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Abstract. The existence and uniqueness of the initial value problem
for Schrödinger and wave equations in the presence of a (large) time
dependent potential is studied. The usual Strichartz estimates for such
linear evolutions are shown to hold true with optimal assumptions on
the potentials. As a byproduct, one obtains a counterexample to the
two dimensional double endpoint inhomogeneous Strichartz estimate.

1. Introduction

In this paper, we are concerned with the existence and uniqueness of
solutions of the Schrödinger and wave equations in the presence of external
fields. More specifically, we will prove that under very mild (and essentially
optimal) integrability conditions on the potential alluded to above, one can
establish global existence and uniqueness of certain mild solutions.

To fix the ideas, we will consider a linear Schrödinger equation of the
form

(1.1)

∣∣∣∣ ∂tu(x, t)− i∆u + iV (x, t)u = F (x, t) (x, t) ∈ Rn ×R1
+

u(x, 0) = f(x),

and the wave equation

(1.2)

∣∣∣∣∣∣
∂ttu(x, t)−∆u + V (x, t)u = F (x, t) (x, t) ∈ Rn ×R1

+

u(x, 0) = f(x)
ut(x, 0) = g(x)

In the Schrödinger case (1.1), we impose the physically relevant assumption
that V is real valued. In the case of the wave equation, both the data and
the potential are assumed to be real valued.
The question of existence and uniqueness for these equations is a very im-
portant one. Over the last twenty years great progress has been made, as we
shall discuss in the sequel. An important feature of the hyperbolic nature
of both problems is that one usually reduces it to obtaining apriori bounds
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for the solutions in terms of the initial data, the potential and right hand
side.
There are many ways to achieve such results, the main difference being in
the choice of spaces and the required smoothness of the data, the potential
and the right hand side.
One approach was to establish an extra 1/2 derivative gain (local smoothing
effect) for the Schrödinger equation in the L2 space time norm. For that,
we refer to the works of Constantin-Saut [3], P. Sjölin [18] and L. Vega [21]
for the case V = 0 and Ruiz and Vega [15] for the case of nontrivial V . The
last result required certain smallness of the potential V . Quite recently,
Ionescu and Kenig [7] have been able to establish the local smoothing effect
to cover the case, where small time cutoffs of V are small in an appropriate
norm.
Another approach is to study directly the (linear) propagator of the semi-
group (or cocycle in the case of time dependent potentials) and establish
directly decay and energy estimates for such objects. This is usually re-
stricted to either time independent or very small time dependent potentials
and in some cases are dimensionally restrictive. This was done (mostly
in the physically important 3 D case) in the context of the Schrödinger
equation in a series of papers by Rodnianski-Schlag [13], Goldberg-Schlag
[6], and in the wave equation context by Georgiev-Visciglia [4], D’Ancona -
Pierfelice [1], and others.
In this paper, we shall concentrate on estimating the solutions in the mixed
Lebesgue spaces Lq

tL
r
x, defined by the completion of the test functions in

the norm

‖u‖Lq
t Lr

x
=

 ∞∫
0

(∫
Rn

|u(x, t)|rdx

)q/r

dt

1/q

.

We shall mention that both the local smoothing effect and the decay and
energy estimates for the propagators imply the Strichartz estimates, that
we aim at.
In the potential free case, that is V = 0, the problem was first studied by R.
Strichartz [19], in connection with the restriction theorems for the Fourier
transform over quadratic and conic surfaces. This was partly motivated by
work of Thomas and Stein on the restriction conjecture, but as it turned out,
this methods proved out to be extremely useful, when applied to nonlinear
partial differential equations, with Schrödinger or wave linear evolutions.
To state the known results in the potential free case, let us denote the so-
lution operators for the Schrödinger equation by eit∆ (eit

√
−∆ for the wave

equation respectively).
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Yajima [22], Ginibre and Velo [5], and finally Keel and Tao [9], have ex-
tended Strichartz’s work to show the corresponding optimal estimates in
the mixed Lebesgue spaces for the solutions of the Schrödinger equation.
More precisely, for q, r ≥ 2, (q, r, n/2) 6= (2,∞, 1), 2/q + n/r = n/2, there
exists a constant C = C(q, r, n) 1, so that∥∥eit∆f

∥∥
Lq

t Lr
x
≤ C‖f‖L2 ,(1.3) ∥∥∥∥∥∥

t∫
0

ei(t−s)∆F (·, s)ds

∥∥∥∥∥∥
Lq

t Lr
x

≤ C‖F‖Lq̃′Lr̃′ .(1.4)

For the wave equation, one requires q, r ≥ 2, (q, r, (n−1)/2) 6= (2,∞, 1), 1/q+
(n−1)/(2r) ≤ (n−1)/4. Suppose that u satisfies utt−∆u = F, (u, ut)|t=0 =
(f, g). Then there is a constant C = C(q, r, n) so that for all α∥∥|∇|1/q+n/r+α−n/2u

∥∥
Lq

t Lr
x
≤ C(‖f‖Ḣα + ‖g‖Ḣα−1) +

+ C
∥∥∥|∇|1/q̃′+n/r̃′+α−2−n/2F

∥∥∥
Lq̃′Lr̃′

.

where Ḣγ is the homogeneous Sobolev space with γ derivatives. We call
such pairs (q, r) Schrödinger (respectively wave) admissible.
Note that the pair (2,∞) is not admissible in the two dimensional Schrödinger
case (counterexample due to Montgomery-Smith, [12]) and (2,∞) is not
admissible in the three dimensional wave equation context (Klainerman-
Machedon [11], see also [12]).
The organization of the paper is as follows. In Section 2, we prove Strichartz
estimates for the Schrödinger equation with large potential in dimensions
three and higher. In Section 3, the two dimensional Schrödinger equation
with potential is considered. Among the results are Strichartz estimates
for large potentials, existence of non time decaying solutions even for small
potentials (which is purely a one and two dimensional phenomena) and
a counterexample to the two dimensional double endpoint inhomogeneous
Strichartz estimate. In Section 4, we consider the wave equation with time
dependent potential. Under certain smallness assumptions, one shows that
the usual Strichartz estimates hold true.
Acknowledgements: We are grateful to Fritz Gesztesy for his help regarding
the spectral theory and to Luis Vega for the interesting discussion regarding
the local smoothing effect.

1In high dimensions n ≥ 3, one can take C = C(n) = supq,r C(q, r, n) < ∞, while in
n = 2, the constant blows up, when approaching the “forbidden” point (2,∞). It is an
interesting open question as to whether the said blow up is power like or just logarithmic
as |q − 2| → 0.
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2. Schrödinger equations with large potentials in dimensions
n ≥ 3

Theorem 1. Let (q, r) be a Schrödinger admissible pair, V be a real valued
function with V ∈ Lp

t L
s
x,

2
p

+ n
s

= 2, (p, s) 6= (∞, n
2
). Then the Schrödinger

equation (1.1), has a unique global solution u and there exists a constant C,
depending only on the dimension n (but not on p, s, q, r, V ) such that

(2.5) ‖u‖Lq
t Lr

x
≤ C (1 + cε ‖V ‖

1
ε

Lp
t L

s)
x

)
2
q (‖f‖L2

x
+ ‖F‖L1

t L2
x
),

with p = 2
ε
, s = n

2−ε
, 0 < ε ≤ 1, and cε = (1−ε

γ
)1/ε εγ

1−ε
, γ an absolute

constant.
Moreover, if V ∈ L∞t L

n/2
x , the above result might fail, thus implying the

optimality of the assumptions for (2.5). More precisely, given A > 0, there

exist V = V (x) ∈ L
n/2
x with ‖V ‖Ln/2 > A, and f ∈ L2, such that the

solution u of (1.1) with F = 0 satisfies ‖u‖Lq(0,∞)Lr = ∞ for all Strichartz

pairs (q, r) with q < ∞.
On the other hand, there exists a sufficiently small δ, depending only on
the dimension, so that whenever ‖V ‖

L∞t L
n/2
x
≤ δ (V may be complex valued

here), the solution u satisfies ‖u‖LqLr . ‖f‖L2
x

+ ‖F‖L1
t L2

x
.

We mention that the above positive results regarding global existence
were obtained independently by D’Ancona-Pierfelice-Visciglia, [2]. They
have also provided interesting counterexamples for nonuniqueness in the
case when it is assumed only that V ∈ Lp

t L
s
x with 2/p + n/s 6= 2 and V is

large.
Remark
• The positive results above can be extended to the case of finite time
interval [0, T ] as follows. The solution to (1.1) satisfies

‖u‖Lq
t [0,T ] Lr

x
≤ C (1 + cε ‖V ‖

1
ε

Lp
t [0,T ] Ls

x
)

2
q (‖f‖L2

x
+ ‖F‖L1

t [0,T ]L2
x
),

where the constant C is independent of T .

2.1. An apriori estimate. Our main contribution in this theorem is not
the existence statement, but rather the apriori estimate (2.5). We shall first
prove a version of it, which applies only to test functions and then we will
extend the result to all Lq

tL
r
x functions by density arguments.

Denote

SV u = ∂tu− i∆u + iV (x, t)u

where the potential V is real-valued and V ∈ Lp
t L

s
x with p = 2

ε
and s = n

2−ε
,

0 < ε ≤ 1.
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Lemma 1. Let (q, r) be a Schrödinger admissible pair. Then for every
Schwartz function u, we have the Strichartz estimates

(2.6) ‖u‖Lq
t Lr

x
≤ C (1 + cε ‖V ‖

1
ε

Lp
t Ls

x
)

2
q (‖u|t=0‖L2

x
+ ‖SV u‖L1

t L2
x
),

where cε = (1−ε
γ

)1/ε εγ
1−ε

, and C and γ are independent of u, V, q, r and ε.

Proof. (Lemma 1)
By interpolation, it is enough to prove (2.6) for the pairs (q, r) = (∞, 2)
and (q, r) = (2, 2n

n−2
).

Multiplying SV u by ū, integrating in x, keeping real parts and taking into
account that V is real, we get ∂t

∫
|u(t, x)|2 dx = 2

∫
Re(SV u(t, x)ū(t, x)) dx.

So,

‖u(t, ·)‖2
L2

x
= ‖ut=0‖2

L2
x

+ 2

∫ t

0

∫
Re(SV u(x, τ)ū(x, τ)) dx dτ

≤ ‖ut=0‖2
L2

x
+ 2‖SV u‖L1

t L2
x
‖u‖L∞t L2

x

≤ ‖ut=0‖2
L2

x
+ 2 ‖SV u‖2

L1
t L2

x
+

1

2
‖u‖2

L∞t L2
x
.

So we have, ‖u‖L∞t L2
x
≤
√

2 ‖ut=0‖L2
x

+ 2‖SV u‖L1
t L2

x
, which gives (2.6) for

q = ∞ and r = 2.
Using the Strichartz estimates for the potential free Schrödinger equation
and Hölder’s inequality,

‖u‖
L2

t L
2n

n−2
x

≤ C ‖ut=0‖L2
x

+ C ‖SV u‖L1
t L2

x
+ C ‖V u‖

L2
t L

2n
n+2
x

≤ C ‖ut=0‖L2
x

+ C ‖SV u‖L1
t L2

x
+ C ‖V ‖Lp

t Ls
x
‖u‖Lq̃

t Lr̃
x
,

where (q̃, r̃) = ( 2
1−ε

, 2n
n−2(1−ε)

) is a Schrödinger admissible pair.

By the convexity of the norms, ‖u‖Lq̃
t Lr̃

x
≤ ‖u‖ε

L∞t L2
x
‖u‖1−ε

L2
t L

2n/(n−2)
x

. Thus

‖u‖Lq̃
t Lr̃

x
≤ ‖u‖ε

L∞t L2
x
‖u‖1−ε

L2
t L

2n/(n−2)
x

≤ (
√

2 ‖ut=0‖L2
x
+2‖SV u‖L1

t L2
x
)ε‖u‖1−ε

L2
t L

2n/(n−2)
x

,

whence

‖u‖
L2

t L
2n

n−2
x

≤ C ‖ut=0‖L2
x

+ C ‖SV u‖L1
t L2

x

+ C ‖V ‖Lp
t Ls

x
(
√

2 ‖ut=0‖L2
x

+ 2‖SV u‖L1
t L2

x
)ε‖u‖1−ε

L2
t L

2n
n−2
x

≤ C ‖ut=0‖L2
x

+ C ‖SV u‖L1
t L2

x
+ C γ ‖u‖

L2
t L

2n
n−2
x

+ C cε (
√

2 ‖ut=0‖L2
x

+ 2‖SV u‖L1
t L2

x
)‖V ‖

1
ε

Lp
t Ls

x
,

where in the last inequality we have used the Young’s inequality ab ≤
γ a1/(1−ε) + cε b1/ε. So, if γ is small enough we get (2.6) for q = 2 and
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r = 2n/(n− 2).
Note that the same proof goes without change to show that (2.6) holds, if
we replace the global Lq

t spaces by Lq
t (0, T ) for every T > 0. Moreover, the

constants are independent of T . �

2.2. Global existence. An argument similar to the one presented above
also yields existence for general (rough) L2 data as follows. Instead of (1.1),
consider the integral equation u(x, t) = Λ(u)(x, t), where

Λ(u)(x, t) = χ[0,δ](t)e
it∆f + χ[0,δ](t)

t∫
0

χ[0,δ](s)e
i(t−s)∆[−iV (s)u(s) + F (s)]ds

where δ = δ(V, ε0) is chosen so that ‖V ‖Lp
t (0,δ)Ls

x
≤ ε0, ε0 to be determined.

By the Strichartz estimates for the potential free Schrödinger equation (1.3)
and (1.4), we conclude (with the notations from the proof of Lemma 1)

sup
(q,r)−admissible

‖Λ(u)‖Lq
t (0,δ)Lr ≤ C(‖f‖L2 + ‖F‖L1(0,δ)L2) +

+ C‖V ‖Lp
t (0,δ)Ls

x
‖u‖Lq̃Lr̃ ≤

≤ C(‖f‖L2 + ‖F‖L1(0,δ)L2) + Cε0 sup
(q,r)−admissible

‖u‖LqLr

and similarly

sup
(q,r)−admissible

‖Λ(u)− Λ(v)‖Lq
t (0,δ)Lr ≤ Cε0 sup

(q,r)−admissible

‖u− v‖LqLr .

Therefore, provided ε0 is small enough, the map
Λ : {u : sup

(q,r)−adm.

‖u‖Lq(0,δ)Lr ≤ R} → {u : sup
(q,r)−adm.

‖u‖Lq(0,δ)Lr ≤ R} is

a contraction for R = 2C(‖f‖L2 + ‖F‖L1L2) and a solution exists for the
interval [0, δ].
We can iterate the argument to obtain unique solutions in the intervals
[δ, 2δ], [2δ, 3δ], . . ., provided we have selected δ, so that
supa∈(0,∞) ‖V ‖Lp

t (a,a+δ)Ls
x
≤ ε0.

2 This is possible by our assumption on the

potential V .
Note that this argument guarantees the existence of the solution, regardless
of our previous argument on apriori estimates. If one tries to keep track of
the constants, we see that they potentially may increase in the N th time
interval [Nδ, (N + 1)δ]. However, the apriori estimate (2.6) shows that
sup(q,r)−adm. ‖u‖Lq(0,T )Lr is uniform on T and moreover by density, (2.6)
holds for all initial data f and right hand sides F , which is the proof of
(2.5).

2This is somewhat reminiscent of the condition, imposed by Ionescu and Kenig, [7] on
local smoothing effect.
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2.3. Big time independent potentials produce non-time integrable
solutions. For potentials V = λW (x), with

∥∥Wχ(x<0)

∥∥
Ln/2 6= 0, λ big

enough, it follows that the operator −∆ + V (·) has a negative eigenvalue
(see Reed-Simon [14, p.274, Theorem XIII.80]), and therefore, if f ∈ L2 is
a corresponding eigenvector, then u(t, x) = e−itλf(x) satisfies SV u = 0 and
‖u|t=0‖L2

x
< ∞, but ‖u‖Lq

t Lr
x

= ∞ for q < ∞.

2.4. Small (complex valued) potentials in L∞Ln/2. A simple calcula-
tion shows that there exist δ, C > 0 such that

(2.7) ‖u‖Lq
t Lr

x
≤ C (‖u|t=0‖L2

x
+ ‖SV u‖L1

t L2
x
)

for every V (not necessarily real) with ‖V ‖
L∞t L

n
2
x

≤ δ. In fact, using the

Strichartz estimates for the potential free Schrödinger equation and Hölder’s
inequality

‖u‖Lq
t Lr

x
≤ C ‖u|t=0‖L2

x
+ C ‖SV u‖L1

t L2
x

+ C ‖V u‖
L2

t L
2n

n+2
x

≤ C ‖u|t=0‖L2
x

+ C ‖SV u‖L1
t L2

x
+ C ‖V ‖

L∞t L
n
2
x

‖u‖
L2

t L
2n

n−2
x

.

So we have

supq, r‖u‖Lq
t Lr

x
≤ C ‖u|t=0‖L2

x
+ C ‖SV u‖L1

t L2
x

+ C ‖V ‖
L∞t L

n
2
x

supq, r‖u‖Lq
t Lr

x
.

Therefore we get (2.7) if C ‖V ‖
L∞t L

n
2
x

< 1
2
.

3. Two dimensional Schrödinger equations

In the two dimensional case, one makes the obvious modifications to the
arguments presented above for the case n ≥ 3 to obtain

Theorem 2. Consider the Schrödinger operator

SV u = ∂tu− i∆u + iV (x, t)u x ∈ R2,

where the potential V is real and V ∈ Lp
t L

s
x for p = 2+θ

θ+ε
and s = 2+θ

2−ε
, θ > 0,

0 < ε ≤ 1. If (q, r) is a Schrödinger admissible pair with q ≥ 2 + θ, then we
have the Strichartz estimates

‖u‖Lq
t Lr

x
≤ C (1 + cε ‖V ‖

1
ε

Lp
t Ls

x
)

2+θ
q (‖u|t=0‖L2

x
+ ‖SV u‖L1

t L2
x
),

where cε = (1−ε
γ

)1/ε εγ
1−ε

and C and γ are constants independent of u, V, q,

r, θ and ε.

Note that we do not state the results for small time independent V in
Theorem 2. This is because such a result is necessarily false.
Indeed, by a theorem of Simon, ([16], see also [17]), if V 6= 0 is such that∫
R2 |x||V (x)|dx < ∞ and

∫
R2 V (x)dx ≤ 0, one has a (negative) eigenvalue
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λ and an eigenstate f ∈ L2 for −∆ + V and therefore u(x, t) = e−iλtf(x)
would be a counterexample proving the following

Proposition 1. Let V 6= 0, V : R2 → R1 be a real valued (and maybe
small!) potential with

∫
R2 |x||V (x)|dx < ∞,

∫
R2 V (x)dx ≤ 0. Then there

exists a function u with SV u = 0, u|t=0 ∈ L2, such that ‖u‖Lq(0,∞)Lr = ∞
for all Strichartz pairs (q, r) with q < ∞.

3.1. The double endpoint inhomogeneous Strichartz estimate fails
in two dimensions. Another consequence of the Simon’s result is that for
the inhomogeneous Schrödinger equation ut − i∆u = F, u(x, 0) = 0 the
Strichartz estimate

‖u‖L2L∞ ≤ C‖F‖L2L1

fails to be true. This is in complement to a result by Montgomery-Smith,
[12], where he has shown that sup‖f‖2=1

∥∥eit∆f
∥∥

L2L∞
= ∞.

Proposition 2. The Duhamel’s operator for the Schrödinger equation
t∫

0

ei(t−s)∆[·]ds : L2
t L

1
x(R

2) → L2
t L

∞
x (R2) fails to be bounded, i.e.

sup
‖F‖

L2
t L1

x
=1

∥∥∥∥∥∥
t∫

0

ei(t−s)∆F (·, s)ds

∥∥∥∥∥∥
L2

t L∞x

= ∞.

Proof. We proceed by a contradiction, that is, assume that there is a con-
stant CStr, so that∥∥∥∥∥∥

t∫
0

ei(t−s)∆F (·, s)ds

∥∥∥∥∥∥
L2

t L∞x

≤ CStr‖F‖L2
t L1

x
.

For the purposes of this counterexample, fix a potential V ∈ C∞
0 (R2), which

is nonpositive and not identically zero. According to Theorem XIII.11 in
[14], for every ε > 0, there exists an eigenvalue E < 0 for the operator
−∆ + εV . Select ε : CStr‖V ‖L1ε ≤ 1/2.
Next, we check that the corresponding eigenfunction f is smooth. Indeed,
since f ∈ L2 and ∆f = εV f − Ef , we have ∆f ∈ L2(R2) and therefore
f ∈ H2(R2). One iterates this argument after differentiation to eventually
obtain f ∈ H∞ = ∩sH

s.
Take the function u(x, t) = e−iEtf(x), then u satisfies∣∣∣∣ ∂tu− i∆u = −iεV u

u(x, 0) = f(x),
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whence u(x, t) = eit∆f − iε
t∫

0

ei(t−s)∆(V u)ds.

By the Montgomery-Smith counterexample, it will be impossible to esti-
mate eit∆f in L2(0,∞)L∞(R2), however in a finite time interval (and with
sufficient smoothness on f), we have for all T > 0∥∥eit∆f

∥∥
L2(0,T )L∞

≤ T 1/4
∥∥eit∆f

∥∥
L4(0,T )L∞

≤

≤ CT 1/4(
∥∥eit∆f

∥∥
L4(0,T )L4 +

∥∥eit∆∇f
∥∥

L4(0,T )L4) ≤

≤ CT 1/4‖f‖H1 ,

where we have used the Hölder’s inequality, the Sobolev embedding esti-
mate ‖z‖L∞(R2) ≤ C(‖z‖L4(R2) + ‖∇z‖L4(R2)) and the Strichartz estimates

(1.3) for the Strichartz pair q = r = 4.
After having prepared the preliminary estimates, take L2(0, T )L∞(R2) norm
of u. We have

‖u‖L2(0,T )L∞(R2) ≤
∥∥eit∆f

∥∥
L2(0,T )L∞

+ ε

∥∥∥∥∥∥
t∫

0

ei(t−s)∆(V u)ds

∥∥∥∥∥∥
L2(0,T )L∞

According to our previous estimates and the assumption on the Duhamel’s
operators , it follows that

‖u‖L2(0,T )L∞(R2) ≤ CT 1/4‖f‖H1 + εCStr‖V u‖L2(0,T )L1 ≤

≤ CT 1/4‖f‖H1 + εCStr‖V ‖L1
x
‖u‖L2(0,T )L∞ ≤

≤ CT 1/4‖f‖H1 + 1
2
‖u‖L2(0,T )L∞ ,

according to our choice of ε. It follows that

T 1/2‖f‖L∞ = ‖u‖L2(0,T )L∞ ≤ 2CT 1/4‖f‖H1 ,

which is a contradiction as T → ∞. This shows that our assumption was
false and therefore the double endpoint Strichartz estimate fails. �

4. Wave equations with time dependent potentials

For the D’Alamabertian � = ∂2
t − ∆, subject to a real-valued potential

V (t, x), initial data f(x) and g(x) and right-hand side F (t, x), consider the
equation

(4.8)
�u + V (x, t)u = F (x, t)
u|t=0 = f
∂tu|t=0 = g.

Set h(x) = h+−h−, where h+(x) = max(h(x), 0) and h−(x) = min(h(x), 0).
We have the following
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Theorem 3. Let n ≥ 3 and V : R1
+ × Rn → R1 be a potential with

‖V −‖L∞Ln/2 + ‖(∂tV )+‖L1Ln/2 ≤ ε for some small ε = ε(n) > 0 and
‖V ‖

L
2/(1+θ)
t L

2n/(3−θ)
x

< ∞, for some 0 < θ � 1. Then, there exists a global

solution to (4.8) and moreover the Strichartz estimates hold. That is, for
all (q, r) wave admissible, r < ∞, there exists C = C(q, r, n), so that3

(4.9)
∥∥|∇|1/q+n/r+1−n/2u

∥∥
LqLr ≤ C C(V ) (‖f‖Ḣ1 + ‖g‖L2 + ‖F‖L1L2),

C(V ) := max(1, ‖V|t=0‖L
n/2
x

)1− 2
q (1+cθ max(1, ‖V|t=0‖L

n
2
x

)‖V ‖1/θ

L
2

1+θ
t L

2n
3−θ
x

)
2
q and

cθ = (1−θ
θ

)1/θ θ2

1−θ
.

Proof. To avoid technical issues arising close to the “forbidden” point (2,∞),
we consider the case n > 3. Obvious adjustments can be made to cover the
three dimensional case as well.

We shall prove the estimate (4.9), assuming that f, g, F are smooth and
decaying. The existence and uniqueness result follow just as in the case of
the Schrödinger equation (Theorem 1) and we omit it.

We show (4.9) for the endpoints (∞, 2) and (2, 2(n − 1)/(n − 3)). Then
for all Strichartz pairs on the “sharp” admissibility line (in (1/q, 1/r) space)
1/q +(n− 1)/(2r) = (n− 1)/4, we obtain the result by the convexity of the
norms

∥∥|∇|1/q+n/r+1−n/2u
∥∥

Lq
t Lr

x
.

For the non-sharp admissible pairs (q, r) we first apply Sobolev embedding
to get

∥∥|∇|1/q+n/r+1−n/2u
∥∥

Lq
t Lr

x
≤

∥∥|∇|1/q+n/r̃+1−n/2u
∥∥

Lq
t Lr̃

x
, where (q, r̃) is

sharp admissible and then we apply (4.9) for it.
Thus, we concentrate on the two endpoints.
• The energy endpoint (∞, 2)

Multiplying both sides of the equation in (4.8) by ∂tu, integrating in x and
then in t we get

∫
(∂tu(x, t))2 + |∇u(x, t)|2 dx =

∫
(g(x))2 + |∇f(x)|2 dx(4.10)

−
∫ t

0

∫
V (x, τ)∂τ (u(x, τ))2 dx dτ + 2

∫ t

0

∫
F (x, τ)∂τu(x, τ) dx dτ

3Again, in the case n > 3 one can select C = C(n) = sup(q,r)−admis. C(q, r, n) < ∞,

while in the three dimensional case, one has blow up, when (q, r) → (2,∞).
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Integrating by parts in the second term on the right hand side of (4.10) and
using Hölder’s inequality and the Sobolev embedding theorem, we have

−
∫ t

0

∫
V (x, τ)∂τ (u(x, τ))2 dx dτ

= −
∫

(u(x, t))2V (x, t)dx +

∫
(f(x))2V (x, 0) +

∫ ∫ t

0

(u(x, τ))2∂τV (x, τ) dτ dx

≤
∫

(u(x, t))2V −(x, t)dx +

∫
(f(x))2V (x, 0) +

∫ t

0

∫
(u(x, τ))2(∂τV (x, τ))+

≤ ‖u‖2

L∞t L
2n

n−2
x

‖V −‖
L∞t L

n
2
x

+ ‖f‖2

L
2n

n−2
x

‖V|t=0‖
L

n
2
x

+ ‖u‖2

L∞t L
2n

n−2
x

‖(∂tV )+‖
L1

t L
n
2
x

≤ C (‖V −‖
L∞t L

n
2
x

+ ‖(∂tV )+‖
L1

t L
n
2
x

) ‖∇u‖2
L∞t L2

x
+ ‖f‖2

Ḣ1‖V|t=0‖
L

n
2
x

.

Using Hölder’s inequality the third term on the right hand side of (4.10)
can be estimated by∫ t

0

∫
F (τ, x)∂τu(τ, x) ≤ ‖F‖L1

t L2
x
‖∂tu‖L∞t L2

x
≤ 1

2
(‖F‖2

L1
t L2

x
+ ‖∂tu‖2

L∞t L2
x
)

From (4.10) and the above estimations, we get

‖∇u‖L∞L2 ≤ 2 max(1, ‖Vt=0‖
L

n
2
x

) (‖f‖Ḣ1 + ‖g‖L2 + ‖F‖L1L2)

if ‖V −‖
L∞t L

n
2
x

+ ‖(∂tV )+‖
L1

t L
n
2
x

is small.

An alternative approach for achieving energy bounds (which is unfortu-
nately restricted to time independent potential) is the following. Assume
that V is such that −∆ + V is a positive self-adjoint operator, then there
are no negative eigenvalues.
This usually is required by saying that V − is small enough or more precisely
in the form ‖V −‖K ≤ 2πn/2/Γ(n/2 − 1), where K is the Kato norm. This
is all technically justified by a work of Jensen and Nakamura, [8], (see also
a more recent result Theorem 5.2, [1])
In that case, the Duhamel’s formula

u(x, t) = cos(t
√
−∆ + V )f +

sin(t
√
−∆ + V√

−∆ + V
g +

+

t∫
0

sin((t− s)
√
−∆ + V√

−∆ + V
F (s, ·)ds,
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guarantees the bound on ‖∇x,tu‖L∞L2 . Indeed, using the fact that

eit
√
−∆+V : L2 → L2 and

√
−∆ + V : Ḣ1

V ∼ Ḣ1 → L2 we get4

‖∇x,tu‖L∞L2 . ‖f‖Ḣ1 + ‖g‖L2 + ‖F‖L1L2 .

• The endpoint (2, 2(n−1)
n−3

)
Using the Strichartz estimates for the potential free wave equation we

have,

‖|∇|
n−3

2(n−1) u‖
L2

t L
2(n−1)

n−3
x

≤ C (‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖V u‖L1

t L2
x

+ ‖F‖L1
t L2

x
).

(4.11)

By Hölder’s inequality and the Sobolev embedding theorem,

‖V u‖L1
t L2

x
≤ ‖V ‖

L
2

1+θ
t L

2n
3−θ
x

‖u‖
L

2
1−θ
t L

2n
n−3+θ
x

≤ C ‖V ‖
L

2
1+θ
t L

2n
3−θ
x

‖|∇|ku‖
L

2
1−θ
t Lr

x

where 1/r = (1− θ)(n− 3)/2(n− 1) + θ/2 and k = n/r − (n− 3 + θ)/2.
By the convexity of the norms, with CV := (2 max(1, ‖Vt=0‖L

n/2
x

))θ,

‖|∇|ku‖
L

2
1−θ
t Lr

x

≤ (‖|∇|(n−3)/2(n−1)u‖
L2

t L
2(n−1)/(n−3)
x

)1−θ (‖∇u‖L∞t L2
x
)θ

≤ CV (‖|∇|(n−3)/2(n−1)u‖
L2

t L
2(n−1)/(n−3)
x

)1−θ (‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖F‖L1

t L2
x
)θ.

So,

‖V u‖L1
t L2

x
≤ C CV ‖V ‖L

2/(1+θ)
t L

2n/(3−θ)
x

×

× (‖|∇|(n−3)/2(n−1)u‖
L2

t L
2(n−1)/(n−3)
x

)1−θ (‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖F‖L1

t L2
x
)θ

≤ θ ‖|∇|(n−3)/2(n−1)u‖
L2

t L
2(n−1)

n−3
x

+

+ cθ (C CV ‖V ‖L
2/(1+θ)
t L

2n/(3−θ)
x

)1/θ(‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖F‖L1

t L2
x
).

Altogether

‖|∇|
n−3

2(n−1) u‖
L2

t L
2(n−1)

n−3
x

≤ C(‖f‖Ḣ1 + ‖g‖L2 + ‖F‖L1L2)+

+ C θ ‖|∇|
n−3

2(n−1) u‖
L2

t L
2(n−1)

n−3
x

+

+ C cθ (CV ‖V ‖L
2/(1+θ)
t L

2n/(3−θ)
x

)1/θ(‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖F‖L1

t L2
x
).

4There is a technical detail here that Ḣ1 ∼ Ḣ1
V for such potential, which is also shown

in [1], Section 5
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So if θ is small enough,

‖|∇|(n−3)/2(n−1)u‖
L2

t L
2(n−1)/(n−3)
x

≤ C (1 + cθ (CV ‖V ‖L
2/(1+θ)
t L

2n/(3−θ)
x

)1/θ)×

× (‖f‖Ḣ1
+ ‖g‖L2

x
+ ‖F‖L1

t L2
x
)

�
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