0(C®(¸ 0))→ H 1(s® · ¸ 0)→ H 0(¸ 0)→; (4.2)

0→ H 0(I )→ H 0(C®(¸ 0))→ H 0(s® · ¸ 0 + np®)→ : (4.3)

We claim H 0(I ) = 0. This is obvious if n = 0, 1. So we may assume n > 1.

Then we have

0→ H 0(I )→ H 0(C®(¸ 0−np®))→ H 1(s® · ¸ 0 + p®)→ H 1(I )→; (4.4)

0→ H 0(C®(¸ 0−p®))→ H 1(s® · ¸ 0 + p®)→ H 0(¸ 0−p®)→ : (4.5)

Note that both H 1(s® · ¸ 0) and H 1(s® · ¸ 0 +p®) have simple socles and their highest

weights are different. So this forces H 0(I ) = 0. Therefore H 0(C®(¸ 0)) is a submod-

ule of H 0(s® · ¸ 0 + np®) and its socle series can be calculated from the socle series

of H 0(s® · ¸ 0). So in the following exact sequence

0→ H 0(C®(¸ 0))→ H 1(¸ )→ M → 0; (4.6)

M is a submodule of H 0(¸ 0) and its socle series can be calculated from the socle

series of H 0(¸ 0). Then one can check the extension condition in Proposition 4.1.2

and use it to calculate the socle series of H 1(¸ ). However, in general the socle series

of the H 0’s are not known. Even though we know the socle series of the H 0’s, it

is not enough to know the composition factors of H 0(C®(¸ 0)) in order to calculate

its socle series if the H 0’s are not multiplicity free.
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From now on we assume the group is of type B2. In this case everything here is

computable. Since we know the composition factors of the H i ’s, what we have to do

is to compute the composition factors of H 0(C®(¸ 0)). However the exact sequence

(4.2) in this case gives chH 0(C®(¸ 0)) = Â(C®(¸ 0)). Up to now we have the socle

series of H 0(C®(¸ 0)) and M . Finally we have to check the extension condition in

Proposition 4.1.2 in each individual case by using the remark in 4.1.2. However, for

generic p-regular weight ¸ 0 there are only four situations based on the alcove types

and for p-singular weights there are seven situations based on the facet types. For

the weights close to the chamber wall, one can see that each socle series pattern

is part of a generic socle series pattern, and simple factors have fewer chances to

extend each other. So in Figure 13–14 on page 84–85 we only show the generic

patterns for p-regular weights where an alcove marked with “c” (or “e”) followed

by a number indicates the highest weight of a composition factor and its level in

the socle series of H 0(C®(¸ 0)) (or M ).

Finally, for a p-singular weight ¸ 0 we may assume ¸ 0 is not ®-singular. We can

choose a weight ¸ ′
0 in the alcove A containing ¸ 0 in its upper closure. Let ¸; ¸ ′ ∈ C̄

be the weights in the Wp orbit of ¸ 0 and ¸ ′
0 respectively. By applying the exact

functor T ¸
¸ 0 to (4.6) one can check T ¸

¸ 0Â(C®(¸ ′
0)) = Â(C®(¸ 0)) and chT ¸

¸ 0M ¸ 0 = chM ¸ .

On the other hand we have, from Theorem 3.3.1,

T ¸
¸ 0Soci

GH 0(¸ ′
0) = Soci

GH 0(¸ 0);

T ¸
¸ 0Soci

GH 0(s® · ¸ ′
0 + np®) = Soci

GH 0(s® · ¸ 0 + np®):

Now the extension condition for ¸ ′
0 implies the extension condition for ¸ 0 by Corol-

lary 3.3.1. Therefore we can see that the formula (3.9) is also true for H 1.
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4.2 The Structure of the Extra Cohomology

In this section we will give a clear picture for the structure of the extra coho-

mology, whose composition factors are known from section 2.2 and section 2.3.

4.2.1 The Structure of Extra H 1

By Serre duality, the structure of the extra H 3 can be determined from the

structure of the extra H 1. So we only consider the extra H 1, which appear only

in the H 2-chamber. Bearing in mind that all H 1 have at most three composition

factors with simple socles which can be calculated, the socle (or radical) structure of

the extra H 1 will be clear for those H 1 which have only 1 or 2 composition factors.

So we only need to determine the structure of those H 1 with three composition

factors. This happens only when ¸ is in the alcoves with the long alcove wall in the

(2®+ ¯ )-wall in the s®s¯ -chamber and the alcoves of type “c” (as in 2.2.2) in the

s¯ s®-chamber. Since the simple socle is known, the structure will be determined

completely if we show that its Loewy length is 2. If one considers Ext1
G(L1; L2) for

the two composition factors of H 1 other than the socle, one can find that these two

composition factors do not extend each other. This forces the Loewy length of H 1

to be 2.

By examining the structure carefully, one can conclude the following: To get the

socle series of the extra H 1 one starts with the generic socle series of the H 2 with

the same alcove type (which has been proved in [26] to be the dual filtration of the

Andersen’s filtration in the dual chamber), then applies the cancellation principle

as stated in [17]. In this case, the cancellation is not smooth since some numbers

do not match. If one keeps (in a dominant alcove) the number from outside of the

dominant chamber, which does not match the number in the alcove in the dominant
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Figure 11: The structure of H 1

chamber during the cancellation process, one can get the socle series of the extra

H 1. By reversing the order in the socle series, one gets its radical series. Figure 11

gives the socle series of the extra cohomology. For p-singular weights, the number

of composition factors is no more than 2. So the submodule structure of H 1 in this

case is clear. It turns out the submodule structure can be gotten using translation

functors from the inside of the alcove to the upper closure of that alcove.

4.2.2 Weights in Chamber Wall

What we have left is the structure of the extra H 2. Unlike the extra H 1, we do

not know anything about the socle or the head yet. So we have to do something

first in order to determine its structure. However, Serre duality once again reduces

the argument to the extra H 2 in the H 1-chambers.

It follows from (1.15) that

T ¹
¸ Soci

GM ⊆ Soci
GT ¹

¸ M and l l(M ) ≥ l l(T ¹
¸ M ) (4.7)

for any G-module M with finite length and ¹ in closure of the alcove containing ¸ .

Lemma Let ¹ 0 be a weight in a wall of the dominant chamber and ® be a simple

root. Then H 1(s® · ¹ 0) ∼= H 2(s® · ¹ 0):
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Proof Note that H 0(¹ 0) = 0 for all i ≥ 0. The exact sequences in (1.6) induce

0→ H 0(C®(¹ 0))→ H 1(s® · ¹ 0)→ H 0(¹ 0)→ H 0(C®(¹ 0))→ H 2(s® · ¹ 0)→ 0:

Now the lemma follows from H 0(¹ 0) = 0.

4.2.3 Translating to Walls

Let us consider the nonvanishing H 2’s in the H 1-chambers. Let ° be a simple

root and ¸ 0 as usual be a dominant and p-regular weight with H 2(s° · ¸ 0) 6= 0.

Denote as usual ¸ = s° · ¸ 0. One can check from Figure 1 on page 18 that ¸ is in

one of the two kinds of alcoves in the s®-chamber or one of the four kinds of alcoves

in the s¯ -chamber. If H 2(¸ ) has only one composition factor, we need do nothing.

This is the case when ¸ is in the top alcove in the either H 1-chambers. The second

case is that one of the alcove walls is in a chamber wall. In this case the argument

in 4.2.2 can been used. Finally there is one alcove left in the s¯ -chamber which is

in none of the two cases mentioned above. We will discuss this alcove in 4.2.4.

Now we suppose the alcove containing ¸ has a wall in a chamber wall. Let ¹ 0

be a weight in the wall, which is in a chamber wall, of the alcove containing ¸ 0. It

follows from the translation principle and Lemma 4.2.2 that

T ¹
¸ H 1(¸ ) = H 1(¹ ) ∼= H 2(¹ ) = T ¹

¸ H 2(¸ ):

Now one can use (1.15) in 4.2.2 to calculate the composition factors of H 1(¹ ) which

has two composition factors and only one is in the socle which can be known by

the theorem of Andersen in 1.5. This shows that the Loewy length of H 2(¸ ) is at

least two and the two composition factors L(x) and L(y), which survive from the

translation functor, are in the different socle layers and L(y) is in the lower layer

since it is sent to the socle of H 2(¹ ) by T ¹
¸ . If H 2(¸ ) has only two composition
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factors then the number marked in Figure 12 gives the socle filtration. If H 2(¸ )

has three composition factors we can apply the exact sequences in 1.6 to the pair

(° ; ¸ 0) and show that H 2(¸ ) is a subquotient of H 1(¸ ), for which the socle series is

known from section 4.1. It follows that there are two factors L(y) and L(z) in the

socle and the Loewy length is 2. So we get the socle series of H 2(¸ ) as shown in

Figure 12 by a shift of the numbers.

Finally one still has to rule out the possibility that L(z), which is killed by the

functor T ¹
¸ , goes to the head. To do this, one may consider H 2(˜̧) and apply the

exact sequences in 1.6 associated to ˜̧ and the other simple root ± (other than ° )

to get

0→ H 1(C±(˜̧))→ H 2(˜̧)
Á
→ H 1(s± · ˜̧)

Since the radical series of H 2(˜̧) and the socle series of H 1(s± · ˜̧) are known, one

can get Im(Á) = L(y) and H 1(C±(˜̧)) has only two composition factors. Next one

can show that H 1(I ) = 0 in

0→ H 1(I )→ H 1(C±(˜̧))→ H 1(˜̧ + np±)

simply by showing L(z) is not a composition factor of H 1(I ). The simple socle

L(x) of H 1(˜̧ + np±) implies the simple head of H 2(¸ ). So the number given in

Figure 12 gives the socle. The radical series is gotten by reversing the order.

4.2.4 The Structure of Extra H 2

Let ¸ = s̄ · ¸ 0 be in the alcove marked with “b” in 2.2.5. Then H 2(¸ ) has two

composition factors L(x) and L(y). By applying the exact sequences in 1.6 one can

see that H 2(¸ ) is a subquotient of H 1(¸ ) and that L(y) is in the socle of H 2(¸ ).

If we show that H 2(¸ ) is not semisimple, we will have the socle and the radical

structure of it.
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Figure 12: The structure of H 2

First we apply the exact sequences in (1.6) to the pair (®; ¸ ) to get H 2(¸ ) ∼=

H 2(C®(¸ )) and the exactness of H 2(I ) → H 2(C®(¸ )) → 0. By using the standard

vanishing of s® · ¸ + np® and computing the composition factors of H 2(C®(¸−p®)),

we can show that the composite of

H 2(s® · ¸ + p®)→ H 2(I )→ H 2(¸ ) (4.8)

is surjective. By a similar argument for the pair (¯ ; s® · ¸ + p®), one can get the

surjectivity of H 2(s® · ¸ + p®) → H 2(C¯ (s® · ¸ + p®)). Furthermore, the map in

(4.8) factors through the surjective map H 2(C¯ (s® · ¸ +p®))→ H 2(¸ ).One can keep

going in this way until one reachs the w0-chamber and get that H 2(¸ ) is a quotient

of a Weyl module which has a simple head L(x). So H 2(¸ ) has simple head L(x)

and simple socle L(y).

Finally, the nonvanishing H 2 with p-singular weights in the H 1-chamber have

only one composition factor, so everything is clear. For the weights in a chamber

wall, Lemma 4.2.2 has given the result.

We can conclude that all the extra cohomology groups are rigid (i.e., the socle

filtration and the radical filtration coincide). Their socle filtrations can be calcu-

lated from the generic socle series pattern by the cancellation principle (one has to
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shift the numbers if the weight is close to a chamber wall on the positive side).

4.3 The Socles of Higher Cohomology

About the cohomology of line bundles for the group of type B2, what we have

determined is the socle series of the H 1 and the extra cohomology. From [26], we

know the socle and radical structure of H i in the generic case. In this section

we will discuss the socle of higher cohomology when the weight is not too close

to a chamber wall on the negative side (the upper vertex of the box is inside the

chamber).

4.3.1 Predicted Socle

In this section, we will use the facts and notation in 1.1 and 1.4. Though we

will use this only for r = 1 in the rest of this paper, we still use the notation wr · ¸

for this action instead of w1 · ¸ that might be confused with the usual “dot” action.

From now on we assume p ≥ 2(h − 1), where h is the Coxeter number of

the root system. So Q1(¸ 0) is a G-module which has a simple socle L(¸ 0) and

Q1(¸ ) = Q1(¸ 0)⊗ p¸ 1. Further we have

Lemma Suppose¸ 1 ∈W · C̄. Then

1. H i (L1(¸ )) 6= 0 if and only if there is a (unique) w ∈W suchthat w · ¸ v ∈ X +

and i = `(w). In this caseH ` (w)(L1(¸ )) = ÃL(wr · ¸ );

2. H i (Q1(¸ )) 6=0 i® H i (L1(¸ )) 6=0. In this case,H i (L1(¸ ))=Soc1
GH i (Q1(¸ )).

Proof For the proof one can see [26] Lemma 5.2.
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Since we are only interested in the weights in the bottom p2-alcove, we may

assume ¸ 1 is in W · C̄. With this assumption we can use this lemma to give another

algorithm to calculate the composition factors of H ` (w)(w · ¸ 0) from the socle series

of Z1(¸ ) (¸ = w · ¸ 0). First take the socle series pattern of Z1(¸ ), then take away

those composition factors L 1(¹ ) of Z1(¸ ) with ¹ v on a chamber wall. One has to

do certain cancellation as follows: if both L 1(¹ ) and L 1(º ) are composition factors

of Z1(¸ ) in the same socle layer such that sr · ¹ = º for a reflection s in one of

the chamber walls, then take away both of them. By moving the highest weights

of the rest of the composition factors together with the socle layer numbers from

the pattern of Z1(¸ ) under the operation of w−1
r · one should get the composition

factors of H ` (w)(¸ ) by taking those weights in the dominant chamber. This is

expected to be the socle series of H ` (w)(¸ ). However if ¸ v is in the w-chamber we

expect L(w−1
r · ¸ ) to be the simple socle of H ` (w)(¸ ). Indeed, the exact sequence

0→ L 1(¸ )→ Z1(¸ )

induces L(w−1
r · ¸ ) ⊆ H ` (w)(¸ ) because H ` (w)−1(L1(¹ )) = 0 for any composition

factor L 1(¹ ) of Z1(¸ ).

In the rest of this section and next two sections we will prove

Theorem Let ¸ be a weightsuchthat ¸ v is in the w-chamber. Then

SocGH ` (w)(¸ ) = L(w−1
r · ¸ )

except for thoseweights¸ which havetype IV or 2 with 〈¸ v + ½;s¯ (®)∨〉 = −p. In

the exceptional cases

SocGH ` (w)(¸ ) = L(w−1
r · ¸ )⊕ L(w−1

r · ¹ );

where ¹ ∈Wp · ¸ is in the closure of the type I alcove in the samebox with ¸ .
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4.3.2 Estimation of the Socle

Let us start with the exact sequence of G1B -modules

0→ Z1(¸ )→ Q1(¸ )→ M → 0;

which induces the following exact sequence of G-modules

0→ H `−1(M )
Á
→ H `(¸ )→ H `(Q1(¸ )): (4.1)

Considering a G1B -filtration of M with subquotients of the form Z1(¹ ), we have,

for every dominant weight º , the following

[H `−1(M ) : L(º )] ≤
∑

¹ 6= ¸

[H `−1(¹ ) : L(º )][Z1(¹ ) : L 1(¸ )]:

Now if we can prove H `−1(M ) = 0, then H ` (w)(¸ ) will have the expected simple

socle for H ` (w)(¸ ). To see what the possible composition factors of H `−1(M ) are,

let us define the following

D−1(¸ ) = {¹ ∈ X (T) | [Z1(¹ ) : L 1(¸ )] 6= 0}:

These sets [Z1(¸ )] and D−1(¸ ) can be calculated as in [16] and [26] in general.

Suppose L(º ) is a composition factor of H `−1(M ). Then there is ¹ ∈ D−1(¸ ) and

w′ ∈ W with `(w′) = ` − 1 such that [Z1(¹ ) : L 1(w′
r · º )][H ` (w)(¸ ) : L(º )] 6= 0. In

our case, this happens only if there is a reflection s in a chamber wall such that

sw = w′, i.e.,

[Z1(¹ ) : L 1((sw)r · º )][Z1(¹ ) : L 1(¸ )][H ` (w)(¸ ) : L(w−1
r · º )] 6= 0: (4.2)

This is a necessary condition for L(º ) to be a composition factor of H `−1(M ). It

can be easily verified that the set of dominant weights º satisfying (4.2) for some

¹ and s is empty if ¸ v is far from the upper walls of the w-chamber.
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Next we will show that H `−1(M ) = 0 by showing that all the possible compo-

sition factors of SocGH `(M ) are not in the socle of H `(¸ ) whenever ¸ v lies inside

the w−1-chamber.

However by calculating the composition factors of H `(¸ ), one can see that Á

cannot be onto. Since H `(Q1(¸ )) has simple socle L(w−1
r · ¸ ) and H `(¸ ) is multi-

plicity free, L(wr · ¸ ) cannot be a composition factor of H `−1(M ). Once again, by

taking a G1B -filtration for M with subquotients of the form Z1(¹ ) one can show

{º |[Soc1
GH `−1(M ) : L(º )] 6= 0} ⊆

⋃

¹ ∈D ¡ 1(¸ )+;¹ 6= ¸

{º |[Soc1
GH `−1(¹ ) : L(º )] 6= 0};

provided H `−2(¹ ) = 0 for all ¹ ∈ D−1(¸ )+ . However, this is true if ¸ v is inside the

w-chamber for the group of type B2. Denote

Φ(¸ ) =
⋃

¹ ∈D ¡ 1(¸ )+;¹ 6= ¸

{º |[Soc1
GH `−1(¹ ) : L(º )] 6= 0} \ {w−1

r · ¸ }:

Next, we will calculate the set Φ(¸ ) and show each weight in it cannot be the

highest weight of a composition factor of Soc1
GH `(¸ ). First one calculates the set

D−1(¸ ) and writes down the decomposition pattern of Z1(¸ ). Then one uses the

following rule : º is in Φ(¸ ) i® sr wr ·º is in the setD−1(¸ ) and wr ·º 6= ¸ if H `−1(¹ )

hasthe expected simplesocle for each ¹ ∈ D−1(¸ ) with ¹ v in an H `−1-chamber. By

calculation we see that the set Φ(¸ ) depends on ¸ v and the facet type containing

¸ . In the following cases Φ(¸ ) = ∅:

1. ¸ v is in either s®s¯ - or s¯ s®s¯ -chamber with 〈¸ v + ½;(s®¯ )∨〉 ≤ −2p;

2. ¸ v is in either s¯ s®- or s®s¯ s®-chamber with 〈¸ v + ½;(s¯ ®)∨〉 ≤ −3p, or

〈¸ v + ½;(®+ ¯ )∨〉 = −2p and ¸ is not in the alcove type II.

For the rest of the ¸ we list the weights in Φ(¸ ) in the Table 5 when the condition

in the above rule is satisfied. Those ¸ for which the condition is not confirmed will
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Table 5: Weights in the set Φ(¸ )

w s®s¯ ; s¯ s®s¯ ; 〈¸ v +½;s®(¯ )∨〉=−p s®s¯ ; s¯ s®s¯ ; 〈¸ v +½;s¯ (®)∨〉=−p

type wr · Φ(¸ ) wr · Φ(¸ )

I (−1,1;I) (0,−1;I,II), (−1,0;I)

II (0,0;I) (0,0;I),(−1,0;I),(1,−1;I,II),(0,−1;I)

III (0,0;I,II), (−1,1;I) (0,0;I,II), (1,−1;I,II)

IV (1,−1;I) (0,0;I,II,III), (1,−1;I)

1 (0,0;5)

2 (0,0;4,6)

3 (−1, 1;6) (1,−1;6)

4 (0,0;6) (0,0;6)

5 (1,−1;5)

6 (0,−1;6)

be discussed in 4.5.2. Here we use the the notation in 3.2.2. We use I, II, III and

IV to denote the four alcove types.

If ¸ is in the alcove of type II with 〈¸ v + ½;s¯ (®)∨〉 = −2p in the s¯ s®- or

s®s¯ s®-chamber, there is only one weight (0,0;I) in the set wr · Φ(¸ ).

4.3.3 Weights of the First Kind

Let ¸ and w ∈ W as in Table 5. Let ° ∈ S be a simple root such that

0 < np < 〈s° · ¸ + ½;° ∨〉 < (n + 1)p. Then necessarily `(s° w) = `(w) − 1. We

consider the exact sequence 0→ H `−1(C° (¸ ))→ H `(¸ )→ H `−1(s° · ¸ ), where the

character of H `−1(C° (¸ )) can be calculated in each individual case.

1. If s° · ¸ has standard vanishing, then chH `−1(C° (¸ )) = (−1)`−1Â(C° (¸ ));
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2. If ¸ has standard vanishing, then chH `−1(C° (¸ )) = (−1)`−1Â(C° (¸ ))+chH `(s° ·

¸ );

3. If both ¸ and s° · ¸ have extra cohomology, and 〈¸ v + ½;(2®+ ¯ )∨〉 = −p or

〈¸ v + ½;(®+ ¯ )∨〉 = −p, chH `−1(C° (¸ )) will be calculated individually. This

happens only in three alcoves in the H 2-chambers.

Now the weights in Φ(¸ ) can be divided into two kinds. The first kind consists

of those weights in Φ(¸ ) which are the highest weights of composition factors in the

image of H `(¸ ) → H `−1(s° · ¸ ) and are marked with “s” alone in Figures 4.6–4.6

on pages 86–89. The second kind are those weights in Φ(¸ ) as the highest weights

of composition factors in H `−1(C° (¸ )) and are marked with “cs”. If the set of the

first kind of weights is not empty and H `−1(s° · ¸ ) has standard simple socle which

is marked by “0” (or “0s” if this weight is in Φ(¸ )), the only possible factor with

highest weight of first kind in the socle of H `(¸ ) is the socle of H `−1(s® · ¸ ).

If the weight “0” (instead of “0s”) appears in the picture, then all the weights

of the first kind in Φ(¸ ) are not the highest weights of socle factors of H `(¸ ).

4.3.4 Andersen’s Character Formula

To consider the weights of the second type in Φ(¸ ), we have to study the module

structure of H `(C° (¸ )). The following theorem generalizes Andersen’s result [6].

Theorem (Andersen) Let º ∈ X (T); ° ∈ S with 0 < np < 〈º +½;° ∨〉 < (n+1)p

and ¹ = s° · º + np° . Suppose that both º and ¹ are in the samechamber (say

w-chamber) and s° · º ; s° · ¹; º and ¹ have standard vanishing. Then there is an

intertwining homomorphismÃ: H `(º )→ H `(¹ ) with

ch(ImÃ) = (−1)`
∑

0<ip< 〈º + ½;°_ 〉

Â(s° · º + ip° ) = chH `(C° (º ))
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Further if H `(¹ ) has a standard simple socle, then the map Ã is unique up to a

scalar multiplication.

Proof If one looks at Andersen’s proof of 2.5 and 4.2 in [6], one will find that the

generic condition is not necessary. What he used there is the standard vanishing

property. The uniqueness is a consequence of the simplicity of Soc1
GH `(¹ ).

Now let us return to our calculation. It follows from 1.6 that

0→ H `−1(I )→ H `−1(C° (¸ ))→ H `−1(¸ + np° )→ H `(I ):

Since in this case we assume ¸ and s° · ¸ both have standard vanishing, the exact

sequence in 4.3.3 reduces to

0→ H `−1(C° (¸ ))→ H `(¸ )→ H `−1(s° · ¸ )→ H `−1(C° (¸ ))→ 0:

Further we assume both ¸ + np° and s° · (¸ + np° ) have standard vanishing and

H `−1(¸ + np° ) has a standard simple socle. Then by Andersen’s theorem, the

composite Ã

Ã : H `−1(s° · ¸ )→ H `−1(C° (¸ ))→ H `−1(¸ + np° )

is the unique nonzero intertwining map with ch(ImÃ) = chH `−1(C° (¸ )). This forces

H `−1(I ) = 0. So we have proved

Corollary If º ; ¹ are as in the theorem and satisfy all the conditions stated there,

then H `−1(C° (º )) has the samesimple socle as H `−1(º + np° ) does.

Using this corollary we can conclude that no weight of the second kind in Φ(¸ )

could be the highest weight of a socle factor of H `(¸ ). In Figures 4.6–4.6 on

pages 86–89 we use “c0” in the alcove to indicate the simple socle of H `−1(C° (¸ ))

which is expected to be the socle of H `(¸ ) and excluded from Φ(¸ ).
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Note that the above conditions on ¸ are not satisfied in several cases (we will

work that out later on). Figures 4.6–4.6 on pages 86–89 indicate, in each individual

case, the highest weights of composition factors of H `−1(C° (¸ )) in the alcoves with

“c” and the weights in Φ(¸ ) in the alcoves with “s”. The alcove with “0c” con-

tain the highest weight of the socle of H `−1(C° (¸ )). An alcove with“0s” (or “0”)

indicates the highest weight of the socle of H `−1(s° · ¸ ) if it has a standard simple

socle.

4.4 λv in H2-chambers

Since Andersen has shown that all H 1 have the expected simple socle, we start

inductively with the H 2-chambers.

4.4.1 ¸ v in the s®s¯ -chamber

We know that H 1(s® · ¸ ) is either zero or has the expected simple socle. From

Theorem 4.3.3 and Figures 4.6–4.6, we get the following:

(A) If ¸ is of type I or IV, [Soc1
GH 1(s® · ¸ )]∩Φ(¸ ) = ∅ since there is no weight of

second kind in Φ(¸ ) and [Soc1
GH 1(s® · ¸ )] ∩ Φ(¸ ) = ∅.

(B) [Soc1
GH 2(¸ )]∩Φ(¸ ) = ∅ if ¸ is of type II with ¸ v 6= (−5; 4); (−4; 3); (−3; 2) as

there is no weight of first kind in Φ(¸ ) and the Corollary 4.3.4 applies.

(C) [Soc1
GH 2(¸ )] ∩ Φ(¸ ) ⊆ [Soc1

GH 1(s® · ¸ )] if ¸ is of type III or 3 with ¸ v 6=

(−4; 3); (−3; 2):

(D) For the p-singular weights of type 2, 4 and 7 we have H 2(¸ ) ∼= H 1(s® · ¸ )

which gives the expected simple socle.
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(E) For the p-singular weights of type 1, 5 and 6 we have Φ(¸ ) = ∅.

In order to deal with (C), we prove that [Soc1
GH 2(¸ )] ∩ [Soc1

GH 1(s® · ¸ )] = ∅ if

¸ is of type III or 3 (for ¸ v = (−3; 2) we have the expected simple socle in 4.2.4).

In fact s¯ · ¸ has standard vanishing. In the exact sequence

0→ H 2(C¯ (¸ ))→ H 3(s¯ · ¸ )
Ã1→ H 2(¸ );

the character of ImÃ1 can be calculated through the character of H 2(C¯ (¸ )) as

follows:

chH 2(C¯ (¸ )) = Â(C¯ (¸ )) + chH 3(¸ );

ch(ImÃ1) = Â(¸ )− Â(C¯ (¸ ))− chH 3(¸ ):

Now suppose [SocGH 2(¸ )] ∩ [SocGH 1(s® · ¸ )] 6= ∅. Let E ⊆ SocGH 2(¸ ) be a

submodule such that E ∼= L((s®s¯ )−1
r · ¸ )

⊕
L((s¯ )r · (s® · ¸ )). It follows from

the character of ImÃ1 that E is a subquotient of H 3(s¯ · ¸ ). Further we have the

character

ch(ImÃ2) = Â(¸ )− Â(C®(s¯ · ¸ ))

for the map H 4(s®s¯ ·¸ )
Ã2→ H 3(s¯ ·¸ ). It turns out from the calculation of character

that E is a subquotient of H 4(s®s¯ · ¸ ). Therefore E ∗ is a subquotient of H 0(¸ 0)

by Serre duality.

Using Andersen’s Theorem we get the map H 0(¸ 0)
Ã3→ H 0((s¯ )∗ · ¸ 0) with

ch(ImÃ3) = chH 0(C¯ (¸ 0)). It can be shown in the same way that E ∗ is a sub-

quotient of H 0((s¯ )∗ · ¸ 0). On the other hand, H 0((s¯ )∗ · ¸ 0) has a submodule

which has the same composition factors as E ∗ and a simple socle. The multiplicity

free property of H 0 says that this submodule has to be isomorphic to E ∗, but this

contradicts the semisimplicity of E .
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Finally let us consider the exceptional cases in (B) and (C). Let us start with

SocGH 1(C®(¸ )) for ¸ of type II and ¸ v = (−5; 4). One knows chH 1(C®(¸ )) =

−Â(C®(¸ )) + chH 2(s® · ¸ ). From the exact sequences of B -modules in 1.6 we get

the following exact sequences of G-modules

0→ H 1(I )→ H 1(C®(¸ ))→ H 1(¸ + 5p®);

0→ H 1(I )→ H 1(I 0)→ H 2(¸ + p®):

Inductively one can get the following

[SocGH 1(C®(¸ ))]
⋂

Φ(¸ ) ⊆ ([SocGH 1(¸ + 4p®)]
⋃

[SocGH 1(¸ + 5p®)])
⋂

Φ(¸ ):

Then calculation shows that the right side is empty, therefore H 1(M ) = 0. For the

rest of the exceptional weights listed in (B) and (C) one can see that H 0(¹ ) = 0

for all weights ¹ of C®(¸ ). Hence similar argument shows that

[SocGH 1(C®(¸ ))] ⊆
a⋃

i =1

[SocGH 1(¸ + ip®)]:

As SocGH 1(¸ + ip®) is known for each i , one can see that its highest weight is not

in the set Φ(¸ ). Therefore we have proved that SocGH 2(¸ ) = L((s®s¯ )−1
r · ¸ ), if ¸ v

is in the s®s¯ -chamber.

4.4.2 ¸ v in the s¯ s®-chamber

The argument is similar to the one for the s®s¯ -chamber. First using Theo-

rem 4.3.3 we can get

[SocGH 2(¸ )] ∩ Φ(¸ ) ⊆ [SocGH 1(C¯ (¸ )) ∩ Φ(¸ );

for all the types except type II and 5 where

Φ(¸ ) ∩ [SocGH 1(s¯ · ¸ )] = {(s®)r · (s¯ · ¸ )}:
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Suppose in these two cases L((s®)r · (s¯ · ¸ )) is in the socle of H 2(¸ ). We can

use the exactly same argument as in the case (C) in the s®s¯ -chamber by assum-

ing a semisimple submodule consisting of two composition factors of H 2(¸ ) such

that its dual turns out to be a submodule of H 0((s®)∗ · ¸ 0). This contradicts

the fact that H 0 has a simple socle. Next we use Andersen’s Theorem to get

[SocGH 1(C¯ (¸ ))]
⋂

Φ(¸ ) = ∅ for all ¸ except type IV and 2 with any upper vertex

as in Table 5 and type II, III and 3 with ¸ v = (3;−2).

If ¸ is of the type II, III or 3 with ¸ v = (3;−2), one can see that H 0(¹ ) = 0 for

all weights ¹ of C¯ (¸ ). So inductively one gets

[SocGH 1(C¯ (¸ ))] ⊆
n⋃

i =1

[SocGH 1(¸ + ip¯ )] ∩ [H 1(C¯ (¸ ))];

where np < 〈s¯ · ¸ + ½;̄ ∨〉 < (n + 1)p. As we know the socles of all H 1, the

calculation of characters shows that

[H 1(C¯ (¸ ))] ∩ [SocGH 1(¸ + ip¯ )] ∩ Φ(¸ ) = ∅

for 1 ≤ i ≤ n.

Now let us consider the types IV and 2. Unfortunately these cases happen to

be the exceptional cases such that the SocGH 2(¸ ) has two composition factors.

Consider the following exact sequences induced from a filtration of C¯ (¸ ) as in

1.6,

0→ H 1(I )→ H 1(C¯ (¸ ))→ H 1(¸ + np®)→ H 2(I )→ 0; (4.3)

0→ H 0(I 0)→ H 1(¸ + p¯ )→ H 1(I )→ H 1(I 0): (4.4)

Proposition 1.6 shows that I 0
∼= C¯ (¸ + p¯ ). As ¸ + p¯ is in the s¯ -chamber

and s¯ · (¸ + p¯ ) has standard vanishing, the exact sequences in 1.6 associated to

(¸ + p¯ ; ¯ ) show H 1(C¯ (¸ + p¯ )) = 0. Further we get the exact sequence

0→ H 0(I 0)→ H 1(¸ + p¯ )→ H 0(s¯ · (¸ + p¯ ))→ H 0(I 0): (4.5)
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Therefore H 1(I ) is a submodule of H 0(s¯ · (¸ +p¯ )) from the exact sequences (4.4)

and (4.5).

Next we show that H 1(I ) 6= 0. Then SocGH 1(I ) = L(s¯ · (¸ + p¯ )) and

SocGH 1(C¯ (¸ )) contains the factor L(s¯ · (¸ + p¯ )). On the other hand, it fol-

lows from the exact sequence (4.3) that H 1(C¯ (¸ )) has at most two composition

factors in its socle.

In fact H 0(I 0) 6= H 1(¸ + p¯ ) as all of the highest weights of the composition

factors of H 0(I 0) are strictly lower than s¯ · (¸ + p¯ ). This shows that H 1(I ) 6= 0

and therefore H 2(¸ ) has at least two composition factors in its socle. From the

inclusion

[SocGH 1(M )] ⊆ [SocGH 1(C¯ (¸ ))] ∩ Φ(¸ ) = {s¯ (¸ + p¯ )};

[SocGH 2(¸ )] ⊆ [SocGH 1(M )] ∪ {(s¯ s®)−1
r · ¸ };

we can conclude that H 2(¸ ) has exactly two composition factors in its socle.

Remark These exceptions can be predicted from the Andersen filtration since

these two composition factors do not extend and one is the only factor in the layer

4 (or 3) but the other one is in the layer 3 (or 2).

4.5 λv in H3-chambers

4.5.1 ¸ v in the s¯ s®s¯ -chamber

First let us suppose ¸ v 6= (1;−2). Then Φ(¸ ) is defined and can be computed

as before. Using Theorem 4.3.3 we get

[SocGH 3(¸ )] ∩ Φ(¸ ) ⊆ [SocGH 2(C¯ (¸ ))] ∩ Φ(¸ )
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except ¸ is of type II. In fact, though we have no information on the socle of

H 2(s¯ · ¸ ) for ¸ to be of type IV or 2, Φ(¸ ) has no weight of the first kind.

Next we consider the socle of H 2(C¯ (¸ )). It follows from Andersen’s Theorem

that

[SocGH 2(C¯ (¸ ))] = [SocGH 2(¸ + np¯ )];

where [SocGH 2(¸ + np¯ )]
⋂

Φ(¸ ) = ∅ if ¸ v 6= (2;−3). So [SocGH 3(¸ )]
⋂

Φ(¸ ) = ∅

and H 2(M ) = 0.

For ¸ v = (2;−3), we only need to consider type II, III, IV and 3. As H i (¹ ) = 0

for all weights ¹ of C¯ (¸ ) and i < 2, it can be shown by induction that

[SocGH 2(C¯ (¸ ))] ⊆
3⋃

i =1

[SocGH 2(¸ + ip¯ )] = [SocGH 2(¸ + 3p¯ )];

since H 2(¸ + ip¯ ) = 0 if i < 3. On the other hand, [SocGH 2(¸ + 3p¯ )]
⋂

Φ(¸ ) = ∅.

So we are done in this case.

For ¸ v = (1;−2) we have to verify the condition in 4.3.2 for the definition of

Φ(¸ ). Let ¹ ∈ D−1(¸ )+ with [H 2(¹ )]
⋂

H 3(¸ ) 6= ∅. It turns out that H 2(¹ ) has the

expected simple socle. Therefore our calculation in 4.3.2 works in this case (one

has to consider the vanishing property).

Via calculation one can see that Φ(¸ ) = ∅ for ¸ of type IV and 3 and that Φ(¸ )

has one weight less than usual for ¸ of type III. Applying the theorems in 4.3.3 and

4.3.4 we get

[SocGH 3(¸ )] ∩ Φ(¸ ) ⊆ [H 2(C¯ (¸ ))] ∩ Φ(¸ );

[SocGH 2(C¯ (¸ ))] ⊆ [SocGH 2(¸ + 2p¯ )]:

Once again we have [SocGH 2(¸ +2p¯ )]
⋂

Φ(¸ ) = ∅ via calculation and we finish the

proof in this chamber.
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4.5.2 ¸ v in the s®s¯ s®-chamber

In this chamber, for ¸ in the alcove of type II with 〈¸ v + ½;s¯ (®∨)〉 = 2p,

Φ(¸ ) has only one weight which is in [H 2(C®(¸ ))]. Andersen’s Theorem applies if

¸ v 6= (−4; 1). If ¸ v = (−4; 1), then [SocGH 2(C®(¸ ))] ⊆ [SocGH 2(¸ + 4p®)]. But the

right side does not intersect Φ(¸ ).

Let us first assume ¸ v 6= (−3; 1). So the calculation in 4.3.2 does work for Φ(¸ ).

Once again we get [SocGH 3(¸ )]
⋂

Φ(¸ ) ⊆ [SocGH 2(C®(¸ ))]
⋂

Φ(¸ ) from Theorem

4.3.3 for all types except the type IV where H 2(s® · ¸ ) does not have the expected

simple socle. For type 2, H 3(¸ ) ∼= H 2(s® · ¸ ) which has two factors in its socle.

As usual we consider the socle of H 2(C®(¸ )). Now suppose ¸ is not of type

IV. The conditions of Andersen’s Theorem are satisfied and SocGH 2(C®(¸ )) ∼=

SocGH 2(¸ + np®). Its highest weight is not in Φ(¸ ). So we can conclude that

H 3(¸ ) has the expected simple socle in this case.

Next let us consider the box with upper vertex (−3; 1). For the types except

type I, II and 6, the argument in 4.3.2 does work and the set Φ(¸ ) can be calculated.

However for the three exceptional types we define

Φ(¸ ) =
⋃

¹ ∈D ¡ 1(¸ )+

[H 2(¹ )] ∩ [H 3(¸ )] \ {w−1
r · ¸ }:

Here w = s®s¯ s®. The sets Φ(¸ ) in this box are calculated and shown in Table 6.

Here the set Φ(¸ ) is empty for types 3, 5 and 7 while for the types 2 and 4 we are

already done.

First let us consider the socle of H 2(C®(¸ )) from the exact sequence

0→ H 2(I )→ H 2(C®(¸ ))→ H 2(¸ + 3p®):

Since both weights of C®(¸ ) have standard vanishing in the H 3 and H 4 chambers
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Table 6: The set Φ(¸ )

type wr · Φ(¸ ) wr · [H 2(C®(¸ ))]

I (−1,0;I) ∅

II (0,0;I),(−1,0;I,II,III) (0,0;I,II),(−1,0;II,III)

III (0,0;II) (0,0;II,III),(−1,0;I,II,III),(−2,0;I)

IV (0,0; I,II,III) (0,0;I,III,IV),(−1,0;I,II,III),(−2,0;I)

1 (0,0;5) (0,0;1),(−1,0;5)

6 (−1,0;3) (0,0;6)

respectively, we have H 2(I ) = 0 and

H 2(C®(¸ )) ⊆ H 2(¸ + 3p®): (4.6)

The character of H 2(C®(¸ )) can be calculated in all types. As the socle of H 2(¸ +

3p®) is known and the highest weights of its factors are not in Φ(¸ ) except the type

IV (we exclude the type 2 and 4 from the argument), then [SocGH 2(C®(¸ ))]∩Φ(¸ ) =

∅.

On the other hand, we will show [SocGH 3(¸ )]∩Φ(¸ ) ⊆ [SocGH 2(C®(¸ ))]∩Φ(¸ ),

therefore the proof for this box will be finished.

In fact, for ¸ of the type I or II, Φ(¸ ) does not contain the highest weight of the

simple socle of H 2(s® · ¸ ) and for the type III, Φ(¸ ) does not contain any weight of

the first kind.

If ¸ has type 6, we have the isomorphisms

H 3(¸ ) ∼= H 4(s¯ · ¸ ) ∼= H 0(w−1 · ¸ )∗:

H 0(w−1 · ¸ ) has three composition factors and has Loewy length three with head

L(w−1
r · ¸ )∗. So that H 3(¸ ) has the expected simple socle.
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If ¸ is of type 1, s¯ ·¸ is in the w0-chamber with upper vertex inside the chamber.

Jantzen [22] has proved that H 4(s¯ · ¸ ) has the expected simple socle. So we finish

the proof for this type via the isomorphism H 3(¸ ) ∼= H 4(s¯ · ¸ ).

Now let us consider the type IV with 〈¸ v + ½;s∨¯ 〉 = −p in this chamber (not

necessarily in this box). Let ¹ be a weight of type 1 in the upper closure of this

alcove. As Φ(¸ ) has only one weight º of the first kind, and T ¹
¸ (SocGH 3(¸ )) ⊆

SocGH 3(¹ ) and T ¹
¸ L(º ) = L(º ′) 6= 0. L(º ′) will be in socle of H 3(¹ ) if L(º )

is in the socle of H 3(¸ ). Nevertheless, H 3(¹ ) has a simple socle which is not

L(º ′). This shows [H 3(¸ )]
⋂

Φ(¸ ) ⊆ [H 2(C®(¸ ))]
⋂

Φ(¸ ). Therefore SocGH 3(¸ ) =

SocGH 2(C®(¸ )).

Next we use the induction on n with ¸ v = (−2n−1; n) to show that H 2(C®(¸ ))

has the same socle as H 2(¸ + (2n + 1)p®) has. If n=1, we can get this from (4.6)

via calculating the character of H 2(C®(¸ )). Now suppose n > 1 and consider the

exact sequences induced in 1.6

0→ H 2(I )→ H 2(C®(¸ ))→ H 2(¸ + (2n + 1)p®)→ H 2(I )→ 0;

0→ H 2(I )→ H 2(C®(¸ + p®))
Á
→ H 3(¸ + p®)H 3(I )→→ 0;

0→ H 2(C®(¸ + p®))→ H 3(¸ + p®)→ H 2(s® · (¸ + p®))→ H 2(C®(¸ + p®))→ 0:

By the induction assumption SocGH 2(C®(¸ + p®)) = SocGH 3(¸ + p®) has two

composition factors. So H 2(I ) = 0 and SocGH 2(C®(¸ )) = SocGH 2(¸ + (2n + 1)p®)

via the character calculation. This shows that H 3(¸ ) and H 2(¸ + (2n + 1)p®) have

the same socle.
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4.6 The Socle Series of Higher Cohomology

As we know the socle series of all H 0 and all H 1, we now use the method

developed in 4.1 to calculate the socle series for higher cohomology. If ¸ 0 is generic

in the dominant chamber, the socle series of H ` (w)(w · ¸ 0) can be calculated from

the socle series of some H 0(¹ ) (see Lin [26] for details).

Let ¸ = wr · ¸ 0 be a weight with ¸ v in the w-chamber. Let ° ∈ S be such

that `(s° w) = `(w) − 1 and denote ` = `(w). Then we have H `−1(¸ ) = 0 and

H `−2(s° · ¸ ) = 0. From 1.6 we have the following exact sequences

0→ H `−1(C° (¸ ))→ H `(¸ )
Á
→ H `−1(s° · ¸ );

0→ H `−1(I )→ H `−1(C° (¸ ))→ H `−1(¸ + np° ):

Suppose H `−1(I ) = 0. Further we assume the socle series of H `−1(¸ + np° ) and

H `−1(s° · ¸ ) can be calculated via the algorithm in 4.3.1. Then the socle series

of H `−1(C° (¸ )) and Im(Á) can be computed. Further, by checking the extension

condition in Theorem 4.1.2, we can get the socle series of H `(¸ ).

In fact, in the argument for finding socles we have shown H `−1(I ) = 0 for all

such ¸ except the type IV and 2 in the s¯ s®-chamber. However H 1(I ) can be

calculated in the exceptional cases to be simple and in the socle of H 1(C¯ (¸ )). So

the socle series of H 1(C¯ (¸ )) can be calculated as well in the exceptional situations.

Theorem Let ¸ be a weightsuchthat ¸ v is in the w-chamber and ° be a simpleroot

suchthat `(s° w) = `(w)− 1. If the socle seriesof H `−1(¸ + np° ) and H `−1(s° · ¸ )

can be calculated via the algorithm in 4.3.1, then the socle seriesof H `(¸ ) can also

be calculated via the algorithm in 4.3.1, with the exception of type IV and 2 in the

s¯ s®-chamber of vertex (2n + 1;−n).
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Proof The proof is based on checking the extension condition in Proposition 4.1.2

since H `(¸ ) and H `−1(C° (¸ )) have the same socle. The extension between simple

factors can be easily seen from the second socle layer of H 0’s. Here in Figure 19–22

on pages 90–93 we list the socle series of H `−1(C° (¸ )) and E = Im(Á) for ¸ far away

from chamber walls. However for ¸ close to a chamber wall, all the modules here

involve fewer composition factors and they have less chance to extend one another.

Actually, one can verify the extension condition in Proposition 4.1.2 case by case.

In the exceptional cases, one can check that the extension condition is true as well.

Remark By using this theorem and induction on `(w) one can get the socle

series for H ` (w)(wr · ¸ 0) with ¸ 0 dominant except for the following cases, where the

condition of this theorem is not clear.

(A) ¸ 0 is of type III, IV and 3 with w = s®s¯ s® and ¸ v
0 = (1; n);

(B) ¸ 0 is of type IV with w = s¯ s®s¯ and ¸ v
0 = (n; 1);

(C) ¸ 0 is of type II, III, IV, 1, 2 and 3 with w = w0 and ¸ 0 in restricted box.
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Figure 13: ¸ in the s®-chamber
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Figure 14: ¸ in the s¯ -chamber
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Figure 15: The set Φ(¸ ) in the s¯ s®s¯ -chamber
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Figure 16: The set Φ(¸ ) in the s®s¯ s®-chamber
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Figure 17: The set Φ(¸ ) in the s¯ s®s¯ -chamber
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Figure 18: The set Φ(¸ ) in the s®s¯ s®-chamber
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Figure 19: ¸ in the s®s¯ -chamber
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Figure 20: ¸ in the s¯ s®-chamber
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Figure 21: ¸ in the s¯ s®s¯ -chamber
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Figure 22: ¸ in the s®s¯ s®-chamber
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C h a p t e r 5

The Fil tra tions of Cohomology

Humphreys [17] conjectured a filtration for each H i (w · ¸ 0) with ¸ 0 dominant

and in the bottom p2-alcove. These filtrations should satisfy a certain sum formula.

Andersen [3] constructed a filtration for each H i (w · ¸ 0) which generically satisfies

the sum formula. But for nongeneric weights the filtrations get more complicated.

In this chapter we will construct a filtration for all nonvanishing cohomology from

the socle series of Z1(w · ¸ 0) and the known facts about the socle series of the

cohomology in 4.6 and study certain of its properties.

5.1 Construction of the Filtrations

As all the composition factors of H i (w · ¸ 0) have multiplicity one in our case,

the filtration will be uniquely determined by its composition factors provided the

submodules exist.
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5.1.1 The Filtration Pattern

Let us start with the socle filtration pattern of Z1(¸ ) (¸ = w·¸ 0) as G1T -module.

We fix w ∈W and ¸ . Define the socle filtration pattern of Z1(¸ ) by

S[Z1(¸ )] = {(¹; j ; m) | [Socj +1
G1T Z1(¸ )=Socj

G1T Z1(¸ ) : L 1(¹ )] = m}:

Let m(¹; j ) = m if (¹; j ; m) ∈ S[Z1(¸ )]. As we know that Z1(¸ ) has the Loewy

length #R+ − `(¸ )+1, we define N (¸ ) = #R+ − `(¸ ) (see Section 3.1 for definition

of `(¸ )). For º ∈ X + and i ≥ 0, define

X ¸ (º ; i) = {(w′; ¹ ) | ¹ ∈ X ; w′ ∈W; w′
r · ¹ = º and i − 1 ≤ `(w′) ≤ i + 1}:

In the rest of this section we will show that H i (¸ ) has a submodule H i (¸ )j with

decomposition pattern

D (H i (¸ )j ) = {(º ; ni (º ; j )) | º ∈ X + ; ni (º ; j ) ∈ N};

where

ni (º ; j ) =
N (¸ )−j∑

k=0


 ∑

(w0;¹ )∈X λ(º ;i )

(−1)` (w0)−i m(¹; k)




+

:

Remark This formulation works only for the group of type B2. As long as we

prove the existence of the submodule H i (¸ )j , we will have a filtration for H i (¸ )

H i (¸ ) = H i (¸ )0 ⊇ H i (¸ )1 ⊇ · · · ⊇ H i (¸ )N (¸ ) ⊇ H i (¸ )N (¸ )+1 = 0:

5.1.2 Serre Duality

To show the existence of the submodules H i (¸ )j , we study the effect of Serre

duality on filtrations. By the dual filtration of a filtration

M = M 0 ⊇ M 1 ⊇ · · · ⊇ M t = 0
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of length t we mean the filtration of M ∗ defined by

(M ∗)t−j = Ker(M ∗ → (M j )∗):

Let M = H i (¸ ). Then H i (¸ )∗ = H N −i (w0 · ¸ ∗).

Proposition If the ¯ltr ations de¯ned in 5.1.1 exist, then

H N −i (w0 · ¸ ∗)N (¸ )+1 −j = Ker(H N −i (w0 · ¸ ∗)→ (H i (¸ )j )∗)

for all 0 ≤ j ≤ N (¸ ) + 1.

Proof It suffices to show

ch(H N −i (w0 · ¸ ∗)N (¸ )+1 −j ) = ch(H N −i (w0 · ¸ ∗))− (ch(H i (¸ )j ))∗;

since L(º )∗ = L(º ∗). In Lin [26] 3.6, it is proved that

R[Z1(¸ )]∗ = (w0)r · S[Z1(w0 · ¸ ∗)]:

On the other hand, our calculation of the socle series of H i (¸ ) shows that all H i (¸ )

are rigid in the generic situation. Therefore Lin [26] 4.7 and translation invariance

show that Z1(¸ ) is rigid for all ¸ . Hence (¹; j ; m) ∈ R[Z1(¸ )] if and only if (¹; N (¸ )−

j ; m) ∈ S[Z1(¸ )]. Specially in the definition of ni (º ; j ), (¹; k; m(¹; k)) ∈ S[Z1(¸ )]

is equivalent to ((w0)r · ¹ ∗; N (¸ ) − k; m(¹; k)) ∈ S[Z1(w0 · ¸ ∗)], i.e., m¸ (¹; k) =

mw0·¸ ¤ ((w0)r · ¹ ∗; N (¸ )− k).

One can easily show that wr · ¹ = º if and only if (w0w)r · ((w0)r · ¹ ∗) = º ∗.

Also i − 1 ≤ `(w) ≤ i + 1 if and only if N − i − 1 ≤ `(w0w) ≤ N − i + 1. Thus we

have proved

X w0·¸ ¤ (º ∗; N − i) = {(w0w′; (w0)r · ¹ ∗) | (w′; ¹ ) ∈ X ¸ (º ; i)}:
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Now combining the above arguments we get

n(¸;i )(º ; j ) =
N (¸ )−j∑

k=0


 ∑

(w0;¹ )∈X λ(º ;i )

(−1)` (w0)−i m¸ (¹; k)




+

=
N (¸ )−j∑

k=0




∑

(w0;(w0)r·¹ ¤ )∈X w0¢λ¤(º ¤ ;N−i )

(−1)` (w0)−N + i mw0·̧ ¤ ((w0)r ·¹ ∗; N (̧ )−k)




+

=
N (¸ )∑

k= j




∑

(w0;¹ )∈X w0¢λ¤ (º ¤ ;N −i )

(−1)` (w0)−(N −i )mw0·¸ ¤ (¹; k)




+

:

Hence by the definition of the filtration pattern in 5.1.1, we get

D ((H i (¸ )j )∗) + D (H N −i (w0 · ¸ ∗)N (¸ )−(j −1)) = D (H N −i (w0 · ¸ ∗)):

This proves the proposition.

5.1.3 Existence of H i (¸ )j

Using Proposition 5.1.2, we only need to show that either H i (¸ ) or H N −i (w0 ·¸ ∗)

has the required filtration. For ¸ 0 in the general position we only need to verify

this for w = 1; s®; s¯ and s®s¯ . However for ¸ 0 close to a chamber wall we once

again need some ad hoc argument.

Let w = 1; s® or s¯ . One can set Soc
N (¸ )−j
G H 0(¸ ) = H 0(¸ )j . As we have

described in 4.3.1, the socle series in these cases are calculated exactly from the

way of defining H ` (w)(¸ )j . However when ¸ is close to a chamber wall, H ` (w)(¸ ) has

a smaller Loewy length. It happens that H ` (w)(¸ )j is identically the same when j

is “small”. In the H 2-chamber this turns out to be a little complicated since the

“0” subquotient will not necessarily occur for small j though ¸ may have standard

vanishing and H ` (w)(¸ ) may have the standard simple socle.

We still assume ¸ is in an H 1-chamber. If H 2(¸ ) 6= 0, we can see from the

argument in 4.2 that the socle series pattern of H 2(¸ ) is obtained by shifting the
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Table 7: Special Case for Filtration

(w0 · ¸ ∗)v Type

(2,−1) III, IV, 2, 3, 4

(3,−1) I, II, III, 4, 5, 6

(4, −2) I, II, III, IV, 2, 3, 4, 5, 6, 7

(3, −2) IV, 2

(5, −3) IV, 2

layer numbers, which are got in the cancellation process from the generic Andresen

filtration patterns and which are the same as those defined in 5.1.1. So the existence

of the filtration in this situation is clear.

Now let us consider the H 2-chamber. Let w = s®s¯ . We have shown in Chapter

4 that the socle series of H 2(¸ ) is calculated from the socle series of Z1(¸ ) if ¸ v is in

the w-chamber. So the filtration can be formulated via H 2(¸ )j = Soc
N (¸ )−j
G H 2(¸ ).

For the extra cohomology in this chamber the existence of the submodule H i (¸ )j

is clear as we have known their submodule structure in 4.2. However if ¸ v is on

the 2® + ¯ wall or in the s®-chamber we have to consider w0 · ¸ ∗ ( in our case

¸ ∗ = ¸ ). The socle series of H N −i (w0 · ¸ ∗) can also be calculated in the same way.

The situations listed in Table 7 turn out to be undecided so far.

For w0 · ¸ ∗ to be ( 3,−2;IV,2) or (5,−3;IV,2), the socle series of H 2(w0 · ¸ ∗) has

been calculated in Chapter 4 which is different from the one as we calculated in

5.1.1 since there are two factors in its socle. However, Ext1
G(L1; L2) = 0 for each

factor L 2 in the second socle layer and for the unexpected factor L 1 in the socle.

Hence modifying the socle filtration (i.e. moving L 1 from “0” to “1”) we can get

the expected filtration for H 2(w0 · ¸ ∗).
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In order to deal with the rest of the cases we state the following modified version

of Proposition 4.1.2.

Proposition Let 0 → M → E → Q → 0 be an exact sequence of G-modules.

SupposeM and Q have¯ltr ations

0 = M 0 ⊆ M 1 ⊆ · · · ⊆ M r = M ;

0 = Q0 ⊆ Q1 ⊆ · · · ⊆ Qs = Q:

If Ext1G(L1; L2) = 0 whenever[Qi =Qi−1 : L1] 6= 0 and [M =M i : L2] 6= 0 for all i ≥ 0,

then E has a ¯ltr ation 0 = E 0 ⊆ E 1 ⊆ · · · ⊆ E r = E with i = max{r; s + 1} and

E i +1 =Ei = M i +1 =M i ⊕Qi =Qi−1 for all i ≥ 0.

Let ¹ = w0 · ¸ ∗. If ¹ v = (4;−2), C¯ (¹ ) has two weights ¹ + p¯ and ¹ + 2p¯

and the character of H 1(C¯ (¹ )) can be calculated. Using this proposition and the

following exact sequences

0→ H 1(C¯ (¹ ))→ H 2(¹ )→ H 1(s¯ · ¹ );

0→ H 1(¹ + p¯ )→ H 1(C¯ (¹ ))→ H 1(¹ + 2p¯ )→ 0;

we can get a filtration for H 1(C¯ (¹ )) and then a filtration for H 2(¹ ) which turns

out to be the Loewy filtration and the same as we expected.

For the rest of the cases we use similar arguments. In those situations, C¯ (¹ )

has either one weight or none and the computation will be much easier. So we can

conclude

Theorem The ¯ltr ation expected in 5.1.1 existsand it is a Loewy ¯ltr ation (up to

canceling the zero subquotients).
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5.2 Translation Principle on Filtrations

Let ¸ be a weight in a facet F and ¹ ∈ F̄ . We know T ¹
¸ H i (¸ ) = H i (¹ ). In this

section we discuss how the translation functor will affect the filtrations.

5.2.1 Upper Closure Invariance

For a facet F , by F̂ we mean the upper closure of F .

Lemma Let ¸ ∈ F and ¹ ∈ F̄ . Then

1. wr · F̂ = ̂wr · F for all w ∈W ;

2. If ¸; ¹ ∈ X + , then T ¹
¸ L(¸ ) = L(¹ ) if and only if T ¹

¸ L1(wr · ¸ ) = L 1(wr · ¹ )

for all w ∈W.

Proof We know the action of wr · on X ⊗ R is not continuous as we can see

wr · F̄ = wr · F is not true in general. However it follows from the definitions of X 1

and the upper closure of a facet F that any two elements in F̂ have the same 1-part

(with respect to the decomposition ¸ = ¸ 0 + p¸ 1). Therefore wr · : F̂ → ̂wr · F is

a translation by an element of pZR. Thus the first part follows. The second part

follows from the first part and the translation principle.

5.2.2 Calculation of Distance

Recall that we have defined in section 3.3.1, for a weight ¸ , A(¸ ) to be the

unique alcove containing ¸ in its upper closure.

Lemma Let F be a facet, ¸ ∈ F and ¹ ∈ F̄ . Then

N (¸ )− N (¹ )− d(A(¹ ); A(¸ )) = #{®∈ R+
¹ \ R+

¸ | 〈¸ + ½;®∨〉 < 〈¹ + ½;®∨〉}:
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Proof As ¹ ∈ F̄ , we have R¸ ⊆ R¹ and therefore R+
¸ ⊆ R+

¹ . Thus

N (¸ )− N (¹ ) = (N −#R+
¸ )− (N −#R+

¹ ) = #(R+
¸ \ R+

¹ ):

Now it suffices to prove

d(A(¹ ); A(¸ )) = #{®∈ R+
¹ \ R+

¸ | 〈¸ + ½;®∨〉 > 〈¹ + ½;®∨〉}:

To prove this we introduce some notation. For a weight ¸ we define the integer n¸
®

for each positive root ® such that 〈¸ + ½;®∨〉 = n¸
®p + d® with 0 ≤ d® < p. Thus

®∈ R+
¸ if and only if d® = 0. The alcove A(¸ ) can be described as

A(¸ ) =





x ∈ X ⊗R

∣∣∣∣∣∣∣∣∣∣∣∣

n¸
®p < 〈x + ½;®∨〉 < (n¸

® + 1)p; ∀®∈ R+ \ R+
¸ ;

(n¸
¯ − 1)p < 〈x + ½;̄ ∨〉 < n¸

¯ p; ∀¯ ∈ R+
¸





:

As ¸ ∈ F , F̄ can also be described by

F̄ =





x ∈ X ⊗R

∣∣∣∣∣∣∣∣∣∣∣∣

n¸
®p≤ 〈x + ½;®∨〉 ≤ (n¸

® + 1)p; ∀®∈ R+ \ R+
¸ ;

〈x + ½;̄ ∨〉 = n¸
¯ p; ∀¯ ∈ R+

¸ :





:

Now ¹ ∈ F̄ implies R+
¸ ⊆ R+

¹ and n¹
® = n¸

® for all ® ∈ R+ except those

roots ® ∈ R+
¹ \ R+

¸ with 〈¸ + ½;®∨〉 < 〈¹ + ½;®∨〉. For those exceptional roots ®,

n¹
® = n¸

® + 1. Now the distance d(A(¹ ); A(¸ )) can be calculated to be




∑

®∈R+\R+
λ

n¸
® +

∑

¯ ∈R+
λ

(n¸
¯ − 1)


−




∑

®∈R+\R+
µ

n¹
® +

∑

¯ ∈R+
µ

(n¹
¯ − 1)




=
∑

®∈R+
µ \R+

λ

(n¸
®− n¹

® + 1)

= #{®∈ R+
¹ \ R+

¸ | 〈¸ + ½;®∨〉 > 〈¹ + ½;®∨〉}:

Hence the Lemma is proved.
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5.2.3 Translation of the Filtrations

Now we can state and prove the theorem on the translation of the filtrations.

Theorem Let F be a facet with ¸ ∈ F and ¸ ′ ∈ F̄ . Then

T ¸ 0

¸ H i (¸ )j = H i (¸ ′)j −(N (¸ )−N (¸ 0)−d(A(¸ 0);A (¸ ))) :

Proof It follows from Corollary (B) in 3.3.1 that

T ¸ 0

¸ Socj
G1T Z1(¸ ) = Soc

j −d(A(¸ 0);A (¸ ))
G1T Z1(¸ ′):

In other words, by using the notation of the definition of the filtrations and trans-

lation principle, this means

m¸ 0(¹ ′; k − d(A(¸ ′); A(¸ ))) =





m¸ (¹; k) if ¹ ′ ∈ F̂ (¹ );

0 otherwise.

(5.1)

Here F (¹ ) is the unique facet containing the weight ¹ ∈ Wp · ¸ while ¹ ′ is the

unique weight in Wp · ¸ ′ ∩ F̄ (¹ ).

Let º ∈ Wp · ¸ ∩ X + and º ′ ∈ Wp · ¸ ′ ∩ F̄ (º ). If º ′ ∈ F̂ (º ), then the map

(w′; ¹ ) 7→ (w′; ¹ ′) is a bijection between X ¸ (º ; i) and X ¸ 0(º ′; i) for all i . In fact,

wr · º ∈ Wp · º for all w ∈ W since s® · º = º − 〈º 1 + ½;®∨〉p® for all root ®. For

each (w′; ¹ ) ∈ X ¸ (º ; i), ¹ = (w′)−1 · º . Therefore ¹ ′ = (w′)−1 · º ′ by Lemma 5.2.1.

Now assume º ′ ∈ F̂ (º ). Using (5.1) and the above bijection one can check

n(¸ 0;i )(º ; j ) =
N (¸ 0)−j∑

k=0


 ∑

(w0;¹ 0)∈X λ0(º 0;i )

(−1)` (w0)−i m¸ 0(¹ ′; k)




+

=
N (¸ 0)−j∑

k=0


 ∑

(w0;¹ )∈X λ(º ;i )

(−1)` (w0)−i m¸ (¹; k + d(A(¸ ′); A(¸ )))




+

=
N (¸ 0)−j + d(A(¸ 0);A (¸ ))∑

k= d(A(¸ 0);A (¸ ))


 ∑

(w0;¹ )∈Z1(º ;i )

(−1)` (w0)−i m¸ (¹; k)




+

:
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Since T ¸ 0

¸ Sock
G1T Z1(¸ ) = 0 if k < d(A(¸ ′); A(¸ )), we have m¸ (w′ · º ; k) = 0 for

all w′ ∈W . Thus we have proved

n(¸ 0;i )(º ′; j ) = n(¸;i )(º ; j + (N (¸ )− N (¸ ′)− d(A(¸ ′); A(¸ )));

or equivalently

[H i (¸ )j : L(º )] = [H i (¸ ′)j −(N (¸ )−N (¸ 0)−d(A(¸ 0);A (¸ ))) : L(º ′)]:

Now the theorem follows from the translation principle.

5.3 Intertwining Homomorphisms

Let ® ∈ S and 〈¸ + ½;®∨〉 > 0. In [4], Andersen defined an intertwining

homomorphism Á : H i +1 (s® · ¸ )→ H i (¸ ) for all i from the exact sequences in 1.6.

In this section we show that the filtrations defined in 5.1.1 are consistent with the

intertwining homomorphisms, i.e.,

Á(H i +1 (s® · ¸ )j ) ⊆ H i (¸ )j +1 :

We start with the nonzero intertwining homomorphisms Á and calculate the

characters of their images. Let ®∈ S and ¸ = w · ¸ 0 with ¸ 0 ∈ X + and w ∈W be

fixed and ` = `(w).

(1) If both ¸ and s® · ¸ have standard vanishing, we only need to consider i = `.

In this case

ch(ImÁ) = (−1)`(Â(¸ )− Â(C®(¸ ))):

(2) s® · ¸ has standard vanishing but ¸ does not.
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(A) ¸ has a lower extra nonvanishing cohomology, i.e., H `−1(¸ ) 6= 0. In this case

we have an exact sequence

0→ H `−1(¸ )→ H `(C®(¸ ))→ H `+1 (s® · ¸ )
Á
→ H `(¸ )→ H `(C®(¸ ))→ 0:

As chH `(C®(¸ )) = (−1)`Â(C®(¸ )); the character of the image of Á can be formu-

lated as

ch(ImÁ) = (−1)`+1 (Â(¸ )− ch(Â(C®(¸ )))) + H `−1(¸ ):

(B) ¸ has a higher extra nonvanishing cohomology, i.e., H `+1 (¸ ) 6= 0. The exact

sequence is of the following form:

0→ H `(C®(¸ ))→ H `+1 (s® · ¸ )
Á
→ H `(¸ )→ H `+1 (V®(¸ ))→ 0;

H `+1 (¸ ) = H `+1 (C®(¸ )); 0→ H `+1 (C®(¸ ))→ H `+1 (V®(¸ ))→ H `(C®(¸ ))→ 0:

So the character of ImÁ can be derived to be

ch(ImÁ) = (−1)`(Â(¸ )− Â(C®(¸ )))− chH `+1 (¸ ):

(3) ¸ has standard vanishing but s® · ¸ does not.

(A) s® · ¸ has a lower extra nonvanishing cohomology, i.e., H `(s® · ¸ ) 6= 0. Then

0→ H `(V®(¸ ))→ H `+1 (s® · ¸ )
Á
→ H `(¸ )→ H `(C®(¸ ))→ 0;

H `(¸ ) = H `−1(C®(¸ )); 0→ H `(C®(¸ ))→ H `(V®(¸ ))→ H `−1(C®(¸ ))→ 0:

Therefore we have the character of the image of Á

ch(ImÁ) = (−1)`(Â(¸ )− Â(C®(¸ )))− chH `(s® · ¸ ):

(B) s® · ¸ has a higher extra nonvanishing cohomology, i.e., H `+2 (s® · ¸ ) 6= 0.

Then

0→ H `(C®(¸ ))→ H `+1 (s® · ¸ )
Á
→ H `(¸ )→ H `(C®(¸ ))→ H `+2 (s® · ¸ )→ 0:
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Thus the character of ImÁ can be calculated to be

ch(ImÁ) = (−1)`(Â(¸ )− Â(C®(¸ ))) + chH `+2 (s® · ¸ ):

(4) ¸ and s® · ¸ both have nonstandard vanishing.

(A) Both ¸ and s® · ¸ have higher extra nonvanishing cohomology. In this case

we have the exact sequence

0→ H `(C®(¸ ))→ H `(s® · ¸ )
Á`→ H `(¸ )→ H `+1 (V®(¸ ))

→ H `+2 (s® · ¸ )
Á`+1
→ H `+1 (¸ )→ H `+1 (C®(¸ ))→ 0;

0→ H `+1 (C®(¸ ))→ H `+1 (V®(¸ ))→ H `(C®(¸ ))→ 0:

Since H `+1 (¸ ) and H `+2 (s® · ¸ ) have simple head (except those ¸ such that the

upper vertex of the box containing either ¸ or s® · ¸ is on a chamber wall) and have

Loewy length at most 2. So the character of ImÁ`+1 will be known if Á`+1 6= 0.

Indeed, we have proved in section 4.3 that the highest weights of composition

factors of H `+2 (s® · ¸ ) can be easily located. It turns out that in all of the possible

cases the strong linkage principle shows that the simple head L of H `+2 (s® · ¸ )

cannot be a composition factor of the module H i (I ). Here the B -module I is

defined in 1.6. It follows from the exact sequence

→ H `+1 (I )→ H `+1 (C®(¸ ))→ H `+1 (s® · ¸ + np®)→

that L has to be a composition factor of H `+1 (s® · ¸ + np®) if Á`+1 = 0. On the

other hand, the composition factors of H `+1 (s® · ¸ + np®) are known explicitly and

L is not one of them . Hence Á`+1 6= 0 and

ch(ImÁ`+1 ) = ch(HdH `+2 (s® · ¸ ));

ch(ImÁ`) = (−1)`(Â(¸ )−Â(C®(¸ )))+chH `+2 (s®·¸ )−chH `(¸ )−ch(HdH `+2 (s®·¸ )):
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(B) If ¸ and s® · ¸ both have higher extra nonvanishing cohomology, H `(s® · ¸ )

and H `−1(¸ ) have simple socle (except a few cases when the upper vertex of the

box containing either ¸ or s® · ¸ is on a chamber wall) whose highest weight can

be easily located. It follows from the exact sequence

0→ H `+1 (C®(¸ ))→ H `(s® · ¸ )
Á`¡ 1
→ H `−1(¸ )→ H `(V®(¸ ))

→ H `+1 (s® · ¸ )
Á`→ H `(¸ )→ H `(C®(¸ ))→ 0

that ImÁ`−1 = SocGH `−1(¸ ) (using the similar argument as in the first case to show

Á`−1 6= 0). So the character of the image of Á` can be calculated to be

ch(ImÁ`) = (−1)`(Â(¸ )− Â(C®(¸ ))) + chH `−1(¸ )− H `(s® · ¸ ) + ch(SocGH `−1(¸ )):

For the map Á : H i +1 (s® ·¸ )→ H i (¸ ) with i 6= ` it is easy to see that Á respects

the filtrations if one of the cohomology groups vanishes. If both of them are not

zero, the image of Á is already indicated in (4) (A) and (B) above and one can

easily check that Á respects the filtrations.

In general, as we have determined the character of the image of Á, one can check

case by case that Á respects the filtrations. Note that the filtrations we defined in

5.1 are the same as those we get from the generic Andersen filtration of H `(¸ ) via

the cancellation principle with the numbers which cannot be canceled in the alcoves

(or in facets) left unchanged.

5.4 Sum Formula

For the filtrations we defined in 5.1, we will modify the sum formula stated by

Humphreys [17] and prove that the sum formula holds for our filtrations. In fact
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the sum formula stated by Humphreys is actually the one for p-regular weights. In

this section we try to avoid the ad hoc checking in our specific case and to give a

more uniform argument.

5.4.1 Formulation of the Sum Formula

Throughout this section we fix ¸ = w · ¸ 0 for ¸ 0 ∈ X + and w ∈ W . For ®∈ R

we define

C®(¸ ) =
∑

0<k p< 〈¸ + ½;®_ 〉

Â(s® · ¸ + kp®); if 〈¸ + ½;®∨〉 > 0;

C®(¸ ) = Â(¸ )− C−®(¸ ); if 〈¸ + ½;®∨〉 < 0:

This notation should not be confused with the B -module C®(¸ ) introduced in 1.6.

Indeed, if 〈¸ + ½;®∨〉 > 0 the character C®(¸ ) we define here is exactly the Euler

character of the B -module C®(¸ ). If ¸ is dominant our notation here is the same

as the one defined by Humphreys [17].

Lemma Cw0(®)(w′ · ¸ ) = (−1)` (w0)C®(¸ ) for all w′ ∈W.

Proof We know 〈¸ + ½;®∨〉 = 〈w′ · ¸ + ½;(w′(®))∨〉. If 〈¸ + ½;®∨〉 > 0,

∑

0<k p< 〈w0·¸ + ½;(w0®)_ 〉

Â(sw0(®) · (w′ · ¸ ) + kpw′(®))

=
∑

0<k p< 〈¸ + ½;®_ 〉

(−1)` (w0)Â((w′)−1sw0(®)w′ · ¸ + kp®)

= (−1)` (w0)
∑

0<k p< 〈¸ + ½;®_ 〉

Â(s® · ¸ + kp®):

Hence Cw0(®)(w′ · ¸ ) = (−1)` (w0)C®(¸ ). If 〈¸ + ½;®∨〉 < 0 then

Cw0(®)(w′ · ¸ ) = Â(w′ · ¸ )− Cw0(−®)(w′ · ¸ ) = (−1)` (w0)C®(¸ ):

Now the lemma is proved.
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In 3.1.1 we defined the sets R¸ , R−
¸ and R+

¸ . It is clear that R¸ = wR¸ 0 . Now

we can state the sum formula.

Theorem The ¯ltr ations de¯ned in 5.1 satisfy the following sum formula:

∑

i

(−1)i
∑

j > 0

chH i (¸ )j = (−1)` (w)
∑

®∈w¡ 1(R ¡ )\Rλ0

C®(¸ 0) =
∑

®∈R ¡ \Rλ

C®(¸ ):

Here the last equality follows from the lemma. The proof will be given in 5.4.5

after we do some preparation in the next three subsections. The idea of the proof

can be stated as follows. First in 5.4.2 we prove that the sum formula is consistent

with the translation functor, so we only need to prove the sum formula for p-regular

weights. In 5.4.4 we prove the consistency of the sum formula with Serre duality so

that when we check this case by case, we can reduce half of the work for checking all

of the cases. We will develop a kind of argument for virtual characters of G-modules

“lifted” from virtual characters of G1T -modules. Since Lusztig’s conjecture is true

for the group of type B2, we can use the results of Andersen and Kaneda [10] and

start from the sum formula for G1T -modules and then lift this sum formula to

G-modules.

5.4.2 Consistency with Translation Functors

Let F be a facet containing ¸ . Let ¸ ′ ∈ F̄ .

Theorem If the sum formula is true for the weight ¸ , then it is also true for the

weight ¸ ′.

Proof Recall from Theorem 5.2.3 that T ¸ 0

¸ H i (¸ )j = H i (¸ ′) for j = 0; 1; · · · ; N (¸ )−

N (¸ ′) − d(A(¸ ′); A(¸ )). By applying the translation functor on the both sides of

the sum formula for ¸ , we have the left side

T ¸ 0

¸


∑

i

(−1)i
∑

j > 0

chH i (¸ )j


 =

∑

i

(−1)i
∑

j > 0

chT ¸ 0

¸ H i (¸ )j
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=
∑

i

(−1)i
∑

j > 0

chH i (¸ ′)j −(N (¸ )−N (¸ 0)−d(A(¸ 0);A (¸ )))

=
∑

i

(−1)i
∑

j > 0

chH i (¸ ′)j + (N (¸ )− N (¸ ′)− d(A(¸ ′); A(¸ )))
∑

i

(−1)i chH i (¸ ′)

=
∑

i(−1)i
∑

j > 0

chH i (¸ ′)j + #{®∈ R+
¸ 0 \ R+

¸ | 〈¸; ®∨〉 < 〈¸ ′; ®∨〉}Â(¸ ′):

In order to compute the right side, we consider T ¸ 0

¸ C®(¸ 0) for ¸ 0 = w−1 · ¸ ∈ X + .

It is easy to see that T ¸ 0

¸ C®(¸ 0) = C®(¸ ′
0) if ® 6∈ R¸ 0

0
. Since 〈¸ + ½;®∨〉 ≥ 0 if and

only if 〈¸ ′ + ½;®∨〉 ≥ 0, we can calculate that T ¸ 0

¸ C®(¸ 0) = C®(¸ ′
0) for ®∈ R+

¸ 0
0
\R¸ 0

and T ¸ 0

¸ C®(¸ 0) = C®(¸ ′
0)+Â(¸ ′

0) if ®∈ R−
¸ 0
0
\R¸ 0 . One can verify from the definition

that

C®(¸ ′
0) =





0 if ®∈ R+
¸ 0
0
;

Â(¸ ′
0) if ®∈ R−

¸ 0
0
:

So combining the above calculations we can conclude that for ®∈ R¸ 0
0
\R¸ 0 ,

T ¸ 0

¸ C®(¸ 0) =





Â(¸ ′
0) if 〈¸ ′

0 + ½;®∨〉 < 〈¸ 0 + ½;®∨〉;

0 otherwise.

Set Γ = w−1(R−) ∩ (R¸ 0
0
\ R¸ 0). After multiplying by (−1)` (w) , the right side

turns out to be

T ¸ 0

¸




∑

®∈w¡ 1(R ¡ )\Rλ0
0

C®(¸ 0)


 =

∑

®∈w¡ 1(R ¡ )\Rλ0
0

C®(¸ ′
0) +

∑

®∈¡

T ¸ 0

¸ C®(¸ 0)

=
∑

®∈w¡ 1(R ¡ )\Rλ0
0

C®(¸ ′
0) + #{®∈ Γ | 〈¸ ′

0; ®∨〉 < 〈¸ 0; ®∨〉}Â(¸ ′
0)

=
∑

®∈w¡ 1(R ¡ )\Rλ0
0

C®(¸ ′
0) + (−1)` (w)#{®∈ R−

¸ 0\R−
¸ | 〈¸; ®∨〉 > 〈¸ ′; ®∨〉}Â(¸ ′):

Note that

#{®∈ R−
¸ 0 \ R−

¸ | 〈¸; ®∨〉 > 〈¸ ′; ®∨〉} = #{®∈ R+
¸ 0 \ R+

¸ | 〈¸; ®∨〉 < 〈¸ ′; ®∨〉}:
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Now we compare both sides of the sum formula for ¸ after the translation functor

T ¸ 0

¸ is applied to get the sum formula for ¸ ′.

5.4.3 Consistency with Serre Duality

We have shown in section 5.1.2 that the filtration respects the Serre duality. Now

we show that the sum formula also respects the Serre duality. Recall ¸ ∗ = −w0(¸ ).

Theorem If the sum formula holdsfor ¸ , then it also holdsfor w0 · ¸ ∗.

Proof Recall that taking duals is an exact functor in the category of all finite

dimensional G-modules. It sends the simple modules to simple modules and, there-

fore, induces an automorphism of the Grothendieck group. As the Grothendieck

group is the free abelian group generated by all simple G-modules, we will iden-

tify its elements with the virtual characters (finite Z-linear combinations of the

actual characters of simple modules). Thus we can regard C®(¸ ) as an element

of the Grothendieck group of G. We still use ∗ to denote the operator on virtual

characters. Hence

∑

i

(−1)i
N (¸ )∑

j =1

ch(H i (¸ )j )∗ =
∑

®∈R ¡ \Rλ

C®(¸ )∗: (5.2)

Now the duality in Proposition 5.1.2 shows

ch(H i (¸ )j )∗ = chH N −i (w0 · ¸ ∗)− chH N −i (w0 · ¸ ∗)N (¸ )+1 −j :

By multiplying (−1)N on the both side of (5.2), we get the left side to be

(−1)N
∑

i

(−1)i
∑

j > 0

(
H N −i (w0 · ¸ ∗)− chH N −i (w0 · ¸ ∗)N (¸ )+1 −j

)

= N (¸ )
∑

i

(−1)N−i chH N−i (w0·¸ ∗)−
∑

i

(−1)N −i
∑

j > 0

chH N−i (w0·¸ ∗)N (¸ )+1−j

= N (¸ )Â(w0 · ¸ ∗)−
∑

i

(−1)i
∑

j > 0

chH i (w0 · ¸ ∗)j :
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On the other hand, it is easy to check C®(¸ )∗ = (−1)N C−®(w0 · ¸ ). Thus

(−1)N
∑

®∈R ¡ \Rλ

C®(¸ )∗ =
∑

®∈R ¡ \Rλ

(Â(w0 · ¸ ∗)− C®(w0 · ¸ ∗))

= #{R− \ R¸ }Â(w0 · ¸ ∗)−
∑

®∈R ¡ \Rλ

C®(w0 · ¸ ∗):

Using the facts R¸ = Rw0·¸ ¤ and #(R− \ R¸ ) = N (¸ ), we can compare both

sides of (5.2) and get the sum formula for the weight w0 · ¸ ∗.

5.4.4 Lifting of Characters

Let us denote by Gr (G) and Gr (G1B ) the Grothendieck groups of G and G1B

respectively. Then the induction functor IndG
G1B induces a homomorphism Â :

Gr (G1B )→ Gr (G) such that

Â(L 1(¹ )) =
∑

i

(−1)i chRi IndG
G1B L1(¹ )

for each simple G1B -module L 1(¹ ). For each G1B -module M , Â(M ) can be defined

similarly. Since M is also a B -module via restriction, Â(M ) should not be confused

with the Euler character of M as B -module. However one can easily see that

Â(Z1(¹ )) = Â(¹ ).

Let ® ∈ R+ and ¸ be a weight such that np < 〈¸ + ½;®∨〉 < (n + 1)p. Define

s∗® · ¸ = s® · ¸ + (n + 1)p®. Therefore s∗®· is the reflection in the nearest upper

®-hyperplane. Set ¸ ®
j = (s∗®)j · ¸ .

In this subsection we will prove the following theorem for arbitrary semisimple

algebraic groups.

Theorem Let ®∈ R+ . Then

Â


∑

j > 0

(−1)j +1 Z1(¸ ®
j )


 = C−®(¸ ):
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To prove the theorem, we first assume ® is a simple root and prove several

lemmas for simple roots.

Let P be the minimal parabolic subgroup of G containing B and the root

subgroup U®. Let P1 be the Frobenius kernel in P . The P1B -module IndP1B
B (¸ ) =

Z ®
1 (¸ ) has two composition factors: L ®

1 (¸ ) which is the socle and L ®
1 ((s®)∗ ·¸ ) which

is the head.

Lemma (A)
∑

j > 0(−1)j +1 Z1(¸ ®
j ) = IndG1B

P1B L®
1 (¸ ).

Proof With our notation above we get the exact sequence for each j > 0

0→ L®
1 (¸ ®

j )→ Z ®
1 (¸ ®

j )→ L®
1 (¸ ®

j −1)→ 0:

Now we combine these short exact sequences to get a long exact sequence

→ Z ®
1 (¸ ®

j )→ Z ®
1 (¸ ®

j −1)→ · · · → Z ®
1 (¸ ®

1 )→ L®
1 (¸ )→ 0:

Since the induction functor IndG1B
P1B is exact, we can get the exact sequence of

G1B -modules

→ Z1(¸ ®
j )→ Z1(¸ ®

j −1)→ · · · → Z1(¸ ®
1 )→ IndG1B

P1B L®
1 (¸ )→ 0:

Since each simple module as composition factor can only be in finitely many of the

Z1(¸ ®
j ), we get the sum formula in the lemma.

Lemma (B) If 0 < 〈¸ + ½;®∨〉 < p, then Â
(
IndG1B

P1B L®
1 (¸ )

)
= Â(¸ ):

Proof In this case, ¸ is a restricted weight with respect to the root system {®;−®}.

Therefore the simple P1B -module L®
1 (¸ ) is a P -module which has weights {¸ −

i® | i = 0; 1; · · · ; 〈¸; ®∨〉} with multiplicity one. We can get for a P -module M

Ri IndP
P1B M = Ri IndP

B M =





M if i = 0;

0 otherwise,
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by using the generalized tensor identity. So we have R i IndG
P1B M = Ri IndG

B M by

some spectral sequences. As IndG1B
P1B is an exact functor, the spectral sequence from

IndG
P1B
∼= IndG

G1B ◦ IndG1B
P1B is degenerate. This gives

Ri IndG
G1B

(
IndG1B

P1B L®
1 (¸ )

)
∼= Ri IndG

P1B L®
1 (¸ )

for all i ≥ 0. Thus we have

Â
(
IndG1B

P1B L®
1 (¸ )

)
= Â(L®

1 (¸ )):

Here the right side is the Euler character of L ®
1 (¸ ), regarded as B -module, and is

calculated to be

Â(L®
1 (¸ )) =

〈¸;® _ 〉∑

i =0

Â(¸ − i®):

For each 1 ≤ i ≤ 〈¸; ®∨〉, we have s® · (¸ − i®) = ¸ − (〈¸; ®∨〉 + 1− i)®. Thus

Â(¸ − i®) + Â(¸ − (〈¸; ®∨〉+ 1− i)®) = 0. This yields Â(L ®
1 (¸ )) = Â(¸ ).

Lemma (C) If ®∈ S, then

Â(IndG1B
P1B L®

1 (¸ )) = C−®(¸ ): (5.3)

Proof First we assume 〈¸ + ½;®∨〉 < 0. There is an n ≥ 0 such that 0 <

〈¸ ®
n + ½;®∨〉 < p. Consider the exact sequence of P1B -modules

0→ L®
1 (¸ ®

n )→ Z ®
1 (¸ ®

n )→ · · · → Z ®
1 (¸ ®

1 )→ L®
1 (¸ )→ 0:

Then apply the exact functor IndG1B
P1B to get the exact sequence of G1B -modules

0→ IndG1B
P1B L®

1 (¸ ®
n )→ Z1(¸ ®

n )→ · · · → Z1(¸ ®
1 )→ IndG1B

P1B L®
1 (¸ )→ 0:

Now we apply the homomorphism Â and the above Lemma B to get

Â(IndG1B
P1B L®

1 (¸ )) =
n−1∑

j =1

(−1)j +1 Â(¸ ®
j ) + (−1)n+1

(
Â(¸ ®

n )− Â(IndG1B
P1B L®

1 (¸ ®
n ))
)

=
n−1∑

j =1

(−1)j +1 Â(¸ ®
j ):
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One can calculate that n satisfies −np < 〈¸ + ½;®∨〉 < (−n + 1)p. Thus

n−1∑

j =1

(−1)j +1 Â(¸ ®
j ) = −


 ∑

0< 2j <n

Â(¸ ®
2j ) +

∑

0≤2j <n −1

Â(s® · ¸ ®
2j +1 )




= −


 ∑

0< 2j <n

Â(¸ + j p®) +
∑

0≤2j <n −1

Â(¸ + (n − 1− j )p®)




= −
∑

0<j <n

Â(¸ + j p®) = −C®(s® · ¸ ) = C−®(¸ ):

Here ¸ ®
2j +1 = s® · ¸ + (−n + 1 + j )p®. This proves the first case.

Next we assume 0 ≤ np < 〈¸ + ½;®∨〉 < (n + 1)p for some n. There is a weight

¹ such that 0 < 〈¹ + ½;®∨〉 < p and ¸ = ¹ ®
n . Using an argument like that in the

first case we can get the exact sequence of G1B -modules

0→ IndG1B
P1B L®

1 (¸ )→ Z1(¹ ®
n )→ · · · → Z1(¹ ®

1 )→ IndG1B
P1B L®

1 (¹ )→ 0:

Similarly, we apply the homomorphism Â to this exact sequence and use Lemma B

to get

Â
(
IndG1B

P1B L®
1 (¸ )

)
=

n∑

j =1

(−1)n−j Â(¹ ®
j ) + (−1)nÂ(IndG1B

P1B L®
1 (¹ ))

= (−1)n
n∑

j =0

(−1)j Â(¹ ®
j ):

Note s® · ¹ ®
j = (s® · ¸ )®

n−j for all j = 0; · · · ; n. Now via the result we proved in

the first case we get

Â
(
IndG1B

P1B L®
1 (¸ )

)
=

n∑

j =0

(−1)n−j +1 Â((s® · ¸ )®
n−j )

= −Â(s® · ¸ ) + C−®(s® · ¸ )

= Â(¸ )− C®(¸ ) = C−®(¸ ):

Proof of the Theorem Each simple G1T -module extends to a simple G1B -

module and every simple G1B -module is still simple if it is restricted to G1T .

Thus we can identify the Grothendieck groups of G1T and G1B in a natural way.
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Let W act on Gr (G1T) via w · L 1(¸ ) = L 1(wr · ¸ ) and on Gr (G) via the sign

character, i.e., w · L(¸ 0) = (−1)` (w)L(¸ 0). It turns out that the homomorphism

Â : Gr (G1T)→ Gr (G) of abelian groups is consistent with the W -actions. Indeed,

by the generalized tensor identity,

Â(w · L 1(¸ )) =
∑

i

(−1)i chH i (L1(¸ 0 + pw · ¸ 1))

=
∑

i

(−1)i ch(L(¸ 0)⊗ H i (w · ¸ 1)[1])

= chL(¸ 0)
(
(−1)` (w)Â(¸ 1)[1]

)
= (−1)` (w)chL(¸ 0)Â(¸ 1)[1]

= (−1)` (w)Â(L 1(¸ )):

On the other hand, we know (cf. Lin [26] or Jantzen [23] Ch 9)

[Z1(w · ¸ )] = wr · [Z1(¸ )]:

Here [Z1(¸ )] is the decomposition pattern of Z1(¸ ) in terms of simple modules and

their multiplicities. W acts on the patterns simply by acting on the highest weights

of the simple modules via wr ·.

Now let ® ∈ R+ such that 〈¸ + ½;®∨〉 6≡ 0 (mod p). Let w ∈ W such that

¯ = w(®) is simple. Set ¹ = w · ¸ . Then one can easily check ¹ ¯
j = w · (¸ ®

j ). Now

consider the w-action

w ·


∑

j > 0

(−1)j +1 Z1(¸ ®
j )


 =

∑

j > 0

(−1)j +1 Z1(w · ¸ ®
j )

=
∑

j > 0

(−1)j +1 Z1(¹
¯
j ):

By applying the map Â on the both sides and using the Lemma C, we get

(−1)` (w)Â(
∑

j > 0

(−1)j +1 Z1(¸ ®
j )) = C−¯ (¹ ) = (−1)` (w)C−®(¸ ):
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5.4.5 Proof of the Sum Formula

Now let us prove the sum formula. The following lemma will be needed in the

proof and can be easily checked.

Lemma Let {bj }j ∈Z be a sequence of nonnegative real numbers. Set aj = −bj −1 +

bj − bj +1 and a+
j = (|aj | + aj )=2 for all j . If there are at most two j with bj 6= 0,

then
∑

j (−1)j a+
j =

∑
j (−1)j bj .

Proof of Theorem 5.4.1 It follows from Theorem 5.4.2 that we only need to

prove the theorem for p-regular weights.

Since Lusztig’s conjecture holds in the case of B2, we can use the result of

Andersen and Kaneda [10] which is stated as

∑

j > 0

Radj
G1T Z1(¸ ) =

∑

®∈R+

∑

j > 0

(−1)j +1 Z1(¸ ®
j )

for all p-regular weights ¸ . They also prove that Z1(¸ ) is rigid (the socle filtration

and radical filtration coincide) by assuming Lusztig’s conjecture, i.e.

Radj
G1T Z1(¸ ) = SocN +1 −j

G1T Z1(¸ ):

Recall m¸ (¹; k) = [Sock+1
G1T Z1(¸ )=Sock

G1T Z1(¸ ) : L 1(¹ )] in the definition of the

filtration. In the case of B2, for each º ∈ X + and k, there are at most two i ’s such

that m¸ (w′
r · º ; k) 6= 0 for some w′ ∈W with `(w′) = i . Set

bi =
∑

` (w0)= i

m¸ (w′
r · º ; k);

ai =
∑

(w0;¹ )∈X λ(º ;i )

(−1)` (w0)−i m¸ (¹; k):

Then aj = −bj −1 + bj − bj +1 . The above lemma shows

∑

i

(−1)i


 ∑

(w0;¹ )∈X λ(º ;i )

(−1)` (w0)−i m¸ (¹; k)




+

=
∑

w0∈W

(−1)` (w0)m¸ (w′
r · º ; k):
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Following the definition of the filtration we have

∑

i

(−1)i chH i (¸ )j =
N −j∑

k=0

∑

º ∈X +

∑

w0∈W

(−1)` (w0)m¸ (w′
r · º ; k)chL(º )

=
N −j∑

k=0

Â(Sock+1
G1T Z1(¸ )=Sock

G1T Z1(¸ ))

= Â(SocN +1 −j
G1T Z1(¸ )) = Â(Radj

G1T Z1(¸ )):

Now we apply the formula of Andersen and Kaneda in the following calculation:

∑

i

(−1)i
∑

j > 0

chH i (¸ )j =
∑

j > 0

Â(Radj
G1T Z1(¸ )) = Â(

∑

j > 0

Radj
G1T Z1(¸ ))

= Â(
∑

®∈R+

∑

j > 0

(−1)j +1 Z1(¸ ®
j )) =

∑

®∈R+

Â(
∑

j > 0

(−1)j +1 Z1(¸ ®
j ))

=
∑

®∈R+

C−®(¸ ) =
∑

®∈R ¡

C®(¸ ):

Here the last second equality follows from Theorem 5.4.4. Therefore the sum for-

mula is proved.
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[20] Jantzen, J. C., Über das Dekompositionsverhalten gewisser modularer Darstel-

lungen halbeinfacher Gruppen und ihrer Lie-Algebren, J. Alg. 49 (1977) 441–

469

[21] Jantzen, J. C., Darstellungen halbeinfacher Gruppen und kontravariante For-

men, J. Reine Angew.Math., 290 (1977), 117–141

[22] Jantzen, J. C., Darstellungen halbeinfacher Gruppen und ihrer Frobenius-

Kerne, J. Reine Angew.Math. 317 (1980), 157–199

[23] Jantzen, J. C., Representationsof Algebraic Groups,Academic Press, 1987.

[24] Kaneda, M., On the inverse Kazhdan-Lusztig polynomials for affine Weyl

groups, J. Reine Angew.Math. 381 (1987), 116–135

[25] Kempf, G., Linear systems on homogeneous spaces, Ann. of Math. 103 (1976),

557–591

[26] Lin, Z., Structure of cohomology of line bundles on G=B for semisimple alge-

braic groups, J. Alg.

[27] Lusztig, G., Some problems in the representation theory of finite Chevalley

groups, pp. 313–318, Proc. Sympos. Pure Math. 37, Amer. Math. Soc., 1980

[28] Lusztig, G., Hecke algebras and Jantzen’s generic decomposition patterns, Adv.

in Math. 37 (1980), 121–164

[29] Ye, J. C., Filtrations of principal indecomposable modules of Frobenius kernels

of reductive groups, Math. Z. 189 (1985), 18–25

120


