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ABSTRACT

THE STRUCTURE OF COHOMOLOGY OF LINE BUNDLES
ON THE FLAG VARIETIES FOR SOME GROUPS OF RANK 2
MAY, 1989
ZONGZHU LIN, B.S., HARBIN SHIPBUILDING ENGINEERING INSTITUTE
M.S., UNIVERSITY OF MASSACHUSETTS
Ph.D., UNIVERSITY OF MASSACHUSETTS

Directed by: Professor James E. Humphreys

Let G be a connected and simply connected semisimple algebraic group over an
algebraically closed field of positive characteristic and B a Borel subgroup of G.
Each character of B induces a line bundle on the flag variety G=B. Its cohomology
groups are rational G-modules in a natural way. The main problem is to study the
vanishing behavior and their G-module structure of all cohomology groups of the
line bundles on the flag variety G=B.

In this thesis work, the G-module structure of all nonvanishing cohomology
groups is studied for the group of type B if the weight is in the bottom p?-alcove.
In Chapter 2, it is proved that all composition factors of nonvanishing cohomology
groups can be calculated via the cancellation principle through the generic Ander-
sen filtrations. The socle series of the induced modules for p-singular weights are
computed in Chapter 3. The socle series for higher cohomology groups are studied
in Chapter 4. In Chapter 5, the filtrations for all cohomology groups expected by
Humphreys are constructed and their properties are studied. The modified sum

formula is proved to be satisfied by these filtrations.
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Intr oduction

Let G be a connected algebraic group over an algebraically closed field, B a Borel
subgroup of G and T a maximal torus. Any rational B-module induces a vector
bundle on the flag variety G=B (a projective variety). It turns out that each such
induced vector bundle has a G-linearization in a natural way. So the cohomology
groups have rational G-module structure. If G is replaced by its semisimple quotient
(modulo its radical), the flag variety does not change. So we can assume that G
is simply connected and semisimple. Let R be the root system of G with respect
to T such that B corresponds to the negative roots. Let X (its elements are also
called weights) be the character group of T, which is also the character group of
B. Each one dimensional B-module (coming from a weight) induces a line bundle
on G=B. It turns out that the Picard group of G=B is isomorphic to the character
group of B.

In the early fifties, A. Borel and A. Weil [12] studied the cohomology of line
bundles with nonzero global sections on G=B over the complex field. Later on in
1957, R. Bott [13] studied the cohomology groups of all line bundles on G=B and
extended the results of Borel and Weil (as conjectured by them). The conclusion
is stated as follows:

A. There is exactly one nonvanishing cohomology group for each line bundle.

B. The nonvanishing cohomology group is simple and isomorphic to the H? of
the line bundle induced by the dominant weight in the orbit of the original weight

under the “dot” action of the Weyl group W.



C. The characters of the cohomology groups (as T-modules they are direct sums
of weight spaces) can be calculated through Weyl’s character formula.

Later on, M. Demazure [14] gave a very simple and algebraic proof (avoiding
the use of Kodaira’s vanishing theorem). So the above results remain true for
any algebraically closed field of characteristic zero. When the field has positive
characteristic, the above mentioned results fail. Generally a line bundle may have
many nonvanishing cohomology groups and these may not be simple as G-modules.

In 1974, Kempf [25] proved that the vanishing property A does hold for those
line bundles induced from dominant weights. In 1979, Andersen [2] determined all
nonvanishing H?' (also their simple socles as G-modules). So Serre duality can be
applied to get all vanishing behavior of the top two cohomology groups. For any
other cohomology groups we still don’t have any major progress.

To the third question concerning the characters of simple modules the answer
is still conjectural (except in some small region of X ). Fortunately the Euler char-
acters of all line bundles do not depend on the characteristic of the field and can
be calculated through Weyl’s character formula. So the problem is converted to
determining all composition factors and their multiplicities in each nonvanishing
cohomology group (or just H?). The Weyl modules are constructed from simple
modules of a complex Lie algebra (having root system R) by taking reduction p.
It turns out that the Weyl modules are the universal highest weight modules and
isomorphic to the highest cohomology groups of some line bundles as G-modules.
So another question is to determine the composition factors and their multiplicities
in Weyl modules. Lusztig [27] conjectured (from the analogue of composition fac-
tors of Verma modules for complex Lie algebras) that the multiplicity of a simple
module in a Weyl module can be determined by the Kazhdan-Lusztig polynomials

for the affine Weyl group. It seems not easy to prove this conjecture.



For the second problem concerning the G-module structure of cohomology
groups, the situation seems worse since we don’t even have a conjecture about
what the structure should look like. Andersen has contributed a lot to this theory.
In 1980, he proved the strong linkage principle [4] for all cohomology groups (not
only for Weyl modules). So this limits the highest weights of all composition fac-
tors of the cohomology groups of the line bundle induced from a weight , inside
the orbit of | under the action of the affine Weyl group. Further he extended the
translation principle to all cohomology groups (this was first proved for Verma mod-
ules and Weyl modules by Jantzen). So the structures of the cohomology groups
should be same (at least the multiplicities and socle or radical series) if the weights
corresponding to the line bundles are in the same facet.

As we mentioned, all nonvanishing H! have simple socle (for H? this is clear
since there is a unique line fixed by B). Further, Humphreys [17] conjectured that
when the weight is in geneal position, the vanishing behavior of characteristic 0
should hold and the unique nonvanishing cohomology group should have a simple
socle and simple head. This turns out to be right . Andersen proved this in 1985
(6], and the highest weights of the simple socle and head can be calculated via a
new action (which is also called alcove identification by Doty and Sullivan) of the
affine Weyl group, involving a positive integer r, on the character group of T. His
proof involved the representations of some subgroup schemes of G. This seems to
be a good approach. It is proved in [26] that the socle and radical structures of all
nonvanishing cohomology groups are determined by those of the induced modules
(denoted by Z;) of infinitesimal subgroup schemes, at least for weights in general
(generic) position. Ye [29] determined, in 1985, all possible highest weights of
composition factors of those induced modules for infinitesimal subgroup schemes.

But no information was given on multiplicities. In 1987, Andersen and Kaneda [10]



proved that the socle and radical series of Z; can be calculated through the generic
inverse Kazhdan-Lusztig polynomials [28] provided Lusztig’s conjecture (which has
an equivalent interpretation in terms of translation [8]) is true. This approach does
not give any information when the weight is close to a chamber wall.

The connection with the Lusztig conjecture requires the weight to be p-regular
(for multiplicity this will be enough since the translation functors preserve multi-
plicities). So the structure of H' for p-singular weights seems to be untouched.

Another question concerning structure is the existence of certain filtrations. In
1977, Jantzen [21] constructed a filtration for Weyl modules using a contravariant
bilinear form. It turns out that this filtration satisfies a sum formula which is
computable. So in some special cases this sum formula can be used to compute
the composition factors of Weyl modules. Jantzen conjectured that this filtration
should be consistent with certain intertwining homomorphisms. In 1983, Andersen
[3] constructed a filtration in each nonvanishing cohomology group and a similar
sum formula. It turns out that this filtration for the highest cohomology in the
generic case coincides with the Jantzen filtration. In that paper he proved that
the Jantzen conjecture implies the Lusztig conjecture and in his later paper [9]
he proved that the Jantzen conjecture implies that the Jantzen filtrations are the
radical filtrations for Weyl modules.

Humphreys [17] conjectured that there should be a filtration for each nonvanish-
ing cohomology group and they should satisfy certain sum formulas. Actually this
filtration exists in the generic case, which is exactly the Andersen filtration. From
this filtration we can use a certain cancellation process to calculate the composition
factors of H' when the weight is close to a chamber wall. This process can also give
us the vanishing behavior of H'. But this process is still not well understood when

the rank is higher and more nonvanishing cohomology groups appear for one line



bundle. For H° this cancellation seems to work in general (in the bottom p?-alcove)
provided the Lusztig conjecture is true. In fact, the multiplicities of simple factors
in Weyl modules are given via inverse Kazhdan-Lusztig polynomials constructed
by Andersen [8]. Later on, Kaneda [24] reformulated these polynomials as an al-
ternating sum of certain generic inverse Kazhdan-Lusztig polynomials constructed
by Lusztig [28]. This formulation exactly gives the cancellation principle for H°.
However for higher cohomology groups we can only prove this in low rank cases.

Concerning the socle and radical series of H? (or higher cohomology group),
Doty and Sullivan [15] studied the intertwining homomorphisms and gave an upper
bound and lower bound for Soc'H?. It seems impossible to calculate these bounds
if the multiplicities are not one. However for the groups of type B, or A,, these
bounds can be calculated and therefore they got the socle series for H? in generic
situation. In 1986, Bai-Wang-Wen [11] and, independently, Sullivan proved that the
socle series of H?, when the weight is close to a chamber wall, can be calculated
from the generic ones with highest weight in the same facet type, provided the
composition factors of H® are known and multiplicities are at most one.

In this thesis work, we study the cohomology groups of line bundles on the
flag variety for the group of type B, since for the group of type A, these are well
understood and for the group of type G, we have no information on the socle
structure of H? because the multiplicities are not one any more.

In Chapter 1 we give some basic facts about the cohomology groups of line bun-
dles on flag varieties and the representation theory of algebraic groups in positive
characteristic. We also establish some exact sequences that will be used frequently
in later chapters.

In Chapter 2, we use induction on the “distance” of the weight from “—%2 and

the vanishing behavior to prove that the composition factors of nonvanishing H' can



be calculated from the generic Andersen filtrations via the cancellation principle
stated by Humphreys [17].

In Chapter 3 we use the method of Doty and Sullivan to study the loop of maps
between the cohomology groups for p-singular weights and then to calculate the
socle series of HO for p-singular weights. It turns out that the socle series of H? is
preserved by translation functors (Theorem 3.3.1).

The socle structure of higher cohomology groups is studied in Chapter 4. Most
of this chapter consists of tedious calculations of characters. We first in Section
4.1 establish a method to calculate the socle series of H! in H!-chambers. In
Section 4.2, we study the submodule structure of the extra cohomology groups. To
determine the socle series of higher cohomology groups, we first study the socles
of higher cohomology groups in Section 4.3. Finally, the socle series of higher
cohomology groups are calculated in Section 4.6.

Chapter 5 is devoted to the study of the filtrations for cohomology groups. The
filtrations are constructed in Section 5.1 through the socle series of Z; and their
existence is proved by using Serre duality. The consistency of the filtration with
translation functors is proved in Section 5.2 and with intertwining homomorphisms
is checked in Section 5.3. The sum formulas are reformulated and proved in Section
5.4. In this section we avoid the tedious checking of characters and use a more

systematic treatment.



Chapter 1

Cohomology and Induced

Represent ations

In this chapter we state some of the basic facts in the modular representation
theory and the cohomology theory of line bundles on the flag variety for a semisim-

ple algebraic group G.

1.1 Affine Weyl Group and Alcoves

Let G be a connected and simply connected semisimple algebraic group over an
algebraically closed field k of characteristic p> 0. Let T be a maximal torus of G
with the root system R and B a Borel subgroup containing T and corresponding
to negative roots R~ such that R* = —R™ is the set of positive roots. Denote by
S C R" the set of simple roots. X (T) denotes the character group of T which is
the full set of integral weights. There is a partial order relation on X (T) such that
, >1if | —1 is a sum of positive roots. The Weyl group W = Ng(T)=T acts on
X (T) as a reflection group generated by the simple reflections sg(, ) =, — (,; ®)®
(for all ® € S;, € X(T)). Here ( ; ) is a fixed W-invariant inner product on

E = X (T)®R. Let (W) be the least length of w expressed as a product of simple



reflections. We define the “dot” action of W on E asw -, = w(, + % — %for all
w e W and , € E, where Yo= %Z®ER+ ®. Let W, be the affine Weyl group which

is generated by all Sg;np, Where Se:np -, =Se -, +Np®, (, € E,ne€Z, ®c R).

Let Hg be the reflection hyperplane of Sg for ® € R for the “dot” action on
E. Each connected component of the complement of Ugecr+ He in E is called a
chamler. The closure of each chamber is a fundamental domain for W. A chamber
is called dominant if any element , in it satisfies (, + %®") > 0 for all ® € R*
(or all ® € S). Let X4 be the set of weights in the dominant chamber. Similarly
let He;np be the reflection hyperplane of S.np in E. An aloove A is a connected
component of the complement of the union of all H .5y in E and then its closure A
is a fundamental domain for the affine Weyl group Wy, in E. An alcovetype is an

orbit of alcoves under the translations by pX (T).

We define the r-restricted weights to be the weights in the set
X, ={, eX|0<{(, +%®") <p foral ®e S}:

For each weight , € X (T), there is a unique decomposition , = , %+ p, ! with
,9 € X;. Then we define a new action of W on X (T) by w; -, = ,%+p'w. 1!
for all w € W. Any translate of X, under an element of p"X (T) is called an r-box
Any weight , = p", 1+, ? lies in a unique r-box with , ¥ = p, 1+ (p" — 1)%as upper

vertex and , y = p', } — Ysas the lower vertex.

Further we denote by
Cor={, €X(T)|0< (, +%®) < p;®cR"}

the bottom p'-alcove in the dominant chamber and by Cp- the closure of it (by

changing < into < in the above definition).



1.2 Cohomology of Line Bundles on G/B

Let M Dbe a finite dimensional rational B-module. We define a vector bundle

L(M) on the flag variety G=B via

LM)(U) = {f € Mor(Ya*(U);M) | f(xh) =h~ (x); ¥x € %o }(U); he B}
(1.1)
for any open set U C G=B. Here %: G — G=B is the canonical projection map
of algebraic varieties. It follows that each cohomology group of £(M) has a G-
module structure and H%(G=B;£(M)) = Ind5M as G-modules. The induction
functor from the category of B-modules to the category of G-modules (both are

abelian categories and have enough injectives) is left exact. It turns out
H'(G=B;£(M)) = R'IndSM (1.2)

for all i. We will simply denote H'(M) = H'(G=B;M).

By using the Grothendieck spectral sequence and the tensor identity
Ind§(M ®V) = (IndgM ) ® V  for G-module V; (1.3)
one can get the generalized tensor identity
H(M®@V)=2H (M)®V for G-module V. (1.4)

If M =k is the one dimensional B-module defined via a weight , , then £(k )
is a line bundle on G=B. It turns out that all the line bundles on G=B can be
got in this way. We will simply denote H'(,) = H'(k ). From the definition of
the induced modules one can show that HO(, ) # 0 implies , € X.. Now Kempf’s
vanishing theorem says that H'(, ) = 0 for all i > 0 if , is dominant. Since there is
a unique line in H?(, ) fixed by B, H(, ) has a simple socle L (, ) with the highest

weight , . It turns out that all the simple modules can be got in this way.



Since dim G=B = N = #R™ | the vanishing theorem of sheaf cohomology says
that H'(,) = 0 if i > N. Now one can show that the canonical sheaf on G=B is

L(K_2). Therefore Serre duality has the form

H' (M) 2 HN T (M* @ k_z): (1.5)
Now we define , * = —Wg(, ). The Serre duality for line bundles can be written as
HY(G) =2 HY T(wo -, *): (1.6)

Let M be a T-module of finite dimension. We define the character ch(M) =
> ex(mydimM e(, ) to be an element in Z[X (T)]. If M is a rational B-module
the Euler character of M is defined by AM ) = S (—1)'chH' (M) (H'(M) is always
finite dimensional if M is finite dimensional). Specially A(,) = S (=1)'H'(, ) is
the Euler character of the line bundle £(, ) which can be calculated from Weyl’s

character formula

A= (X o Wew ) /(T mewn): o

wew wew

Therefore A(w -, ) = (=1) WA(, ). Now the additivity of Euler characters shows

AM)= > dimM A(,): (1.8)
LEm)

Here II(M ) is the set of all weights of M.
Let ® € S. By studying the structure of the cohomology groups for rank
one groups, we can use the spectral sequence for the composition of the induction

functors Indg o Indg to prove the following: If {, +%®") = np> 0, then
H*(sg-,) 2 H(,) foralli>0: (1.9)
If , € Cp, then

Hi(W',): HO()=L(,) if i="(w)and, €Xy; (1.10)

0 otherwise.

10



Since the category of G-modules is abelian, Extl;(M;N) can be defined. Using
standard homological methods and the fact that Extg(L(*);H?(,)) =0if? ¥ |

one can show

Extg(L();L(,)) = Homg(L(*);H(,)=L(,)) if * ¥ .. (1.11)

1.3 Strong Linkage Principle

Let , and * € X(T). We denote , T * if there is an ® € R* such that
, =Senp -t forsomenand, <. Wesay, islinked to® if |, € Wy -1 and , is
strongly linked to* if , =1 or there is a sequence of weights , =, ¢;,1;--*;,s =1
such that , ;1 T, fori =1;---;s. The following theorem was proved by Andersen

in [4].

Theorem Let ;1 € X, andw € W. If L(*) is a composition factor of H' (w -, ),

then?! is strongly linked to , .

Now by using 1.11 we can get

Corollary Let ;1 € X,. If Exg(L(,);L(2)) # 0, then, is linked to 1, i.e.,

LeW. .

Corollary If L(, ) andL(*) occur as composition factors of the sameindecompos-

ablemodule, then, e W, -1,

It follows from this corollary that each G-module M can be written as a direct

sum > ¢, Pr M, where Pr M is the maximal submodule of M such that all of

11



its composition factors have their highest weights in W, - | . Therefore Pr is an

exact functor. We define, for ;; 1 € C N X, , the translation functor T: via
T:M =Pr (LC)®Pr.M) (1.12)

for all G-modules M . Here © is the unique dominant weight in W(, —1). It is easy
to see that T: and T’1 are adjoint functors. Since C, is a fundamental domain of
the affine Weyl group W), we will simply denote, for each alcove A with ;1 € A,
by T: the translation functor defined via the corresponding W-conjugate weights
in (fp.

A facet F is defined to be a set

X +%®Y) =n V® e Ry (F);
F—Ixex(T (X 07) = NP o (F) (1.13)
Nep< (X +%®") < (ng+1) V®e Rj (F):

for a set of integers N with ® € R* and a partition R* = Ry UR] . The closure F
(or upper closure F ) of F can be defined by changing < into < (or only the upper
one) in the inequalities.

Let F be a facet,, € F and® € F. Then

T H'(,)=H'(*) foralli>0; (1.14)
) L) ifl eF,

TL(,)= (1.15)
0 otherwise,

if both , and ! are dominant. Further if ; 1 € F, then H'(, ) and H'(*) have the
same submodule structure. Some more properties will be stated where they are
used.

Suppose M is a G-module. We define [M : L(, )] to be the multiplicity of the

simple module L (, ) appearing in a composition series of M. Thus the character of
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M can be written as

ch(M) = > [M :L(,)JchL(,):

L EX
We denote [M] = {, € X, | [M : L(,)] # 0}. For any B-module E, A(E) is a
virtual character of G-modules which can be written as A(E) = > ex,achL(,).
In this sense, we can define A(E)* and A(E)~ as characters of G-modules as follows

AE)™ = > —achL(,);

a,<o

AE) =Y achL(,):

a,>0

In fact one can regard A(E) as an integer valued function defined on X . Therefore
A(E)* and A(E)~ are the positive and negative parts of the function A(E) in the

usual sense and [M ] is the support of the function chM for a G-module.

1.4 Representations of ;1" and G, B

Let Fr : G — G be the Frobenius homomorphism of algebraic groups. Then

G, = KerFr', G;T and G;B, the pullback of T and B in G respectively, are

subgroup schemes. G;B=B is an affine scheme and the induction functor IndSTB is

exact. Denote Z,(,) = Ind§™® for each , € X (T). Z,(,) has a simple socle L, (, )

and a simple head as a G;B-module (or as G;T-module). All the simple G,B-

modules (or G, T-modules) can be got in this way. L,(, ) is a simple G-module if
, € X;. By using spectral sequences we can show

HY(Z:(,) = H'(,) (1.16)

for all |, € X(T) and i > 0. It is not hard to show that Socg,tM is a G;B-

submodule of M if M itself is a G, B-module.
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Theorem (Andersen) If | = 94 p", ! suchthat 2(h — 1) < (, ! +%®R") <

p—2(h—1) for all ® R* (h is the Coxeternumker of the root system), then
SagH®(,) = H%(Socg, 7 Z: (, ) (1.17)

Let Qr(, ) be the injective hall of the simple module L,(, ) in the category of
G, T-modules. Q(, ) has a G;B-module structure and it has simple socle and
simple head L, (, ). The module Q(, ) possesses a filtration as G;B-module with
subquotients of the form Z, () (see [23] 11.4 and remark 11.2). The number of
Z,(*) appearing as subquotients in the filtration is the same as [Z;(*) : L(, )]
The following translation invariance is also true for the modules Q;(, ) as both

G, T- and G,B-modules.
Zi(, +p°)=Z(,)@p°; (1.18)

L, +p0)=L()@pe: (1.19)

We can also replace the Z;’s by their socle and radical filtrations in (1.18).

1.5 Socles of Nonvanishing H'

Andersen in [2] has given some structure and vanishing behavior of the first

cohomology of the line bundles.

Theorem (Andersen) Let, € X (T). Then H!(,) # 0 i® thereis an ® € S
such that one of the following three conditions is satis ed. In each of the cases

H(, ) hasa simplescle.

1. —p< (, +%®") < 0andsg-, is dominant, SocH(, ) =L(se-, );
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2. (, +%®") = —np" for somer € N;n < pandsg-, is dominant,

SocH(, ) =L(, + np'®);

3. —(n+1)p" < (, +%2®") < —np" withr e Nandn < p, , +np'®is dominant,
SocH(, ) =L(, +np'®).

In general, if | € X (T) such that —p < (, +%®") < 0 for some ® € S, then
H*1(,)=H'(sg-,) foralli > 0.

We say a weight , € X (T) has standard vanishing if w-, € X, for some w € W
such that H'(,) = 0 unless i = " (W), otherwise we say that , has nonstandard

vanishing.

1.6 Some Exact Sequences

Let , € X(T) with (, +%®") > 0. Andersen [4] has derived the following

exact sequences of G-modules.
= H" (e, ) = H'(() = H™ (Va(,)) — - (1.20)

o I (Co(, ) = HI (Ve ) — HIQa( ) = (121)

Here Vg (, ), Ce(, ) and Qe(, ) are B-modules associated to the pair (®

15

) and
I(Ce(, ) = I(Qe(, ) = {se-, +ip®@[0<ip < {, +¥2@")}

with multiplicity 1. In this paper we will frequently use these two exact sequences.
Whenever the B-modules Cg(, ) and Vg(, ) appear, they will mean the modules
associated to the pair (®;,) with ® € R* (if (, + ¥2®") < 0 we will denote
Ce(, ) = Ce(Se -, ) for notational simplicity, and also I hope this would not be

confused with the character defined in Humphreys [17]).
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Since I1(Cg(, )) is a string of weights, Cg(, ) has a B-filtration in a natural way.
So we have the following exact sequences of B-modules with np < (, + %®") <
(n+1)p.

0—1—Ces(,) = Se-, +NP®— 0; (1.22)

0—Sp-, +P®—1 — Cg(, ) — 0: (1.23)

Proposition If 0 < np < (, +%®") < (n+ 1)p and n < p, then we have

isomorphismsof B-modules: Qg(, ) = Ce(, ) and Ce(, ) = Co(, — p®) (if n > 2).
Proof: By Andersen [4], Ce(, ) has a basis {& |i =1;2;:::;n} with

te; = (Se-, +ip®)(t)e VteT,

i ip : i [ .
X a(x)g =3 (") e = > () e
k=1 kp k=1 k
Therefore Cg(, ) has the basis {& |i = 2;---;n —1}. Now define A : Cg(,) —

Col, —p® by Alg ) = ie; P®fori =2;---;n—1: Now it is easily verified that Ais
an isomorphism of B-modules. The proof of the isomorphism Qge(, ) = Cg(, ) can
be done in a similar way. W

Throughout this paper we will assume p > h, where h is the Coxeter number

of the root system. For all the dominant weights , = p,*+,° , we will assume

Ve Cp2. Then |, € sz.
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Chapter 2

Composition Factors of Cohomology

In this chapter, we prove that the composition factors of nonvanishing H'(w-, o)
with | g € Cp2, but not too close to the upper wall, can be calculated through the

cancellation principle as stated in [17] for the group of type B.

2.1 Characters of Extra Cohomology

2.1.1 Vanishing Pattern

From now on, the group will be fixed to be of type B, unless otherwise indicated.
In this case S = {® } with ® short and most , € X (T) have standard vanishing
cohomology except when | is close to the chamber walls (more precisely, the (®4 )-
wall or (2®+ )-wall). Andersen has worked out the vanishing pattern for the
group of type B, in [1]. Figure 1 shows that only those weights in the alcove
with numbers in them have nonstandard vanishing and the number i in the alcove
indicates that the weight in the alcove has nonvanishing H' in addition to the

standard nonvanishing one.
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Figure 1: The Nonstandard Vanishing Behavior for B,
2.1.2 Generic Andersen Filtrations

It is known that, in the case of B, all the composition factors of H?(, ) have
multiplicity one for , € X4 such that |V € Cp. If | is generic (cf., for example,
Andersen [6]), H?(, ) has exactly twenty composition factors. If | is not generic,
the composition factors of H?(, ) can be determined by the cancellation principle
as stated, for example, in Humphreys [17], from the generic case. In fact one can

use Jantzen’s sum formula for the Jantzen filtration to get the composition factors
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for HO(, ), bearing in mind that the composition factors of H?(, ) have multiplicity
one. For H WM (w - ) with , o € X4 (we will always denote , =W -, o), Andersen
defined a filtration and got a similar sum formula. If | o is generic, this filtration
pattern can be predicted from the inverse Kazhdan-Lusztig polynomials and has
been calculated by Humphreys as shown in Figure 4-7 on page 35— 38.

In these figures, one can see that the patterns only depend on the alcove type
containing the weight ,. For , ¢ not generic, Humphreys conjectured that the
composition factors of H ") (, ) and the other nonvanishing cohomology groups (if
there is one) can be obtained by using the cancellation principle as follows: Take
the generic Andersen filtration pattern of the same alcove type for H () with
highest weight | ¢ in the dominant chamber. Consider the upper vertex of all boxes
containing a weight involved in this pattern. If an upper vertex Vv is contained in a
chamber wall, then cancel everything in that box. Otherwise there is W € W such
that W' - v is in the dominant chamber. In this case, multiply every number in that
box by (—1)‘(‘”0) and translate them into the corresponding alcoves in the box with
upper vertex W -V in the dominant chamber. Now, cancel the same numbers with
different sign in each alcove and keep the nonmatching numbers with their signs
unchanged. So in this way we get a pattern in the dominant chamber such that in
some alcoves there are numbers with signs. All the numbers with positive signs (the
original numbers in the alcoves) give the highest weights of composition factors of
H W (,) and all the numbers with negativesigns (the numbers from non-dominant
chambers) give the highest weights of composition factors of the extra cohomology

groups. For more detailed description one can see Humphreys [17], [19].
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2.1.3 Characters of H! in the s-se-Chamber

We first consider the extra cohomology for a weight , close to the (®+ )-wall.
We will always denote by , g the dominant weight in the W-orbit of , under the
“dot” action.

Let, =S Sg-,owith HY(,)#0and —(n+1)p< (, +%; V) < —np for some

5

n € N. One can use (1.20) and (1.21) in 1.6 and the vanishing pattern in 2.1.1 to

get the following exact sequences:
0—H(V-(s=-,)) = H'(,) = 0; (2.1)

0= HYV-(s--,)) = H(,) = HY(s -, ) = H*(V-(s--,)) = 0; (2.2)

H(V-(s=-,)) =HO(C(s--,));  HE(V-(s-,)) =HYC(s -, ) (23)
0= HHC (s -,)) = H V(s -,)) = HYC(s-,)) = 0; (2.4)

0—=HOC(s-,)) = H %) = HY 1) = HYC-(s--,)) — 0 (2.5)

5

Here the last exact sequence is the induced one from the exact sequence of B-
modules

0—=1;—=C(s-,)—=log—0

in which I is the quotient consisting of all the weights of C-(s--, ) in the dominant
chamber and |, is the submodule consisting of all the weights of C-(s- -, ) in the

S--chamber. Using the notation in 1.3 we have

Proposition Supmse[H?(,¢)]N[H(,)] = 0. Then

chH(,) = ( > Al +ip_)) ;

0<ip< (s5-, + %)
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Proof: Ass--, =Sg-, o has standard vanishing, we have [H%(, o)] = [H(s--, )].

Now from the exactness of (2.1), (2.2) and (2.3) one gets
[H(C(s- -, ))INHYC(s -, )] =0

On the other hand, A(C-(s- -, )) = chH%(C-(s- -, )) — chH*(C-(s- -, )). Thus
chH®(C-(s--,)) = (A(C-(s--,)))* and chH*(C-(s- -, )) = (A(C-(s-, )))". Now
the proposition follows from (2.1) and

AC-(s-,)) = > A, +ip7):

0<ip< (s, + %)

Remark One can calculate the composition factors of H(, ) from this character
formula provided the assumption is proved. It turns out that the composition
factors calculated from this formula and those gotten by applying the cancellation
principle are the same. Therefore we can use the cancellation principle to calculate
the composition factors provided the assumption is proved. We will prove the

assumption in section 2.2.

2.1.4 Characters of H? in the s—-Chamber

Now we consider the weight , in the S—-chamber with nonvanishing H?(, ). In

this case, the exact sequences in 1.6 will have the following form:

A

0—=HOV-(,0)) = H*,) = H o) = H(V-(,0)) = H?(,) — 0; (2.6)
HO(V-(,0)) = H(C-(, 0)) = H (V-(, 0); (2.7)
chHY(C-(o) = > Al +ip ) (2.8)

21



Proposition Supmse[H?(,)]N[H?, )] = 0. Then

chH?(,) = ( > AL +IP) A o))

0<ip< (, o+ ¥z -)

Proof: Considering exact sequence (2.6), we get

0—>Im(A) —>H0(b0)—>Hl(V*( 0)) —>H2( ) — 0:

5 5

Then we have the following character formula
chH?(, ) — ch(ImA) = chH*(V-(, 0)) = H°(, o):
Note that [H2(, )] N [ImA] C [H?(,)]N[HO(, 0)] = 0. We have
chH?(,) = (chH*(V-(, 0)) — chH®(, 0))";

and the proposition follows from (2.7) and (2.8). |

Remark Asin 2.1.3, as long as one proves the assumption in the proposition, one
can use this character formula to calculate the composition factors of H?(, ), there-
fore the composition factors of H1(, ). It turns out that the results obtained from
this character formula and those from the cancellation principle coincide. Therefore
we can use the cancellation principle to calculate the composition factors of H2(, )

when we have proved the assumption in this proposition.

2.2 Proof of the Assumptions

2.2.1 Format of the Proof

In this section we will prove the assumptions in 2.1.3 and 2.1.4. The format of

the proof is to use induction on the number n for which np < (s- -, +%; V) <
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(n+1)p. Of course, the assumptions are obvious when n = 0. In order to state the

format clearly, let
P3(n) := The assumption in 2.1.3 for this n holds;
P4(n) := The assumption in 2.1.4 for this n holds.

The induction procedure can be formulated as follows: Suppose P3(m) and P4(m)
for all m < n, then we prove P3(n). Finally, we prove P4(n) by using P3(n) which
has been proved. This will complete our proof.

However, by the remarks following the Propositions in 2.1.3 and 2.1.4, we will
use the cancellation principle to compute the composition factors of H'(, ) for m if
we assume P3(m) or P4(m). Keep in mind that we will assume P3(m) and P4(m)

for all m < n in the following subsections.

2.2.2 Estimation of the Intersections for P3(n)

Let , = S-S, o with H1(, ) # 0. The exact sequences in 2.1.3 give the following
0—H,)—=H%o) = HY (1) = HYC(s-,)) =0 (2.9)

hHolg)= > Al +ip):

L+ip €l o)

Here all the weights in the summation are in the dominant chamber. In order to

show [H2(, )] N [HO(, 0)] = 0, let us consider
HO(, +ip )]N[H%(,0)]  forall, +ip  €Il(lo):

In this case , lies in one of the four possible alcoves marked with “a”,“b”, “c”

and “d” in the following picture.
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In these four cases, we have [HO(, +ip )]N[H(, o)] = 0 for all i with , +ip in
the dominant chamber except the following cases where the intersection has only

one weight which is indicated in Figure 2 on page 26.

alcove type | | = | weight in common
a n-—1 s a
b n . b
C n s C

Therefore for , in alcove of type “d”, we have finished the proof. For , in the other
three alcoves it will be enough to show the weight listed above is not a weight of

H1(,) in each case.

2.2.3 'Translation Principle

In Theorem 2.5 of [1], Andersen, by using the translation principle, has proved

the following.

Proposition (Andersen) Let! € X, ands a re°ection in one of the walls of

the alcove containing * suchthats-* > . Then, for all y € W, andi > 0,
Hiy-2):LE)=[H'(ys-1):L(*):

Now by using this proposition we can show that L(, 5) is not a composition

factor of H(, ) for , in the alcove “a”, by taking the reflection s in the upper wall
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of the alcove containing ,  andy € Wy such thaty-, o = , a. In Figure 2 we give the
filtration of H? which is calculated from the generic filtration defined by Andersen
[3]. The numbers with boldface are the filtration levels of the composition factors
of H1(, ) with highest weights in the corresponding alcoves (we will prove in section

4.2 that these numbers do come from a filtration of H(, )).

2.2.4 Proof of P3(n)

[1Phi

To finish the proof for , in either “c” or “b”, we set ~ =Wp -, * and apply the

exact sequences in 1.6 to the pair (;, ). So we have the following exact sequences:

HOC-(,) =HYC-(,) =0 ; HAC(,) =ZH () (2.11)

The following exact sequences come from the exact sequences of B-modules in 1.6.

0—H*C-(,)) = Hs -, +np") = H¥(1) = H¥(C-(,)) — (2.12)

H3(s -, +np ) B HY(1) = HYC-()) — 0;

0=H3 1) =HC-( —p)—Hs - +p) o HY (1) —HIC( —p)—0: (213)
Here we claim that A# 0. Otherwise we have

[H3(s=-, +np )l N[H( )] S [H3(C-( NIN[HO( o))

CHA V(NG o)l S HAOINHC o)) = HY()IN[HOC o)l:
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Figure 2: Filtrations of H! and H? in the s-sg-Chamber
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However, s- - ~ +np is in the SgS-Se-chamber with nonvanishing H? and
(Nn—1)p< (s, +np +% V) =(s -, +% V) +2np< np:

By the induction hypothesis in 2.2.1, we have P4(n — 1) and the composition
factors of H3(s- - L+ np ) can be calculated through the cancellation principle.
So we find out that [H3(s- -, +np )] N [HO(, o)] has 3 weights in type “c” and 4
weights in type “b”. The highest weight SeS-Se- (S~ -, +Np ) is in the alcove with
dark sides in Figure 2 unless , o is lower enough (in this case the weights | , and |, ¢
do not appear). This shows that A#£o0.

On the other hand, ~ —p isin the SgS-Se-chamber with standard vanishing. By

applying the exact sequences in 1.6 to the pair (;, —p ), one can get H*4(C-(, —
p )) = 0 and therefore ° is onto. From this we see that H*#(l ) has a simple head
which is same as the head of H3(s- -, +np ). This forces A to be surjective and

H4(C-(,)) =0 . Therefore
H3(C-(.) = H*(V-()) = H3():

It follows from the strong linkage principle that L(, ) (we take “b” as an

[1P%Ri

example, for “c” the argument is the same) cannot be a composition factor of
H3(C-(, —p )). Therefore ,, & [H3(1)] by (2.13) and

Hs=-, +p):L(p)] =[H*1):L(p)]=[H3s -, +np ) :L(,p)] =1

Now from (2.13) we have [H3(C-(,)) : L(,p)] = 0 and [H3(,) : L(,u)] = 0. So

P3(n) is proved.

2.2.5 Estimation of the Intersections for P4(n)

With n fixed as in 2.2.4 we prove P4(n) under the induction hypothesis in 2.2.1

and P3(n) which has been proved.
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Set , =s-,owithH2(,)#O0and np< (,o+%; Y) < (n+1)p. Similarly ,

lies in one of the four alcoves marked with “a”, “b”, “c¢” and “d” as in the picture.

(19

First let us consider the case when , is contained in either “a” or “b” since
Se-, has standard vanishing. Then, we will consider the case when , is in “d” and
deal with “c” last since the result on “d” will be used in the proof for “c”. So we

W

assume , is in either “a” or “b” in this subsection.

The exact sequences in 1.6 for the pair (®;Sg-, ) (, =W -, * as in 2.2.4) have

5

the following form:

HY(Ve(, ) = H?(,);
0—H2(Ve(,)) > H3,) = H?(se-, ) — H3Va(,)) — 0; (2.14)

0 — H2(Cal, )) — H(Va(, ) — H*(Cal(, ) — 0;

HY(Va(, ) 2 HY(Ca(,)) ; H3(Va(,)) = H?(Cal,)): (2.15)

Consider the filtration of the B-module Cg(, ) with the subquotients Vo, Vi and

V., having the following properties:

Vo Consisting of all the weights of Cg( ) in the SpS-Sp-chamber with H2 = 0;
V; Consisting of the two weights in the two H3-chambers with standard vanishing;

V, Consisting of all the weights in S-Sg-chamber with H # 0.

Using the vanishing property of these subquotients and the exact sequences

induced from the filtration one can prove

H2()]=HYCalL NS HY WIS U [H'( +ip®):
“HipBE( V)

28



Now the assumption in 2.2.1 and P3(n) can be used to calculate [H1(, +ip®)] in

the union and one will see that [H(, +ip®)|N[H(, o)] = 0. So P4(n) follows from

Serre duality in cases “a” and “b”.

2.2.6 Proof of P4(n)

Let , be in either alcove “d” or “c”. Then Sg -, has an extra cohomology

H3(sg -, ) in the Sgs—-chamber. However, [H3(sg -, )] = [H(Wo - (Se -, )*)] and
Ps(n) implies [H3(sp -, )] N [HO(, 0)] = 0. The exact sequences associated to the

pair (®;, ) yield
= H3sp-,) = H?(,) = H?Cs(,)) — 0 (2.16)

So we only need to show [H?(Cg(, ))]N[HO(, 0)] = 0. Let us consider the following

exact sequences of B-modules
0—Se-, +P®—Co(,) =1 —0;

0—Co(, —Pp® — 1 —Sg-, +Np®— 0;
which induce the following exact sequences of G-modules
HY(Cel(, ) =H'(1)—=H?(se:, +p® —H?*Cel(, )) —~H?*(1)—=H>(se:, +p® —0;

(2.17)

-+ = H(Co(, —p®) = H(I) = H¥(se-, +1p® —0:  (2.18)
For alcove “d” we use the assumption P3(n — 1) and P4(n — 1) to get the following:
H2(, = p®]N[H(, 0)] = 0;
H2(se -, +np®] N [H(, o)) = {, };
[H3(se -, +P®IN[H( 0)] = {, };

[H2(se-, +P®IN[H( o)) ={.} (2.19)
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~

where | = § - (So -, + (N — 1)p®). Since [H2(Cel, — p®)] < [HZ(, — p®)] we
have [H2(Cg(, —p®)] N[HO(, 0)] = 0. Note that L(, ) has multiplicity 1 in all the
modules listed above. So (2.18) implies [H2(1) : L(,)] = 1.

On the other hand, the coefficient of chL(,) in the Euler character A(l) =
chH2(1) — chH*(1) is —1. Therefore [H(1) : L(,)] = 2. Since HY(Ceg(,)) C
H2(se-, ), [HX(Ce(,)) : L(,)] < 1. Now one can chase in (2.17) to get [H2(Ce(, )) :
L(,)] =0.

For alcove “c”, one can use P4(n) for alcove “d” in addition to the induction

assumptions to calculate the intersections in (2.19). It turns out that all the inter-

sections in (2.19) are empty in this case. So we have finished the proof of P4(n).

2.3 Extra Cohomology along the 2a+ 3-Wall

2.3.1 Character Formula

One can follow exactly the same way as we did in section 2.1 and section 2.2
to get similar results for the cohomology H'(, ) for , close to the 2@+ ~-wall with
nonstandard vanishing, i.e. the following character formulas:

chH!(,) = ( > A, +ip®)) if | =seS -, 0 (2.20)
O<ip< (

Sa-, + 2@ )

chH2<,>=( 5 A<,+ip®>—A<,o>) . —se-.0 (22])

0<ip< (Sa-, + ¥oi@ )
provided [HY(,)]N[H%(, 0)] = 0 in (2.20) and [H?(,)]N[H%(,0)] = 0 in (2.21).
The proof of the two conditions is very similar to the way we used in the previous
two sections. Of course, the entire proof heavily depends on the computation of

composition factors in each individual case. However the calculation in 2.2.5 and
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2.2.6 can be carried over. But the calculation in 2.2.2-2.2.4 cannot be carried over
directly since the translation along ® does not move the weights very far each time

to avoid the meeting of [H%(1)] and [HO(, o)].

2.3.2 In the sgs—-Chamber

Let , =SS~ -, o with H(, ) # 0. Here there are two possible alcoves (for a
fixed n). We first assume , to be in the bottom alcove. Similar to 2.2.4 we consider

the pair (®;, ) which yields the following
H*(Va(,)) 2 H(, ): (2.22)

If we show H*(Cg(, )) = 0, we will have H3(, ) =2 H3(Cg(, )). The exact sequences

of B-modules in 1.6 yield the following exact sequences
—H3(1) = H(Ca(, )= H(se-, +np®) SH(1) —H*(Ca())—0;  (223)

0= H3(1) = H3(Cal, —p®) 2 H¥(sp . +p®) > HAI) = 0. (2.24)

We will show that H4(Cg(, )) = 0 and H3(1) = 0 by showing A is onto and A is
injective. So one can calculate the character of H3(C_(,)) from (2.23) which has
only one composition factor and the intersection property is automatically satisfied.

Note that H3(Sg-, 4+ np®) and H*(Se-, +p®) have the same simple head. So it
is enough to show A # 0 since (2.24) implies that H4(I ) has the same simple head

as H%4(sg -, ). However the exact sequences arising from the pair (7;, ) show that
[HY(,)] € [H?3(C-(,))] and chH?(C-(,)) = A(C-(,)). If A= 0, the exact sequence

(2.23) will induce the following

[H3(se -, +np®)] C [H3(Cal, )] S [H*(Va(, )] = [H3(,)] € HA(C-(,))]:
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44 3

3o

' Filtration of H 2(seS™ -, 0)

Figure 3: Filtration of H?> and H?! in the Sgs—-Chamber

Here the sets on the both sides can be calculated and it turns out that this inclusion

does not hold. Since H*(Cg(, )) = 0, (2.23) and (2.24) imply ImA = Im° | we have
mA] 2 [H(se -, +p®)]\ (H*(se -, +p®] N [H (s, +np@®)]):  (2.25)

Applying the exact sequences associated to the pair (®, ~ — p®), one can calculate
chH3(Ce(, — p®) = —A(Ce(, — p®)). It turns out that the right hand side of
(2.25) contains all highest weights of the composition factors of H3(Cg(, — p®)).
Therefore A is injective.

For , in the top alcove one has H1(,) = H%(Cg(, )). Let ¢ be the quotient
of Cg(, ) consisting of all the weights of Cg(, ) in the dominant chamber. Then
[HO(l9)] 2 [H(,)]. Now the calculation shows that [H(, ¢)]N[H%(lo)] = {*1;1 2},
where ' ; and !, are marked in Figure 3 on page 32.

Now, by the translation principle as stated in 2.2.3 and the result which has
been proved for the bottom alcove in 2.3.2, one can show that L (* 1) and L(* ;) are

not composition factors of H?2(, ).
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2.3.3 Upper Wall of the p?>-Alcove

In 1.6 we assumed that | o lies in Cp2. So one may ask about the alcoves close
to the wall Hgs— 2 = {A € X @ R | (A+%{(®+")V) = p?}, i.e., the upper wall of

Cp2. Examining our proof, this condition is used in the following three facts:
1. The vanishing pattern of Andersen;
2. Col,) 2 Qel(, ) and Ce(, — p®) = Cg(, ) in Proposition 1.6;
3. Jantzen’s decomposition pattern.

Andersen worked out the vanishing pattern in the whole region W - Cp2 in [1].
To consider the second condition, we recall that [(W-, o+%®")| < p? for allw € W
and ® € R* if | ¢ is in Cpz. All the weights we met in our proof are in a string of
weights between W - | ¢ and SgW -, ¢ for a simple root ® and have to be in W - Cpe.
So the second condition is satisfied throughout our proof.

Now let us consider the third condition. It follows from Jantzen’s generic decom-
position pattern in [20] that all the composition factors in H(, o) have multiplicity
one. Further using the argument in [11] we can conclude that H(, o) has the
Jantzen decomposition pattern (with a certain cancellation if | ¢ is close to a cham-
ber wall) if all composition factors of Z1(, o) have the form L1(*) with 1? in Cpe
(t =104 p1l cf 1.1). This condition will be satisfied for all the weights involved
in the proof if the upper vertex of the box containing , ¢ is inside Cpe.

For a p-singular weight , , the multiplicity of a simple factor in H'(, ) can be
calculated through the translation functor from a p-regular weight. However, the
generic socle filtration pattern for H will be established in Chapter 3. The generic

socle filtration patterns for H ™) can be calculated from the generic socle series
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patterns for H® by a formula in Lin [26] (Remark in 3.2). Then the proof throughout

this chapter works for p-singular weights as well. So we conclude

Theorem For a group of type B,, supmse , o is a weight such that the upper
vertex of the box containing , ¢ is in C,.. Then the composition factors of the extra
cohomolay of the line bunde correspndingto w - , o can be calculated throughthe

cancellation principle as stated in [17].
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Figure 4: Alcove Type 1
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Figure 5: Alcove Type II
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Chapter 3

Socle Series of Induced Modules for

p-Singular  Weights

As we know the socle series of H?(, ) for a p-regular weight , from Doty and
Sullivan [15], we will, in this chapter, use the method developed in [15] to calculate
the socle series of HO(, ) for a p-singular weight , . Throughout this chapter we
assume p > h. The weight , is always assumed to be dominant and in the bottom

p?-alcove Cp2 and all composition factors of H %(, ) have multiplicity one.

3.1 Estimation of Socle Series in General

3.1.1 Images of Intertwining Homomorphisms

Throughout this section we assume G is a semisimple algebraic group (not

necessarily By). Let , € X. Define
R ={®cR|(, +¥%®)=0 (modp)}:

Let ® € R. We say , is ®regular if ® ¢ R, otherwise we say , is ®-singular.

Suppose ® € R*. We denote (Sg). -1 =S+ +np®if np < (* +%®Y) < (n+1)p,
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i.e., (Se)« is the reflection in the nearest lower ®hyperplane. Thus we can see that
! is ®singular if and only if (Sg), -1 =1. Further we denote R" =R NR* and
R™=R NR™. Set "(,) = #R".

Let w € W and ® € S such that " (Sgw) = " (w)+1. From now on in this chapter
we fix a generic weight , in the dominant chamber unless indicated (by generic we
mean in the sense of Andersen [6]). There are G-module homomorphisms A and A
such that

H O (saw -, ) S H W (w - )
H O (w. ) A H 0 g ):

Here A and A are induced from the maps between induced modules from B to the
minimal parabolic subgroup Pe by the induction functor Indga.
If -, is ®singular, Aand A are isomorphisms of G-modules. However for w-

being ®-regular, one has the following exact sequence
H O (sqw- ) S H®w. ) A H O (sqw. ) A H®w. ):

As , is generic, H ") (w - ) has simple socle for all w € W (cf. Andersen [6]).

5

Therefore the maps A and A are unique up to scalars. If w- | is ®regular (equiva-

5

lently, , is W™1(®)-regular), we have the following character formula:
ch(ImA) = ch(KerA) = A(, ) — Cwi 1@ (, ) = C_wi 1 (, );

ch(ImA) = ch(KerA) = Cyi 1g)(, ):

Here we use the notation of Humphreys [17] ( it should not be confused with the
B-modules defined in 1.6) and denote, for each positive root °,
CL)= X As- +kp%)

O<k p< (, +¥i°- )

Co()=AL)-C():
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3.1.2 FEstimation of Second Socles

Let Wo = S—, ---S-, be a reduced expression for Wp in W with | € S. So we

have a loop of intertwining homomorphisms

l

HOo (s .o ) 2 ..._>|_|J(S_j...3_l.,)l>...l, HO(,)
T l

H (s s o) & His s ){*_ﬂ A HO():
Here A; ( or A) is an isomorphism if and only if S, .S, -, is j-singular or
equivalently (s-, ,---s-,)7'(7j) e R". If A (or A}) is not an isomorphism, A (or
A;) kills the socle of HI7*(s-, | ---s- -, ) (or HI(s-,-+-s-, -, )). Thus the images
of the maps have Loewy length at most ~ (H! (s~ ---s-, -, )) —1; here ~* (M) is the
Loewy length for a G-module M .

Let W = s-, ---s-, which extends to a reduced expression for wp. Consider the

composites
U= Ag oAy s H O ) - HO( )
Vw = A - Acs HO() = H W (w-,):
There are exactly "(, ) isomorphisms among the series of maps Ag;::: A (or

R*(w)={®€c R" |w(® € R };
W) =#R"(W)(R") = #{® |, is @-singular and 1 <i <j}:
Proposition Using the notation set up alove, one has
Uy (Sag” 7 H M (w ) € Sag(HO(,));

V(Sas” @7 OHO( ) C Saf(H W (w -, ):
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From this proposition, we get
Vi (SocgH M (w -, )) 2 Socg” T HIHO(): (3.1)
U (Sog” ™7 H ™ (w - ) € SoH(, ): (32)
Let us consider Soc3HO(, ) first. Set ™ (,) to be the Loewy length of H ™ (w- )

and define
B = N va'(SogH ™ (w-,));

weW; (W) —"w(, )=1

U = > Uw (HM (W - ,));

W) —Tw()= ()-8
where H,("(w - ) = Socg(’)_lH W(w - ) is the unique maximal submodule of

H ™ (w- ) as it has a computable simple head. Clearly we have the inclusion
U CSogH®(,) € B> (3.3)

Corollary Let! and® be two dominant weights. If * ¥ © and [B2 : L(1)] = 0,

then Extg (L (2);L(°)) = 0.

Remark Generally the module B? is not computable, even its character is not
computable by simply knowing the characters of the images of the maps. However
the multiplicity of a simple factor in B? can be calculated if its multiplicity in
HO(,) is no more than one. For the groups of type A, and B this condition is

satisfied by all simple factors if , v € Cpe.

3.1.3 Estimation of Higher Socles
More generally, we define

Bl = 1 wMSogH M(w-,)):

WEW; (W) —"w(, )= -1
Therefore Bf D Soc,HO(, ). To calculate BJ; , we define the subset W;(, ) C W as
follows: w e W, (, ) if
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Low) = w(,) =] -1
2. For any ® € S with "(SeW) = (W) — 1, SgW does not satisfy 1.
Lemma Letw e W;(,) and®e S. If "(sew) = (w) — 1, thenw -, is ®singular

or equivalently , is w~1(®)-singular.

Proof Let W = SgS-,---S-, be a reduced form for w and w; = s-,---s-, (set

®:_|+1). Thus
wl) =i 1< <+ Wi, +%77) =0 (mod p)}:

Asj —12>"(w)—"w() > "W —1-"4w(,) =] —2 On the other hand,
‘(W) —"w(,)#J] —1by 2. Hence “y,(,) = "w(,) —1and w -, is ®singular. N

We can reformulate Bf , via this lemma, by

Bl = [ Vu*(SodH ™ (w-,)); (3.4)
weWw;(, )

U= > uw®HMw.)) (3.5)

WEW p(n); 4(.)

Here the characters can be calculated as follows.

ch(vy (SoctH ™ (w- ) = ch(Ker(vy)) + ch(SoctH ™M (w -, )) (3.6)

= Y Cle(,)+chL(wt (w-,)):

®eR+(w)\RT

3.2 Socle Series for Groups of Type B; or A,

3.2.1 Generic Second Socle

For the groups of type B, and A,, HO(, ) is always multiplicity free under usual

restrictions on | , so the characters of Bf and U can be calculated. Since Lusztig’s

43



conjecture is true in these two cases, the results of Andersen and Kaneda [10] and
Lin [26] can be used to determine the Loewy length of H ) (w - ) which turns out
tobe N +1-"(,).

For p-regular weights , , the calculation has been carried out by Doty and Sul-
livan [15], so we only need to do the calculation for p-singular weights , . As our
main object of this paper is to investigate the representations of the group of type
B,, the calculation presented here is only for that group. The calculation for A,

can be done in the same way, but we only state the result here in that case.

Theorem If the group G is of type B, or A, and, is a genericp-singular weight,
then

SagH(,)=B*=U:

Proof The proof is based on the calculation of the characters of B? and U . It
turns out that the both have the same characters. The calculation is given in the

next subsection. [ |

3.2.2 (alculation ofB,2 and U

In this subsection we assume the group is of type B, and , is generic p-singular.
There are eight types of p-singular weights which lie in eight types of facets. How-
ever for the facet consisting of only one special point, the module H ™) (w - | ) is
simple for all w € W. Hence we only need to consider the other seven facets.
Among them only the type “7” has dimension 0 and the rest are of dimension one.
We indicate the types in Figure 8.

Table 1 gives the set R* (W) \ R" and therefore *(W) —"w(, ) = #(R* (W) \R")
can be read off from the table. In this table we denote ° =®+ and = =2®@+ .

Table 2 on page 46 gives the set W; (, ) to calculate the character for Bf .
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Table 1: The set R* (w) \ R”

. |Se | S | SeS | SSe | SeSSe | S SeS™ Wo
1| ® ° | ® | ®°y ey
5 - = o —o. | o
3/® || ® ®," B ®
1 - = o —o. | o
50 ® | | ;° | ® ®° e
6/ ®| | | ® ®," o ®
7 T B o

In Table 4 on page 53, one can find the highest weights of the composition
factors of U . Here we use the notation similar to that used by Doty and Sullivan
in [15] but slightly different. Instead of considering the lower vertex of the box, we
consider here the upper vertex which is in the box and the action of w, on the upper
vertex is the same as the ordinary dot action of w. By (m; n;i) we denote the weight
L in the facet of type “i” of the box with upper vertex 1V = |V 4+ mp! g + np! -.
In this case, N =2 —"(,)=2—"(, ). If , is of type 1-6, N —2 —"(, ) = 1. For

W € Wa(, ), the character of each term in U can be easily computed as follows.

ch(uw(H,™(w-,))) = ch(ImAy) — ch(Hd(H ™ (w -, )))

= Copesy (o) — ch(HA(H ™ (w- )

However for , of type 7, U = Us, (H}(Se -, ) = HY(,)). The highest weights of
composition factors of B? (and Bf ) can be read off from Table 3 on page 52 via

the character formula (3.7) and (3.4).
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Table 2: The set W, (, )

L1 =2 ] =3 ] =4

1 | Se;S@S~ | SSe; S~ SeS~ | SeS~Se; Wo
2 |S,5Se | SeS;SeS Se | S SeS~;Wo
3| Se;S | S Se;S SeSe Wo

4|5 ;S Se | SeS;SeS Se | SSeS™; Wo
5| Se;S | SeS;SeS Se Wo

6| Se;S™ | S Se;S SeSe Wo

7| S ;S Se S-SeS-

3.2.3 Higher Socles

In this subsection we calculate the higher socles of HO(, ) for p-singular , . By
the definition,

OQB’lgB’zg...gB’N—l:Ho(,)

forms a filtration for HO(, ) since the map H%(,) — H o) (wy - ) has only one
simple composition factor in its image. Further, we know Soc5HO(, ) C Bf . Hence
{B’i } will be the socle filtration of HO(, ) if we can prove that Bj =Bj ~1is semisimple.
However as we know SociHO(, ) from 3.2.1 and 3.2.2, the extensions between two

simple factors can be calculated.
Theorem If G is of type A, or B, and, < C,: is generic, then
SatHY(,) = B':

Proof By the above argument, we only need to show that Bj =Bj_1 is semisimple.
To do so we only need to show Exti(L();L(°)) = 0 for any two composition

factors L(*) and L(°) of B' =Bf’1. In Figure 9 and 10 on page 54 and page 55 one
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can find the highest weights of the composition factors of B’iﬂ:B’i in the facets

W
|

marked with “i”. The calculation of cth is based on the calculation of C- (, ) for

all ° € R*. Table 3 on page 52 gives simple factors for C_-(, ). [}

3.2.4 Nongeneric Cases

Now let us discuss the socle series of HO(, ) for a nongeneric weight , . Let * be
a dominant weight. Recall from 1.1 that there is a unique way to write 1 =1094pt?

with 19 € X;. Here we state a theorem of Bai-Wang-Wen in [11].

Theorem (Bai-Wang-Wen) Supmse, € X, suchthat all composition factors

Li(2) of Z4(, ) with * € X, havel! e C,. Then

SwHC(, J=S@ HC(, ) i L ()] < [SwHC(, +p*)=Sa HC(, +p°) :L(* +p°)
(3.7)

for any © € X, suchthat , + p° is generic.

As we can see, for all | with |V € Cp2, the condition of the theorem is satisfied.
On the other hand, if all composition factors of H°(, +p°) have multiplicity one for
such generic weight , + p°, then the inequality in the theorem can be reformulated

as
[Soc'HO(, )=Soc' T HO(, ) : L (*)]
= [Soc'H(, +p°)=Soc *HO(, +p°) : L(* +p)[H°(): L)) (338)
since L (* + p°) lies in only one layer in HO(, +p°) and [HO(, ) : L(*)] is either 0
or 1 by the inequality (3.7).

Theorem If G is of type A, or B,, then the sccle seriesof HO(, ) for , closeto
a chamler wall can be calculated using the cancellation principle from the generic

sacle series pattern.
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Proof In fact, the composition factors of HO(,) in this case can be calculated
through the cancellation principle (for p-singular weights this can be verified via

translation principle). Then equation 3.8 will give the socle series of HO(, ). W

3.3 'Translation Property

3.3.1 ‘Translation Functor on Socle Series

We have the socle series of HO(, ) for both p-regular and p-singular weights | .
One may ask how the socle series of H?(, ) and the socle series of H?(1) are related
under the translation functor for , inside an alcove A and ! in the closure of that

alcove. It is easy to see that, for 1 € A (the upper closure of A),
T SockH(, ) € SocsHO(*):

In order to state the theorem in general, we introduce the following notation.
Let ® € R*. Each ® hyperplane H has a positive side defined by ®. Let A and
B are two alcoves. We define d(B;A) to be the signed sum of the number of
hyperplanes separating A from B: a hyperplane H is counted +1 if A is on the
positive side and B is on the negative side of H and is counted —1 if A is on the

negative side and B is on the positive side of H. For each weight 1 € X (T) there

is a unique alcove A denoted by A(, ) such that * € A.

Theorem SupmseG is of type A, or B,. LetF beafacetin thedominant chamier

and, € F and! ¢ F. Then
T'SalHO(, ) = Sag “AOAI o) (3.9)
Proof This can be easily verified by comparing the socle series of H9(1) and

T SogHO(,). W
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Corollary (A) Let it e Xy (i=12) with, ;e W,-,,andt; e W, -1, If
F; is a facet containing ,; and*; € F; (for i = 1;2), then Ex(L(, 1);L(,2)) =0

if and only if Ex(L(*1);L(t2)) = 0.
If we use the notation in 1.4 and Andersen’s theorem in that section, we can get

Corollary (B) If F is afacetwith , € F and? € F, then

T'Sab,12a(,) = Sog 7"z, 0):

3.3.2 Conjectures

We can see in the case of B, that the translation functors preserve not only the
multiplicity of composition factors from the inside of a facet to its upper closure,
but also their positions in the socle series. Another way of considering the struc-
ture is the calculation of the Exth between two simple modules. From the work
of Andersen and Kaneda [10], one can see that the Lusztig conjecture has more

implications than just the multiplicity problem.

Conjecture Let ;1 € Xy (Ii=12) with , 1 e W,- 2 and?; e Wy -1, If Fiis
a facet containing ,; and®; € F; (for i = 1;2), then Ex@(L(, 1);L(, 2)) = 0 if and
only if Ex(L(t1);L(t2)) =0.

One direction is clear by applying the functor T’l. But the other direction
needs the study of the submodule structure (not only socle structure) of HO(, ) for

p-regular weights , . The next conjecture actually implies this one generically.

Conjecture Theorem 3.3.1 shouldbe true at least in the generic situation for all

semisimplegroups.
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The above conjectures are expecting that the structures of induced modules
for p-regular weights determine the structures of induced modules for p-singular
weights. However, the converse should be true also by assuming the Lusztig con-
jecture. A facet F is said to be minimal if it has the minimal dimension among
all the facets contained in the upper closure of the alcove containing F. Then each
alcove contains a unique minimal facet in its upper closure. The number of minimal
facet types is the same as the number of alcove types and all the special points are

minimal facets of the same type.

Conjecture The positions of simplemaoduleswith highestweightsin minimal facets
in the sacle structure of induced modules determine the sacle seriesof all induced

maodulesin the generic case.

The position of L(, ) with | being a special point is always clear. Then deter-
mining the positions of L (, ) for , in minimal facets involves only p-singular weights
for which the induced modules have smaller “size”. For the group of type B, all
the socle series of H? are actually determined by three sets of data corresponding

to the weights in type 5, 6, and 7 (altogether twenty-nine numbers).
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Figure 8: The facet types in a box
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Table 3: Composition Factors of C_-(, )

type C-(,)for® e R" \R"

1 [°=® C —®+ ° = 2®+
(0,0:1), (1,—1;5) (0,0;1), (—=1,1;5) (0,0;1), (—=1,1;5)
(0,—1:5), (=1,0:5) | (=2,1:5), (=1,0:5) | (0,0:5), (1,—1;5)

2 |°=" C—®+ ° = 2@+
(0,0;2,4,6), (—1,0;:3) | (0,0:2), (2,—1:6) (0,0:2,4,6), (0,—1;6)
(0,~1;6), (=2,1;6) | (—2,1;6) (1,-1;3), (2,-1;6)

3 |°=® ° =" ° —2®+
(0,0:3), (—1,0:4,6) | (0,0:3), (—=1,0;2,4,6) | (0,0;3), (—1,1;6)
(0,—1:3), (1,—1:4,6) | (—=1,1:6) (1,—1:4)

4 |°=" C—®+ ° = 2@+
(0,0;4), (=1,0;3) (0,0:4,6), (=1,0:3) | (0,0:4), (1,—1;3)
(—2,0:6) (1,—1:3), (0,—1:4,6) | (2,—2:6)

5 [°=® ° =" =@+
(0,0;5), (0,—1;1) (0,0:5), (—1,0:1,5) | (0,0:5), (—1,0;1)
(L,=15), (=1,0:5) | (=2,0:5) (1,—15), (0,—-1;5)

6 |°=® ° =" ° =20+
(0,0;6), (0,—1;2) (0,0;6), (—1,0;3) (0,0;6), (—1,0;3)
(0,—2:6) (—2,0:4) (0,—1;2,4,6), (—2,0;6)

7% =" ° =20+

(0,0;7), (1,-1;7)
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Table 4: Composition factors of U

type Uw(H ™ (w-, ) U,
W = Sg W = SgS-
L | @010 -155) (0;0;1); (=1;0:5) | (0;0;1); (15 —1;5)
(—1;0;5) (—1;1;5) (—=1;0;5); (—1;1;5)
W=s" W = S-Sp
(0;0;2); (0;0;4) (0;0;2); (0;0;4) (0;0;2); (0;0;4)
21 (0;0;6); (=2 1;6) | (0;0;6);(0;=1;6) | (0;0;6);(0;—1;6)
(0;1;6) (2;—1;6) (2;—1;6); (—2;1;6)
W = Sp W =s-
(0;0;3); (1; —1;6) (0;0;3); (1;—1;6) (0;0;3); (—1;1;6)
3 (1;—1;4); (—1;0;6) (—1;0;4); (—1;0;6) (—1;0;4); (—1;0;6)
(—1;0;4) (—1;1;6) (1;=1;4); (1, -1;6)
W=s- W = S-Sp
Voo | ooty |
(1,-1;3)
W = Sp W =s-
o | (005 (L=15) | (0:0:5) (=1:051) | (0:0:5); (1 ~1;5)
(—=1;0;5) (—1;0;5) (—=1;0;5); (—1;0;1)
W = Sg W =s-
6 (0;0;6); (0; —1;2) (0;0;6); (—1;0;3) (0:0:6): (0:~1:2)
(=1;0;3)
W = Sp
o | @07 (=10,7) (0;0;7); (=150;7)
(1;,-1;7) (1,-1;7)
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Figure 9: Socle Series of H® of Type 1-4
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Figure 10: Socle Series of H® of Type 5-7
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Chapter 4

Socle Str ucture of Higher

Cohomology

In this chapter, we discuss the socle structure of the higher cohomology groups
of the line bundles induced from the weights |, = w- o € W - Cy such that all
composition factors of H(, o) have multiplicity one. First we discuss the socle
series of all HY, then we discuss the submodule structure of all extra cohomology
groups. To calculate the socle series of higher cohomology groups, we first calculate
their socles by considering the socles of certain injectives in the category of all G, T-

modules. Finally the socle series of higher cohomology groups are constructed.

4.1 The Socle Series of H!

4.1.1 Socle Patterns
Let M be a G-module. We denote by
0=SocgM C SoctM C --- C Socg ! C SocgM = M ;

0=Rad;M C Radg ' C--- C RadiM c RadlM =M;
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the socle and radical filtrations (or series) of M respectively; Here ~ is the Loewy
length of the module M. Denote by Mj = Soqiz,+l M =Soqi3M for all i > 0 the i-th

socle layer of M and by
SIM]={(,;ism)eXs xNXxN|[Mj:L(,)=m}

the socle pattern of M.

It is known that the socle filtration of HO(, ) coincides with the dual filtration
of the Jantzen filtration for H*(,) (for the generic case, see Doty and Sullivan [15],
for the nongeneric case see Bai et al [11]). In this section, we are going to show
that the socle series of H1(, ), for , in the H!-chambers, coincides with the dual

filtration of the Andersen’s filtration for H3(,).

Lemma If 0 — M — E is exact, then
SM = (SatE)nM  for alli > 0:

The proof is the routine chasing on the diagram by considering the simple

factors.

4.1.2 Extension Conditions

Let M be a G-module. If one takes a composition series of M and applies the
functor Hom(L (, ); ?), one can get the following
dGmEx3(L(o)iM) < 3 M L) dimEx@(L( ohLE)):  (41)
leXy
Proposition Let0 — M — E — Q — 0 be an exact squene of G-modules.
Supmse SazM = SaiE and Exi3(L(A);L(2)) = 0 whenever[Q;_; : L(A)] # 0
and [M=Sa;M :L(1)]#0foralli>0. ThenE; =Q;_1 &M, for all i > 0.
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Proof It follows from (4.1) and the assumption that Ext:(L(A); M=SocsM) =0
for all A € X, with [Q;_1 : L(A)] # 0 for all i > 0. Now we use induction on
i. If i =0, the proposition follows from the assumption. Now suppose i > 0 and

Ei =Q_1®M;j for all j < i. Then we can show inductively that
0— Soc(j;l M — Socé,+1 E— Soc(jBQ — 0
is exact for all ] < i. This induces the exact sequence
0 — M=SoctM — E=Soc,E — Q=Soc; 'Q — 0:

Let A € X, with [Qj_1 : L(A)] # 0. We have the induced long exact sequence of

vector spaces
0— Homg (L A); M 280ch ) —Homg L A); E‘—Soqi;E) — Homg(LA); Q=Soqi;_]Q) —0:

Therefore

[Ei : L(A)] = dim Homg (L (A); E=Soc;E ) = dim Homg (L (A); M=Soc;M)

+ dim Homg (L (A); Q=Soc; Q) = [M; : L(A)] + [Qi_1 : L(A)):

Now the proposition follows from the semisimplicity of E;. |

Remark It is well known that Extg(L(A);L(*)) = Extg(L(2);L(A)). Using the
strong linkage principle and (1.11) one can easily check the condition in the propo-
sition, provided one knows SocgH °=SoctH?® for all induced modules and the socle
of certain kind of modules. This is the case for the group of type B,. This propo-

sition tells us how to determine the socle series of a module from the socle series of

its submodules and quotients under certain circumstances.
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4.1.3 The Socle Series of H?

Now we can use Proposition 4.1.2 to determine the socle series of the H®. Let
us discuss this more generally for a moment (G is not necessarily of type Bj).

Let , o€ Xy and®€ Sand, =Sp-, 0. If, ¢ is ®singular, then H(sg -, o) =
HO(, ) and we need to do nothing. So we assume nNp < {, o + %®") < (n + 1)p.

By 1.6 we have the following exact sequence

0—H%Ce(,0) = H(so",0) = H( o) = (4.2)

5

0—H%)—=H%Ces(,0) = H%So-, 0+ Np®) — : (4.3)

We claim HO(I') = 0. This is obvious if n = 0, 1. So we may assume n > 1.

Then we have
0—H(1) — H®Cel, o—np®) = H(s9-, 0+ P®) — H*(I) —; (4.4)

0— H%Cel, 0—P®) - H (s, 0+ P® — H°(, 0—p® — : (4.5)

Note that both H(sg-, o) and H(sg -, o+ p®) have simple socles and their highest
weights are different. So this forces H?(1') = 0. Therefore H®(Cg(, o)) is a submod-
ule of H%(Sg - , o + NP®) and its socle series can be calculated from the socle series

of H%(sp -, 0). So in the following exact sequence
0—H%Csl,0) = H'(,) =M —0; (4.6)

M is a submodule of H?(, ¢) and its socle series can be calculated from the socle
series of HO(, o). Then one can check the extension condition in Proposition 4.1.2
and use it to calculate the socle series of H(, ). However, in general the socle series
of the H%s are not known. Even though we know the socle series of the H%’s, it
is not enough to know the composition factors of H?(Ceg(, o)) in order to calculate

its socle series if the H?’s are not multiplicity free.
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From now on we assume the group is of type B,. In this case everything here is
computable. Since we know the composition factors of the H'’s, what we have to do
is to compute the composition factors of H%(Cg(, 0)). However the exact sequence
(4.2) in this case gives chH%(Cg(, 0)) = A(Ces(, 0)). Up to now we have the socle
series of H9(Cg(, 0)) and M. Finally we have to check the extension condition in
Proposition 4.1.2 in each individual case by using the remark in 4.1.2. However, for
generic p-regular weight | o there are only four situations based on the alcove types
and for p-singular weights there are seven situations based on the facet types. For
the weights close to the chamber wall, one can see that each socle series pattern
is part of a generic socle series pattern, and simple factors have fewer chances to
extend each other. So in Figure 13-14 on page 84-85 we only show the generic
patterns for p-regular weights where an alcove marked with “c” (or “e”) followed
by a number indicates the highest weight of a composition factor and its level in
the socle series of H(Cg(, o)) (or M).

Finally, for a p-singular weight , ¢ we may assume , ¢ is not ®singular. We can
choose a weight |  in the alcove A containing , ¢ in its upper closure. Let ,; ,’ € C
be the weights in the W, orbit of | ¢ and | { respectively. By applying the exact
functor T-o to (4.6) one can check T:OA(C®(§ ) = A(Cs(, 0)) and chT-oM o= chM .

On the other hand we have, from Theorem 3.3.1,
T oSocgH(, o) = SocgH®(, 0);

T:0S0tH%(Se - , § + NP®) = SoczH (Se - , 0 + NP®):

Now the extension condition for | { implies the extension condition for , ¢ by Corol-

lary 3.3.1. Therefore we can see that the formula (3.9) is also true for H*.
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4.2 The Structure of the Extra Cohomology

In this section we will give a clear picture for the structure of the extra coho-

mology, whose composition factors are known from section 2.2 and section 2.3.

4.2.1 The Structure of Extra H?

By Serre duality, the structure of the extra H3 can be determined from the
structure of the extra H!. So we only consider the extra H!, which appear only
in the H2-chamber. Bearing in mind that all H! have at most three composition
factors with simple socles which can be calculated, the socle (or radical) structure of
the extra H! will be clear for those H! which have only 1 or 2 composition factors.
So we only need to determine the structure of those H! with three composition
factors. This happens only when , is in the alcoves with the long alcove wall in the
(2®+ )-wall in the SgS—-chamber and the alcoves of type “c” (as in 2.2.2) in the
S-Sg-chamber. Since the simple socle is known, the structure will be determined
completely if we show that its Loewy length is 2. If one considers Extg(L1; L) for
the two composition factors of H! other than the socle, one can find that these two
composition factors do not extend each other. This forces the Loewy length of H!
to be 2.

By examining the structure carefully, one can conclude the following: To get the
socle series of the extra H?! one starts with the generic socle series of the H? with
the same alcove type (which has been proved in [26] to be the dual filtration of the
Andersen’s filtration in the dual chamber), then applies the cancellation principle
as stated in [17]. In this case, the cancellation is not smooth since some numbers
do not match. If one keeps (in a dominant alcove) the number from outside of the

dominant chamber, which does not match the number in the alcove in the dominant

61



x0 p .0
yl xQ

i yl 0
z1 i y1| x0

x0
z1 yl

SeS—-chamber “a” S-Sg-chamber “c” S-Sg-chamber “d” S-Sg-chamber “b”

Figure 11: The structure of H?

chamber during the cancellation process, one can get the socle series of the extra
H!. By reversing the order in the socle series, one gets its radical series. Figure 11
gives the socle series of the extra cohomology. For p-singular weights, the number
of composition factors is no more than 2. So the submodule structure of H? in this
case is clear. It turns out the submodule structure can be gotten using translation

functors from the inside of the alcove to the upper closure of that alcove.

4.2.2 Weights in Chamber Wall

What we have left is the structure of the extra H?. Unlike the extra H?, we do
not know anything about the socle or the head yet. So we have to do something
first in order to determine its structure. However, Serre duality once again reduces

the argument to the extra H? in the H!-chambers.

It follows from (1.15) that
T SokM C SocsT'M and (M) > 1I(T'M) (4.7)
for any G-module M with finite length and * in closure of the alcove containing , .

Lemma Let?, be a weightin a wall of the dominant chamler and ® be a simple

root. Then H(sg-1¢) 2 H%(sp-1o):

62



Proof Note that H%(1 o) = 0 for all i > 0. The exact sequences in (1.6) induce
0 — H%Ce(*0)) = H (s 0) = H°(*o) = H%(Ce(*0)) = H*(se - 10) — O

Now the lemma follows from H%(% o) = 0. |

4.2.3 'Translating to Walls

Let us consider the nonvanishing H?’s in the H*-chambers. Let ° be a simple
root and , ¢ as usual be a dominant and p-regular weight with H2(s -, o) # 0.
Denote as usual , =S -, . One can check from Figure 1 on page 18 that , is in
one of the two kinds of alcoves in the Sg-chamber or one of the four kinds of alcoves
in the s—-chamber. If H?(, ) has only one composition factor, we need do nothing.
This is the case when , is in the top alcove in the either H*-chambers. The second
case is that one of the alcove walls is in a chamber wall. In this case the argument
in 4.2.2 can been used. Finally there is one alcove left in the s—-chamber which is
in none of the two cases mentioned above. We will discuss this alcove in 4.2.4.

Now we suppose the alcove containing , has a wall in a chamber wall. Let g
be a weight in the wall, which is in a chamber wall, of the alcove containing , o. It

follows from the translation principle and Lemma 4.2.2 that
T HY,)=H'*) =H*() =T H?(,):

Now one can use (1.15) in 4.2.2 to calculate the composition factors of H1(* ) which
has two composition factors and only one is in the socle which can be known by
the theorem of Andersen in 1.5. This shows that the Loewy length of H2(, ) is at
least two and the two composition factors L(X) and L(y), which survive from the
translation functor, are in the different socle layers and L(y) is in the lower layer

since it is sent to the socle of H?(1) by Tj. If H?(,) has only two composition
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factors then the number marked in Figure 12 gives the socle filtration. If H2(, )
has three composition factors we can apply the exact sequences in 1.6 to the pair
(°;, 0) and show that H2(, ) is a subquotient of H(, ), for which the socle series is
known from section 4.1. Tt follows that there are two factors L(y) and L(z) in the
socle and the Loewy length is 2. So we get the socle series of H2(, ) as shown in
Figure 12 by a shift of the numbers.

Finally one still has to rule out the possibility that L (z), which is killed by the
functor T’1 , goes to the head. To do this, one may consider H 2(~ ) and apply the
exact sequences in 1.6 associated to , and the other simple root # (other than °)
to get

0—HYC.) = H2() B HYs )

Since the radical series of H2(, ) and the socle series of HY(s; -, ) are known, one
can get Im(A) = L(y) and HY(C.(, )) has only two composition factors. Next one

can show that H(1) =0 in
0—H1) = H*Cu(,)) = H*(, +npy)

simply by showing L(z) is not a composition factor of H(I'). The simple socle
L(x) of HY(, + np2) implies the simple head of H2(, ). So the number given in

Figure 12 gives the socle. The radical series is gotten by reversing the order.

4.2.4 The Structure of Extra H 2

Let , =s -, o be in the alcove marked with “b” in 2.2.5. Then H?(, ) has two
composition factors L (X) and L(y). By applying the exact sequences in 1.6 one can
see that H2(, ) is a subquotient of H1(, ) and that L(y) is in the socle of H?(, ).
If we show that H?(, ) is not semisimple, we will have the socle and the radical

structure of it.
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Figure 12: The structure of H?

~

First we apply the exact sequences in (1.6) to the pair (®;,) to get H2(, )
H2(Ceq(, )) and the exactness of H2(I ) — H?(Cg(, )) — 0. By using the standard
vanishing of Sp+, +nNp®and computing the composition factors of H?(Cg(, —p®)),

we can show that the composite of
H%(so-, +p® — H?(1) — H?(,) (4.8)

is surjective. By a similar argument for the pair ( ;Sp -, + p®), one can get the
surjectivity of H?(sp -, + p® — H?(C-(Sp -, + p®). Furthermore, the map in
(4.8) factors through the surjective map H2(C-(Sg-, +p®) — H2(, ).One can keep
going in this way until one reachs the Wo-chamber and get that H?(, ) is a quotient
of a Weyl module which has a simple head L(x). So H?(, ) has simple head L (x)
and simple socle L(y).

Finally, the nonvanishing H? with p-singular weights in the H!-chamber have
only one composition factor, so everything is clear. For the weights in a chamber
wall, Lemma 4.2.2 has given the result.

We can conclude that all the extra cohomology groups are rigid (i.e., the socle

filtration and the radical filtration coincide). Their socle filtrations can be calcu-

lated from the generic socle series pattern by the cancellation principle (one has to
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shift the numbers if the weight is close to a chamber wall on the positive side).

4.3 The Socles of Higher Cohomology

About the cohomology of line bundles for the group of type B, what we have
determined is the socle series of the H! and the extra cohomology. From [26], we
know the socle and radical structure of H' in the generic case. In this section
we will discuss the socle of higher cohomology when the weight is not too close
to a chamber wall on the negative side (the upper vertex of the box is inside the

chamber).

4.3.1 Predicted Socle

In this section, we will use the facts and notation in 1.1 and 1.4. Though we
will use this only for r = 1 in the rest of this paper, we still use the notation w; -,
for this action instead of wy -, that might be confused with the usual “dot” action.

From now on we assume p > 2(h — 1), where h is the Coxeter number of

the root system. So Qi(, °) is a G-module which has a simple socle L(, °) and

Q:1(,) =Q1(, %) ®p, ! Further we have
Lemma Supmwse,!c W -C. Then

1. H'(L4(,)) # 0 if and only if there is a (unique) w € W suchthatw-, v € X,

andi = (w). In this caseH ™ (L4(,)) = Bw, -, );

2. H'(Qu(, ) #0 I® H'(L4(, )) #0. In this case,H'(L1(, ) =SagH'(Qu(, ).

Proof For the proof one can see [26] Lemma 5.2. 1
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Since we are only interested in the weights in the bottom p?-alcove, we may
assume |, *is in W - C. With this assumption we can use this lemma to give another
algorithm to calculate the composition factors of H ) (w- o) from the socle series
of Z1(,) (, =W-, o). First take the socle series pattern of Z;(, ), then take away
those composition factors L1(*) of Z1(, ) with ¥ on a chamber wall. One has to
do certain cancellation as follows: if both L1(*) and L1(°) are composition factors
of Z41(, ) in the same socle layer such that s; -* = © for a reflection S in one of
the chamber walls, then take away both of them. By moving the highest weights
of the rest of the composition factors together with the socle layer numbers from
the pattern of Z1(, ) under the operation of w; ! one should get the composition
factors of H ™) () by taking those weights in the dominant chamber. This is

\

expected to be the socle series of H ") (, ). However if , ¥ is in the w-chamber we

expect L(w; -, ) to be the simple socle of H ")(, ). Indeed, the exact sequence
0—Li(,) = Za(,)

induces L(w;t-,) € H ™(,) because H W~=%(L;(1)) = 0 for any composition
factor L1(*) of Z4(, ).

In the rest of this section and next two sections we will prove

Theorem Let, be a weightsuchthat , "V is in the w-chamler. Then
SaH () =Lw ")

exept for thoseweights, which havetype IV or 2 with (, ¥ + %5-(®)") = —p. In

the exeptional cases
SapH M( ) =L(w ", ) @Lw " 1)

whee ! € W, -, isin the closure of the type I alcovein the samebox with |, .
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4.3.2 Estimation of the Socle

Let us start with the exact sequence of G;B-modules
0—-2Z1(,) > Q) =M —0;

which induces the following exact sequence of G-modules

0—H M) B H ()= H(Q,)): (4.1)

Considering a G;B-filtration of M with subquotients of the form Z;(* ), we have,

for every dominant weight ©, the following
H {(M):L(C) < ;[H‘_l(l) (LO)Za() : La()]:

Now if we can prove H “%(M) = 0, then H ")(, ) will have the expected simple
socle for H W (). To see what the possible composition factors of H (M) are,

let us define the following

D7) ={* € X(T) | [Za(*) : La(, )] # 0O}:

These sets [Z1(, )] and D71(, ) can be calculated as in [16] and [26] in general.
Suppose L(°) is a composition factor of H ~1(M ). Then there is 1 € D~(, ) and
W € W with (W) = — 1 such that [Z;(*) : Ly(W. -®)][H ™ (,):L(°)] #0. In
our case, this happens only if there is a reflection S in a chamber wall such that

sw=Ww,ie.,
Za(*) s La((sw)r -©)NZa() s La()JH ™C) s Lwit o) £ 00 (42)

This is a necessary condition for L(°) to be a composition factor of H ~%(M). It
can be easily verified that the set of dominant weights © satisfying (4.2) for some

1 and s is empty if |V is far from the upper walls of the w-chamber.
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Next we will show that H ~}(M) = 0 by showing that all the possible compo-
sition factors of SocgH (M) are not in the socle of H (, ) whenever |V lies inside
the w1-chamber.

However by calculating the composition factors of H (, ), one can see that A
cannot be onto. Since H (Q1(, )) has simple socle L (w;* -, ) and H () is multi-
plicity free, L(W, - , ) cannot be a composition factor of H ~3(M ). Once again, by
taking a G1B-filtration for M with subquotients of the form Z;(* ) one can show

{°[[SocgH ~H(M): L(°)] #£0} C U {°llSogH ~(*) :L(°)] # 0};

tebi ()41 7,
provided H ~2(1) = 0 for all * € D~1(, ). However, this is true if , V is inside the
w-chamber for the group of type B,. Denote
)= U {°MSogH ') L) # 0} \ {w -, )
teDi ()41 7,

Next, we will calculate the set ®(, ) and show each weight in it cannot be the
highest weight of a composition factor of SocgH (, ). First one calculates the set
D~1(, ) and writes down the decomposition pattern of Z1(, ). Then one uses the
following rule : © isin ®(, ) i®s,w, -° isin thesetD ~(, ) andw,-° # , if H ~1(1)
hasthe expected simplesacle for each? € D~(, ) with 1V in an H ~!-chamler. By

\"

calculation we see that the set ®(, ) depends on , v and the facet type containing

(.
. In the following cases ®(, ) = 0:
1.,V isin either sgs—- or S-SgS—-chamber with (, ¥ 4+ %se )) < —2p;

2.,V is in either S-Sg- or SgS-Se-chamber with (, v 4+ %(s-®)") < —3p, or

(,V+Y%(®+ )V) =—2pand, is not in the alcove type IL.

For the rest of the ;| we list the weights in ®(, ) in the Table 5 when the condition

in the above rule is satisfied. Those , for which the condition is not confirmed will
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Table 5: Weights in the set ®(, )

W | SeS ;S SeS; (, ' +¥2Se( )")=—P | SeS ;S SeS; (, ' +¥25(®)")=—p
type w; - ®(, ) w; - @(, )

I (—1,1;]) (0,—1;LII), (—1,0:1)

11 (0,0:1) (0,0:1),(—1,0:1),(1,— 1;L,IT),(0,— 1:I)
111 (0,0;LIT), (—1,1:T) (0,0;LIT), (1,—1:1,1I)

IV (1,—1;1) (0,0;LILIII), (1,—1;I)

1 (0,0;5)

2 (0,0;4,6)

3 (—1, 1:6) (1,—1:6)

4 (0,06) (0,0;6)

5 (1,—1;5)

6 (0,—1:6)

be discussed in 4.5.2. Here we use the the notation in 3.2.2. We use I, II, III and
IV to denote the four alcove types.
If , is in the alcove of type IT with (,V 4+ %5 (®)Y) = —2p in the S-Sg- or

SeS~Se-chamber, there is only one weight (0,0;I) in the set w, - ®(, ).

4.3.3 Weights of the First Kind

Let , and w € W as in Table 5. Let © € S be a simple root such that
0O<np< (s, +%°Y) < (n+1)p. Then necessarily “(s.-w) = “(w) — 1. We
consider the exact sequence 0 — H ~3(C-(,)) = H (,) — H ~%(s -, ), where the

character of H ~1(C- (, )) can be calculated in each individual case.

1. If s -, has standard vanishing, then chH ~(C-(,)) = (—1) 7*A(C-(,));

70



2. If, has standard vanishing, then chH ~1(C-(, )) = (=1) “*A(C- (, ))+chH (s
2 )
3. If both , and & -, have extra cohomology, and (, ¥ + %{2®+ )¥) = —p or

(,V+%(®+ ")) = —p, chH ~1(C-(,)) will be calculated individually. This

happens only in three alcoves in the H2-chambers.

Now the weights in ®(, ) can be divided into two kinds. The first kind consists
of those weights in ®(, ) which are the highest weights of composition factors in the
image of H (,) — H ~Y(s -, ) and are marked with “s” alone in Figures 4.6-4.6
on pages 86-89. The second kind are those weights in ®(, ) as the highest weights
of composition factors in H ~*(C- (, )) and are marked with “cs”. If the set of the
first kind of weights is not empty and H (s -, ) has standard simple socle which
is marked by “0” (or “0s” if this weight is in ®(, )), the only possible factor with
highest weight of first kind in the socle of H (, ) is the socle of H ~X(sg - , ).

If the weight “0” (instead of “0Os”) appears in the picture, then all the weights

of the first kind in ®(, ) are not the highest weights of socle factors of H (, ).

4.3.4 Andersen’s Character Formula

To consider the weights of the second type in ®(, ), we have to study the module

structure of H (C- (, )). The following theorem generalizes Andersen’s result [6].

Theorem (Andersen) Let® € X (T);° e SwithO< np< (°®+%°Y)< (n+1)p
and! =s -° +np°. Supmsethat both © and* are in the samechamler (say
w-chamler) ands -°;s -1, °© and ! havestandad vanishing. Then there is an
intertwining homomorphismA: H (°) — H (1) with

ch(ImA) = (1) A(s -° 4+ip°) =chH (C-(°))

O<ip< O+ vaie- )
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Further if H (1) has a standad simple sacle, then the map A is unique up to a

salar multiplication.

Proof If one looks at Andersen’s proof of 2.5 and 4.2 in [6], one will find that the
generic condition is not necessary. What he used there is the standard vanishing
property. The uniqueness is a consequence of the simplicity of SoczH (). §

Now let us return to our calculation. It follows from 1.6 that
0—HH(1) = HH(C () = H 3 +np?) = H(1):

Since in this case we assume , and S -, both have standard vanishing, the exact

sequence in 4.3.3 reduces to
0—H HC()—=H()=H s ,)=HYC() —~0

Further we assume both | +np°® and S - (, + nNp°) have standard vanishing and
H ~1(, + np°) has a standard simple socle. Then by Andersen’s theorem, the

composite A

A:H Xs )=HXC())—=H +np°)

is the unique nonzero intertwining map with ch(ImA) = chH ~*(C- (, )). This forces

H ~1(1) = 0. So we have proved

Corollary If °;1 are asin the theorem and satisfy all the conditions stated there,

thenH ~1(C. (°)) hasthe samesimple sccle asH ~1(° + np°) dees.

Using this corollary we can conclude that no weight of the second kind in ®(, )
could be the highest weight of a socle factor of H (,). In Figures 4.6-4.6 on
pages 86-89 we use “c0” in the alcove to indicate the simple socle of H ~1(C. (, ))

which is expected to be the socle of H (, ) and excluded from ®(, ).
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Note that the above conditions on , are not satisfied in several cases (we will
work that out later on). Figures 4.6-4.6 on pages 86-89 indicate, in each individual
case, the highest weights of composition factors of H ~1(C- (, )) in the alcoves with
“c” and the weights in ®(, ) in the alcoves with “s”. The alcove with “0Oc” con-
tain the highest weight of the socle of H ~(C-(,)). An alcove with“0s” (or “0”)
indicates the highest weight of the socle of H ~Y(s - ) if it has a standard simple

socle.

4.4 ) in H?-chambers

Since Andersen has shown that all H?! have the expected simple socle, we start

inductively with the H2-chambers.

4.4.1 .V in the SgS—-chamber

We know that H1(Sg -, ) is either zero or has the expected simple socle. From

Theorem 4.3.3 and Figures 4.6-4.6, we get the following:

(A) If , is of type T or IV, [SocdH (s -, )] N ®(, ) = 0 since there is no weight of
second kind in ®(, ) and [SocgH(se -, )] N ®(, ) = 0.

(B) [SoctH?(,)]N®(,) =0 if, is of type IT with , v # (=5;4); (—4;3); (—3;2) as

there is no weight of first kind in ®(, ) and the Corollary 4.3.4 applies.

(C) [SocgH?(,)] N ®(,) C [SocgH(sg -, )] if , is of type III or 3 with ,V #
(—4;3); (—3;2):

(D) For the p-singular weights of type 2, 4 and 7 we have H?(,) &2 Hl(sg - , )

which gives the expected simple socle.
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(E) For the p-singular weights of type 1, 5 and 6 we have ®(, ) = .

In order to deal with (C), we prove that [SocgH?(, )] N [SocgH(se -, )] = 0 if
, is of type IIT or 3 (for , vV = (—3;2) we have the expected simple socle in 4.2.4).
In fact s- -, has standard vanishing. In the exact sequence

0—HAC(,)) = H¥(s ) B HA();
the character of ImA; can be calculated through the character of H2(C-(,)) as
follows:

chH?(C-(, ) = A(C-(, ) + chH3(, );
ch(ImAy) = A(, ) — A(C-(, )) — chH?(, )

Now suppose [SocgH?(, )] N [SocgH(se -, )] # 0. Let E C SocgH?(,) be a
submodule such that E = L((seS™);*-,)®L((S ) - (Se-,)). It follows from
the character of ImA; that E is a subquotient of H3(s- -, ). Further we have the

character

ch(TmAz) = A(, ) — A(Ce(s -, ))

for the map H*(sgs -, ) A h 3(s--, ). It turns out from the calculation of character
that E is a subquotient of H*(sgs~ -, ). Therefore E* is a subquotient of H(, )
by Serre duality.

Using Andersen’s Theorem we get the map HO(, o) A3 HO((s-), -, 0) with
ch(ImAg) = chH(C-(, ¢)). It can be shown in the same way that E* is a sub-
quotient of H%((s). -, 0). On the other hand, H%((s-). - , o) has a submodule
which has the same composition factors as E* and a simple socle. The multiplicity
free property of H says that this submodule has to be isomorphic to E*, but this

contradicts the semisimplicity of E.
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Finally let us consider the exceptional cases in (B) and (C). Let us start with

SocgH1(Ce(, )) for , of type II and ,¥ = (—5;4). One knows chH!(Cg(,)) =

5

—A(Cg(, ) + chH?(sg -, ). From the exact sequences of B-modules in 1.6 we get

the following exact sequences of G-modules
0—HY(I)—HYCal,)) — H, +5p®);
0—HY1) — H(lo) = H*(, +p®):
Inductively one can get the following
[SocsH*(Ca(, )] 2(,) S ([SocgH*(, +4p®)] U[SocgH (, +5p®)]) () 2(, )

Then calculation shows that the right side is empty, therefore H1(M ) = 0. For the
rest of the exceptional weights listed in (B) and (C) one can see that H°(1) = 0

for all weights 1 of Cg(, ). Hence similar argument shows that

[SocgH*(Ce(, )] € U[SoccH(, +ip®)]:

i

As SocgH?(, +ip®) is known for each i, one can see that its highest weight is not
in the set ®(, ). Therefore we have proved that SocgH?(, ) = L((SeS"); -, ), if ,"

is in the SgS—-chamber.

4.4.2 .V in the S-Sg-chamber

The argument is similar to the one for the SgS—-chamber. First using Theo-

rem 4.3.3 we can get
[SocgHZ(, )] N ®(, ) C [SogHH(C(,)) N (, );
for all the types except type II and 5 where

®(,) N [SocgH (s~ -, )]

{(Se)r - (s7-, )}
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Suppose in these two cases L((Sg)r - (S~ -, )) is in the socle of H2(,). We can
use the exactly same argument as in the case (C) in the SpS—-chamber by assum-
ing a semisimple submodule consisting of two composition factors of H?(, ) such
that its dual turns out to be a submodule of H%((Sg). - ,0). This contradicts
the fact that H? has a simple socle. Next we use Andersen’s Theorem to get
[SocgHY(C-(, ))]N®(, ) = 0 for all , except type IV and 2 with any upper vertex
as in Table 5 and type II, III and 3 with , ¥ = (3; —2).

If , is of the type II, III or 3 with ,V = (3; —2), one can see that H%(* ) = 0 for

all weights * of C-(, ). So inductively one gets

SocgHY(C-(, )] € UlSocgH™(, +ip7)] A HAC-(,);

i=1
where np < (s- -, +%; V) < (n+ 1)p. As we know the socles of all H, the

calculation of characters shows that
[HY(C-(, )N [SoccH*(, +ip )IN®(,) =0

for1 <i <n.
Now let us consider the types IV and 2. Unfortunately these cases happen to
be the exceptional cases such that the SocgH?(, ) has two composition factors.
Consider the following exact sequences induced from a filtration of C-(, ) as in
1.6,
0—=HY1) = HYC-(,)) = H*(, +np® — H(I) — 0; (4.3)
0—H%lo) = HY(, +p ) = HYI) = Ho): (4.4)
Proposition 1.6 shows that lg = C-(, +p ). As, +p is in the S—-chamber
and s - (, +p ) has standard vanishing, the exact sequences in 1.6 associated to

(, +p; ) show HY(C-(, +p )) = 0. Further we get the exact sequence

0—H o) = H', +p ) = Hs - (, +p7)) = H(lo): (4.5)
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Therefore H(l ) is a submodule of HO(s--(, +p )) from the exact sequences (4.4)
and (4.5).

Next we show that HY(I) # 0. Then SocgH(l) = L(s--(, +p )) and
SocgHY(C~(,)) contains the factor L(s--(, +p )). On the other hand, it fol-
lows from the exact sequence (4.3) that H(C~(,)) has at most two composition
factors in its socle.

In fact H%(lg) # HY(, + p ) as all of the highest weights of the composition
factors of HO(1) are strictly lower than s (, +p ). This shows that H(I) # 0
and therefore H2(, ) has at least two composition factors in its socle. From the

inclusion
[SocgH*(M)] C [SocgHH(C-(, )] N®(, ) ={s(, +P )}

[SocgH?(, )] € [SocgH (M) U {(s-8e); " -, };
we can conclude that H2(, ) has exactly two composition factors in its socle.

Remark These exceptions can be predicted from the Andersen filtration since
these two composition factors do not extend and one is the only factor in the layer

4 (or 3) but the other one is in the layer 3 (or 2).

4.5 )Y in H3-chambers

4.5.1 ,V in the S—SgS—-chamber

First let us suppose , ¥ # (1; —2). Then ®(, ) is defined and can be computed

as before. Using Theorem 4.3.3 we get

[SocgH3(, )] N@(, ) € [SocgH*(C-(, )] N D(, )
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except , is of type II. In fact, though we have no information on the socle of
H2(s--,) for , to be of type IV or 2, ®(, ) has no weight of the first kind.
Next we consider the socle of H2(C-(, )). It follows from Andersen’s Theorem

that
[SocgH?(C-(,))] = [SocgH?(, +np7)];
where [SocgH?(, +np )]N®(,) =D if ¥ # (2;-3). So [SogH?(,)IN®(,) =0
and H2(M) = 0.
For ,V = (2; —3), we only need to consider type II, III, IV and 3. As H'(*) =0

for all weights * of C-(, ) and i < 2, it can be shown by induction that

[SocgH*( C UISocgH?(, +ip)] = [SocgH?(, +3p7)];

since H2(, +ip~ ) = 0 if i < 3. On the other hand, [SocgH?(, +3p )]N®(, ) = 0.
So we are done in this case.

For , Y = (1; —2) we have to verify the condition in 4.3.2 for the definition of
®(,). Lett € D71(, )+ with [H2(2)]NH3(, ) # 0. It turns out that H?(?) has the
expected simple socle. Therefore our calculation in 4.3.2 works in this case (one
has to consider the vanishing property).

Via calculation one can see that ®(, ) = () for , of type IV and 3 and that ®(, )
has one weight less than usual for | of type III. Applying the theorems in 4.3.3 and
4.3.4 we get

[SocgH>(,)IN@(,) S HA(C-(, )] Na(, );

[SocgH*(C-(,))] € [SocgH*(, +2p7)]:

Once again we have [SocgH?(, +2p )N ®(, ) = 0 via calculation and we finish the

proof in this chamber.
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4.5.2 .V in the SgS—Se-chamber

In this chamber, for | in the alcove of type II with (| vV + %5 (®")) = 2p,
®(, ) has only one weight which is in [H?(Cg(, ))]. Andersen’s Theorem applies if
LV A (=451). If )V = (—4; 1), then [SocgH?(Ce(, ))] € [SocgH?(, + 4p®)]. But the
right side does not intersect ®(, ).

Let us first assume | ¥ # (—3; 1). So the calculation in 4.3.2 does work for ®(, ).
Once again we get [SocgH3(, )]N®(,) C [SocgH?(Ce(, ))]N®(, ) from Theorem
4.3.3 for all types except the type IV where H?(Sg -, ) does not have the expected
simple socle. For type 2, H3(, ) 2 H?(Sg - , ) which has two factors in its socle.

As usual we consider the socle of H2(Cg(, )). Now suppose , is not of type
IV. The conditions of Andersen’s Theorem are satisfied and SocgH?(Cg(, )) =
SocgH?2(, + np®). Its highest weight is not in ®(, ). So we can conclude that
H?3(, ) has the expected simple socle in this case.

Next let us consider the box with upper vertex (—3;1). For the types except
type I, IT and 6, the argument in 4.3.2 does work and the set ®(, ) can be calculated.
However for the three exceptional types we define

o )= U MHXOINHAOIN\{w -,k
teDi I, )+
Here W = SgS-Se. The sets ®(, ) in this box are calculated and shown in Table 6.
Here the set ®(, ) is empty for types 3, 5 and 7 while for the types 2 and 4 we are
already done.

First let us consider the socle of H2(Cg(, )) from the exact sequence
0— H2(1) — H*Cel, ) — H*(, + 3p®:

Since both weights of Cg(, ) have standard vanishing in the H® and H*# chambers
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Table 6: The set O(, )

type | Wy - ®(, ) wr - [H?(Ce(, )]
I | (—1,05I) 0
| (0,0:0),(—1,0:LILIIL) | (0,0:LIT),(—1,0;ILIIT)
I | (0,0:11) (0,0:ILI1T),(—1,0;L,ILIIT), (—2,0;1)
IV | (0,0; LILII) (0,0:LITLIV),(—1,0:LILITT), (—2,0:1)
1 <07075> (070;1>7(_170;5>
6 (_170;3) (070a6>
respectively, we have H2(l ) = 0 and
H?(Ca(.)) S H?(, +3p®): (4.6)

The character of H2(Cg(, )) can be calculated in all types. As the socle of H?(, +
3p®) is known and the highest weights of its factors are not in ®(, ) except the type
IV (we exclude the type 2 and 4 from the argument), then [SocgH?(Ce(, ))]N®(, ) =
0.

On the other hand, we will show [SocgH3(, )]N®(, ) C [SocgH?(Ce(, ))]N®(, ),
therefore the proof for this box will be finished.

In fact, for | of the type I or II, ®(, ) does not contain the highest weight of the

simple socle of H2(Sg -, ) and for the type III, ®(, ) does not contain any weight of
the first kind.

If |, has type 6, we have the isomorphisms

HOw1.,) has three composition factors and has Loewy length three with head

L(w, 1., )*. So that H3(,) has the expected simple socle.

80



If | isof type 1, S—-, is in the Wp-chamber with upper vertex inside the chamber.
Jantzen [22] has proved that H4(s- -, ) has the expected simple socle. So we finish
the proof for this type via the isomorphism H3(, ) 2 H4(s-- ).

Now let us consider the type IV with (, Y + ¥25¥) = —p in this chamber (not
necessarily in this box). Let * be a weight of type 1 in the upper closure of this
alcove. As ®(, ) has only one weight © of the first kind, and T’1 (SocgH3(,)) C
SocgH3(*) and T’lL(O) = L(°) # 0. L(°') will be in socle of H3(*) if L(°)
is in the socle of H3(, ). Nevertheless, H3(*) has a simple socle which is not
L(°"). This shows [H3(,)]N®(,) C [H2(Ce(, ))]N®(,). Therefore SocgH3(,) =
SocgH?(Cel, ))-

Next we use the induction on n with , ¥ = (—2n—1;n) to show that H?(Cg(, ))
has the same socle as H?(, + (2n + 1)p®) has. If n=1, we can get this from (4.6)
via calculating the character of H?(Cg(, )). Now suppose n > 1 and consider the

exact sequences induced in 1.6
0 — HZ(1) = H*(Ca(, )) — H2(, +(2n+1)p®) — H(1) = 0;
0 — HZ(1) = H*(Cal, +p@) & H¥(, +pOH?(1) == 0;
0 — H%(Ce(, +p®) — H3(, +p® — H*se-(, +p®) — H*(Ce(, +p®) — 0:

By the induction assumption SocgH?(Ce(, + p®) = SocgH3(, + p®) has two
composition factors. So H?(1) = 0 and SocgH?(Ce(, )) = SocgH?(, + (2n + 1)p®)
via the character calculation. This shows that H3(, ) and H?(, + (2n + 1)p®) have

the same socle.
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4.6 The Socle Series of Higher Cohomology

As we know the socle series of all H? and all H, we now use the method
developed in 4.1 to calculate the socle series for higher cohomology. If | o is generic
in the dominant chamber, the socle series of H ) (w - ¢) can be calculated from
the socle series of some H%(1) (see Lin [26] for details).

Let , = w; -, o be a weight with ,V in the w-chamber. Let ° € S be such

that *(sew) = “(W) — 1 and denote = = *(w). Then we have H ~(,) = 0 and

H ~2(s. -, ) = 0. From 1.6 we have the following exact sequences
0= HHC()=H () SH s -,);

0—H 1) —=HC()) —H( +np°):

Suppose H ~(1') = 0. Further we assume the socle series of H ~1(, + np°) and
H ~(s- -, ) can be calculated via the algorithm in 4.3.1. Then the socle series
of H 71(C-(,)) and Im(A) can be computed. Further, by checking the extension
condition in Theorem 4.1.2, we can get the socle series of H (, ).

In fact, in the argument for finding socles we have shown H ~%(1) = 0 for all
such , except the type IV and 2 in the s-Sg-chamber. However H1(l) can be
calculated in the exceptional cases to be simple and in the socle of HY(C-(, )). So

the socle series of H(C~(, )) can be calculated as well in the exceptional situations.

Theorem Let, beaweightsuchthat , " is in the w-chamler and ° be a simpleroot
suchthat *(s-w) = *(w) — 1. If the sccle seriesof H ~(, +np°) andH ~(s- - )
can be calculated via the algorithm in 4.3.1, then the sacle seriesof H (, ) can also
be calculated via the algorithm in 4.3.1, with the exeption of type IV and 2 in the

S-se-chamler of vertex (2n + 1; —n).
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Proof The proof is based on checking the extension condition in Proposition 4.1.2
since H (,) and H ~}(C- (, )) have the same socle. The extension between simple
factors can be easily seen from the second socle layer of H%’s. Here in Figure 19-22
on pages 90-93 we list the socle series of H ~1(C- (, )) and E = Im(A) for , far away
from chamber walls. However for , close to a chamber wall, all the modules here
involve fewer composition factors and they have less chance to extend one another.
Actually, one can verify the extension condition in Proposition 4.1.2 case by case.

In the exceptional cases, one can check that the extension condition is true as well.

Remark By using this theorem and induction on " (W) one can get the socle
series for H ™) (w; -, o) with , ¢ dominant except for the following cases, where the

condition of this theorem is not clear.
(A) , o is of type III, IV and 3 with W = SgS-Se and , § = (1;n);
(B) , o is of type IV with w = s-Sgs- and , § = (n; 1);

(C) ,ois of type II, III, IV, 1, 2 and 3 with W = wp and , ¢ in restricted box.
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Oc| Oe
Oc| Oe 1c| 1le
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alcove type III alcove type IV
Figure 13: | in the Sg-chamber

84
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alcove type II1

Figure 14:

5

alcove type IV

in the s—-chamber
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5 0
0
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c c c|c
c c
c c
c
s c c
cO
c0 i CS i
Alcove type |l in the box Alcove Type Il in the box
5 0
50 c|c
c|c
c c c cO| ¢
c c 0 c c|c
c c c
c co| ¢ c c
cs c
s, cs A
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Alcove Type 1l in the box

Alcove type IV in the box

Figure 15: The set ®(, ) in the s-SgS--chamber
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0
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S S
S c cO

cO S c cs S

c cs

S

Alcove type |l in the box Alcove Type Il in the box
5 0
c|c
Cs Cc , 0
cO| c c c c
cs cO| ¢
cs c|C cs| c c

cs s c
cs cs c|c

c

c cs

Alcove Type 1l in the box Alcove type IV in the box

Figure 16: The set ®(, ) in the SgS-Se-chamber
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5 0
0
0
c c c|c
c c
c c
c
s c c
cO
c0 i CS i
Alcove type |l in the box Alcove Type Il in the box
5 0
50 c|c
c|c
c c c cO| ¢
c c 0 c c|c
c c c
c co| ¢ c c
cs c
s, cs A
CS i

Alcove Type 1l in the box

Alcove type IV in the box

Figure 17: The set ®(, ) in the s-SgS—-chamber
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0 0
0
0
clc c c
S S
S c cO

cO S c cs S

c cs

S

Alcove type |l in the box Alcove Type Il in the box
5 0
c|c
Cs Cc , 0
cO| c c c c
cs cO| ¢
cs c|C cs| c c

cs s c
cs cs c|c

c

c cs

Alcove Type 1l in the box Alcove type IV in the box

Figure 18: The set ®(, ) in the SgS-Se-chamber
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Figure 19:

5

alcove type IV

in the sgs—-chamber
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le 1c| 1le 2e 2c| 2e
2c 3e 2e
1c 1c 2e le
3c
2c 3c
alcove type | alcove type 11
Oe le
Oe le le 2¢e
Oc| 1c Oc 1c| le
1c| 2c 2¢e 1c 2c| 2e 3¢ 2e
2C 3c| 2¢ 1c 2e
1c 2c| 1c 2C 3c| 2¢
1c 1c 2c
2C 2c 3e 2e
2C
1c 2C

alcove type 111

Figure 20:

5

alcove type IV

in the s-sg-chamber
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3¢ 2e
3¢ 2e 2¢e| 1le
2e le le Og| 1e
3c| 2c 2¢e 3c 2c| 2e le| 2e
2c 1c| 1le 2e 2e
2e 2c| 2e le 1c| 1le
1c Oe le
2c 2c le 2e
Oc
1c Oc
alcove type | alcove type 11
3e 2¢e
3e 2¢e 2e le
3c| 2¢ 3c 2c| 2e
2c| 1c le 2C 1c| le Oe| 1e
1c Oc| 1c 2C le
2C 1c| 2c 1c Oc| 1c
2C 2c 1c
1c 1c Oe le
1c
2C 1c

alcove type 111

Figure 21:

5

alcove type IV

in the s-sgS—-chamber
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le| 2e
le| 2e 1c| 2c
2e 3e 2c 3c| 3e
Og| 1e 2¢e Oe Oc| 1c 2c| 2e
le 1c| 2¢ 1c 2e
2e le| 2e 2c 1c| 2¢
2e 3c 2c
Oc le 2C 1c
2c
2e 2c
alcove type | alcove type 11
le 2¢e
le 2¢e 1c 2c
Oe 1le Oe Oc| 1c
le| 2e 3e le 1c| 2c 3c| 3e
1c 2c| 2e le 2c
le 2¢e| le 1c 2c| 1c
Oc le 1c
1c 2e 3c 2c
1c
le 1c

alcove type 111

Figure 22:

5

alcove type IV

in the sgs-Sg-chamber
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Chapter 5

The Fil tra tions of Cohomology

Humphreys [17] conjectured a filtration for each H'(w - | o) with , ¢ dominant
and in the bottom p?-alcove. These filtrations should satisfy a certain sum formula.
Andersen [3] constructed a filtration for each H'(w - | ¢) which generically satisfies
the sum formula. But for nongeneric weights the filtrations get more complicated.
In this chapter we will construct a filtration for all nonvanishing cohomology from
the socle series of Z;(W -, o) and the known facts about the socle series of the

cohomology in 4.6 and study certain of its properties.

5.1 Construction of the Filtrations

As all the composition factors of H' (W - , ¢) have multiplicity one in our case,
the filtration will be uniquely determined by its composition factors provided the

submodules exist.
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5.1.1 The Filtration Pattern

Let us start with the socle filtration pattern of Z1(, ) (, = W-, o) as G1T-module.

We fix w € W and , . Define the socle filtration pattern of Z1(, ) by

S[Z1(, )] = {(* Jim) | [Sog\3Za(, )=S0, 1 Za(, ) : La(* )] = m}:

Let m(%; j) = mif (% j;m) € S[Z1(,)]. As we know that Z;(, ) has the Loewy

length #R* —"(, )+ 1, we define N (, ) = #R" —(, ) (see Section 3.1 for definition

of °(,)). For® € X4 and i > 0, define
X ©Oh)={Ww;1) [t eX;weWw -1 =°andi—-1<"(W)<i+1}:

In the rest of this section we will show that H'(, ) has a submodule H'(, )/ with

decomposition pattern
D(H'(, ) ={(imi (%)) |° € Xu:ini(%;)) € N};

where
N( )i

k=0

Remark This formulation works only for the group of type B,. As long as we

prove the existence of the submodule H'(, )/, we will have a filtration for H'(,)

H()=H'()DHI()D--DH()NO DHI( VO =

5.1.2 Serre Duality

To show the existence of the submodules H'(, )}/, we study the effect of Serre

duality on filtrations. By the dual filtration of a filtration
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of length t we mean the filtration of M * defined by
(M) = Ker(M* — (M1)"):
Let M =H'(, ). Then H'(, )* = HN=T(wp -, *).
Proposition If the Ttr ations de ned in 5.1.1 exist, then
HIN (o -, PN = Ker(H™ (o, *) — (HI(,))")
forall 0 <j <N(,)+1.
Proof It suffices to show
ch(H™ " (wo -, )N ) = ch(H" " (wo -, *)) — (ch(H'(, })))";

since L(°)* =L(°*). In Lin [26] 3.6, it is proved that

R[Z1(,)]" = (Wo)r - S[Za(Wo -, *)I:

On the other hand, our calculation of the socle series of H'(, ) shows that all H'(, )
are rigid in the generic situation. Therefore Lin [26] 4.7 and translation invariance
show that Z;(, ) isrigid for all | . Hence (% j;m) € R[Z4(, )] ifand only if (*; N(, )—
j;m) € S[Z4(, )]. Specially in the definition of n;(°;j), (% k;ym(%; k)) € S[Z4(, )]
is equivalent to ((Wo)r - **;N(,) — kim(% k) € S[Zi(wp -, ¥)], i.e., m (% k) =
Mo, = (Wo): 1N () — k).

One can easily show that w, -1 = © if and only if (Wow), - ((Wp), - 1*) = °*.
Alsoi =1 < (w) <i+1lifand only if N —i —1 < (wow) <N —i+ 1. Thus we

have proved

Xuwo-,=(° N = i) = {(Wow'; (Wo)r - *7) [ (W*) € X (°1)}:
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Now combining the above arguments we get

N(, )] *
N (%) = ( > =)™ m (y k))

(WOL)EX A (%)

— Z (—]_)\(WO)_N_HmWo.,“((\NO)r'1*;N(’)_k)
k=0 \(WOW)1®)EX yna(®®N—i)

+

= > (—1) =N ="Dmy, (3 k)

k=j (WO;l)EX uro‘t)\n (OU;N _I)

P4
~
-

Hence by the definition of the filtration pattern in 5.1.1, we get
D((H'(, ))") +D(H" "(wo -, N0 =DHN"(wo -, *)):

This proves the proposition. |

5.1.3 Existence of H'(, )l

Using Proposition 5.1.2, we only need to show that either H'(, ) or HN =" (wp-, *)
has the required filtration. For | ¢ in the general position we only need to verify
this for w = 1;Sg; S~ and SeS-. However for , g close to a chamber wall we once
again need some ad hoc argument.

Let W = 1;Sg or S-. One can set Socy V7 THO(,) = HO(, ). As we have
described in 4.3.1, the socle series in these cases are calculated exactly from the
way of defining H ) (, }. However when , is close to a chamber wall, H ")( ) has
a smaller Loewy length. It happens that H ") (, ) is identically the same when |
is “small”. In the H2-chamber this turns out to be a little complicated since the
“0” subquotient will not necessarily occur for small | though , may have standard
vanishing and H ") (, ) may have the standard simple socle.

We still assume , is in an Hl-chamber. If H2(,) # 0, we can see from the

argument in 4.2 that the socle series pattern of H?2(, ) is obtained by shifting the
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Table 7: Special Case for Filtration

(Wo -, ) Type

(2,—1) 11, 1V, 2, 3, 4
(3,—1) IIL 111, 4, 5, 6

(4, —2) |11 1V, 2, 3, 4, 5, 6, 7
(3, —2) IV, 2

(5, —3) IV, 2

layer numbers, which are got in the cancellation process from the generic Andresen
filtration patterns and which are the same as those defined in 5.1.1. So the existence
of the filtration in this situation is clear.

Now let us consider the H?-chamber. Let W = Sgs-. We have shown in Chapter
4 that the socle series of H?(, ) is calculated from the socle series of Z;(, ) if , ¥ is in
the W-chamber. So the filtration can be formulated via H2(, ) = Soca )’ TH?2(, ).
For the extra cohomology in this chamber the existence of the submodule H'(, )’
is clear as we have known their submodule structure in 4.2. However if |V is on
the 2@+ wall or in the Sg-chamber we have to consider Wp -, * ( in our case
,*=). The socle series of HN = (wpg - , *) can also be calculated in the same way.
The situations listed in Table 7 turn out to be undecided so far.

For Wp -, * to be ( 3,—-2;IV,2) or (5,—3;IV,2), the socle series of H?(Wp - , *) has
been calculated in Chapter 4 which is different from the one as we calculated in
5.1.1 since there are two factors in its socle. However, Extg(L1;L,) = 0 for each
factor L, in the second socle layer and for the unexpected factor L in the socle.
Hence modifying the socle filtration (i.e. moving L; from “0” to “1”) we can get

the expected filtration for H2(wp -, *).
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In order to deal with the rest of the cases we state the following modified version

of Proposition 4.1.2.

Proposition Let0 — M — E — Q — 0 be an exact sequene of G-modules.

SupmseM and Q have Ttr ations

0=M°CMIC...CM'=M;

0=Q°CQ'C---CQ=Q:
If Extg(L1;L2) =0 wheneverlQ=Q1:L,]#0and[M=M':L,] #0 foralli >0,
then E hasa Ttration 0 = E° CE! C ... CE" = E with i = max{r;s+ 1} and

EM=E =M"*1=aM' ¢ Q'=Q ! for all i > 0.

Let * =wp-,* If*Y = (4;,-2), C-(*) has two weights * +p and * +2p
and the character of H*(C-(1)) can be calculated. Using this proposition and the

following exact sequences
0= HY(C (1) = H2() = Hi(s - 2);

0— Hl(1 +p)— Hl(C*(l ) — Hl(l +2p ) —0;
we can get a filtration for H1(C-(1)) and then a filtration for H?(*) which turns
out to be the Loewy filtration and the same as we expected.
For the rest of the cases we use similar arguments. In those situations, C-(1)

has either one weight or none and the computation will be much easier. So we can

conclude

Theorem The Ttr ation expected in 5.1.1 existsand it is a Loewy Ttr ation (up to

canceling the zero sulguotients).
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5.2 Translation Principle on Filtrations

Let , be a weight in a facet F and * € F. We know T’1 Hi(,) =H'(*). In this

section we discuss how the translation functor will affect the filtrations.

5.2.1 Upper Closure Invariance

For a facet F, by F we mean the upper closure of F.
Lemma Let, ¢ F and! € F. Then
1.w, -F=w, -F for all we W;

2.1f ;1 eX,, thenT L(,) =L(*)if andonly if T Ly(w -,) = Ly(w -1)

for all w e W.

Proof We know the action of w,- on X ® R is not continuous as we can see
W, -F =W, - F is not true in general. However it follows from the definitions of X 4
and the upper closure of a facet F that any two elements in F have the same 1-part
(with respect to the decomposition , =, %+ p, ). Therefore w;- : F—ow - Fis

a translation by an element of pZR. Thus the first part follows. The second part

follows from the first part and the translation principle. |

5.2.2 (alculation of Distance

Recall that we have defined in section 3.3.1, for a weight ,, A(, ) to be the

unique alcove containing , in its upper closure.
Lemma LetF beafacet,, € F and? € F. Then

NG)=NE) —dA®)AL)) =#{®cRIN\RT | (| +%0@") < (* +%@®")}:
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Proof As?! € F, we have R CR: and therefore R’+ C RY. Thus
NG )= N() = (N - #R") — (N - #RT) = #(R* \RY):
Now it suffices to prove
d(AC*);A()) =#H{®eRI\RT | (, +%@") > (* +%0")}:

To prove this we introduce some notation. For a weight , we define the integer ng
for each positive root ® such that (, + ¥2®") = ngp + de with 0 < dg < p. Thus

®c Rj’ if and only if dg = 0. The alcove A(, ) can be described as

NeP < (X +%®") < (ng+ 1)p; V®€ R* \ R";
A()=¢xeX®R

(n-—1)p< (x+% V)< n-p;V €R”

As . € F, F can also be described by

- NP < (X +%@") < (np+ 1)p; @€ R* \ R
F={xeX®R

(X+%; V) =n-p;V €R":

Now ! € F implies RT C R{ and ng = ng for all ® € R* except those
roots ® € RY \ R" with (, +%®) < (* +%®"). For those exceptional roots ®,

Ng = N + 1. Now the distance d(A(2 ); A(, )) can be calculated to be

( > N+ Z(n’1)>( >, N+ Z(nll))

®cR+\RT T€eRY ®ERHT\R TeR)
1
®cR\RY

— H{®e R \R" | (, +%0")> (1 +%@)}:

Hence the Lemma is proved. |
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5.2.3 Translation of the Filtrations

Now we can state and prove the theorem on the translation of the filtrations.
Theorem Let F be a facet with , € F and,’ € F. Then

THI( ) = HI(, ) - O-NCO-dAC DAL
Proof It follows from Corollary (B) in 3.3.1 that
T OSOC(thzl(, ) = Socé#(A(’ OA( ))Zl(, :

In other words, by using the notation of the definition of the filtrations and trans-
lation principle, this means
m (5 k) ift’eF(*)
mo(* ik —d(A(, ) A(,))) = (5.1)

0 otherwise.

Here F(*) is the unique facet containing the weight * € W, -, while 1’ is the
unique weight in Wy, - ' NF(%).

Let © € Wp-, NX, and °" € W, -,'NF((°). If° ¢ F(©), then the map
(W;t) — (W;1') is a bijection between X (°;i) and X o(°’;i) for all i. In fact,
W - % €W, -0 for all w € W since Sg-° =° — (°! + %®")p® for all root ®. For

each (W;1) € X (°;i), 1 = (w')~%-°. Therefore 1’ = (W)~!-° by Lemma 5.2.1.

A

Now assume °’ € F(°). Using (5.1) and the above bijection one can check
_ N( 9 o ¥
neen(©i) = (=1) 77 m_ o1 k)
k=0 (WO 9 eX ,o(° %)
N( -]

= Z( > (—1)‘(WO)im,(lik+d(A(,’);A(,))))

k=0 (WO )eX A (°5i)
N(9—j+dA( ALY

= > ( > (-p™m k)):
k=dACOAG)  \WoH)EZy(°5)
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Since T-°Soc§ 1Z1(,) = 0 if k < d(A(,");A(,)), we have m_(w-°;k) = 0 for

all W € W. Thus we have proved
Neen(®55) =N @i +(NG) =N —dAG ) AG)));
or equivalently
[H i (, )J L(®)=H i (, ’)j —(NG)=NGY—dAC AL - L(ol)]:

Now the theorem follows from the translation principle. |

5.3 Intertwining Homomorphisms

Let ® € S and (, +%®") > 0. In [4], Andersen defined an intertwining
homomorphism A: H™*! (sg-, ) — H(, ) for all i from the exact sequences in 1.6.
In this section we show that the filtrations defined in 5.1.1 are consistent with the

intertwining homomorphisms, i.e.,
AH™ (sg-,)) CH'(, )™

We start with the nonzero intertwining homomorphisms A and calculate the
characters of their images. Let ® € Sand , =w -, o with , o € X4 and w € W be

fixed and ~ = " (w).

(1) If both , and Sg-, have standard vanishing, we only need to consider i = ".

In this case

ch(ImA) = (-1) (A(,) — A(Ce(,))):

(2) Se-, hasstandard vanishing but , does not.
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(A) , has a lower extra nonvanishing cohomology, i.e., H ~(, ) # 0. In this case

we have an exact sequence

0—H )= H (Cal,)) = H (s, ) BH () = H (Cal,)) — 0:

As chH (Cg(, )) = (=1) A(Cg(, )); the character of the image of A can be formu-

lated as

ch(ImA) = (=1) ™ (A(, ) = ch(A(Ce(, )))) +H ~*(, ):

(B) , has a higher extra nonvanishing cohomology, i.e., H *(, ) # 0. The exact

sequence is of the following form:

0—H (Cal.)) = H ™ (sa-,) BH ()= H " (Val,)) = 0;

5 5

HYH() = H 3 (Cal, ) 0= H " (Cal, ) = H ™ (Va(, ) — H (Cal, ) — 0
So the character of ImA can be derived to be
ch(ImA) = (~1) (A(,) = A(Ca(, ))) —chH ™ (,):
(3) , has standard vanishing but Sg -, does not.
(A) sg-, has a lower extra nonvanishing cohomology, i.e., H (Sg -, ) # 0. Then

0—H (Vo)) = H ™ (sa-,) BH () = H (Cal,)) = 0;

H()=H *Cs(.)); 0—=H(Cal,)) —H (Val,)) = H *(Cal,)) — O
Therefore we have the character of the image of A
ch(ImA) = (-1) (A(,) = A(Ca(,))) —chH (so-, ):

(B) Se-, has a higher extra nonvanishing cohomology, i.e., H *2(sg -, ) # 0.

Then

A

0—H (Cel(,)) = H ™(se-,) H () =H(Cel,)) = H ?(se-,) —0:
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Thus the character of ImA can be calculated to be
ch(ImA) = (=1) (A, ) — A(Ce(, ))) + chH **(se -, ):
(4) , and S -, both have nonstandard vanishing.

(A) Both , and Sg-, have higher extra nonvanishing cohomology. In this case

we have the exact sequence
0—H (Cal,)) = H (sa-,) X H () = H ™ (Vel,))
S H 2 (sp,) M H () = H T (Cal, ) — 0
0—H ™ (Caf,)) = H ™ (Val,)) — H (Cal,)) = 0:

Since H *1(, ) and H *2(Sg - , ) have simple head (except those , such that the
upper vertex of the box containing either | or Sg-, is on a chamber wall) and have
Loewy length at most 2. So the character of ImA-4; will be known if A3 # 0.
Indeed, we have proved in section 4.3 that the highest weights of composition
factors of H *2(Sg -, ) can be easily located. It turns out that in all of the possible
cases the strong linkage principle shows that the simple head L of H *2(sg -, )

cannot be a composition factor of the module H'(l). Here the B-module | is

defined in 1.6. It follows from the exact sequence
—H ™ (1) —H"(Cs(,)) = H ™(se-, +np® —

that L has to be a composition factor of H ™ (sg -, + np®) if A4; = 0. On the
other hand, the composition factors of H *1 (Sg-, + np®) are known explicitly and

L is not one of them . Hence A4; # 0 and
ch(ImA 41 ) = ch(HdH *?(sg -, ));

ch(ImA) = (~1) (A(, ) ~A(Ce(, )))+chH " (se-, ) —chH (, ) —ch(HdH *(se-, )):
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(B) If, and Sg-, both have higher extra nonvanishing cohomology, H (Se -, )
and H ~1(,) have simple socle (except a few cases when the upper vertex of the

box containing either | or Sg -, is on a chamber wall) whose highest weight can

5

be easily located. It follows from the exact sequence
0—H ™ (Cq(,)) = H (se-,) 5 H 7, ) = H (Va(,))

—H " (sg-, ) B H () > H (Cel,)) =0

that ImA _; = SocgH ~%(, ) (using the similar argument as in the first case to show

A _; #0). So the character of the image of A can be calculated to be
ch(ImA) = (~1) (A(,) = A(Cs(,))) +chH ~*(,) —H (so-,) +ch(SogH ~*(,)):

For the map A: H*1(sg-, ) — H'(, ) withi # " it is easy to see that Arespects
the filtrations if one of the cohomology groups vanishes. If both of them are not
zero, the image of A is already indicated in (4) (A) and (B) above and one can
easily check that A respects the filtrations.

In general, as we have determined the character of the image of A, one can check
case by case that A respects the filtrations. Note that the filtrations we defined in
5.1 are the same as those we get from the generic Andersen filtration of H (, ) via
the cancellation principle with the numbers which cannot be canceled in the alcoves

(or in facets) left unchanged.

5.4 Sum Formula

For the filtrations we defined in 5.1, we will modify the sum formula stated by

Humphreys [17] and prove that the sum formula holds for our filtrations. In fact
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the sum formula stated by Humphreys is actually the one for p-regular weights. In
this section we try to avoid the ad hoc checking in our specific case and to give a

more uniform argument.

5.4.1 Formulation of the Sum Formula

Throughout this section we fix , =w ., g for,o€ X; and w e W. For ® € R

we define

Ce,)= Y Alse-, +kp®; if (| +%®")> 0;
O<k p<(, + %@ )
Co(,)=A()—C_el,); if {, +%®") < 0

This notation should not be confused with the B-module Cg(, ) introduced in 1.6.
Indeed, if (, +%2®") > 0 the character Cg(, ) we define here is exactly the Euler
character of the B-module Cg(, ). If , is dominant our notation here is the same

as the one defined by Humphreys [17].
Lemma Cyoe)(W -, ) = (—1) ™)Cq(, ) for all W € W,

Proof We know (, 4+ %®") = (W -, + YW/ (®))Y). If {, + %®") > 0,

5

> Aswoe) - (W' -, ) + kpw (®))

0<k p< (WO, +%(wi®)-)

= S (1) WIA(W) suq@W -, + kp®)
0<k p< (, +¥2® )

= (=)™ ¥ Alss-, +kp®;
0<k p< (, +¥5@ )
Hence Cyoe) (W -, ) = (—1) ™ICq(, ). If {, + %®") < 0 then

Cuge)(W -, ) =AW -, ) = Couo_gy(W -, ) = (—1) ™) Cqg(, ):

Now the lemma is proved. |
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In 3.1.1 we defined the sets R, R™ and Rjr. It is clear that R, = wWR ;. Now

we can state the sum formula.

Theorem The Itr ations de ned in 5.1 satisfy the following sum formula:

S(=1)' S chH'(,) = (-1) ™ > Ce(,o)= >, Cal,):

i j>0 ®ewi 1(Ri )\Ry, ®cRi \R)

Here the last equality follows from the lemma. The proof will be given in 5.4.5
after we do some preparation in the next three subsections. The idea of the proof
can be stated as follows. First in 5.4.2 we prove that the sum formula is consistent
with the translation functor, so we only need to prove the sum formula for p-regular
weights. In 5.4.4 we prove the consistency of the sum formula with Serre duality so
that when we check this case by case, we can reduce half of the work for checking all
of the cases. We will develop a kind of argument for virtual characters of G-modules
“lifted” from virtual characters of G;T-modules. Since Lusztig’s conjecture is true
for the group of type B, we can use the results of Andersen and Kaneda [10] and

start from the sum formula for G;T-modules and then lift this sum formula to

G-modules.

5.4.2 Consistency with Translation Functors

Let F be a facet containing , . Let ,’ € F.
Theorem If the sum formula is true for the weight, , then it is alsotrue for the
weight , ’.

Proof Recall from Theorem 5.2.3 that T HI( )Y =HI(,") forj =0;1;---;N(, )—
N(,")—d(A(,');A(,)). By applying the translation functor on the both sides of

the sum formula for | , we have the left side
T (Z(—l)‘ > chH'(, ),-) =2 (~1)' Yo chT-HI(, )

i i>0 i i>0
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= S(=1) ST chH( ) (N G-NCO-dAC OAC)

i j>0
= > (-1 _Z%chH‘(, PHING) =N —dAC)AG)) Do(=1) chH' ()
i j> i
= D=1 Y chH'() +#H®E RH\RT [, @) < (1®@)}A():
j>0

In order to compute the right side, we consider T: 0C®(h o) for ,o=w1t. €X,.
It is easy to see that T- °Cel, 0) = Col, }) if ® ¢ R o. Since {, +%®") > 0 if and
only if (, '+ %®") > 0, we can calculate that T- °Cel, 0) = Cel, §) for ® e ng\R) o
and T "Col, 0) = Col, 5) +A( L) if®e R,_B\R= »- One can verify from the definition
that

0 if ®e R"g;

Alp) if ®€RY:

So combining the above calculations we can conclude that for ® € R 9\R ,

A(> 6) if <, 6 + 1/2,@)V> < <’ 0+ 1/2®v>;
0 otherwise.

Set ' = w *(R7)N (R o\ R ). After multiplying by (—1) ™), the right side

turns out to be

T 0 ( > Cel, 0)) = > Co(,o) + > T "Cal, 0)

®ewi 1(Ri )\R 0 ®ewi 1(Ri )\R 0 ®c;
0 0

= Y Col, )+ #H{®ET |, 5®) < (,0;®)}A( b)

®ewi 1(Ri )\R,0
0

= > Cel,o)+ (1) ™M#{®eRW\R™

®cwi 1(Ri )\R,0
0

(; ®)y> ([ ®)IA(,):

Note that

#{®cRH\R™ (,; ®)< (@)}

(s ®)> (@)} = #{®cRH\R’

109



Now we compare both sides of the sum formula for , after the translation functor

T °is applied to get the sum formula for L |

5.4.3 Consistency with Serre Duality

We have shown in section 5.1.2 that the filtration respects the Serre duality. Now

we show that the sum formula also respects the Serre duality. Recall | * = —wp(, ).
Theorem If the sumformula holdsfor |, thenit alsoholdsfor wp -, *.

Proof Recall that taking duals is an exact functor in the category of all finite
dimensional G-modules. It sends the simple modules to simple modules and, there-
fore, induces an automorphism of the Grothendieck group. As the Grothendieck
group is the free abelian group generated by all simple G-modules, we will iden-
tify its elements with the virtual characters (finite Z-linear combinations of the
actual characters of simple modules). Thus we can regard Cg(, ) as an element
of the Grothendieck group of G. We still use * to denote the operator on virtual
characters. Hence

D=1 Y ch(HI( )P = > Cel, )" (5.2)

i j=1 ®cRi \R,

Now the duality in Proposition 5.1.2 shows
ch(H'(, })* = chHN " (wp -, *) — chH™N " (wp -, NCI*
By multiplying (—1)N on the both side of (5.2), we get the left side to be

(_1)N Z(_l)l Z (H N_i(WQ . *) — chH N —i (WO . *)N(, )+1 —j)

i i>0

= N()2EDY ehHY  (wo-, ) =3 2(=DN T chH N (wo-, NE™

i i j>0
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On the other hand, it is easy to check Cg(, )* = (—=1)NC_g(Wp -, ). Thus

(=D% > Ce(,)" = > (Awo-,")—Ce(Wo-,"))

®cRi \R, ®cRi \R)

= #{R\RJAMo-, ")~ Y ColWo-,"):

®cRi \R)
Using the facts R, = Ry,. » and #(R™ \ R ) = N{(, ), we can compare both

sides of (5.2) and get the sum formula for the weight wg -, *. |

5.4.4 Lifting of Characters

Let us denote by Gr(G) and Gr(G;1B) the Grothendieck groups of G and G;B
respectively. Then the induction functor Indg1B induces a homomorphism A :
Gr(G;B) — Gr(G) such that

AL1(*)) =D (~1)'chR'Indg gL1(*)
i
for each simple G;B-module L1(* ). For each G;B-module M, A(M ) can be defined
similarly. Since M is also a B-module via restriction, A(M ) should not be confused
with the Euler character of M as B-module. However one can easily see that
AZy()) = AC),

Let ® € R* and , be a weight such that np < {, +%®") < (n + 1)p. Define
Sy, =Se-, +(N+ 1)p® Therefore s is the reflection in the nearest upper
®hyperplane. Set , * = (sp) -,

In this subsection we will prove the following theorem for arbitrary semisimple

algebraic groups.

Theorem Let®c R*. Then
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To prove the theorem, we first assume ® is a simple root and prove several
lemmas for simple roots.

Let P be the minimal parabolic subgroup of G containing B and the root
subgroup Ug. Let P; be the Frobenius kernel in P. The P;B-module Ind5'® (, ) =
Z9(, ) has two composition factors: L{(, ) which is the socle and LY((Sg)« -, ) which

is the head.
Lemma (A) Yjuo(~1)i%Zy(, P) = INASELY(, ).
Proof With our notation above we get the exact sequence for each j > 0
0 L2 ®) ~Z8(F) LI Py 0
Now we combine these short exact sequences to get a long exact sequence

= Z7(7) = 200 = = 290D = LI ) = 0

Since the induction functor IndeBB is exact, we can get the exact sequence of

GB-modules

= Z1(.{) = Z1(. 1) = - = Za( D) = Indglg LT(, ) — O:

Since each simple module as composition factor can only be in finitely many of the

Z(, ), we get the sum formula in the lemma. B

Lemma (B) If 0< (, +%®") < p, thenA(IndZ:5LY(,)) = A(,):
Proof In this case, , is a restricted weight with respect to the root system {®; —®}.

Therefore the simple P;B-module L(, ) is a P-module which has weights {, —
i®|i=0;1;---;(,; ®)} with multiplicity one. We can get for a P-module M
. _ M ifi =0
R'Indf gM = R'IndgM =

0 otherwise,
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by using the generalized tensor identity. So we have RiIndSIB M = RiIndgM by
some spectral sequences. As IndeBB is an exact functor, the spectral sequence from

Ind$ B = Ind G.B © IndS:2 g is degenerate. This gives
R'Indg,g (IndgigLY(,)) = R'Indg g LE(, )
for all i > 0. Thus we have
A(ImdZSLT(,)) = ALT(,)):

Here the right side is the Euler character of L{(, ), regarded as B-module, and is

calculated to be

-5 -

For each 1 <i < {,; ®), we have Sg _( i®) =, —((,; ®)+1—1i)® Thus
A, —i®) +A(, —({,; ®)+1—1i)®) = 0. This yields A(Lg@(, N=A) §

Lemma (C) If ®€ S, then
A(IndZigLY(, ) = C-al. ): (5:3)

Proof First we assume (, + %®') < 0. There is an n > 0 such that 0 <

(,®+%®") < p. Consider the exact sequence of P;B-modules
0 LE) 22 H) e 2P LI o
Then apply the exact functor IndS;BB to get the exact sequence of G;B-modules
0—IndgLY(,7) = Za(, ) — -+ = Z1(, D) = Indgig LT(, ) — 0:
Now we apply the homomorphism A and the above Lemma B to get
AMdSELY()) = SN ACY) + )™ (AL ) — AmdSELY(, 9))

= YA
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One can calculate that n satisfies —np < (, + %®") < (—n + 1)p. Thus

i ALY = (ZA 5)+ 2 A(S®,2,+1))

j=1 0<2j<n 0<2j<n -1

— _< Y AL +ip®+ Y A(,+(n—1—j>p®))

0<2j<n 0<2j<n -1
= — Y Al +ip® =—Ce(se-,) =Cel,):
0<j <n

Here | (z@jﬂ =Sg-, +(—N+1+j)p® This proves the first case.
Next we assume 0 < np < (, +%®") < (n+ 1)p for some n. There is a weight
1 such that 0 < (1 +%®") < pand, =1®. Using an argument like that in the

first case we can get the exact sequence of G;B-modules
0— IndGlB L®( ) — Z1(* ?) — = Z9(* (;3) — IndsllBB L(le(1 ) — 0:

Similarly, we apply the homomorphism A to this exact sequence and use Lemma B

to get
n
A(mdZgLe(,)) = (1A P)+ (—1)"A(Indg/g L))

J:

n

= (=" Y (-1ACP)
j=0
Note sg -1 = (Se -, )y; for allj = 0;---;n. Now via the result we proved in

the first case we get

A(ZELY(,)) = i(—l)"—j TA(sa, )2 )

Proof of the Theorem Each simple G;T-module extends to a simple G1B-
module and every simple GiB-module is still simple if it is restricted to G;T.

Thus we can identify the Grothendieck groups of G;T and G;1B in a natural way.
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Let W act on Gr(G;T) viaw-Ly(,) = Li(w; -, ) and on Gr(G) via the sign
character, i.e., W-L(, ) = (=1) ™L(, o). It turns out that the homomorphism
A: Gr(GiT) — Gr(G) of abelian groups is consistent with the W-actions. Indeed,
by the generalized tensor identity,

Aw-Li(,)) = D(=1)'chH'(Ls(,® +pw-, 1))

= S (-1ich(L(, ) @H (w-, 1)

= chL(, %) ((=1) WA HH) = (=1) ™chL(, ©)A(, 1M

= (=1) "AL(,)):
On the other hand, we know (cf. Lin [26] or Jantzen [23] Ch 9)
[Za(w - )] = w - [Za(,)]:

Here [Z4(, )] is the decomposition pattern of Z;(, ) in terms of simple modules and
their multiplicities. W acts on the patterns simply by acting on the highest weights
of the simple modules via W -.

Now let ® € R* such that (, +%®") Z 0 (mod p). Let w € W such that

= W(®) is simple. Set * =w -, . Then one can easily check 1; =w-(, ). Now

consider the w-action

w (z<—1>i+1zl<, ,-®>) _ Syziw.,®)

i>0 i>0
= Y (-1 Za()):
j>0
By applying the map A on the both sides and using the Lemma C, we get
(D) WAQ_(-)'"Zy(,f)=C-(1)=(-1)™Cs(,):

j>0
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5.4.5 Proof of the Sum Formula

Now let us prove the sum formula. The following lemma will be needed in the

proof and can be easily checked.

Lemma Let {h };cz be a sqguene of nonnegative real numkers. Seta; = - _; +
b —b. anda’ = (|aj| 4+ & )=2 for all j. If there are at mosttwo j with i # 0,
theny (-1)'af =>;(-1)h. N

Proof of Theorem 5.4.1 It follows from Theorem 5.4.2 that we only need to
prove the theorem for p-regular weights.
Since Lusztig’s conjecture holds in the case of B,, we can use the result of
Andersen and Kaneda [10] which is stated as
S Rads Z1(,) = > D (=1 Zy(, D)
i>o0 @R+ >0
for all p-regular weights , . They also prove that Z;(, ) is rigid (the socle filtration

and radical filtration coincide) by assuming Lusztig’s conjecture, i.e.

RadeITzl(, ) = SOCCIE\llJ:I'l JZ5(0,):

Recall m_ (% k) = [Socg'TZ1(, )=Soc§,1Z1(, ) : L1(*)] in the definition of the
filtration. In the case of By, for each © € X, and K, there are at most two i’s such
that m_(w; - ©;k) # 0 for some W € W with ~(W') =1i. Set

b= > mw: %Kk
“(wO=i

a= > (-1)™7m (k)

(WOL)EX A (%)

Then 8 = -1+ —B+1. The above lemma shows

Z(—l)‘( > (=)™ Tm k)) = Y (=) ™m_(w -°;k):
(WO )eX A(°5i)

i wocw
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Following the definition of the filtration we have

N—j

SN(=DiehH () = Y > 3 (-1 ™Im (w] - °;k)chL(°)

i k=0 °eX ;4 wlecw
N —j ~
= A(Socéﬁzl(, )zSOCészl(, )
k=0
A N+1—j A j .
- A SOCG1T Zl(b )) - A(R’adG1Tzl(: ))

Now we apply the formula of Andersen and Kaneda in the following calculation:

Z( 1)'S"chH'(, ) = 3" A(Rady 124 A(Y " Rads 1Z1(,))

j>0 J>0 j>0
= A(Y Y (D)) = X0 A (-1 2 )
®cR+j>0 ®cR+ >0
= > Cus(,)= > Cal)
®cR+ ®€cRi

Here the last second equality follows from Theorem 5.4.4. Therefore the sum for-

mula is proved. |
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