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Abstract

The modules for a Chevalley group arising from admissible lattices in an
irreducible module for the associated complex semisimple Lie algebra are studied.
It is proved that the transpose of such a module is still in this collection and
generically the cohomology modules of line bundles on the flag varieties are
in this collection also. In the rank 1 case, all modules in this collection are
indecomposable and we hope this is true in general.

Introduction The purpose of this paper is to investigate the modules for a Cheval-
ley group obtained by reduction from admissible lattices in an irreducible module for
the associated complex Lie algebra g. These modules have been studied by W.J. Wong
in [9]. It is well known that different admissible lattices in a module can give rise to
different modules for the Chevalley group, though they have the same character. It
is still not clear what kind of modules can be obtained in this way. The Weyl mod-
ules and the induced modules are obtained from the minimal and maximal admissible
lattices respectively. The structure of these modules is still a mystery.

In Section 1 we show that whenever M is a module arising from an admissible
lattice, so is its transpose M' ([2] 2.1). This is based on the contravariant form defined
by W.J. Wong in [9]. Section 2 is based on the work of Andersen on the induction
theory for Chevalley groups over the integers [1]. It is proved that whenever Hﬁ(w)(w-)\)
is the only nonvanishing cohomology group of the line bundle, it can be obtained from
an admissible lattice in V' (\). Besides these cohomology modules, there are still many
modules arising from admissible lattices. It turns out that every quotient of a Weyl
module is a submodule of such a module. In order to study these modules in general,
we deal with sly in Section 3. In this case, we prove that all modules arising from
admissible lattices in an irreducible module for sl, are indecomposable for SL,.

Communications with James E. Humphreys on this matter were very helpful. The
calculation of the p-adic valuations of binomial coefficients in 3.4 is motivated from a
conversation with Neal Koblitz.
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1 The transpose of a module

1.1. Let g be a complex semisimple Lie algebra with root system R. Let R™ be the
set of positive roots and S the set of simple roots. Let W be the Weyl group, which
is generated by the simple reflections s, (a € S) on X ® R. Here X is the lattice of
integral weights. Throughout this paper, the tensor product is taken over Z.

For each A € X (the set of dominant weights), V' (\) denotes the simple finite
dimensional g-module with highest weight \. Let Uz(g) be the Kostant Z-form in the
enveloping algebra U(g). A Z-lattice (the Z-span of a basis) in V() is called admissible
if it is Uz(g)-invariant. Each admissible lattice V' is a direct sum of its weight spaces
and we use V,, to denote the weight space of weight 1 in V. Let us fix a highest weight
vector v in V(X). Then any admissible lattice in V() is proportional to an admissible
lattice V' with Vy, = Zv™. So in this paper an admissible lattice will mean such a lattice
with v understood. It follows from [8] Lemma 19 that (Vi)wn) = (Va)w(y) for all
w € W and two admissible lattices V; and V5.

Consider a Chevalley basis {4, h;} in g. There is an involutory antiautomorphism
7 : U(g) — Ul(g) such that 7(z,) = x_, for all a« € S [8] p. 228. Let ¢ : V(A) —
V(A)x = Cv™ = C be the projection. We define a symmetric bilinear form ( , ) on V()
by (u1v™, ugv™) = (7 (uy)ugv™). It follows from the definition that (V(X),, V(A),) =0
if 4 # v. (, ) is nondegenerate and contravariant, i.e., (uvy,ve) = (vy, 7(u)vg) for all
u € U(g) and vy,v2 € V(A) (see [9]). Let V' be an admissible lattice in V(\), then
Vi={veV(A) | (v, V) Cz} is also an admissible lattice in V' (\) with V) = V.

Lemma. IfV] and V, are two admissible lattices, then Vi C V4 if and only if V! D V5.
If V] =Vy, then Vi = VJ. I

It is clear that Uz(g)v™ is an admissible lattice and is contained in every admissible
lattice. We call it the minimal admissible lattice, denoted by V... By the Lemma
above, V. is a maximal admissible lattice, denoted by V;,4s.

Instead of using the traditional definition of dual modules, we define the g-module
structure on Home (M, C) by (uf)(v) = f(7(u)v) for allu € U(g), f € Home(M, C) and
m € M for each g-module M. We will denote this module by D(M). Let 6 : g — g,
with 0(x,) = —24 and 0(h;) = —h;, be the automorphism of g as in [9] (1A). For each
g-module M, M? denotes the g-module M with the new action z * m = @(x)m. Then
D(M) = (M*)? = (M°)*. Here * means the traditional dual module for g. We can
define Dz (V') and Dy (M) similarly for any admissible lattice V' and Uz(g) ® k-module
M for any field k. Thus one has Dy (V) ® k = Dp(V @ k) and V' = Dy(V) for any
admissible lattice V.

1.2. Let Gy be the group scheme defined by Kostant from the Z-form Uz(g) [7].
It turns out that Uz(g) is the distribution algebra of Gz. Each admissible lattice

3



V C V()) is a rational Gz-module. Let k be any field. Denote by Gy the simply
connected semisimple algebraic group defined over k£ through base field change from
Gy. Uz(g) ® k is the distribution algebra of G, and V ® k is a rational G-module.

Let tr : G5, — G, be the composite of the inversion map g — ¢~! and the involutory
automorphism ¢ in [9] (2H). Then ¢r is an involutory antiautomorphism and is called
the transpose map by Doty and Sullivan [2] (2.1). For each Gz-module M, we define
the rational Gz-module M as the Z-module Homy (M, Z) with the action of G5 defined
through tr as in loc.cit. The antiautomorphism ¢r is compatible with base field change
and Dy(V) = V7 for all admissible lattices V.

Proposition. For each admissible lattice V', we have an isomorphism of G-modules
Viek=Vekt B

Remark. We call the functor M +— M" the duality functor. The proposition shows
that the collection of modules for GG, arising from admissible lattices is invariant under
the duality functor.

2 Cohomology modules

2.1. In [1], Andersen has set up the induction and the associated cohomology theory
for G;. We will use the notation from his paper and write H'(\) = RiInd%?()\) for
each integral weight A € X. Here By is the Borel subgroup of G corresponding to the
set of negative roots and A represents the rank 1 rational B;-module. If & is a field we
write Hi(\) = Rilndg:(/\). It follows from the universal coeflicient theorem that there
is an exact sequence of Gy-modules

0— H'\) ®k — Hy(\) — Torf(H"T(\), k) — 0.

In general, H*()\) is not free over Z. We will denote by H}()) the torsion submodule
and by H}(\) the free quotient of H*(X) by H{()). It follows from Andersen [1] 2.6 that
if A is dominant, then H{(w - X) = 0 if 7 # £(w). Furthermore, H°(X) and H" (w - A)
are free of finite rank. Here wy is the longest element in W and N = ¢(wy).

2.2. From now on we will fix a dominant weight A\. Let m* € HY(wy - \), be a
generator of the rank 1 free Z-module. Let M = Uz(g)m™ be the Gz-submodule in
HY (wy-\) generated by m™. It is well known that for any field k, M@k = HY (wo-\)®k
is the Weyl module for Gy for any field k£ regardless of the characteristic. This forces
M = HN(U)O : )\)

2.3. By constructing an explicit intertwining homomorphism in the rank 1 case, in
[1], Andersen gets a homomorphism of Gz-modules Ty, : H/Ge®) (s w-\) — H ) (w-)\)
for w € W and a simple root o with £(s,w) = ¢(w)+1 from a degenerated Grothendieck
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spectral sequence. Ty, induces a homomorphism, denoted by T, as well, of Gz-modules
T, : Hﬁ(s”w)(saw ) — Hﬁ(w) (w - A\). By tensoring with C, one sees that T, ® 1 is
an isomorphism. Therefore T, is injective on the free part. For each w € W, by
considering a reduced expression of w in terms of simple reflections and Com%)osmg the
intertwining homomorphisms constructed above, we get an embedding il !

H°()\). The composite does not depend on the choice of reduced expressmns of w up
to a multiplication by —1. So we will simply write Hﬁ(w) (w-A) € H°(\). In particular,
we have HY (wo - \) € HO(\).

Let us choose a generator v, in Hﬁ(w) (w - A)y for each w € W . It follows from [1]
4.4 that Ts, (vs,w) = Ty (if £(sqw) = L(w) + 1).

Since H(\) ® C = V(A) (Borel-Weil-Bott theorem), we can embed H°()) in V/(\)
and identify v with v; ® 1. Therefore H°()) is an admissible lattice in V(\). Under
the inclusion Hﬁ(w)(w -A) € H°(\) we can embed Hﬁ(w) (w - A) into V(A\). They are
admissible lattices in V(\). By considering the image of the generator v,, in H°(\) we
get Hﬁ(w)(w ‘A = H°(N\). In particular HY (wq - A) is the minimal admissible lattice.

Theorem. Under the embedding H*(X\) C V(X), all Hﬁ(w)(w-/\) are admissible lattices
for w € W. Furthermore, HN (wq - \) is minimal and H°(\) mazimal.

Proof: We only need to show H°(\) = V., = V... But this follows from 1.2 and the

min*

Serre duality over Z ([1] 2.10) or rather its transpose form ([2] 2.2).

2.4. Let us fix a prime p, and a field k of characteristic p.

Corollary. Let A € X.. If Hi(w-\) =0 fori # ((w), then H." (w- \) = Hﬁ(w)(w
A) ® k. Thus H,i(w) (w - ) arises from an admissible lattice in V(X).

Proof: It follows from the universal coefficient theorem, H* ™) (w-\)®@k C H k(w)(w A).
It is clear that dimy, H*™) (w-\)®@k > dim, Hﬁ(w (w-A\)®@k = dime V(A). On the other
hand, the standard vanishing property shows that dimg H*)(w - \) = dimy, HY()\) =
dime V(A). By comparing the dimensions we have the isomorphism in the corollary.
The second conclusion follows from 2.3. il

2.5. Though there are a lot of admissible lattices in V() for a fixed field k, there
will be many admissible lattices yielding isomorphic modules for GG. One may ask if
there is any module arising from an admissible lattice and not isomorphic to any one of
the cohomology modules in the generic case. If A is in the closure of the bottom alcove,
all modules arising from admissible lattices in V'(\) are simple with the same character
and, therefore, isomorphic. In general, the following theorem says that there are many
other modules arising from admissible lattices besides the cohomology modules (in
the generic case). For A, we will see, in section 3, that for A < p?, the cohomology
modules are the only possible modules arising from admissible lattices.
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Theorem. For A € X, and each Gx, -submodule 0 # M C H°(X) ® F,, there is an
admissible lattice V' such that M is a quotient of V Q F,,.

Proof: Let us consider the quotient map o : H°(A\) — H°(\) ® F,. The image of
H"(wp - A\) is the simple socle of H°(\) ® F,. Thus the inverse image V of M in
H°()\) contains HY (wq - \) and is, therefore, an admissible lattice. The induced map
V ® F, — H°(\) ® F, from the inclusion has image M. |

3 Indecomposability

3.1. In this section we assume that g = sly which has a basis {z,y, h}. In this case,
we write A = n > 0 as a dominant weight. This paragraph contains the exercises
in Humphreys’ book [4] and we include them here as our starting point. V... has a
Z-basis {vg, v1, ..., v,} with the following properties:

hv; = (n = 2i)v;, yu; = (0 —)vipr, TV = 0.

The set {(7;) v; 1 is a Z-basis for V,;,. Let M be an admissible lattice with a Z-basis

{20,215+, 2n}. We write z; = z;v; for i = 0,-- -, n for a sequence of non-zero integers
{.T(), Ty - ,.',Un}.
Since M is an admissible lattice, then
xt ! zij(j—1)---(G—i+1) z; [j
TZ]' = ‘ij'vj = 1 iji = —1 . iji
2! (AH Tj—i \ !
y' y o _xin—g)--(n—j—it+l) _ x [n—j
TZJ = :z:j,—'vj = 1 Zj—i-i = — . Zj—l-i
1. 1. 1 I'j_i_i 44 (4

are in M. Thus Cf—] (‘Z > and Li (n ; J ) have to be integers for all appropriate ¢ and
J—1 7

7.

Lemma. FEach admissible lattice M in V(n) is determined by a sequence of non-zero

integers {xg, ..., Ty} with xo = +1 and

Zifq Z; —1 . .
Y1) ez and (7T €Z, forall0<i<j<n.
i \ 7 Z; n—j

Proof: 1t follows from the above argument, for each M, the coefficients {xq,...,z,}
satisfy the condition in the lemma. Conversely, if the coefficients satisfy the above
condition, then M is an admissible lattice.

Remark. By changing the signs of the coefficients, we may assume the x; are positive.
Thus two admissible lattices are the same if and only if the associated sequences are
the same.



3.2. From now on, we will fix a prime p and a nonnegative integer n. Let M be
an admissible lattice in V' (n) determined by the coefficients {xy, ..., x,} satisfying the
conditions in Lemma 3.1 and z; > 0 for all 7.

Let k be a field of characteristic p. We will denote the Gj-module M = M ® k,
which has a basis {zp ® 1,...,2, ® 1}. Note that, for j > i, the Gj-submodule of

M generated by z; ® 1 contains z; ® 1 if % (Z) %0 (mod p) and the Gi-submodule

generated by z; ®1 contains z; @1 if =+ (Z _;. #Z0 (mod p). Based on this property,
i\n—

we define the unoriented graph I'(M) with vertices {0,1,...,n} as follows: for j > i,

{i,j} is an edge in I'(M) if either ?(‘Z) #% 0 (mod p) or ;’;(Z:;) Z 0 (mod p).

Note that all weights in M have multiplicity 1. Following the above argument, the
weight vectors z; ® 1 and z; ® 1 appear in the same indecomposable component of M
if {i,7} is an edge in I'(M). This shows

Lemma. The Gy-module M is indecomposable if and only if the graph T'(M) is con-
nected. I

3.3. For each integer i, let v,(i) be the p-adic valuation of 7, i.e., the largest non-
negative integer r with ¢ =0 (mod p").

Proposition. Letn > j>1i> 0. Suppose {i,j} is not an edge in I'(M). Then,

n—1t
n—j

0 vp<(?' )) > (1) — vy(a;) + 1 and vp<(

i )) > vp(x5) — vp(xi) + 1,

(i) if one of Up(<‘§ )) and vp(<:; :;)) is 0, then the other has to be at least 2.

Proof: Since {i,j} is not an edge, then v,(% (‘Z)) > 1 and vP(iZ(Z:;)) > 1 by the
definition. Now (i) follows from the properties of the valuation. To show (ii), let, say,
UP((Z >) = 0. Then v,(z;) — vy(z;) > 1 by (i). Thus vp((::::;>) > 2 following the

other inequality in (i). il
Corollary. If{0,j} is not an edge, then v,(x;) > 1 and vp(<?>) > 2.

Proof: Take i = 0 in the above proposition. l
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3.4. For a nonnegative integer n, we write n = a,p" + a,_1p" "+ + --- + ag with
0<a;<pfori=0,...,r. We define s,, = a, + a,41 + -+ ag. It is well known that
vp(nl) = 2= (see [3] pp. 263). Thus, for 0 < m < n, we have

5m+5nfm_3n
p—1

ol ) = 00 = o) = (0 ) =

From now on we fix 0 < m < n and write m = b,.p"+- - -+by in p-adic form as well. It
follows from the above formula that v, ( ;Ll )=0if a; > b; fori =0,...,r. Otherwise,

there is at least one 7 with b; > a;. For each such i if it exists, we define ¢’ to be the
minimal ¢/ > ¢ with by < ay. (Such " always exists.) Let s(i,4') = {i,i+ 1,...,7'} be
the subset of {0,1,...,r}. Let T be the set of all such s(i,7'). Then T has a partial
order under the inclusion relation. We call a maximal member of 7" a component for
the pair (m, n) and denote by C' the set of all components for the pair (m,n). For each
component s(i,4"), we define [(s(i,4")) =i’ —i = |s(i,4")| — 1, which is called the length
of s(i,7").

Proposition. For each pair (m,n),

(1) different components are disjoint as subsets of {0,...,r},
@) (1) = S 666,

n
m

Proof:  Let s(i,i') and s(j,7') be two components. If i = j, then s(i,i') = s(j, ;')
following the definition. We may assume ¢ < j. If s(i,7') N s(j,5") # 0, then j < .
Therefore j° < i’ since ay > by. Thus we have s(j, ') C s(i,4') and s(i,4) is strictly
larger than s(j,j’). This contradicts the maximality of a component.

To show (ii), we denote n—m = >>i_, ¢;p’ with 0 < ¢; < p. Let N = Uy inec s(4,7')
and N’ ={0,...,r} \ N. Now following (i) we can write

n—m = Z (ak — bk)pk + Z Z(ak — bk)pk
keN’ s(i,i")eC k=i

In the first summation, we have 0 < a, — by < p. To calculate the second summation,
we consider, for each s(i,i") € C,

i i'—1
k=i k=i+1

Here the coefficients of p* are in {0,...,p — 1}. Following the disjointness of the
components we get the p-adic expansion of n —m. Thus we have proved
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(i) cx = ag — by, if k is not in any component of (m,n),

(i) if s(é,7') is a component of (m,n), then ¢; = p+a; — b;, ¢y = ay —by — 1, and
ch=p+a,—b,—1fori<k<i,

(iil) S0 . (cp+bp —ap) = (" —i)(p—1).

Thus using the above results we have

n 1 1 T
= ——Sm n—-m — °n) — o b —
wl(n) = Sl b =) = S - a)
1
= 1 (Z(Ck+bk_ak>+ Z Z(ck+bk—ak))
D=1 \ken s(i,i')eC k=i
1
= — X ([(=dp-D= > Is(i). B
P— 1 6inec s(ii")eC

3.5. Though the following results are irrelevant to our goal, they have their own
interest. The method in the proof of the proposition will be used in the calculation
below.

Proposition. Let I, = {m |0 <m <mn, vp(<:;;>) < 1}. Then

r

|fn|=H(ak+1>+§(ai+l<p—ai—1> 11 <ak+1>).

k=0 k#£i,i+1

Proof: Let I? = {m | vp(<:l>) = 0} and I! = {m | Up(<;;>) = 1}. Tt follows from

the calculation in 3.4 that m € I? if and only if a; > b for all k. Thus we have
12| = II_o(ax + 1). By Proposition 3.4, m € I} if and only if the pair (m,n) has
only one component, which must have length 1. If s(i,7 + 1) is the component, then
b; > a;, a;y 1 > biyq, and by < ay for k # 4,4+ 1. Thus b; has (p — a; — 1) choices and
biy1 has a;y1 choices. This shows that |I!| has to be the the second summation in the
proposition. Now the proposition follows. il

Corollary. Ifn > p, then |I,| > p+1. Furthermore, |I,| = p+1 if and only if n = p"
for some r > 1.

Proof: Since n > p, there is an ¢ > 0 such that a;;; > 0. Using the formula in the
proposition, we have

|In| > (ai + 1)(CLZ‘+1 + 1) + ai+1(p —a; — 1)
= ai+1p+ai—|—12p+1.
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To show the second part, one notes that, in the above estimation, the first inequality
becomes an equality if and only if ap = 0 for all k #£ 4,7 4+ 1 and the second inequality
becomes an equality if and only if a; = 0 and a;4; = 1. Thus the corollary follows. l

3.6. We are now ready to prove that the graph I'(M) is connected. We show that

there is a path connecting 0 and m by induction on v,( :1 ). It follows from Corollary

3.3 that {0, m} is an edge if vp(<;;bl>) < 1. For vp(<7:;>) > 2, we show that there is
a path connecting 0 and m under the assumption that there a path connecting 0 and

k whenever vp(<7;>) < v,,((%)). We will use the notations in 3.4 and discuss several
cases.

(A) If the pair (m,n) has a component of length 1, then there is a path connecting 0
and m. In fact, let s(i,i+1) be a component of length 1. Then a; < b; and a;11 > b;41.
Take k = >_, dip" such that d; = b, for t # i and d; = 0. Then k < m < n. It

follows from Proposition 3.4 that v,( m ) = 0. Note that n-ky_(n-k and
k n—m m —k

m — k = b;p'. Following the proof of Proposition 3.4, we have n — k = >|_, e;p' with
e; = a; and e;41 = a;41 — b1 > 0. This shows that the pair (m — k,n — k) has only
one component, which has length 1. By Proposition 3.4 (ii), vp(<:1__lz>) = 1 and,
therefore, {k,m} is an edge by Proposition 3.3 (ii).

On the other hand, the components of the pair (k,n) are components of (m,n) and
s(i,7+ 1) is not a component for (k,n). Thus vp(<z>) < vp(<:;>) and there is a path
in the graph I'(M) connecting 0 and k by the induction hypothesis.

(B) If (m,n) has a component s(i,i") of length at least 2 with a;_1 > 0, then there
is a path connecting 0 and m. In this case we take k = Y7_,d;p' with d; = b; for

i —1

t#47 —1and dy_y = 0. Then k < m < n and 'Up(<m =0. m—k =by_1p

)
(b1 > ag_y >0)and n —k = X7 et = S0y ept + by_1p’ ~'. Tt follows from the
proof of Proposition 3.4 that ¢; = ay — by —1 and ¢y =p+ ay_1 — by_1 — 1. Thus
bi_1 > ey_1 =ay_1—1and ey = ay — by > 0. This shows that the pair (m —k,n —k)
has only one component, which is of length 1. Thus v,( :lilz )
edge. On the other hand, the component s(i, ) for (m,n) changes to the component
s(i,7" — 1) for (k,n) and all other components of (k,n) are identical to those of (m,n).

= 1 and {k,m} is an

This shows that v,( Z ) < v,( ;; ) — 1. By induction hypothesis, there is a path in

I'(M) connecting 0 and k. Thus we have a path connecting 0 and m.
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(C) If (m,n) has a component s(i,i') of length at least 2, then there is a path
connecting 0 and m. In this case we define

Sp = min{s >i|as <bs},
mo = min{s >1i|as=0bs <p—1}.

Here we use the convention min () = +o0o. Note that sy # myg if they exist. There are
three possible situations we will discuss.

C-1: s < mg and sq < 1'. In this case, we have a;, = b, = p — 1 for all i < s < sq.
We take k = >} o dip" with dy = b, if t # sp — 1 and dg,_1 = 0. Then k£ < m and

Up( 77]; ) = 0. The component s(i,7’) of (m,n) splits into (possibly) two components

for (n, k). They are proper subsets of s(i,4"). All other components of (k,n) and (m,n)
are identical. Thus vp(<Z>) < vp(<;;>) and there is a path connecting 0 and k. On

the other hand, m — k = by, _1p*® ' and n — k = X|_,p' + bey_1p* ' = X1, e’
Here ¢q,1 =p+(p—1)—(p—1)—1=p—1lifsg>i+1and ¢,y =p+a; —b; if
so=1+1. Thuses,_1 =p—2if s > i+ 1 and e;,—1 = a; if 5o =7+ 1. In both cases,
we have e;, = ¢+ 1 = p+as, — bs, > 0 and therefore the pair (n — k, m — k) has only

one component, which is of length 1. Thus we have vp(<:__:2>) =1 and {k,m} is an
edge.

C-2: myg < sg and mg < 4. In this case, a, = by = p— 1 for i < s < my.
Take k = >7_, dip* with dy = b; for t # mg and d,,, = p— 1. Thus m < k < n and
Up( :2 ) = 0. The two pairs (m,n) and (k, n) have exactly the same set of components.

Then vp(<z>) = vp(<;)). But the pair (k,n) satisfies the conditions in C-1. Thus

there is a path connecting 0 and k. On the other hand, k —m = (p — 1 — by, )p™° and
n—m = Y;_q¢p'. Following the proof of Proposition 3.4, ¢, = p+ame—bm,—1 = p—1.

B m>) = 0. Hence

Thus the pair (k—m,n—m) has no component and, therefore, v,,( Z o

{k,m} is an edge in I'(M).

C-3: mg > 1 and so > i'. In this case, sy > i’ shows that a, = b, for all i < s < 7'.
Furthermore, mg > i’ shows that a; = by = p—1 for i < s < 7. In particular, a;_1 # 0.
This has been proved in (B).

Combining (A) and (C) we have accomplished the induction. Thus we conclude

Theorem. For the Chevalley group SLy(k), the modules M = M ® k are indecom-
posable for all admissible lattices M in V(n) and all nonnegative integers n. |
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Remark. In general, for a semisimple complex Lie algebra g and a simple g-module
V(A), it is expected that the resulting modules M & k for the simply connected Cheval-
ley group Gy are indecomposable for all admissible lattices M in V' (\). Furthermore
one may want to distinguish the cohomology groups of line bundles (in generic case)
from other modules arising from admissible lattices, e.g., comparing the Loewy lengths.

3.7. One can further ask about the submodule structure of the module M = M ® k
for an admissible lattice M in V(n). If n < p?, this is clear since M is indecomposable
and has only two composition factors. Thus the only two possible structures are H%(n)
and H'(s, - n). But for n > p? this is not true anymore.

In our rank 1 situation, a composition factor in a Weyl module has multiplicity
1. So the submodule structure of M could be presented by an oriented graph with
all composition factors as vertices. The Serre duality shows that the graph for H%(n)
is the opposite graph (reversing arrows) of the graph for H!(s, - n). Following the
duality we described in Section 1, whenever I' is an oriented graph of a module M for
an admissible lattice M, the opposite graph of I is the graph for the module M’.

Following the example below, one may have a feeling what the submodule structure
of M should be. Of course, in the higher rank case when the multiplicity of a compo-
sition factor is larger than 1, one may need a better way to describe the submodule
structure.

Example. Let n = 4. There are six different admissible lattices in V' (n). If we take
p = 2, the six admissible lattices yield four non-isomorphic indecomposable modules
for SLs(k). The Weyl module has three composition factors with highest weights 0, 2, 4
respectively. The graphs of the four modules are given here:

4 —0—2, 4 — 02, 4—0—2, 4—02.

Here the first one corresponds to H°(n) and the last one to H'(s, - n), which is the
Weyl module. Tt can be read off from the graphs that H°(n) and H!(s, - n) have the
maximal Loewy length 3.
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