THE UNIVERSAL MAXIMAL OPERATOR ON
SPECIAL CLASSES OF FUNCTIONS

JAVIER DUOANDIKOETXEA AND VIRGINIA NAIBO

ABSTRACT. We prove pointwise inequalities for the maximal op-
erator over all the directions in R™ when acting on [9-radial func-
tions and on product functions. From these inequalities we deduce
boundedness results on L? for p > n; these can be applied to other
operators, in particular to the Kakeya maximal operator.

1. INTRODUCTION

The universal maximal operator is defined as

Mf(z) = sup M, f(z)

ueSn—1

where M, is the directional Hardy-Littlewood maximal operator,

h
M, f(x) = sup%/ |f(x —tu)|dt.
h>0 0

The term universal maximal operator is used also for the maximal
operator defined as the mean value of a function over all rectangles
centered at (or containing) = with arbitrary directions. Both operators
are equivalent in the sense that their quotient is pointwise bounded by
absolute positive constants, and the results of this paper are valid for
both of them.

A construction using the Besicovitch set shows that M is unbounded
on LP when p < oo (see [11, Chapter 10]). Nevertheless, A. Carbery,
E. Hernandez, and F. Soria showed in [2] that M restricted to radial
functions is bounded on LP when p > n and is of restricted weak type
when p = n. In our joint work with O. Oruetxebarria [6] we gave an
alternative proof of this result based on the pointwise inequality

(1) Myx(x) < Clxp) (2)""
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where FE is a radially symmetric set, xg its characteristic function,
the superscript * denotes the usual Hardy-Littlewood maximal oper-
ator, and C' depends only on n. To obtain (1) we used a maximal
operator over annuli, which for radial functions is equivalent to the
Hardy-Littlewood maximal operator. The boundedness properties of
M could have been obtained directly from the operator over annuli as
well.

In this paper we study the boundedness properties of M acting on

1/q
the l9-radial functions. Let |z|, = (Z?Zl |xj|q> for x € R™. We say

that a function in R™ is {9-radial if f(z) = fo(|z|,) for some fy defined
in (0,00). When 1 < ¢ < n we show that inequality (1) holds when
FE is [9-radial; as in the case ¢ = 2, the proof combines an inequality
with the maximal operator on [9-annuli, and the equivalence of this last
operator with the Hardy-Littlewood maximal operator when restricted
to l9-radial functions. We check that (1) cannot hold for ¢ > n or
g = 1, and we show that in the flat cases ¢ = 1 and ¢ = oo, (1) still
holds if we replace the right-hand side with a larger operator obtained
as a sum of two-parameter maximal operators; except for the end-point
(p = n) this larger operator leads to the same boundedness results for
M.

The universal maximal function serves as an upper bound for many
other operators. In particular, in [2] it was used to study the behaviour
of the Kakeya maximal operator on radial functions; the conclusion is
that this operator is bounded on L” for p > n and its L"-norm is
bounded by C'log N (previous work was done by S. Igari [8], who also
gave another proof of the L™-norm in [10]).

Concerning the Kakeya maximal operator, H. Tanaka proved that its
L™norm has logarithmic bound when restricted to [*°-radial functions
([13]). As a consequence of the boundedness of M we extend this result
to (9-radial functions (¢ < n and g = 0o0) and also deduce that on the
same classes of functions the Kakeya maximal operator is bounded on
LP for p > n with a constant depending only on p, ¢ and n (this result
for ¢ = 0o is not a consequence of those in [13]).

S. Igari proved a logarithmic L"-result for the Kakeya maximal op-
erator acting on functions of product type ([9], [12]). We show that (1)
holds for the product of characteristic functions with a strong maximal
function on the right-hand side. This allows us to obtain some Lorentz-
type boundedness properties but we do not recover Igari’s result.

In order to prove our results we need to study the length of sections
of lines with [9-radial sets; from this study we will be able to deduce
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some results about the X-ray transform which are presented in Section
6.

We denote by |F| the Lebesgue measure of F in R™ for different
values of m, and by [(F) the length of the set E, when it is contained
in a straight line of R".

The authors would like to thank the referee for his or her suggestions
to improve an earlier version of the paper.

2. l9-RADIAL FUNCTIONS

Let Ay (a,b) = {z : a < |z|, < b} and A,(0,b) = {z : |z|, < b}
for 0 < a < b. For locally integrable functions we define the maximal
operator associated to these annuli as follows:

Af(at):sup{lA; 1f(y)|dy :0<a<band xz € Ay(a,b)}.

(a,b)] Ag(a,d)

Since the overlapping properties of annuli are the same as the overlap-
ping properties of one-dimensional intervals (namely, if three of them
overlap, one is contained in the union of the other two), .4 behaves
like the one-dimensional maximal function. As a consequence, A is of
weak-type (1,1) and is bounded in L? for p > 1, with bounds depending
only on p but not on n or q. These boundedness properties are also
deduced from the following lemma, although in that case the bounds
depend on n.

Lemma 1. Let 1 < g < oo and let f be an l9-radial function. Then
Af(z) and f*(z) are comparable in the sense that their quotient is
bounded above and below by constants independent of f and x. The
constants can be taken depending only on n.

Proof. Since the [9-balls of the same center and radius are increasing
with ¢ and their measures are comparable (with constant depending
only on n), we can use (9-balls with any ¢ € [1, 00| to define the Hardy-
Littlewood maximal function.

The average of f on A,(a,b) when b —a > b/10 is bounded by a
constant times its average on A,(0,b), which is an [?-ball. The average
of f on the l9-ball B(c,r) with |¢| < 10r is bounded by a constant times
its average on B(0, 11r) = A,(0,11r).

Let X be the unit [?-sphere of R"; let S be a measurable subset of X
and

x

T(S;a,b) ={x: € S and a < |z|, < b}.

|z]q
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If fis an [%-radial function, f(z) = fo(|z|,), then

b
[ r=us) [ hora
T(S;a,b) a

where y is a measure on S™~!. As a consequence, the average of f on
T(S;a,b) depends only on a and b, not on S; in particular, it coincides
with the average on the annulus A,(a,b).

Let A,(a,b) be an annulus with r = b —a < /10, and = a point
such that |z|, = (a4 b)/2. Choose S = {y € ¥ : d(y,z/|z|,) < r/b},
where d is the Euclidean distance. On the one hand, the average of
f over T'(S;a,b) is the same as the average of f over A,(a,b); on the
other hand, there exist ¢; y c¢o depending only on n such that the
Euclidean balls centered at x with radii ¢;r and cor satisfy B(z, ¢11) C
T(S;a,b) C B(z,cor). Then the averages of f over the three sets are
comparable with constants depending only on n. This is enough to
conclude. U

Theorem 2. Let 1 < ¢ < n. Let E be an l%-radial set (that is, xg
is 1%-radial) with finite measure. Then there are constants Cy and Cy
depending only on n and q such that

Mxp(z) < Cr(Axp) (@) < Coxp) ()"
Before proving the theorem we need some preparation. Let a,v € R"
with
@) oo = Land 3 Jay|sgn (a;)v; = 0.

J
Consider the line {a +tv : t € R} and define h(t) = [a + tv|Z. Then

(3) B (t) = qz la; + tv;|" Tsgn (a; + tv;)v;
j=1
and
(4) () = glq — 1)) laj + to;|" 2,
j=1

and h is convex. Moreover the minimum value of / is |a|? and holds
when ¢ = 0. When a # 0, the condition )~ |a;|?"'sgn (a;)v; = 0 says
that the line is tangent to the [9-sphere |z|, = |a|, at a.

Notice also that

ol < ol < 02 Velu], if g > 2
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and
n'2 V4|, < Julp < vl if g < 2.
The following lemma will be useful in the proof of the theorem.

Lemma 3. Assume that a and v satisfy (2) and define h as before.

(a) Let g > 2. Then there exist constants Cy and Cy depending only
on q and n and not on a and v such that

(5) R (t) > Cit"™ ' for all t > 0;
R (t) R (s)
(6) ey < Oy = forallt > s> 0.
(b) Let ¢ < 2. Then
(7) W(t) > q(qg—1)57%t iflal, <1 and tlo], < 4;
and for some C3 independent of a and v
h(t h
(8) E)SC?’ is) for allt > s > 0.

Proof. Without loss of generality we can assume that a; > 0 for all
j. Define the following sets: Iy = {j : a; > 0 and v; > 0}, I, = {j :
aj >0and v; <0}, Is ={j :a; =0and v; # 0}, and Iy = {j : a; >
0 and v; = 0}. If I; and I are empty then h(t) = |a[? + t?|v|¢ and the
lemma is immediate. Even if they are not empty, h(t) = |al3 + t* for
g = 2 and again the lemma is immediate in this case.

(a) Assume that ¢ > 2 and that I; and I, are not empty. Using the
orthogonality assumption in (2) we have

1 _
gh’(t) = Z (|aj + to; [T — aj 1) v;

Jjeh
+ Z (a?*1 — aj + tv;|" 'sgn (a; + tv;)) |vj] + th_1|vj|q.
jel jels

When a; + tv; > 0 we use the inequality
(A+B)T ! — At > pit
valid for A, B > 0; when a; + tv; < 0 we use
AT (B - Ayt > 22mapt
valid for 0 < A < B. We get

1
—h'(t) > 2°7|w]it? Y,
q

which is the first inequality in the lemma.
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Consider now the function g(t) = A'(t)t'79. Since we are assuming
that [; and I are not empty, lim;_o4 g(t) = 400 because h”(0) > 0.
Let s < t. If g(t) < g(s) there is nothing to prove; if g(t) > g(s), there
is a local minimum at some sy < t with g(sg) < g(s) and it is enough
to prove that g(t) < Cyg(so). Since

§(t) = th"(t) — (¢ = DI'(t)

ta ’
if g has a local minimum at so, then (¢ — 1)g(so) = h”(so)ss % The
inequality

) M ) < gl - 1)l

holds for 0 < s < t; in fact, the difference in the left-hand side can be

written as
n q—2
glg—1)) ( ) v}
j=1

and the only terms in this sum which can be positive correspond to
values of j for which v; < 0 and a; < t|v;| and such terms are bounded
by |v;]?. Using (9) and (5) we can write

O LGL

s9~

q—2

a;
?"’Uj

a;
_+Uj
S

ta—1 ta—1 ta—1
W(so) | (h"(s0) |
< —r + (= +ala— Dl tq—_l/ ridr
0 0 S0

h/(So) 1 h”(So)
< e A < - +4q(q - 1)\@\3) < Chg(s0)-

(b) When |a|, < 1 and t|v|, < 4 we have |a; + tv;| < 5 and using (4)
and the fact that ¢ < 2, (7) follows.

To prove (8) write 1/(t) = h}(t) + h4(t) where h) contains the terms
in (3) corresponding to I; U I, and A, those corresponding to j € Is.
Since hl, (if it is not zero) satisfies (8) with constant 1, we only need to
prove it for h}. We start with the inequality

(10) hi(t) — hi(s) < C(t —s)hi(s) for 0 < s <t.
The left-hand side equals

1 [aj + to;|771
g la;+sv;]" {‘,aj, n SUJ.‘q—_l sgn (a; + tv;) — sgn (a; + sv;) | vj;
j J J
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to majorize the j-th term of the sum by C(t — s)|a; 4 sv;|7 07 we use
the inequality

(14+2)7t <1+ (¢— Dz for x>0,

when v; is positive and also when v; is negative and t|v;| > s|v;| > a;;
the inequality

1—(1—x)q_1§:13 for 0 <z <1,
when v; is negative and a; > t|v;| > s|v;|; and the inequality
(x—1T'4+1<2r forz>1,

when v; is negative and t|v;| > a; > s|vj]|.
Let s < t and g(r) = r~'h)(r); g is continuous and lim, o, g(r) =
RY(0). If g is increasing in (0,¢) we use the case s = 0 of (10) and

deduce )
i (t)

= < Ch!(0) < Ch1(5>

—
If g(s) < g(t) and g is not increasing in (0, t), there is a local minimum
at some sg < t with g(sg) < g(s). Taking the derivative of g we observe
that g(sg) = h{(so). Using (10) we have

hgta) - hQS(SO) + Ch!(s0) < (C + 1)g(s0).

This ends the proof of the lemma. O

Given the line a+tv, define V' (¢) as the volume of the [9-ball of radius
la + tv|,; if we denote by w, the volume of the unit /%-ball of R", then
V(t) = wnla+to[]. If @ = 0, then this is V(¢) = wy|v[pt". If a and v
satisfy (2) and h is defined as before, then V (t) = w,h(t)"/? and

(11) V(1) = gwnh(t)”/q‘lh/(t).

V' is increasing for ¢t > 0 and is convex when n > ¢ (actually, from (11)
we can prove that V' is also convex when g > n but we will not use this
result); as a consequence

(12)  V(a+s)=V(a) <V(B+s)—V(B) for0<a<p.
Moreover we have

tol, — laly < h()Y7 < tlol, + [aly
this implies that for t|v|, > 3|a,,
(13) h(t) ~ %, V(t) ~t", and h'(t) ~ 97!
(the bounds for A’ follow from th'(t) > h(t) — h(0) = h(t) — |a|] and
W(t) < gh(t)'=4vly).
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Proof of Theorem 2. We only need to prove the first inequality; the
second one is a consequence of Lemma 1. For a set D C R" define its
[9-annular extension as

A D] ={z e R": |z|, = |y|, for some y € D}.

Given the [9-radial set E to prove the theorem we only need to show
that for every line segment I in R"

(In E))" < |A[I] N E|

- () =< am

for some constant C' depending only on ¢ and n. We can assume that
E is open and in that case E is a union of annuli, which we can take
finite. The set A[/] N E is also a finite union of annuli and using the
convexity property (12), amongst sets £ with /(INE) fixed, the volume
of A[I]N E is minimum when /N F is a unique interval contained in I,
as close to the origin as possible inside I. Then to prove (14) we only
need to show that

<s>n < CV(a +s)—V(w)

t Via+t)—V(a)

or equivalently
V(ie+t) —V(a)
tn

for0<s<t,a>0,

V(ie+s) —V(a)

Sn

(15) <C for 0 <s <t a>0.

By the convexity of V' we have
V(ie+1t)—V(a) < V(e +1t)
tn - tnfl

and
Via+s)—V(a) - V(e +s/2)
s - 2sm1
Then (15) will be a consequence of
! !/

V(e +1t) < CV(a—i—s)
tn—1 - gn—1
When the line supporting the segment [ passes through the origin,

V(t) = wy|v[yt" and (16) is reduced to proving

(a+t)" 1 (a+ s)"t
tn—l S C Sn—l

(16) for0 <s<t,a>0.

(17) for0 <s<t,a>0,

which is trivial.

Assume now that the line supporting I does not contain the origin.
Let a be the point on this line with minimal [?-norm; parametrize
the line as a + tv with |v|s = 1. The orthogonality condition (2) is
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a consequence of the minimality of the [%-norm of a. By a dilation
argument we can take |a|, = 1.

If (a +1t)|v|, > 3 and (o + s)|v|, > 3, using (11) and the estimates
(13) we are reduced again to the situation in (17). Then we have
proved (15) when «a|v|, > 3 and also when a|v|, < 3 and s|v|, > 3. For
alv|, < 3, syl < 3 and t|v|, > 3 we use (5) or (7) together with the
fact that V'(« + s) is comparable to h'(a + s) to write

V(e + s) - C(a + s)2~t
gn—1 - gn—1
where gy = max(g,2). Since ¢o < n and s|v|, < 3 and a|v|, < 3, (16)
follows.

Finally, we are left with a|v|, < 3 and t|v|, < 3. In this case V’ and

h' are comparable and (16) is equivalent to
h' (o +t) < Ch’(a+s)
-1 - gn—1
Ift < ause W (a+t) < h'(2a) < Ch(a) < CH(a+s) where the second
inequality is a consequence of (6) or (8). If ¢t > « use h'(a+1t) < h'/(2t)
and h'(« + s) > h/(s) and (6) or (8). O

Corollary 4. Let 1 < ¢ < n. When restricted to l2-radial functions,
M is bounded on LP for p > n and unbounded for p <n. Forp=mn it
1s of restricted weak type.

Taking as f the unit [%-ball, M f(x) is of the order |z|~* for big
x and this implies that M is not bounded on LP for p < n. The
positive results are immediate due to the boundedness properties of
the maximal operator A.

Moreover, M is not of weak type (n,n): in fact, take the function
fx) = |z|; (= log|x|y) ™™ for |z|, < 1/2 with 1/n <y < 1; it is in L"
but Mf(x) = oc.

Theorem 2 does not hold for ¢ = 1 or ¢ > n. A counterexample
is the following: let E be the annulus A,(1 — 0,1 + ¢) for small 0
and = (2,1,0,...,0); then Mxpg(z) ~ §7 (or ~ 1 if ¢ = 1) and

for 0 <s <t a>0.

3. THE CASES WITH FLAT SPHERES (¢ =1 AND ¢ = 00)

In this section we find a substitute to Theorem 2 in the cases ¢ = 1
and ¢ = oco. Although the operator we use in the right-hand side is
larger than the Hardy-Littlewood maximal operator, it still provides
sharp L? estimates for M (Corollary 6). It is plausible to conjecture
that those estimates also hold when n < ¢ < oo; nevertheless, we have
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not been able to find the appropriate operator to control M in this
case. .

Given a vector v we define M, f(x) as the supremum of the mean
values of f over all cylinders containing z, with axis parallel to v. For
each vector v, M, is bounded on L? for p > 1 with a norm that behaves
as (p— 1)72 for p close to 1.

Theorem 5. Let E be an either 1°- or I -radially symmetric set with
finite measure. Let I be the set of directions of the coordinate azes
if ¢ = oo and the set of vectors with components +1 or —1 if ¢ = 1.
Then there is a constant C' depending only on n such that the pointwise
inequality

1/n
(18) Mys(a) < C (Z MUXE@:))

veL

holds.

Proof. We write the details of the proof for ¢ = oc.
For k =1,...,n, define
A ={x=(21,...,2,) ER": |2| = x4}, and
A ={z=(z1,...,2,) € R" 1 |2|ec = —21} .
Observe that the interiors of all these sets are pairwise disjoint and
R" = U(Af U A4L).
Let I C R™ be a line segment containing x. To prove (18) we will
see that

PR
(19) <l(Em(AkuAk)mI)

I(1)
where e, is the unit vector parallel to the O X}, axis. Due to the sym-
metries it is enough to consider the case £k = n and to work only with
Al

From I we define a cylinder R(I) = B(I) x p,(I) containing I as
follows: B(I) is the (n — 1)-dimensional ball whose diameter is the
projection of I over the hyperplane {z,, = 0} and p,(I) is the pro-
jection of I over the OX,, axis. We can assume that the cylinder is
not degenerate, which means that p,([) is neither parallel nor orthog-
onal to I. Let o be the angle of I with the direction OX,,. Then
|R(I)| = I(I)™ cos a(sin )"~ 1. We will see that

(ENATND\" |[ENAFnR(I)|
( 1) )50 (D))

) < CMekXE(x) )

(20)
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The projection of EN AT NI over the OX,, axis is a subset of (0, 00)
which we denote by J; then I(J) = I(E N A} N1T)cosa. Let a be the
infimum of J. If 7 is in J, the intersection of {z : |z| = r} with ENA}
is the (n — 1)-dimensional cube Q, = {(z1,...,Tp_1,7) : |z;] <71, j =
1,...,n—1}. The projection of IN{z : a < z,, < r} over the hyperplane
{z, = r} is a segment contained in @, of length (r — a)tana; the
(n — 1)-dimensional ball whose diameter is that segment is contained
in R(I) and its intersection with ), contains a significant part of the
ball, that is, the (n — 1)-dimensional measure of the intersection is at

least c((r — a)tana)™ ! for an absolute constant ¢ depending only on
n. Then

|EN AT N R(I)| > c(tana)™! /(r —a)" tdr > (tan )" (J)"
J
=dI(ENASNI)"cosa(sina)" .

This gives (20) and ends the proof of the theorem for ¢ = oo

The proof for ¢ = 1 is quite similar: the decomposition of the space
follows now the faces of the level sets {z : |z|; = r}, which are defined
by the signs of the components x4, ..., x,. The vectors appearing in Z
are those orthogonal to such faces. U

Corollary 6. The inequality |[Mf|, < Gyl fll, holds for functions of
[°°- or I*-radial type if and only if p > n.

Proof. For the necessary part take the characteristic function of the
unit ball.

For the sufficiency, notice that since each operator M, is bounded
on LP for p > 1 and the sums in the right-hand side of (18) are finite,
we have |Mygl|l, < C,|E|'/?. This is the same as saying that M is
of restricted type for p > n (or that M is bounded from the Lorentz
space LP! to LP), and real interpolation with the L™ estimate gives
the result. (l

4. FUNCTIONS OF PRODUCT TYPE

Let n =ni+no+---+niand put R» = R™ xR™ x---xR™. If x €
R", we write z = (x1, %2, ..., ;) where z; belongs to R". A function
f is of product type with respect to that decomposition if f(z) =
fi(zq) fa(x2) . .. fr(zr). The strong maximal function on R" associated
to the decomposition is defined for a locally integrable function f as

Mef(a) = sup T sy M= 1
T1, sy, >0 H] 1’8 0 r] ‘ J 1BDTJ
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(We will not make explicit in the notation the dependence on the de-
composition.) For a function f of product type,

k

Mg f(z) = Hff(xj) ;

j=1

where the superscript * stands for the Hardy-Littlewood maximal op-
erator on each R™, 1 <75 < k.

Theorem 7. Let E = H?Zl E;, where E; is a subset of R™, radially
symmetric and measurable, for j = 1,...,k. Then there is a constant
C' depending only on (ny,ng, ..., ng) such that the pointwise inequality

(21) Myg(x) < C(Msxg)(x)/™

holds. (For those values of j for which n; = 1, the set E; does not need
to be symmetric.)

Proof. Let I be a segment in R™ containing = = (xy,--- ,zx) and de-
note by p; the projection operator over the j-th component in the
decomposition R = R™ x R™ x ... x R™. Clearly

(ENT) Up(END))

(n (D)
and p;(ENI) C p;(I)NE;. Then

(ﬁ—%”)" < ﬁ(l(pgéolj)—(r;))ﬁ?j))n]

Jj=1

Whenever n; = 1, the corresponding factor in the product of the right-
hand side is trivially bounded by xj (z;). In particular, when k = n
(that is, n; = 1 for all j), this ends the proof and (21) holds with
constant 1. For those n; > 1, the same bound multiplied by a constant
C; depending only on n; is achieved using inequality (3.1) and the
equivalence (3.2) of [6]. O

Corollary 8. Let f(z) = fi(z1)fa(xe) ... fu(xr) where f; is a radial

function on R™ whenever n; > 1. Then for p >n

(22) Ml < Collfills TT 1illpar-

1<j<k
37
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Proof. We consider the operator T'(f1, fa, ..., fx)(x) = Mf(x). The
theorem and the boundedness properties of the strong maximal oper-
ator imply the inequality

k
(23) ||T(XE17XE27"‘7XEk)||p < CH|EJ|1/p

Jj=1

for p > n and Ej; radial. Fix the sets Es, ..., E} and define the oper-
ator T1(f1) = T(f1,Xm»---,Xpg,); for a fixed ¢ > n, T; restricted to
radial functions is bounded from L%!(R™) into LY(R™) with constant
C H?:z |E;|*/4 and is bounded on L*® with constant 1. Interpolating
we deduce

k
||T(f17XE27 S 7XEk)||P < CHlePH |Ej|1/p

J=2

for p > q. We can now replace each characteristic function by a function

in LP1(R™). O

Since T is sublinear in each variable and (23) implies that it is
bounded from LP' x LP' x ... x LP! (restricted to radial functions
on each component) to LP we could use multilinear interpolation with
the L> estimate (see in [1, Chapter 4, page 260] the bilinear analogue)
to obtain boundedness results in some other Lorentz spaces. Never-
theless, we have not been able to prove (22) with the LP-norm of all
the f; on the right-hand side. As far as we know, the LP-boundedness
(p > n) of M acting on radial functions is an open question.

The term radially symmetric in the statement of Theorem 7 means
[2-radially symmetric; we could have used [%-radially symmetric with
1 < ¢ <norq= oo and change the right-hand side of (21) according
to the results obtained in the two previous sections. The result of
Corollary 8 remains the same.

5. BOUNDS FOR THE KAKEYA MAXIMAL OPERATOR

Let D be a set in R", star-shaped with respect to the origin, and
with positive finite measure. If D is described in polar coordinates as
D\ {0} = {(p,u) € (0,00) x S :0 < p < R(u)}, the measure of D
is n™! [o.-1 R(u)" do(u) (do denotes the Lebesgue measure on the unit
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sphere). Then we have

/|frc— |dy—/sn1/R(" (z — pu)lp" " dpdo(u)

< [ RGP Mof@)dota) < nlD| sup M (o).

ueSn—1

As a consequence the maximal operator defined as

M f(a) = s [ (=)l dy

where the supremum is taken over all sets D star-shaped with respect
to the origin and with positive finite measure is also equivalent to M.
Thus, the LP boundedness results proved for M are valid for M*.

The Kakeya maximal operator Ky is defined as the supremum over
the averages on all parallelepipeds of sides a X a X --- X a X Na for a
fixed N and variable a > 0. A long standing conjecture is that Cy is
bounded on L” with norm C(N,p) majorized as

C(N.p) C(p)(log N)P), for some a(p) > 0 if p > n,
P = C(p)N™P=1(log N)*®) for some a(p) >0if 1 <p<n.

It has been completely solved when n =2 or whenn >3 and 1 < p <
(n+2)/2.

It is clear that Ky f(z) < M*f(x), so that the boundedness results
for M give inequalities independent of N for Ky when p > n. The
logarithmic growth for the critical value p = n can be obtained by
interpolation.

Theorem 9. 1. When restricted to l9-radial functions, for 1 < q <n,
the Kakeya maximal operator is bounded on LP for p > n and is of
restricted weak type (n,n), in both cases with constant independent of
N ; moreover, it is of weak type (n,n) with constant C(log N)='/" and
is of strong type (n,n) with constant C'log N.

2. When restricted to [*°- or [*-radial functions the Kakeya mazimal
operator is bounded on LP for p > n with constant independent of N;
moreover, it is of weak type (n,n) with constant C'log N, and is of
strong type (n,n) with constant C(log N)'*/.

This result was known for the radial functions (see [2]). For (*-radial
functions the results for p = n appear in [13] (with a better exponent
for a smaller operator: only 1 < a < 2 is allowed in the definition of
Ky) but not for p > n. Using Theorem 7 we can write some results
for Ky acting on product type functions but we do not obtain the L?
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classes (for instance, we have not been able to obtain the L™ results of
9] and [12]).

Proof. The results for p > n are deduced from the pointwise bound
Knf(z) < nMf(z) and Corollaries 4 and 6. The restricted weak type
(n,n) for 1 < ¢ < n is also a consequence of the pointwise inequality
and Corollary 4.

To obtain the estimates for p = n we use two weak inequalities:

(a) the weak (1, 1) inequality

24 suptl{e < Ky f(2) > 1} < CoN™ |
>
and
(b) the restricted weak (p,p) inequality for p > n,
(25) Stggﬂ{l‘ Cnf () > )P < Colp = )| fllpa,

with s =0if 1 <¢g<n,and s=11if ¢ =1,00. Cy depends only on n
and C} only on n and ¢ (it can be taken independent of p for p < 2n, for
instance). (a) is obtained from the weak type (1,1) inequality for the
usual Hardy-Littlewood maximal operator: in fact, a parallelepiped of
sides a X a X -+ X a X Na can be included in a ball of radius bounded
by a constant times aN. When f is a characteristic function, (b) is
deduced from the size of the norm of the maximal functions involved
in Theorems 2 and 5; following [1, Chapter 4, Theorem 5.3], (25) for
characteristic functions implies the boundedness of Ky from LP! to
LP>° with essentially the same constant, actually with the same power
of (p —n).

To conclude we need to use interpolation between Lorentz spaces.
This is well-known (see [1]), but since we need here the precise size
of the constants, we present the details in Lemma 11 of the appendix.
After writing the constants given in that lemma in terms of the bounds
appearing in (24) and (25), we choose p = n + (log N)~! to end the
proof of the theorem. O

6. AN ESTIMATE FOR THE X-RAY TRANSFORM

Given a (smooth) function f in R™ we define its X-ray transform as
X, f(z) = / Fo — tu)dt

for r € R" and u € S"!. The results obtained in Section 2 give easily
some control of the X-ray transform for /9-radial functions.
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Theorem 10. 1. If E is an l?-radial set of finite measure and 1 < q <
n, then

(26) sup X xg(z,u) < C|E|M™,

with a constant C' depending only on n and q.

-1
2. For1 <p<n and n_n — =1, the following inequality holds:
p p

1/p
s ([ XS wPiw) <,
uesSn—1 ut

(Here d)\,. is the (n — 1)-dimensional Lebesque measure on ut.)

-1
3. For1<p<n,ﬁ—z:1,andn >E—1thef0llowmg
p r p

inequality holds:

(/n (/SH \Xf(:c,u)yda(u))ﬁ/r dx) " < |l fll,.

Proof. 1. With the notation of Section 2 we need to prove
V(ie+s)—V(a) > Cs" for a,s > 0.

This is immediate passing to the limit when ¢ goes to infinity in the
left-hand side of (15): in fact, the limit is wy|v]}.

2 and 3. For ¢ = 2 (radial functions) these results are given in [5]
and [6]. The proofs given can be repeated in this context since they
are based on inequality (26) on the one hand and on inequalities valid
for general functions on the other hand. 0

This theorem is sharp and cannot be extended to general functions
for which more restrictions appear (see [3]). Inequality (26) does not
hold either for [%-radial functions when ¢ = 1 or ¢ > n: in fact, there
are lines whose intersection with the set E' = {z : 1 < |z|, < 1+ ¢} is
of the order 6'/7 (1 if ¢ = 1) while the measure of E is of the order of
9; for small § this would contradict (26).

In [5] the X-ray transform was imbedded in a family of potential
type operators

fa,uf(iU):/ flx —tu)|t|*tdt, 0<a<n,

in such a way that [, ., f coincides with X f(-,u). The same mixed norm
inequalities proved there for radial functions can be obtained now for
[9-radial functions when 1 < ¢ < n since they are based on Corollary 4
and inequality (26). On the other hand, the mixed norm inequalities
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for I,, acting on general functions can only hold in a smaller range;
the result of Corollary 6 can be used to prove that they actually hold
in that range when the functions are [!- or [*°-radial.

Mixed norm inequalities for M, were considered in [4], namely, in-
equalities of the form

7 (/H(L”A@ﬂ@deYﬁmym<cfp-

-1
The conjecture is that (27) holds if and only if 1 <7 < 0o and n

>
r

n
— — 1, but this is only known to be true for n = 2. When restricted

to [%-radial functions (1 < ¢ < n or ¢ = oo) Corollaries 4 and 6 give
(27) for r = oo and p > n. Interpolation with the trivial case r = 1
provides the full range of the conjecture for those functions.

7. APPENDIX: DETAILS ON THE INTERPOLATION OF SECTION 5

Denote by o, the distribution function of g, which is defined for
t € (0,00) as

ag(t) = [{z : |g(z)| > t}].

In terms of this distribution function the norm of ¢ in the Lorentz space
L% for 1 < p,q < oo is given by

(28) mmﬂzq/ 19y ()97 dt.
0

We will use the cases ¢ =1 and ¢ = p. (Remember that LPP = LP.)

Lemma 11. Let T be a sublinear operator such that

(29) sup tars(t) < Aol fll1,
t>0
and
(30) sup tars ()" < Ai||fllpa, P> n
t>

1 0
Let 0 be given by — = —+ (1 —0). Then
np

n

2" <—p > AL0A°

31 tar () <
(31)  suptars(t)/" < b n

t>0

[raley
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and

n+1 Ag 0 Arp ?
(32) qumuzlzn (-2 (p__n)IIUﬂw

Proof. Assume that f is nonnegative. For each t decompose f as fo+ f1,
where

_ ) flz) = Bt, if f(z) > Bt, | Bt, if f(z) > Bt,
fole) = {o, if f(z) < Bt; file) = {f(x), if f(z) < Bt.

Here B is a constant to be chosen later. Writing the distribution func-
tions of fy and f; in terms of oy and using (28) we have

& Bt
(33) HfOHIZ/ ag(s)ds, and Hlep’lz/O as(s)VP ds.

Bt
Using the sublinearity of 7' we have

ary(t) < arp(t/2) + arg (t/2),
and from (29), (30) and (33) we deduce

24y [ 24, [P 8
are(t) < TO/ ayr(s)ds + (Tl/ af(s)l/pds) .
0

Bt
Using now the inequalities

/ T ap(s)ds < (Bt / " ol (s) ds,

Bt Bt

Bt » Bt Bt | \P~
</ ag(s)r ds) < / s" Lo (s) ds (/ se-1 ds) ;
0 0 0

we deduce

and

1
t) < — n
arg(t) < I o

— p—1
2A0B"" 4 (2A,)PBP" (p 1) ] .

Choosing B so that both terms in the sum are equal, we obtain (31).
To prove (32) we write

00 00 Bt p
ol <o [t 120 [ e (350 [T agras) Jar
0 0

Bt

Use now Fubini’s theorem for the first term and Hardy’s inequality [1,
Chapter 3, Lemma 3.9] for the second one to obtain

2AOBl—n B p p o0 B
Tfr < | 2222 — 4 24,7 (2 nl .
ol < |22 ey (2 o [T e



THE UNIVERSAL MAXIMAL OPERATOR 19

Choose again B such that both terms in the sum are equal to get
(32). O

(1]

[10]
[11]
[12]

[13]
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