ON THE BOUNDEDNESS OF BILINEAR OPERATORS ON
PRODUCTS OF BESOV AND LEBESGUE SPACES

DIEGO MALDONADO AND VIRGINIA NAIBO

ABSTRACT. We prove mapping properties of the form T : Bg‘ll‘ql x LP? — B;;z,qz and
T : Bgll"“ X ng’qz — LP3 for certain related indices p1, p2, ps, q1, g2, @1, a2 € R, where
T is a bilinear Hérmander-Mihlin multiplier or a molecular paraproduct. Applications to
bilinear Littlewood-Paley theory are discussed.

1. INTRODUCTION

Beginning from the classical works of R. Coifman and Y. Meyer [7], [8], [9] on bilin-
ear pseudo-differential operators and J.-M. Bony [6] and H. Triebel [30], [31] on bilinear
paraproducts through the recent progress in the development of the bilinear Calderdn-
Zygmund theory [18], [19], [20], [21], [22], the bilinear Hilbert transform [24], [25], and
molecular paraproducts [13], [14], [29], bilinear operators continue to be object of intense
study. Of particular interest are the recent bilinear estimates in the scales of Besov and
Triebel-Lizorkin spaces of the form

. RO1,q1 22,02 23,93 . Q1,41 nQ2,q2 03,3
T : Bp1 X sz — Bp3 and T : Fp1 X Fp2 — Fp3 ,

for related indices p1, p2, 3, q1, 2, q3, a1, a2, az, and families of bilinear operators 1" includ-
ing bilinear multipliers, bilinear Calderén-Zygmund operators, molecular paraproducts, and
bilinear pseudo-differential operators established in, for instance, [1], [2], [3], [4], [5], [13],
[14], [16], [17], [18], [19], [20], [21], [22], [27], [29], [33], [34].

The purpose of this article is to address Besov-Lebesgue boundedness properties of the
form

(11) T - Bgllﬂll X Lp2 s BI‘;“327(12 and T - Bgll,QI X B10;122,q2 N Lp3’

(as well as its corresponding non-homogeneous versions) that complement the existing re-
sults in the literature on the subject. Our key tool is a lemma (Lemma 2.1 below), which,
despite its simplicity, provides an insightful viewpoint into the nature of the bilinear esti-
mates of the form (1.1). From this perspective, in Sections 3 and 4 we prove Besov-Lebesgue
estimates (1.1) for bilinear multipliers of Hérmander-Mihlin type and for bilinear molecular
paraproducts, respectively, without resorting to the usual tools of molecular decompositions
of Besov spaces or reduced bilinear symbols. In Section 5 we introduce a vector-valued in-
terpretation of the present ideas, along with its applications to bilinear Littlewood-Paley
theory.
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2. THE BAsic LEMMA

We first fix some notation that will be used throughout the paper.

The class of Schwartz functions in R will be denoted by S(R") and we set Sp(R™) :=
{f € S(R") : 97f(0) = 0, for all v}. We write 1) € ¥ if ¢ € S(R™), supp()) C {€:1/2 <
€] <2} and ¢ =1in {£:3/5 <[] <5/3}. For a € R, 0 < p,q < o0, and f € S(R™) we
define

1/q
(21) £l g0 = (Z 2 IIAu(f)H%p> ,

VEZ

where A, (f) = 1, % f and ¢, (z) = 2""(2x), with the usual interpretation when ¢ =
oo. The homogeneous Besov spaces Bp'? is the set of tempered distributions f, modulo
polynomials, such that || f|| peea is finite. The definition is independent of the choice of

¢ and the dual of By? is B];a’q,, where p’ and ¢ denote the conjugate pairs of p and ¢,

respectively. The scale of homogeneous Triebel-Lizorkin spaces Fﬁ " is defined similarly,
for ¢ < oo, with the sum and the integral in (2.1) taken in reverse order, see [12] and [32]
for more details.

Finally, C will denote a constant that may depend only on the parameters involved, and
that may change from line to line.

Our starting point is the following lemma, which is essentially based on a bilinear Schur-
type inequality and Calderén’s reproducing formula.

Lemma 2.1. Let T : S(R") xS(R™) — S(R™) be a continuous bilinear operator and denote
by T*? its second adjoint. Let 1 < p, q, r, s < oo, with 1/p +1/q = 1/r, and suppose that
there exist I > 0 and C > 0 such that for oll j,k € Z and h =1,2,3,

(22) s / / 72 (680 = 1), 0P (2 = ) (a9)] ﬁ Ay < C271iH]
m=1

zp ER™ =
m#h
for some v @) € U, such that Calderdén’s formula holds true for ), i.e,
2 2 n
(2.3) h=>"aPAP (), nes®rY.

JEZ
Then, for all o € R with |a| < 1 there exists a constant C; > 0, depending on C, n, and «,
such that

IT(f, D pes < Collfll s N9llpas  fr9 € SRY).

Proof. Let K(z,y,z) denote the Schwartz distributional kernel of 7. We express this by
formally writing

T(f,9)(x) = / / K(z,y,2) f(y) 9(2) dydz.

In this sense, the second adjoint operator T*? has kernel K*?(z,y,2) = K(z,y,z), see
Section 2 in [20], for more details. For k € Z and (1) € W, define the bilinear operators

O as O(f, g) = AVT(f,9) = vV « T(f, g), that is,

ot = [ [ ( [0 =) Ky, du) 7) o(=) dyde.
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Consequently, the bilinear operator (f,g) — Oy (Agg) 7 g) has kernel

K (z,y,2): //wk x—w)K(w u,z)wj(-z)(u—y)dudw
=172 (47 (- ), w,?)(x -9) ).

Set fi = f, fa=g, p1 =p, po = q and p3 = /. For f3 € L" (R™), Holder’s inequality and
inequality (2.2) yield the following bilinear Schur-type inequalities

<[]/ \Kﬁ<x1,x2,x3>\ﬁl|fm<mm>|dxm

= f[ | (e, 23) [ | ()| et
[/

: 1/pm
= H (///‘Kﬁ(ml,l‘Q,J)g)‘fm($m)|pm d$1d$2d:n3)
m=1

3
< 278K T 1ol e -

m=1

O1(AY) £, 9) (w3) f3(w5) das

Thus,
(2.4) |ox@®r.g)| <2 £l gl

Next, let {Gj}rez be a sequence of functions such that ), 9—aks’ HGkHSLIT/ < 1. By using
Holder’s inequality, (2.3), (2.4), and choosing A such that 0 < A <[ — |a|, we obtain

/ Ox(f, 9) S / O A(2 ) (2)Cu(2) dz
(A AP, )

keZ jez
1’ 1/s
—Alj—kls' o—kas’ / Alj=klsgk
<(ZZ2 ik gt szww) (ZZW o v(ﬂw)
keZ jeZ

keZ jeZ

kEZ

1/s
—l)|7—k|sokas 2 s
<C ZZQ()\ Dlj—klsgk A; )f ) qu(Rn)>
kEZ jeL
1/s
_ (h—asg(A—Dlj—klsojas
C 222 2 2 f\LP Rn) 191l Laggeny
keZ jeZ
1/s
(A=l+|a))|i—kK]|s jos
<C Z (Zz J )23 pr(Rn) 91| Laggen)
JEZ \k€Z

< G 1fll s N9l zaqny

and the lemma follows by duality. O
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Remark 1. By duality, if the condition (2.2) in Lemma 2.1 holds with T or T*! instead of
T2, then the resulting bounds are of the form

ITCf, 9l = Cullfllggs gl goawr s fr9 € SRY),
or
1T D geos < Cr [ fllpe Ngllges s fr9 € SR,

respectively.

3. BOUNDEDNESS OF BILINEAR HORMANDER-MIHLIN MULTIPLIERS

In this section we consider bilinear multipliers of the form

0)= [ [ o€ni©atme e dan,

where o(&,n) is an infinitely differentiable function defined on R™ x R™\ {(0,0)} verifying
the Hormander-Mihlin condition, namely,

(31) 02650 (¢,m)| < o (€] + ) 177191,

for all (§,7) € R™ x R™\ {(0,0)} and all multiindices v and 5. Here |y| =71 + -+ 4+ 75 if
v = (Y1, ), and similarly for |3 .

n [18], L. Grafakos and R. Torres used the molecular decomposition of homogeneous
Besov spaces to study mapping properties of T, in the diagonal Besov cases of the form
T, : ByVP x BS»? — BT a0 > 0, 1 < p,q,7 < 00, 1/p+1/q = 1/r, under the
following cancelation conditions on (&, 7)

(3.2) 0¢a(0,n) = 0, for all n # 0,
(3.3) 9¢a(n,—n) =0, for all n # 0,
(3.4) opa(§,0) =0, for all £ # 0,

for suitably many multiindices p, see [18, Theorem 3|. Under the same cancelation hy-
potheses, mapping properties of T, : Fpl% x Fp2® — [53% for the scale of homogeneous
Triebel-Lizorkin spaces F;‘ ! have been addressed by A. Bényi in [1, Proposition 3] and L.
Grafakos and R. Torres in [19, Theorem 7).

For s € R, let [s] denote the largest integer smaller that s. We will use Lemma 2.1 and
only two of the cancelation hypotheses above to prove

Theorem 3.1. Consider 1 < p, q, r < o0, %4—% T, and o € R™. Let o(§,n) be an
infinitely differentiable function satisfying (3.1) for all |y|,|5] < n+ 1 and the cancelation
conditions (3.2) and (3.3) for all multiindices p satisfying |p| < [|a|]] +n+ 1. Then

(3.5) 17, (F.9)ll e < € U7l Nl

Proof. Let v € ¥ such that Calderén’s formula holds true for . For k, j € Z define
Kji(z,y,2) =T, (i (- = y), vu(z =) ()

(36) = [ [ otem iyt + myee e dga,

By Lemma 2.1 it will be enough to prove that Kj satisfy the conditions (2.2) for some
[ > |a|. We consider three different cases given by j—k < —3,j—k > 3,and -2 < j—k < 2.
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Case j —k < —3. Let | = [|a|] + 1. We will prove that there exists C, such that
an 2jn
(1428 |z — 2" (1+2 |z — gyt

(37) ’Kjk(xayvz)| < Ca 2il|j7k‘

for any k, j € Z, j — k < —2. Then conditions (2.2) follow for this range of j and k.
We make the following change of variables (£,71) — (27¢,2%n). Then

Kji(z,y,2) = 2" 2" //0’(2% 2M) P(E)P(27 R e + ) € Sl ) 2=2) g,

Without loss of generality assume that |z — y| ~ |x1 — y1| and |x — z| ~ |z1 — 21| . Choose
multiindices v and § so that 4 > 0 and v, =0 for m = 2,--- ,n, §; > 0 and 5, = 0,
m=2,---,n,and [y[ = |8] =0, or [y = B[ =n+1, or |7|—n+1and 181=0, 0r |7 = 0
and \ﬁ| = n + 1, according to whether 2/ |z — y| and 2¥ |z — 2| are smaller or larger than

.. _ ole ZQJ‘E(Z v) _ 85 iok n(z—z)
1. Notlcmg that 612]6(1‘ Y) = m and 612 §(z—2) = m and lntegratlng by
parts when v # 0 or § # 0 we get
2jn an
Kjk(x7y7z) =C : F(x,y,z)

(27 (w1 — y1))P1 (28 (21 — 21)) V7]

where
Fa.y2) = [ [ 9307 (o126, 20n) G Fe+ ) €5 c21-2) agay,
Then (3.7) will follow if we show that |F(z,y, z)| < C 2% =*|, Using Leibniz rule we obtain
0207 (r(27€, 25) D) (2 ¢ + )
= > M2 rar)2ig 25y 0] o) (VBT +m) )

u<y,v<pg

Using (3.2), the mean value theorem repeatedly, and condition (3.1) we obtain
27 2 oot (e, 20| < O [(@L P ay) (. 2| (27 el 2 2

1o
< CoU—-RelHuh &7
- ’m\uHIVIHpI ’

where 7 € R” is in the segment joining 0 € R™ and 27¢ and the multiindex p is chosen
appropriately and such that |p| = I. We now have

Floy )| <2780 [ 37 62070 o o= (de)d e )| de
1<jel<2 “<;

1<

This yields (3.7) since the last integral is uniformly bounded as j — k < 0.
Case j —k > 3. In this case we make the change of variables ({,n) — (£ +mn, —n) in (3.6)
obtaining

Kju(a,y. / / (€ + 0, —0) DI (E +0))d(2FE) M) @) ey,
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Define 5(¢,n) = o(€ +n,—n) and note that & satisfies conditions (3.1) and (3.2) since o
satisfies (3.1) and (3.3). Now, the change of variables (&,7) — (2%¢,27n) gives

Kin(o,,2) =227 [ [ 5(25 2) B9+ myi(e) e o260 agay,
We are now in the exact same situation as in the previous case. Therefore,
an 2jn
(1+2F |z —y))mtt (1427 |z — gyt

Kz, y,2)| < C27 Uik

for | = [|af] + 1.

Case |j — k| < 2. As in the first case (j —k < —3), we obtain
2jn 2kn

(27(21 — y1))P (2K (21 — 21))

where
Fa,y2) = [ [ 0307 (o126, 20n) G Fe + ) S 212 agay,

and we assume, without loss of generality, that |z — y| ~ |1 — y1| and |z — z| ~ |21 — 21].
We take |[y| = |8 = 0, 0or |y| = |8l =n+1,0r |y =n+1and |[5] =0, or |y] = 0 and
|8] = n + 1, according to whether 2/ |x —y| and 2¥ |z — z| are smaller or larger than 1.
Since |j — k| < 2 the desired result will follow if we prove that |F(z,y, z)| is bounded as a
function of x, y, z, j, k, |j — k| < 2, for any values of a and . From Leibniz rule,

0207 ((27€, 25) D)2 ¢ + )
= Y 22020, 20) 0O (Ble)d R + ).

u<y,v<pg

and using the condition (3.1),
‘823;? (U(ng’an)@;(5)1&(21'—%4_17))‘
< Y a 9ilil kvl (97 |¢| 4 ok ’m)—m|—|y|

o5 (D(©)h e+ )

p<y,v<p
< Y0 a2t ool (ieyd iR + )|
p<y,v<B
Then |F(z,y, z)| is bounded since |j — k| < 2 and supp(y)) C {€: 3 < [¢] < 2}. O

Corollary 3.2. Let T, be as in Theorem 3.1, 1 < p,q,r < oo, with 1/p+1/q=1/r, and
a >0, then

1T (f; D pes < C N1 fllge= N9l -

Proof. Since a > 0 implies ||f||Bg,s = HfHBgvS + || fllp, the result follows from (3.5) and
the fact that bilinear Héormander-Mihlin multipliers obey the inequality

1o (f )l < C N Flle llgll o s

as proved by R. Coifman and Y. Meyer in [8], K. Yabuta in [35], and later extended to
other indices by L. Grafakos and R. Torres in [20]. O
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Theorem 3.1 does not require that the symbol o satisfies condition (3.4). If o satisfies
conditions (3.1), (3.2), (3.3) and (3.4), then it easily follows that the symbol of T2, which
is given by o(§, —(£ + 1)), satisfies conditions (3.1), (3.2) and (3.3). By duality we then
have the following

Corollary 3.3. Consider 1 < p, q, r < oo, %+% = %, and o € R™. Let o(&,m) be an

infinitely differentiable function satisfying (3.1) for all |7y|,|8] < n+ 1 and the cancelation
conditions (3.2), (3.3) and (3.4), for all multiindices p satisfying |p| < [|a|] +n + 1. Then

(3-8) ITo(F ol < C Nl llgll g -

Estimates similar to (3.8), but for non-homogeneous Besov spaces, have been considered
by A. Bényi in [2] when the bilinear multiplier o(&,7) is replaced by a bilinear symbol
in the forbidden class BSR1 (however, this class and the Hormander-Mihlin class are not
comparable).

4. MOLECULAR PARAPRODUCTS
For v € Z and k € Z", let P, be the dyadic cube
(4.1) P, = {(1‘1,...,:(}”) eR™: k; <2%x; < k; + 1,2 = 1,...,n}.

The lower left-corner of P = P, is denoted by xp = x,, = 277k, its size by |P| = 27",
and its characteristic function by xp,,. The collection of all dyadic cubes will be denoted
by D,ie. D={P, :v €Z, keZ"}. Following [12], p. 48, a smooth molecule of reqularity
M and decay N > n associated to P is a function ¢p = ¢p,, = @1 : R" — C that satisfies

C’y N2un/22\’y\u

(4'2) |87¢V/€($)| < (1 + 21/|l, _ 271/]{|)N7

for all |y] < M and some N > n.

A family of smooth molecules {¢p}pep = {dvi}vez kezn that satisfies the additional con-
ditions

(4.3) /gﬁ,,ﬂx)x”dm =0, foral |y|<L,veZkeZ",

where L will be specified in particular uses, will be called a family of smooth molecules with
cancelation. Let {qﬁb}, {(bQQ}, {(b%} be three families of smooth molecules, the molecular
paraproduct (or model paraproduct, [29], p. 23) associated to these families is defined by

(4.4) T(f.9) = Y 1QI*(f,00)(9, 00)¢h,  f.9€ SR™).
QeD
T has a bilinear kernel given by
(4.5) K(z,y,2) = Y QI 205(y)d(2)dh ().
QeD

A molecular paraproduct has the advantage of involving molecules adapted to dyadic cubes,
a more flexible construction than the usual dilations and translations of two fixed profiles
1 and ¢ defining the Bony paraproduct

(4.6) I(f.9) =Y (W f) (¢5*9),

JEZ
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where ¥, ¢ € S(R™) and ¢ € ¥ and supp(¢) C {¢£ € R™ : |¢] < 1/4}. As opposed to the
functions ¢; and 9; in (4.6), which are L'-normalized, the smooth molecules in (4.4) are L?-
normalized. Nevertheless, the concept of the molecular paraproduct (4.4) includes (modulo
smoothing operators) the one of Bony paraproduct. Indeed, given ¢ and ¢ as in (4.4), we

reason as follows: consider ¢! € S(R™) with supp(¢!) C {£ € R : 1/16 < |¢] < 9/2} and
pt=1in {£€ € R":1/4 < [§| < 9/4} to obtain

SHE + )i (O)63(n) = 3()5(n), j €L, EneRT,

and, consequently,

(4.7) 0j % (5 * [) (6% 9)) = Wy f) (95 %9), jEL
Setting ¢? := v and ¢ := ¢, and using (4.7), we can write

=> % £) (@3 9)(x)

VEZL
Z/%x—¢%vw&-wWOﬂ)U@m

:/ / (VGZ
zz//Kn(ﬂc,y,z)f(y)g(Z) dydz,

whose bilinear kernel can be expanded as

Kﬂ(x Y,z )

_ZZ/ 27525 1 (2" (2 — w))2'F H2(2¥ (w — y))2'F 63 (2 (w — 2)) dw

vEZ keZ™

=> > |Quil ™7 ——— 272 01 (2" (z — w))2'2 ¢*(2 (w — 1))22 ¢ (2" (w — 2)) dw
|Q Kl

veZ ke Quk

- Z Z ‘QV’f’_§¢é2(x)¢Q(y)¢%<z) + E(x,y, 2).

VEZL keZ™

Here ngJQ(:r) = /20 (¥ — k), for Q = Qo1 and j = 1,2, 3, are smooth molecules and the
error term F(z,y, z), depending on the differences 22 ¢7 (2" (x — w)) — 22 ¢7 (2" (z — 1)),
Jj =1,2,3, is the kernel of a smoothing operator. Due to the size condition (4.2), E(z,y, z) is
usually disregarded, since during the estimates the averages over (), above can be replaced
by the values of the integrand at ..

A detailed study of the mapping properties of the form T : X x Y — Z for molecular
paraproducts T', where X, Y, and Z are related functional spaces including Besov, Triebel-
Lizorkin, Hardy, Sobolev, and Lebesgue spaces, (but not estimate (4.13) in Theorem 4.4
below), can be found in [5]. For the case of Dini continuous molecules, see [27]. End-point
results of the form T : Fi*9 x Y — F3"?, for certain Triebel-Lizorkin spaces Y are proven
in [33] and [34].

Our Besov-Lebesgue estimates for molecular paraproducts will be based on three known
almost-orthogonality estimates, which we included here for the reader’s convenience. Namely,

Proposition 4.1. (Frazier-Jawerth, Appendix B in [11]) Suppose that ¢, and ¢, are func-
tions defined on R™ such that for some x,, z, in R", some Ny > n+ L+ 1 with L a
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non-negative integer, and some No > n the following conditions hold:

L8 2yn/2
. v < ;
( ) ‘90 (x)’ = (1 + 2V|$ _ xl/‘)max(Nth)
(4.9) / ou(x)xVde =0 for all |y| < L,
and
kY| gun/2
(4.10) |0Ypu(x)] < forall |y| <L+ 1.

(14 20| — z,|)NV2

Then, for v > p there exists a constant C = C(Ny,Na, L) > 0 such that the following
estimate is valid

9—(W—p)(L+14+n/2)

(4.11) <C

T (20, — )N

[ elarento) ds

Lemma 4.2. (see, for instance, [15, p.A-36]). Let a,b € R", u, v € R, and P, Q > n.
Then

2min(,u,u)n
< CP,Q,n (1 - 9min(u,v) |a — b|)min(P,Q) '

(4.12)

QUM qvn
d
/Rn (T+2¢]z —a)P 1+ 27 —b)@ "

Finally, for three real numbers, a1, a2, a3, we denote by med(ai, az, as) one of the a;’s
that satisfies min(a1, a2, a3) < a; < max(a1,az,as).

Proposition 4.3. (Proposition 3.6 in [5]) For every N > n + 1 there is a constant C,
depending only on N and n, such that for any w = (v,v, u,\) € Z* and any z,y,z € R"
9—Ynovn/29un/29An/2

gz; [(1 42|z = 2770 (1 + 2#|y — 2771))(L + 2%z — 277N

C2- max(p,v,\)n/2 2mod(,u,z/,)\)n/2 2min(,u,1/,)\)n/2
< - - - .
= (1 + 2wl — y]) (1 -+ 2w [y — 2]) (1 + 206N | — o))

We are now in position to state our Besov-Lebesgue estimates for molecular paraproducts.

Theorem 4.4. Let {gf)lQ}, {q%}, {qng} be three families of molecules and let T' be its asso-
ciated molecular paraproduct (4.4). Given o € R, suppose that {gi)b} and {(Z)%} satisfy (4.3)
with some L > 2[|a|] — 1 and (4.2) with M = L+ 1 and N > 5n+ 5, and {qbQQ} satisfies
(4.2) with M =0 and N > 5n+5. Then, for any 1 < p,q,r,s < oo with 1/p+1/q=1/r,
there exists a constant C = C(«,n,p,q,r,s) such that

(4.13) IT(fs Pl e < Clifllgos Ngllzas  fr9 € SRY).

Proof. We first notice that the second transpose of T is given by
% _1
T(f,9)(x) = ) Q172 (f. 60) (9. 0%) by ()

QeD

and that, for ¢ € ¥ verifying (2.3), the functions 27n7jwj(~ —x2) and 27%1/%(361 — ) satisfy
(4.8), (4.9), and (4.10) for all N1, Na, and L. Without loss of generality, we can consider
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only the k£ < j. Since the case k > j will follow similarly, as identical conditions are required
to the families {qbb} and {qb:é?} Proposition 4.1 yields

T2 (- = w2), Yulor — N (@s)| < D 1QITZ (W (- = w2), o) | (Y1 — ), 6y) 6% ()]
QeD
9% (Wtit+k)g—li—vI(L+1+5)9—lk—v|(L+1+5) 95V

< — -
> Z [(1 + 2m1n(],y)|x2 _ 271/”)(1 + 2m1n(l~c,u)|xl _ 271/”)(1 + 2l/|x3 _ 271/l|)]N2

By using w = (v, min(k, v), min(j, ), v) in Proposition 4.3, inequality (4.12), and the fact
that min(k, v) < min(j,v) < v, it follows that

| T*2 (- — w2), g (w1 — ) (a3)]|
. o5 (k4 20) gL+ 1+ 2) g kv (L 1+2)
<
Z 1 + 9min(k,v) |ZL‘2 _ IL‘1|)(1 + 9min(k,v |1.1 _ SL’3|)(1 + 9min(j,v |$3 _ .%‘2|)]N2/5

95 (j+k+2v)9—j—v[(L+1+5) 9—[k—v|(L+1+5)

<C
Z 1 + 9min(k,v) ’x2 _ I’l‘)(l + 9min(j,v) ‘l‘g _ $2’>]N2/5
Finally, let I(j, k) denote the integral of ‘T*2(¢j(' — x9), Y (] — ))(3:3)| with respect to
any two of the variables x1, x2, x3 to obtain
I(], k) <C Z 2%(j+k+2u)27\j71/\(L+1+%)27\1671/\(L+1+%)2fnmin(k,u)2fn min(j,v)

vEZL

_C Z 9=l (LA D) o lb—v|(L+ 1) or(kudw)
VEZ

where the power 7(k, j,v) is given by
vk, j.v) = 5k +j+2v) = Z|j = v = Sk — v = nmin(k,v) — nmin(j, v),

and, in fact, a brief computation shows that 7(k, j,v) = 0 for all v, j, k € Z. Consequently,

1(G, k) < © 3 2 l=AAL+Do-k=vI(T41) < o= Hli-H(L+),
VEZL

and the theorem follows from Lemma 2.1. O

Remark 2. For « > 0 and 1 < p,q,r < oo with 1/p 4+ 1/q = 1/r, the non-homogeneous
version of (4.13) follows as in Corollary 3.2, since molecular paraproducts involving two
families of smooth molecules with cancelation then verify

IT(f, ) < CNFligellgllpa s frg € SR,
see, for instance, [5], [13], [14], [29].

5. BILINEAR LITTLEWOOD-PALEY THEORY

Given a function ¢ in the Schwartz class S(R™) such that [, ¢ (x)dz = 0, an immediate
application of the Fourier transform gives the bound

o d
(1) | § < e,
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where U (f)(z) = [gn e(xz—y) f(y)dy and ¢y (x) = t"p(x/t). In 28], S. Semmes identified
sufficient conditions on a family of functions 6;(x,y), t > 0,x,y € R™ (more general than
Y¢(x — y)) so that the non-convolution operator

@mmz/eMMﬂww

n

verifies the square function estimate in L?(R"™)

& d
(52) | e § < e,

In the discrete case, when a family 0x(x,y),k € Z, is considered, inequality (5.2) then
becomes

1/2
(5.3) (Z ||®k(f>lli2) <C|fllg-

keZ

The alluded sufficient conditions have to do with decay, regularity, and cancelation prop-
erties of the kernels 6;(z,y) (or 0x(x,y)). In the following we will assume that {0 }rez
is a family of complex-valued functions defined on R™ x R™ x R” satisfying the following
conditions: There are L, M, N € N and constants c,, and A, such that for all k € Z,

- p A22nk

. <

( ) ’ k(x,y’Z)’_(1+2k’$—z|)N(l—|—2k‘$—yDN’

(5.5) ‘8;"0;.3(30,% z)‘ < 2%k gklol x,y,z€€R" Jof<M+1,
(5.6) [ ooyt dy=0,  wecR ja|<L

Notice that, as opposed to the condition (4.2), condition (5.5) above does not involve
any decay in the variables x, y, or z.

Theorem 5.1. Let o € R and suppose that the kernels {0y} of the bilinear operators

(5.7) mmmmz//@m%m@maww

verify (5.4), (5.5), and (5.6) with constants L, M, and N such that
2lal <min(M +1,L+1), M+n+1<N, and L+n+1<N, 2n<N.

Then, there is a constant C' depending only on L, M, A, N, n,s, and «, such that for all
1 §p7q7r73 < o0 with 1/p+ 1/q = 1/7“’

1/s
(5-8) (Z 2°% ||Ox(f, 9)||5Lr> <Clifligesllglipa,  fr9€SMRY).

keZ

The essential steps in the proof of Theorem 5.1 can be taken to also prove

Corollary 5.2. Let © be defined as in (5.7) such that the kernels 0 satisfy (5.4) for some
N > 2n, (5.6) with L = 0, and the following Holder regularity condition in the y-variable

(5.9) Ok (2,9, 2) = O(z,y/, 2)| < ey 2228y —y/|)7,
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for some v € (0,1] and all z,y,y', 2 € R™ and k € Z. Then, there is a constant C' depending
only on s, 7, and n, such that for all 1 < p,q,r,s < oo with 1/p+1/q=1/r,

1/s
(5.10) (Z 1Ok(f, g)llir> <Clfllgosllgllzas  frg9 € SERY).
keZ
In particular, the case s =p = q = 2 yields
1/2
(5.11) (Z ‘@k(f)g)H%l) < CONfllge llgllpz > f.9 € SRY),
keZ

which is the natural bilinear version of (5.3).

Remark 3. Notice that cancelation in the y-variable only is assumed in Theorem 5.1 and
Corollary 5.2. Corollary 5.2 has been proved in the context of spaces of homogeneous type
in [26].

Lemma 5.3. Let | > 0 and {0y} satisfy (5.5), (5.4), and (5.6) with constants L, M, and
N satisfying

| <min(M+1,L+1,N—n), M+4+n+1<N, andL+n+1<N.
Then, for all x,u, z € R", j, k € Z, and ¢ € U,

okn 2min(j,k)n

/ Or(x,y,2) Vi(y —u) dy' < CQ*%U*kl

N N
2 2

(L+2%[z —2))7 (14 2minGP) [z —u])
where C is a constant depending on L, M, A, N, n, and 1.

Proof of Lemma 5.3. It is enough to prove the following two inequalities. For all z, z, u €
R"™, j, k € Z we have

1 ; p o 2kn 2min(j,k)n
' () — < - .
( ) o k(a:,y,z)w](y U) y‘ = (1+2k‘$_z|)N (1+2m1n(],k’) |(L’—UDN
and
(5.13) (.0, 2) 5y — w)dy| < C2~ 10 H gbn gminGn

J

Proof of (5.12): Using condition (5.4), the properties of v, and inequality (4.12), we
estimate

Aczp an / an 2jn J
(Tt 28z — 2)N Jpo 1+ 28|z —y)N (1 + 27 Jy — u])NV Y
okn omin(j,k)n

(1+ 2 — 2DV (1+ 290G [z — u)N°

[ tntean sty - | <

<ACyCny
Proof of (5.13): Case j > k. Using the fact that

[ wt-w@-urd=0.  acn,
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we obtain

Outan )by = wdy = [ |z = 3 080w =0 | b= w)dy

|| <M

/ ST 0RO & o)y — ) Wyl — ) dy

la|=M+1

R"

where ¢ is in the segment joining y and w. By (5.5) and the properties of ¢ we get

24

[ tutea) 0 =)ty < Car ey
N Y
ly—u[>27F  Jly—u|<27F
Estimate for I. We have |y — u| > 27% > 277, Then (1+2j\;1/—u|)N ~ I;::IVN and therefore
ly—u|>2—F
Recalling that M + n+1 < N, k < j and | < N — n, we then have
I<Cynn ¢22nk 9—lk—jl(N—n) < Cr N nan omin(j,k)n o—|k—j|l_
FEstimate for II. We have
I1 = Cppy 2% 24D / ly — u[M+ 2" dy
7 ly—u|<2—k (1 +2 ’y - u|)N

ly—u|<277  J27i<]y—u|<27F

For II; we use that | < 1 and we get

)
1L < CM,w,n 92nk o—[k—j|(M+1) < CM,w,n gkn gmin(j,k)n o—[k—jll

where in the last inequality we have used that [ < M + 1.
For I1; we use that (1+2j‘?1J*UDN ~ (Qj\yiuDN’ and after integrating in polar coordinates
and recalling that M +n — N +1<0, k < j,and [ < M + 1, we get

IIQ < CMQ/} 22nk 2k(M+1)2j(n7N) / |y o u‘M‘i’l*N
- 273 <|y—u|<2-F

< CM:NJL,@Z) 22nk 2*|j*k‘(M+1) < CM,N,n,w 2nk 2min(j,k)n 2*\j*k|l.

Case j < k. Using the cancelation property (5.6) for 6,

[ oo v -y = [ @) |w-w - Y 0% - - o) | dy

lo|<L

— [ alewa) X e wly o) dy

|a|=L+1
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where ¢ is in the segment joining x and y. By condition (5.4) we then get

L+1

dy

0 (u—wdul < A 22nk2j(n+L+1)/ ly — x|
[ vt ity =) iy < ACu T

- / +/ '
|z —y|>2-7 lz—y|<2—7

We now proceed as before obtaining
where we have used that L4+ n+1< N and [ < N —n, and
II< A Clll I N2kn 9in 9—lk—j|(L+1) <A Cw I N2kn 9Jn 2—|k—j\l,

where we have used that L+n+1< N and [ <L + 1. O

Proof of Theorem 5.1. As in the proof of Lemma 2.1, let Kj,(x1,x2,23) be the bilinear
kernel of the operator (f,g) — O (¢ * f, g). That is,

(5.14) Kjp(z1,20,23) = | Op(z1,y,23)¢;(y — 22) dy.
Rn
By Lemma 5.3, for all j,k € Z and h = 1,2,3, we have, for 2 |o| <! <min(M +1,L + 1),

zpER™

3
(5.15) sup [ [ 16etar,aa, )] ] do < C2705742
m=1
m#h
This yields, as in the proof of Lemma 2.1,
108(25 £, 91 < C27H2 £l 1 llgll o

and, since [/2 > |a|, the duality argument in the proof of Lemma 2.1 completes the
proof. ]

Our inequalities (5.8) and (5.10) come as an addition to the related known results on
bilinear Littlewood-Paley theory. Namely, the inequality

1/2
(5.16) (Z Sk ([, 9)\2) < Clllgee 1 o 19l 1o

kEZ I

obtained by G. Diestel in [10] for 1 < p,q,r < oo, 1/r = 1/p + 1/q, where the rough
paraproduct operator Sy is defined by

Se(frg) = /R /R F(E) Xk at—1) ()G X e ) (M) EED decy,

for a,b € (0,1). And also with the square-function inequality

1/2
(5.17) <Z |Sk(f, 9)!2> < Clfllee lgllLa »
L2

keZm
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for all 2 < p,q < oo, with 1/p+1/q = 1/2, proved in the context of Gabor analysis by M.
Lacey in [23], with

Su.9)@) = [ f@ gl —nAG)dy ke

where the smooth function F' has Fourier transform supported on the unit cube of R™ and,
for k € 7", F(§) := F(§ — k). For bilinear operators 0y of the form (5.7), Theorem 5.1
immediately implies

Corollary 5.4. Given o € R, let O be as in Theorem 5.1. Then, for the constant C as
in Theorem 5.1, we have

1/2
(Zw'f@k(f,g)lQ) < Clfllgpeliolpe.  f.0€ SEY,

keZ 12
for2 <p,q< oo with1l/p+1/qg=1/2 and

1/2
(Zawk@ku,mf) <Clflggalollpn. f.9 € S®Y),

kEZ I

for1 <p,q,r <oowithl/p+1/qg=1/r.

Remark 4. We point out that the techniques used in this section provide new results even
in the linear case. Indeed, by considering a family 6x(x,y), k € Z, that satisfies

Aznk
1 0 <
(5.19) ‘85‘9k(m,y)| < a2k 2Hlel z,y e R", |a|<M+1,
(5.20) Or(z,y) y* dy = 0, reR" |a| <L,
]Rn

(for suitable L, M, and N), a bound of the form

1/s
(5.21) <Z 20k ||@k(f)||st> <Clflliggs, [feSERY,

kEZ

follows. Thus extending Semmes’s inequality (5.2) to the scale of homogeneous Besov spaces
By witha € Rand 1 < p, s < .
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