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Abstract. We prove mapping properties of the form T : Ḃα1,q1
p1 × Lp2 → Ḃα2,q2

p3 and

T : Ḃα1,q1
p1 × Ḃα2,q2

p2 → Lp3 , for certain related indices p1, p2, p3, q1, q2, α1, α2 ∈ R, where
T is a bilinear Hörmander-Mihlin multiplier or a molecular paraproduct. Applications to
bilinear Littlewood-Paley theory are discussed.

1. Introduction

Beginning from the classical works of R. Coifman and Y. Meyer [7], [8], [9] on bilin-
ear pseudo-differential operators and J.-M. Bony [6] and H. Triebel [30], [31] on bilinear
paraproducts through the recent progress in the development of the bilinear Calderón-
Zygmund theory [18], [19], [20], [21], [22], the bilinear Hilbert transform [24], [25], and
molecular paraproducts [13], [14], [29], bilinear operators continue to be object of intense
study. Of particular interest are the recent bilinear estimates in the scales of Besov and
Triebel-Lizorkin spaces of the form

T : Ḃα1,q1
p1 × Ḃα2,q2

p2 → Ḃα3,q3
p3 and T : Ḟα1,q1

p1 × Ḟα2,q2
p2 → Ḟα3,q3

p3 ,

for related indices p1, p2, p3, q1, q2, q3, α1, α2, α3, and families of bilinear operators T includ-
ing bilinear multipliers, bilinear Calderón-Zygmund operators, molecular paraproducts, and
bilinear pseudo-differential operators established in, for instance, [1], [2], [3], [4], [5], [13],
[14], [16], [17], [18], [19], [20], [21], [22], [27], [29], [33], [34].

The purpose of this article is to address Besov-Lebesgue boundedness properties of the
form

(1.1) T : Ḃα1,q1
p1 × Lp2 → Ḃα2,q2

p3 and T : Ḃα1,q1
p1 × Ḃα2,q2

p2 → Lp3 ,

(as well as its corresponding non-homogeneous versions) that complement the existing re-
sults in the literature on the subject. Our key tool is a lemma (Lemma 2.1 below), which,
despite its simplicity, provides an insightful viewpoint into the nature of the bilinear esti-
mates of the form (1.1). From this perspective, in Sections 3 and 4 we prove Besov-Lebesgue
estimates (1.1) for bilinear multipliers of Hörmander-Mihlin type and for bilinear molecular
paraproducts, respectively, without resorting to the usual tools of molecular decompositions
of Besov spaces or reduced bilinear symbols. In Section 5 we introduce a vector-valued in-
terpretation of the present ideas, along with its applications to bilinear Littlewood-Paley
theory.
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2. The Basic Lemma

We first fix some notation that will be used throughout the paper.
The class of Schwartz functions in Rn will be denoted by S(Rn) and we set S0(Rn) :=

{f ∈ S(Rn) : ∂γ f̂(0) = 0, for all γ}. We write ψ ∈ Ψ if ψ ∈ S(Rn), supp(ψ̂) ⊂ {ξ : 1/2 ≤
|ξ| ≤ 2} and ψ̂ ≡ 1 in {ξ : 3/5 ≤ |ξ| ≤ 5/3}. For α ∈ R, 0 < p, q ≤ ∞, and f ∈ S(Rn)′ we
define

(2.1) ‖f‖Ḃα,qp
:=

(∑
ν∈Z

2ναq ‖∆ν(f)‖qLp

)1/q

,

where ∆ν(f) = ψν ∗ f and ψν(x) = 2νnψ(2νx), with the usual interpretation when q =
∞. The homogeneous Besov spaces Ḃα,q

p is the set of tempered distributions f , modulo
polynomials, such that ‖f‖Ḃα,qp

is finite. The definition is independent of the choice of

ψ and the dual of Ḃα,q
p is Ḃ−α,q

′

p′ , where p′ and q′ denote the conjugate pairs of p and q,

respectively. The scale of homogeneous Triebel-Lizorkin spaces Ḟα,qp is defined similarly,
for q < ∞, with the sum and the integral in (2.1) taken in reverse order, see [12] and [32]
for more details.

Finally, C will denote a constant that may depend only on the parameters involved, and
that may change from line to line.

Our starting point is the following lemma, which is essentially based on a bilinear Schur-
type inequality and Calderón’s reproducing formula.

Lemma 2.1. Let T : S(Rn)×S(Rn)→ S(Rn)′ be a continuous bilinear operator and denote
by T ∗2 its second adjoint. Let 1 ≤ p, q, r, s ≤ ∞, with 1/p + 1/q = 1/r, and suppose that
there exist l > 0 and C > 0 such that for all j, k ∈ Z and h = 1, 2, 3,

sup
xh∈Rn

∫ ∫ ∣∣∣T ∗2 (ψ(1)
j (· − x1), ψ(2)

k (x2 − ·)
)

(x3)
∣∣∣ 3∏
m=1
m 6=h

dxm ≤ C 2−l|j−k|,(2.2)

for some ψ(1), ψ(2) ∈ Ψ, such that Calderón’s formula holds true for ψ(2), i.e,

(2.3) h =
∑
j∈Z

∆(2)
j ∆(2)

j (h), h ∈ S0(Rn).

Then, for all α ∈ R with |α| < l there exists a constant C1 > 0, depending on C, n, and α,
such that

‖T (f, g)‖Ḃα,sr
≤ C1 ‖f‖Ḃα,sp

‖g‖Lq , f, g ∈ S(Rn).

Proof. Let K(x, y, z) denote the Schwartz distributional kernel of T . We express this by
formally writing

T (f, g)(x) =
∫ ∫

K(x, y, z) f(y) g(z) dydz.

In this sense, the second adjoint operator T ∗2 has kernel K∗2(x, y, z) = K(z, y, x), see
Section 2 in [20], for more details. For k ∈ Z and ψ(1) ∈ Ψ, define the bilinear operators
Θk as Θk(f, g) := ∆(1)

k T (f, g) = ψ
(1)
k ∗ T (f, g), that is,

Θk(f, g)(x) =
∫ ∫ (∫

ψ
(1)
k (x− u)K(u, y, z) du

)
f(y) g(z) dydz.
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Consequently, the bilinear operator (f, g) 7→ Θk

(
∆(2)
j f, g

)
has kernel

KT
jk(x, y, z) :=

∫ ∫
ψ

(1)
k (x− w)K(w, u, z)ψ(2)

j (u− y) du dw

= T ∗2
(
ψ

(2)
j (· − y), ψ(1)

k (x− ·)
)

(z).

Set f1 = f , f2 = g, p1 = p, p2 = q and p3 = r′. For f3 ∈ Lr
′
(Rn), Hölder’s inequality and

inequality (2.2) yield the following bilinear Schur-type inequalities∣∣∣∣∫
Rn

Θk(∆
(2)
j f, g)(x3)f3(x3) dx3

∣∣∣∣ ≤ ∫ ∫ ∫ ∣∣KT
jk(x1, x2, x3)

∣∣ 3∏
m=1

|fm(xm)| dxm

=
∫ ∫ ∫ 3∏

m=1

∣∣KT
jk(x1, x2, x3)

∣∣1/pm |fm(xm)| dxm

≤
3∏

m=1

(∫ ∫ ∫ ∣∣KT
jk(x1, x2, x3)

∣∣ |fm(xm)|pm dx1 dx2 dx3

)1/pm

≤ C 2−l|j−k|
3∏

m=1

‖fm‖Lpm .

Thus,

(2.4)
∥∥∥Θk(∆

(2)
j f, g)

∥∥∥
Lr
≤ C2−l|j−k| ‖f‖Lp ‖g‖Lq .

Next, let {Gk}k∈Z be a sequence of functions such that
∑

k∈Z 2−αks
′ ‖Gk‖s

′

Lr′ ≤ 1. By using
Hölder’s inequality, (2.3), (2.4), and choosing λ such that 0 < λ < l − |α| , we obtain∣∣∣∣∣∑
k∈Z

∫
Θk(f, g)(x)Gk(x) dx

∣∣∣∣∣ =

∣∣∣∣∣∣
∑
k∈Z

∑
j∈Z

∫
Θk

(
∆(2)
j ∆(2)

j f, g
)

(x)Gk(x) dx

∣∣∣∣∣∣
≤

∑
k∈Z

∑
j∈Z

2−λ|j−k|s
′
2−kαs

′ ‖Gk‖s
′

Lr′ (Rn)

1/s′∑
k∈Z

∑
j∈Z

2λ|j−k|s2kαs
∥∥∥Θk

(
∆(2)
j ∆(2)

j f, g
)∥∥∥s

Lr(Rn)

1/s

≤ C

∑
k∈Z

∑
j∈Z

2(λ−l)|j−k|s2kαs
∥∥∥∆(2)

j f
∥∥∥s
Lp(Rn)

‖g‖sLq(Rn)

1/s

= C

∑
k∈Z

∑
j∈Z

2(k−j)αs2(λ−l)|j−k|s2jαs
∥∥∥∆(2)

j f
∥∥∥s
Lp(Rn)

1/s

‖g‖Lq(Rn)

≤ C

∑
j∈Z

(∑
k∈Z

2(λ−l+|α|)|j−k|s

)
2jαs

∥∥∥∆(2)
j f

∥∥∥s
Lp(Rn)

1/s

‖g‖Lq(Rn)

≤ C1 ‖f‖Ḃα,sp
‖g‖Lq(Rn) ,

and the lemma follows by duality. �
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Remark 1. By duality, if the condition (2.2) in Lemma 2.1 holds with T or T ∗1 instead of
T ∗2, then the resulting bounds are of the form

‖T (f, g)‖Lr ≤ C1 ‖f‖Ḃα,sp
‖g‖

Ḃ−α,s
′

q
, f, g ∈ S(Rn),

or
‖T (f, g)‖Ḃα,sr

≤ C1 ‖f‖Lp ‖g‖Ḃα,sq
, f, g ∈ S(Rn),

respectively.

3. Boundedness of bilinear Hörmander-Mihlin multipliers

In this section we consider bilinear multipliers of the form

Tσ(f, g)(x) =
∫ ∫

σ(ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η) dξdη,

where σ(ξ, η) is an infinitely differentiable function defined on Rn × Rn \ {(0, 0)} verifying
the Hörmander-Mihlin condition, namely,

(3.1)
∣∣∣∂γξ ∂βη σ(ξ, η)

∣∣∣ ≤ Cγ,β (|ξ|+ |η|)−|γ|−|β|,

for all (ξ, η) ∈ Rn × Rn \ {(0, 0)} and all multiindices γ and β. Here |γ| = γ1 + · · · + γn if
γ = (γ1, · · · , γn), and similarly for |β| .

In [18], L. Grafakos and R. Torres used the molecular decomposition of homogeneous
Besov spaces to study mapping properties of Tσ in the diagonal Besov cases of the form
Tσ : Ḃα1,p

p × Ḃα2,q
q → Ḃα1+α2,r

r , α1, α2 > 0, 1 < p, q, r < ∞, 1/p + 1/q = 1/r, under the
following cancelation conditions on σ(ξ, η)

∂ρξσ(0, η) = 0, for all η 6= 0,(3.2)

∂ρξσ(η,−η) = 0, for all η 6= 0,(3.3)

∂ρησ(ξ, 0) = 0, for all ξ 6= 0,(3.4)

for suitably many multiindices ρ, see [18, Theorem 3]. Under the same cancelation hy-
potheses, mapping properties of Tσ : Ḟα1,q1

p1 × Ḟα2,q2
p2 → Ḟα3,q3

p3 for the scale of homogeneous
Triebel-Lizorkin spaces Ḟα,qp have been addressed by Á. Bényi in [1, Proposition 3] and L.
Grafakos and R. Torres in [19, Theorem 7].

For s ∈ R, let [s] denote the largest integer smaller that s. We will use Lemma 2.1 and
only two of the cancelation hypotheses above to prove

Theorem 3.1. Consider 1 ≤ p, q, r ≤ ∞, 1
p + 1

q = 1
r , and α ∈ Rn. Let σ(ξ, η) be an

infinitely differentiable function satisfying (3.1) for all |γ|,|β| ≤ n + 1 and the cancelation
conditions (3.2) and (3.3) for all multiindices ρ satisfying |ρ| ≤ [|α|] + n+ 1. Then

(3.5) ‖Tσ(f, g)‖Ḃα,sr
≤ C ‖f‖Ḃα,sp

‖g‖Lq .

Proof. Let ψ ∈ Ψ such that Calderón’s formula holds true for ψ. For k, j ∈ Z define

Kjk(x, y, z) := T ∗2σ (ψj(· − y), ψk(x− ·)) (z)

=
∫ ∫

σ(ξ, η) ψ̂(2−jξ)ψ̂(2−k(ξ + η))eiξ(x−y)eiη(x−z) dξdη.(3.6)

By Lemma 2.1 it will be enough to prove that Kjk satisfy the conditions (2.2) for some
l > |α| . We consider three different cases given by j−k ≤ −3, j−k ≥ 3, and −2 ≤ j−k ≤ 2.
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Case j − k ≤ −3. Let l = [|α|] + 1. We will prove that there exists Cα such that

(3.7) |Kjk(x, y, z)| ≤ Cα 2−l|j−k|
2kn

(1 + 2k |x− z|)n+1

2jn

(1 + 2j |x− y|)n+1
,

for any k, j ∈ Z, j − k ≤ −2. Then conditions (2.2) follow for this range of j and k.
We make the following change of variables (ξ, η)→ (2jξ, 2kη). Then

Kjk(x, y, z) = 2kn 2jn
∫ ∫

σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η) ei2
jξ(x−y) ei2

kη(x−z) dξdη.

Without loss of generality assume that |x− y| ∼ |x1 − y1| and |x− z| ∼ |x1 − z1| . Choose
multiindices γ and β so that γ1 ≥ 0 and γm = 0 for m = 2, · · · , n, β1 ≥ 0 and βm = 0,
m = 2, · · · , n, and |γ| = |β| = 0, or |γ| = |β| = n+ 1, or |γ| = n+ 1 and |β| = 0, or |γ| = 0
and |β| = n + 1, according to whether 2j |x− y| and 2k |x− z| are smaller or larger than

1. Noticing that ei2
jξ(x−y) =

∂γξ e
i2jξ(x−y)

(i2j(x1−y1))|γ|
and ei2

kξ(x−z) = ∂βη e
i2kη(x−z)

(i2k(x1−z1))|β|
and integrating by

parts when γ 6= 0 or β 6= 0 we get

Kjk(x, y, z) = C
2jn 2kn

(2j(x1 − y1))|γ|(2k(x1 − z1))|β|
F (x, y, z)

where

F (x, y, z) =
∫ ∫

∂γξ ∂
β
η

(
σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η)

)
ei2

jξ(x−y) ei2
kη(x−z) dξ dη.

Then (3.7) will follow if we show that |F (x, y, z)| ≤ C 2−l|j−k|. Using Leibniz rule we obtain

∂γξ ∂
β
η

(
σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η)

)
=

∑
µ≤γ,ν≤β

cν,µ 2j|µ| 2k|ν|(∂µξ ∂
ν
ησ)(2jξ, 2kη) ∂γ−µξ ∂β−νη

(
ψ̂(ξ)ψ̂(2j−kξ + η)

)
.

Using (3.2), the mean value theorem repeatedly, and condition (3.1) we obtain∣∣∣2j|µ| 2k|ν|(∂µξ ∂νησ)(2jξ, 2kη)
∣∣∣ ≤ C ∣∣∣(∂µ+ρ

ξ ∂νησ)(τ, 2kη)
∣∣∣ (2j |ξ|)|ρ|2j|µ| 2k|ν|

≤ C 2(j−k)(|ρ|+|µ|) |ξ||ρ|

|η||µ|+|ν|+|ρ|
,

where τ ∈ Rn is in the segment joining 0 ∈ Rn and 2jξ and the multiindex ρ is chosen
appropriately and such that |ρ| = l. We now have

|F (x, y, z)| ≤ 2−|j−k|l
∫

1
2
≤|ξ|≤2

1
4
≤|η|≤ 9

4

∑
µ≤γ
ν≤β

cν,µ 2(j−k)|µ|
∣∣∣∂γ−µξ ∂β−νη

(
ψ̂(ξ)ψ̂(2j−kξ + η)

)∣∣∣ dξ dη.

This yields (3.7) since the last integral is uniformly bounded as j − k < 0.
Case j− k ≥ 3. In this case we make the change of variables (ξ, η)→ (ξ+ η,−η) in (3.6)

obtaining

Kjk(x, y, z) =
∫ ∫

σ(ξ + η,−η) ψ̂(2−j(ξ + η))ψ̂(2−kξ) eiη(z−y) eiξ(x−y) dξdη.
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Define σ̃(ξ, η) = σ(ξ + η,−η) and note that σ̃ satisfies conditions (3.1) and (3.2) since σ
satisfies (3.1) and (3.3). Now, the change of variables (ξ, η)→ (2kξ, 2jη) gives

Kjk(x, y, z) = 2jn 2kn
∫ ∫

σ̃(2kξ, 2jη) ψ̂(2k−jξ + η)ψ̂(ξ) ei2
jη(z−y) ei2

kξ(x−y) dξdη.

We are now in the exact same situation as in the previous case. Therefore,

|Kjk(x, y, z)| ≤ C 2−l|j−k|
2kn

(1 + 2k |x− y|)n+1

2jn

(1 + 2j |z − y|)n+1
,

for l = [|α|] + 1.
Case |j − k| ≤ 2. As in the first case (j − k ≤ −3), we obtain

Kjk(x, y, z) = C
2jn 2kn

(2j(x1 − y1))|γ|(2k(x1 − z1))|β|
F (x, y, z)

where

F (x, y, z) =
∫ ∫

∂γξ ∂
β
η

(
σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η)

)
ei2

jξ(x−y) ei2
kη(x−z) dξ dη.

and we assume, without loss of generality, that |x− y| ∼ |x1 − y1| and |x− z| ∼ |x1 − z1| .
We take |γ| = |β| = 0, or |γ| = |β| = n + 1, or |γ| = n + 1 and |β| = 0, or |γ| = 0 and
|β| = n + 1, according to whether 2j |x− y| and 2k |x− z| are smaller or larger than 1.
Since |j − k| ≤ 2 the desired result will follow if we prove that |F (x, y, z)| is bounded as a
function of x, y, z, j, k, |j − k| ≤ 2, for any values of α and β. From Leibniz rule,

∂γξ ∂
β
η

(
σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η)

)
=

∑
µ≤γ,ν≤β

cν,µ 2j|µ| 2k|ν|(∂µξ ∂
ν
ησ)(2jξ, 2kη) ∂γ−µξ ∂β−νη

(
ψ̂(ξ)ψ̂(2j−kξ + η)

)
,

and using the condition (3.1),∣∣∣∂γξ ∂βη (σ(2jξ, 2kη) ψ̂(ξ)ψ̂(2j−kξ + η)
)∣∣∣

≤
∑

µ≤γ,ν≤β
c̃ν,µ 2j|µ| 2k|ν|(2j |ξ|+ 2k |η|)−|µ|−|ν|

∣∣∣∂γ−µξ ∂β−νη

(
ψ̂(ξ)ψ̂(2j−kξ + η)

)∣∣∣
≤

∑
µ≤γ,ν≤β

c̃ν,µ 2(k−j)|ν||ξ|−|µ|−|ν|
∣∣∣∂γ−µξ ∂β−νη

(
ψ̂(ξ)ψ̂(2j−kξ + η)

)∣∣∣ .
Then |F (x, y, z)| is bounded since |j − k| < 2 and supp(ψ) ⊂ {ξ : 1

2 ≤ |ξ| ≤ 2}. �

Corollary 3.2. Let Tσ be as in Theorem 3.1, 1 < p, q, r < ∞, with 1/p + 1/q = 1/r, and
α > 0, then

‖Tσ(f, g)‖Bα,sr
≤ C ‖f‖Bα,sp

‖g‖Lq .

Proof. Since α > 0 implies ‖f‖Bα,sp
= ‖f‖Ḃα,sp

+ ‖f‖Lp , the result follows from (3.5) and
the fact that bilinear Hörmander-Mihlin multipliers obey the inequality

‖Tσ(f, g)‖Lr ≤ C ‖f‖Lp ‖g‖Lq ,

as proved by R. Coifman and Y. Meyer in [8], K. Yabuta in [35], and later extended to
other indices by L. Grafakos and R. Torres in [20]. �
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Theorem 3.1 does not require that the symbol σ satisfies condition (3.4). If σ satisfies
conditions (3.1), (3.2), (3.3) and (3.4), then it easily follows that the symbol of T ∗2σ , which
is given by σ(ξ,−(ξ + η)), satisfies conditions (3.1), (3.2) and (3.3). By duality we then
have the following

Corollary 3.3. Consider 1 ≤ p, q, r ≤ ∞, 1
p + 1

q = 1
r , and α ∈ Rn. Let σ(ξ, η) be an

infinitely differentiable function satisfying (3.1) for all |γ|,|β| ≤ n + 1 and the cancelation
conditions (3.2), (3.3) and (3.4), for all multiindices ρ satisfying |ρ| ≤ [|α|] + n+ 1. Then

(3.8) ‖Tσ(f, g)‖Lr ≤ C ‖f‖Ḃα,sp
‖g‖

Ḃ−α,s
′

q
.

Estimates similar to (3.8), but for non-homogeneous Besov spaces, have been considered
by Á. Bényi in [2] when the bilinear multiplier σ(ξ, η) is replaced by a bilinear symbol
in the forbidden class BS0

1,1 (however, this class and the Hörmander-Mihlin class are not
comparable).

4. Molecular paraproducts

For ν ∈ Z and k ∈ Zn, let Pνk be the dyadic cube

(4.1) Pνk = {(x1, . . . , xn) ∈ Rn : ki ≤ 2νxi < ki + 1, i = 1, . . . , n}.

The lower left-corner of P = Pνk is denoted by xP = xνk = 2−νk, its size by |P | = 2−νn,
and its characteristic function by χPνk . The collection of all dyadic cubes will be denoted
by D, i.e. D = {Pνk : ν ∈ Z, k ∈ Zn}. Following [12], p. 48, a smooth molecule of regularity
M and decay N > n associated to P is a function φP = φPνk = φνk : Rn → C that satisfies

(4.2) |∂γφνk(x)| ≤
Cγ,N2νn/22|γ|ν

(1 + 2ν |x− 2−νk|)N
, for all |γ| ≤M and some N > n.

A family of smooth molecules {φP }P∈D = {φνk}ν∈Z,k∈Zn that satisfies the additional con-
ditions

(4.3)
∫
φνk(x)xγdx = 0, for all |γ| ≤ L, ν ∈ Z, k ∈ Zn,

where L will be specified in particular uses, will be called a family of smooth molecules with
cancelation. Let {φ1

Q}, {φ2
Q}, {φ3

Q} be three families of smooth molecules, the molecular
paraproduct (or model paraproduct, [29], p. 23) associated to these families is defined by

(4.4) T (f, g) =
∑
Q∈D
|Q|−1/2〈f, φ1

Q〉〈g, φ2
Q〉φ3

Q, f, g ∈ S(Rn).

T has a bilinear kernel given by

(4.5) K(x, y, z) =
∑
Q∈D
|Q|−

1
2φ1

Q(y)φ2
Q(z)φ3

Q(x).

A molecular paraproduct has the advantage of involving molecules adapted to dyadic cubes,
a more flexible construction than the usual dilations and translations of two fixed profiles
ψ and φ defining the Bony paraproduct

(4.6) Π(f, g) =
∑
j∈Z

(ψj ∗ f) (φj ∗ g),
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where ψ, φ ∈ S(Rn) and ψ ∈ Ψ and supp(φ̂) ⊂ {ξ ∈ Rn : |ξ| ≤ 1/4}. As opposed to the
functions φj and ψj in (4.6), which are L1-normalized, the smooth molecules in (4.4) are L2-
normalized. Nevertheless, the concept of the molecular paraproduct (4.4) includes (modulo
smoothing operators) the one of Bony paraproduct. Indeed, given ψ and φ as in (4.4), we
reason as follows: consider φ1 ∈ S(Rn) with supp(φ̂1) ⊂ {ξ ∈ Rn : 1/16 ≤ |ξ| ≤ 9/2} and
φ̂1 ≡ 1 in {ξ ∈ Rn : 1/4 ≤ |ξ| ≤ 9/4} to obtain

φ̂1
j (ξ + η)ψ̂j(ξ)φ̂j(η) = ψ̂j(ξ)φ̂j(η), j ∈ Z, ξ, η ∈ Rn,

and, consequently,

(4.7) φ1
j ∗ ((ψj ∗ f) (φj ∗ g)) = (ψj ∗ f) (φj ∗ g), j ∈ Z.

Setting φ2 := ψ and φ3 := φ, and using (4.7), we can write

Π(f, g)(x) =
∑
ν∈Z

φ1
ν ∗ ((φ2

ν ∗ f) (φ3
ν ∗ g))(x)

=
∫ ∫ (∑

ν∈Z

∫
φ1
ν(x− w)φ2

ν(w − y)φ3
ν(w − z) dw

)
f(y)g(z) dydz

=:
∫ ∫

KΠ(x, y, z)f(y)g(z) dydz,

whose bilinear kernel can be expanded as

KΠ(x, y, z)

=
∑
ν∈Z

∑
k∈Zn

∫
Qνk

2
3νn
2 2

νn
2 φ1(2ν(x− w))2

νn
2 φ2(2ν(w − y))2

νn
2 φ3(2ν(w − z)) dw

=
∑
ν∈Z

∑
k∈Zn

|Qνk|−
1
2

1
|Qνk|

∫
Qνk

2
νn
2 φ1(2ν(x− w))2

νn
2 φ2(2ν(w − y))2

νn
2 φ3(2ν(w − z)) dw

=
∑
ν∈Z

∑
k∈Zn

|Qνk|−
1
2φ1

Q(x)φ2
Q(y)φ3

Q(z) + E(x, y, z).

Here φjQ(x) = 2νn/2φj(2νx− k), for Q = Qνk and j = 1, 2, 3, are smooth molecules and the
error term E(x, y, z), depending on the differences 2

νn
2 φj(2ν(x−w))− 2

νn
2 φj(2ν(x− xνk)),

j = 1, 2, 3, is the kernel of a smoothing operator. Due to the size condition (4.2), E(x, y, z) is
usually disregarded, since during the estimates the averages over Qνk above can be replaced
by the values of the integrand at xνk.

A detailed study of the mapping properties of the form T : X × Y → Z for molecular
paraproducts T , where X, Y , and Z are related functional spaces including Besov, Triebel-
Lizorkin, Hardy, Sobolev, and Lebesgue spaces, (but not estimate (4.13) in Theorem 4.4
below), can be found in [5]. For the case of Dini continuous molecules, see [27]. End-point
results of the form T : Ḟα,qp × Y → Ḟα,qp , for certain Triebel-Lizorkin spaces Y are proven
in [33] and [34].

Our Besov-Lebesgue estimates for molecular paraproducts will be based on three known
almost-orthogonality estimates, which we included here for the reader’s convenience. Namely,

Proposition 4.1. (Frazier-Jawerth, Appendix B in [11]) Suppose that ϕν and ϕµ are func-
tions defined on Rn such that for some xν , xµ in Rn, some N1 > n + L + 1 with L a
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non-negative integer, and some N2 > n the following conditions hold:

(4.8) |ϕν(x)| ≤ 2νn/2

(1 + 2ν |x− xν |)max(N1,N2)
,

(4.9)
∫

Rn
ϕν(x)xγdx = 0 for all |γ| ≤ L,

and

(4.10) |∂γxϕµ(x)| ≤ 2µ|γ|2µn/2

(1 + 2µ|x− xµ|)N2
for all |γ| ≤ L+ 1.

Then, for ν ≥ µ there exists a constant C = C(N1, N2, L) > 0 such that the following
estimate is valid

(4.11)
∣∣∣∣∫

Rn
ϕν(x)ϕµ(x) dx

∣∣∣∣ ≤ C 2−(ν−µ)(L+1+n/2)

(1 + 2µ|xν − xµ|)N2
.

Lemma 4.2. (see, for instance, [15, p.A-36]). Let a, b ∈ Rn, µ, ν ∈ R, and P, Q > n.
Then

(4.12)
∣∣∣∣∫

Rn

2µn

(1 + 2µ |x− a|)P
2νn

(1 + 2ν |x− b|)Q
dx

∣∣∣∣ ≤ CP,Q,n 2min(µ,ν)n

(1 + 2min(µ,ν) |a− b|)min(P,Q)
.

Finally, for three real numbers, a1, a2, a3, we denote by med(a1, a2, a3) one of the aj ’s
that satisfies min(a1, a2, a3) ≤ aj ≤ max(a1, a2, a3).

Proposition 4.3. (Proposition 3.6 in [5]) For every N > n + 1 there is a constant C,
depending only on N and n, such that for any w = (γ, ν, µ, λ) ∈ Z4 and any x, y, z ∈ Rn

∑
l∈Zn

2−γn2νn/22µn/22λn/2

[(1 + 2ν |x− 2−γl|)(1 + 2µ|y − 2−γl|)(1 + 2λ|z − 2−γl|)]5N

≤ C 2−max(µ,ν,λ)n/2 2med(µ,ν,λ)n/2 2min(µ,ν,λ)n/2

((1 + 2min(ν,µ)|x− y|)(1 + 2min(µ,λ)|y − z|)(1 + 2min(ν,λ)|x− z|))N
.

We are now in position to state our Besov-Lebesgue estimates for molecular paraproducts.

Theorem 4.4. Let {φ1
Q}, {φ2

Q}, {φ3
Q} be three families of molecules and let T be its asso-

ciated molecular paraproduct (4.4). Given α ∈ R, suppose that {φ1
Q} and {φ3

Q} satisfy (4.3)
with some L > 2[|α|] − 1 and (4.2) with M = L + 1 and N > 5n + 5, and {φ2

Q} satisfies
(4.2) with M = 0 and N > 5n+ 5. Then, for any 1 ≤ p, q, r, s ≤ ∞ with 1/p+ 1/q = 1/r,
there exists a constant C = C(α, n, p, q, r, s) such that

(4.13) ‖T (f, g)‖Ḃα,sr
≤ C ‖f‖Ḃα,sp

‖g‖Lq , f, g ∈ S(Rn).

Proof. We first notice that the second transpose of T is given by

T ∗2(f, g)(x) =
∑
Q∈D
|Q|−

1
2 〈f, φ1

Q〉〈g, φ3
Q〉φ2

Q(x)

and that, for ψ ∈ Ψ verifying (2.3), the functions 2−
nj
2 ψj(·−x2) and 2−

nk
2 ψk(x1−·) satisfy

(4.8), (4.9), and (4.10) for all N1, N2, and L. Without loss of generality, we can consider
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only the k ≤ j. Since the case k > j will follow similarly, as identical conditions are required
to the families {φ1

Q} and {φ3
Q}. Proposition 4.1 yields∣∣T ∗2(ψj(· − x2), ψk(x1 − ·))(x3)

∣∣ ≤∑
Q∈D
|Q|−

1
2 |〈ψj(· − x2), φ1

Q〉||〈ψk(x1 − ·), φ3
Q〉||φ2

Q(x3)|

≤
∑

Q=Qνl
ν∈Z,l∈Zn

2
n
2

(ν+j+k)2−|j−ν|(L+1+n
2

)2−|k−ν|(L+1+n
2

)2
n
2
ν

[(1 + 2min(j,ν)|x2 − 2−ν l|)(1 + 2min(k,ν)|x1 − 2−ν l|)(1 + 2ν |x3 − 2−ν l|)]N2
.

By using w = (ν,min(k, ν),min(j, ν), ν) in Proposition 4.3, inequality (4.12), and the fact
that min(k, ν) ≤ min(j, ν) ≤ ν, it follows that∣∣T ∗2(ψj(· − x2), ψk(x1 − ·))(x3)

∣∣
≤ C

∑
ν∈Z

2
n
2

(j+k+2ν)2−|j−ν|(L+1+n
2

)2−|k−ν|(L+1+n
2

)

[(1 + 2min(k,ν)|x2 − x1|)(1 + 2min(k,ν)|x1 − x3|)(1 + 2min(j,ν)|x3 − x2|)]N2/5

≤ C
∑
ν∈Z

2
n
2

(j+k+2ν)2−|j−ν|(L+1+n
2

)2−|k−ν|(L+1+n
2

)

[(1 + 2min(k,ν)|x2 − x1|)(1 + 2min(j,ν)|x3 − x2|)]N2/5
.

Finally, let I(j, k) denote the integral of
∣∣T ∗2(ψj(· − x2), ψk(x1 − ·))(x3)

∣∣ with respect to
any two of the variables x1, x2, x3 to obtain

I(j, k) ≤ C
∑
ν∈Z

2
n
2

(j+k+2ν)2−|j−ν|(L+1+n
2

)2−|k−ν|(L+1+n
2

)2−nmin(k,ν)2−nmin(j,ν)

= C
∑
ν∈Z

2−|j−ν|(L+1)2−|k−ν|(L+1)2τ(k,j,ν),

where the power τ(k, j, ν) is given by

τ(k, j, ν) =
n

2
(k + j + 2ν)− n

2
|j − ν| − n

2
|k − ν| − nmin(k, ν)− nmin(j, ν),

and, in fact, a brief computation shows that τ(k, j, ν) ≡ 0 for all ν, j, k ∈ Z. Consequently,

I(j, k) ≤ C
∑
ν∈Z

2−|j−ν|(L+1)2−|k−ν|(L+1) ≤ C2−
1
2
|j−k|(L+1),

and the theorem follows from Lemma 2.1. �

Remark 2. For α > 0 and 1 < p, q, r < ∞ with 1/p + 1/q = 1/r, the non-homogeneous
version of (4.13) follows as in Corollary 3.2, since molecular paraproducts involving two
families of smooth molecules with cancelation then verify

‖T (f, g)‖Lr ≤ C ‖f‖Lp ‖g‖Lq , f, g ∈ S(Rn),

see, for instance, [5], [13], [14], [29].

5. Bilinear Littlewood-Paley Theory

Given a function ψ in the Schwartz class S(Rn) such that
∫

Rn ψ(x)dx = 0, an immediate
application of the Fourier transform gives the bound

(5.1)
∫ ∞

0
‖Ψt(f)‖2L2

dt

t
≤ C ‖f‖2L2 ,
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where Ψt(f)(x) =
∫

Rn ψt(x−y)f(y)dy and ψt(x) = t−nψ(x/t). In [28], S. Semmes identified
sufficient conditions on a family of functions θt(x, y), t > 0, x, y ∈ Rn (more general than
ψt(x− y)) so that the non-convolution operator

Θt(f)(x) =
∫

Rn
θt(x, y)f(y) dy

verifies the square function estimate in L2(Rn)

(5.2)
∫ ∞

0
‖Θt(f)‖2L2

dt

t
≤ C ‖f‖2L2 .

In the discrete case, when a family θk(x, y), k ∈ Z, is considered, inequality (5.2) then
becomes

(5.3)

(∑
k∈Z
‖Θk(f)‖2L2

)1/2

≤ C ‖f‖L2 .

The alluded sufficient conditions have to do with decay, regularity, and cancelation prop-
erties of the kernels θt(x, y) (or θk(x, y)). In the following we will assume that {θk}k∈Z
is a family of complex-valued functions defined on Rn × Rn × Rn satisfying the following
conditions: There are L, M , N ∈ N and constants cα, and A, such that for all k ∈ Z,

|θk(x, y, z)| ≤
A 22nk

(1 + 2k |x− z|)N (1 + 2k |x− y|)N
,(5.4) ∣∣∂αy θk(x, y, z)∣∣ ≤ cα22nk 2k|α|, x, y, z ∈ Rn, |α| ≤M + 1,(5.5) ∫

Rn
θk(x, y, z) yα dy = 0, x, z ∈ Rn, |α| ≤ L.(5.6)

Notice that, as opposed to the condition (4.2), condition (5.5) above does not involve
any decay in the variables x, y, or z.

Theorem 5.1. Let α ∈ R and suppose that the kernels {θk} of the bilinear operators

(5.7) Θk(f, g)(x) =
∫ ∫

θk(x, y, z)f(y)g(z) dy dz,

verify (5.4), (5.5), and (5.6) with constants L,M, and N such that

2|α| < min(M + 1, L+ 1), M + n+ 1 < N, and L+ n+ 1 < N, 2n < N.

Then, there is a constant C depending only on L, M, A, N, n, s, and α, such that for all
1 ≤ p, q, r, s ≤ ∞ with 1/p+ 1/q = 1/r,

(5.8)

(∑
k∈Z

2αks ‖Θk(f, g)‖sLr

)1/s

≤ C ‖f‖Ḃα,sp
‖g‖Lq , f, g ∈ S(Rn).

The essential steps in the proof of Theorem 5.1 can be taken to also prove

Corollary 5.2. Let Θk be defined as in (5.7) such that the kernels θk satisfy (5.4) for some
N > 2n, (5.6) with L = 0, and the following Hölder regularity condition in the y-variable

(5.9) |θk(x, y, z)− θk(x, y′, z)| ≤ cγ22nk(2k|y − y′|)γ ,
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for some γ ∈ (0, 1] and all x, y, y′, z ∈ Rn and k ∈ Z. Then, there is a constant C depending
only on s, γ, and n, such that for all 1 ≤ p, q, r, s ≤ ∞ with 1/p+ 1/q = 1/r,

(5.10)

(∑
k∈Z
‖Θk(f, g)‖sLr

)1/s

≤ C ‖f‖
Ḃ0,s
p
‖g‖Lq , f, g ∈ S(Rn).

In particular, the case s = p = q = 2 yields

(5.11)

(∑
k∈Z
‖Θk(f, g)‖2L1

)1/2

≤ C ‖f‖L2 ‖g‖L2 , f, g ∈ S(Rn),

which is the natural bilinear version of (5.3).

Remark 3. Notice that cancelation in the y-variable only is assumed in Theorem 5.1 and
Corollary 5.2. Corollary 5.2 has been proved in the context of spaces of homogeneous type
in [26].

Lemma 5.3. Let l > 0 and {θk} satisfy (5.5), (5.4), and (5.6) with constants L,M, and
N satisfying

l ≤ min(M + 1, L+ 1, N − n), M + n+ 1 < N, and L+ n+ 1 < N.

Then, for all x, u, z ∈ Rn, j, k ∈ Z, and ψ ∈ Ψ,∣∣∣∣∫
Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ C 2−
l
2
|j−k| 2kn

(1 + 2k |x− z|)
N
2

2min(j,k)n

(1 + 2min(j,k) |x− u|)
N
2

where C is a constant depending on L, M, A, N, n, and ψ.

Proof of Lemma 5.3. It is enough to prove the following two inequalities. For all x, z, u ∈
Rn, j, k ∈ Z we have

(5.12)
∣∣∣∣∫

Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ C 2kn

(1 + 2k |x− z|)N
2min(j,k)n

(1 + 2min(j,k) |x− u|)N
.

and

(5.13)
∣∣∣∣∫

Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ C 2−l|j−k| 2kn 2min(j,k)n

Proof of (5.12): Using condition (5.4), the properties of ψ, and inequality (4.12), we
estimate∣∣∣∣∫

Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ ACψ 2nk

(1 + 2k |x− z|)N

∫
Rn

2nk

(1 + 2k |x− y|)N
2jn

(1 + 2j |y − u|)N
dy

≤ ACψ CN,n
2kn

(1 + 2k |x− z|)N
2min(j,k)n

(1 + 2min(j,k) |x− u|)N
.

Proof of (5.13): Case j > k. Using the fact that∫
Rn
ψj(y − u) (y − u)α dy = 0, α ∈ N0,
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we obtain∫
Rn
θk(x, y, z)ψj(y − u) dy =

∫
Rn

θk(x, y, z)− ∑
|α|≤M

1
α!
∂αy θk(x, u, z)(y − u)α

 ψj(y − u) dy

=
∫

Rn

∑
|α|=M+1

1
α!
∂αy θk(x, ξ, z)(y − u)α ψj(y − u) dy

where ξ is in the segment joining y and u. By (5.5) and the properties of ψ we get∣∣∣∣∫
Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ CM,ψ 22nk 2k(M+1)

∫
Rn
|y − u|M+1 2jn

(1 + 2j |y − u|)N
dy

=
∫
|y−u|>2−k

+
∫
|y−u|≤2−k

= I + II.

Estimate for I. We have |y − u| > 2−k > 2−j . Then 1
(1+2j |y−u|)N ∼

2−jN

|y−u|N
and therefore

I ≤ C̃M,ψ22nk 2k(M+1) 2j(n−N)

∫
|y−u|>2−k

|y − u|M+1−N dy

Recalling that M + n+ 1 < N , k < j and l ≤ N − n, we then have

I ≤ CM,N,n,ψ22nk 2−|k−j|(N−n) ≤ CL,N,n2nk 2min(j,k)n 2−|k−j|l.

Estimate for II. We have

II = CM,ψ 22nk 2k(M+1)

∫
|y−u|≤2−k

|y − u|M+1 2jn

(1 + 2j |y − u|)N
dy

=
∫
|y−u|≤2−j

+
∫

2−j<|y−u|≤2−k
= II1 + II2.

For II1 we use that 1
1+2j |y−u| ≤ 1 and we get

II1 ≤ CM,ψ,n 22nk 2−|k−j|(M+1) ≤ CM,ψ,n 2kn 2min(j,k)n 2−|k−j|l

where in the last inequality we have used that l ≤M + 1.
For II2 we use that 1

(1+2j |y−u|)N ∼
1

(2j |y−u|)N , and after integrating in polar coordinates
and recalling that M + n−N + 1 < 0, k < j, and l ≤M + 1, we get

II2 ≤ CM,ψ 22nk 2k(M+1)2j(n−N)

∫
2−j<|y−u|≤2−k

|y − u|M+1−N

≤ CM,N,n,ψ 22nk 2−|j−k|(M+1) ≤ CM,N,n,ψ 2nk 2min(j,k)n 2−|j−k|l.

Case j ≤ k. Using the cancelation property (5.6) for θk,

∫
Rn
θk(x, y, z)ψj(y − u) dy =

∫
Rn
θk(x, y, z)

ψj(y − u)−
∑
|α|≤L

1
α!
∂αψj(x− u)(y − x)α

 dy
=
∫

Rn
θk(x, y, z)

∑
|α|=L+1

1
α!
∂αψj(ξ − u)(y − x)α dy



14 DIEGO MALDONADO AND VIRGINIA NAIBO

where ξ is in the segment joining x and y. By condition (5.4) we then get∣∣∣∣∫
Rn
θk(x, y, z)ψj(y − u) dy

∣∣∣∣ ≤ ACψ,L 22nk 2j(n+L+1)

∫
Rn

|y − x|L+1

(1 + 2k |x− y|)N
dy

=
∫
|x−y|>2−j

+
∫
|x−y|≤2−j

.

We now proceed as before obtaining

I ≤ ACψ,L,N2kn 2jn 2−|k−j|(N−n) ≤ ACψ,L,N2kn 2jn 2−|k−j|l,

where we have used that L+ n+ 1 ≤ N and l ≤ N − n, and

II ≤ ACψ,L,N2kn 2jn 2−|k−j|(L+1) ≤ ACψ,L,N2kn 2jn 2−|k−j|l,

where we have used that L+ n+ 1 ≤ N and l ≤ L+ 1. �

Proof of Theorem 5.1. As in the proof of Lemma 2.1, let Kjk(x1, x2, x3) be the bilinear
kernel of the operator (f, g) 7→ Θk (ψj ∗ f, g). That is,

(5.14) Kjk(x1, x2, x3) =
∫

Rn
θk(x1, y, x3)ψj(y − x2) dy.

By Lemma 5.3, for all j, k ∈ Z and h = 1, 2, 3, we have, for 2 |α| < l ≤ min(M + 1, L+ 1),

sup
xh∈Rn

∫ ∫
|Kjk(x1, x2, x3)|

3∏
m=1
m 6=h

dxm ≤ C 2−l|j−k|/2.(5.15)

This yields, as in the proof of Lemma 2.1,

‖Θk(∆jf, g)‖Lr ≤ C2−l|j−k|/2 ‖f‖Lp ‖g‖Lq ,

and, since l/2 > |α|, the duality argument in the proof of Lemma 2.1 completes the
proof. �

Our inequalities (5.8) and (5.10) come as an addition to the related known results on
bilinear Littlewood-Paley theory. Namely, the inequality

(5.16)

∥∥∥∥∥∥
(∑
k∈Z
|Sk(f, g)|2

)1/2
∥∥∥∥∥∥
Lr

≤ C ‖γ‖`∞ ‖f‖Lp ‖g‖Lq ,

obtained by G. Diestel in [10] for 1 < p, q, r < ∞, 1/r = 1/p + 1/q, where the rough
paraproduct operator Sk is defined by

Sk(f, g) = γk

∫
R

∫
R
f̂(ξ)χ[ak,ak−1](ξ)ĝ(η)χ[−bk,bk](η)e2πi(ξ+η)x dξdη,

for a, b ∈ (0, 1). And also with the square-function inequality

(5.17)

∥∥∥∥∥∥
(∑
k∈Zn

|Sk(f, g)|2
)1/2

∥∥∥∥∥∥
L2

≤ C ‖f‖Lp ‖g‖Lq ,
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for all 2 ≤ p, q ≤ ∞, with 1/p+ 1/q = 1/2, proved in the context of Gabor analysis by M.
Lacey in [23], with

Sk(f, g)(x) =
∫

Rn
f(x+ y)g(x− y)Fk(y) dy, k ∈ Zn,

where the smooth function F has Fourier transform supported on the unit cube of Rn and,
for k ∈ Zn, F̂k(ξ) := F̂ (ξ − k). For bilinear operators Θk of the form (5.7), Theorem 5.1
immediately implies

Corollary 5.4. Given α ∈ R, let Θk be as in Theorem 5.1. Then, for the constant C as
in Theorem 5.1, we have∥∥∥∥∥∥

(∑
k∈Z

22αk|Θk(f, g)|2
)1/2

∥∥∥∥∥∥
L2

≤ C ‖f‖
Ḃα,2p
‖g‖Lq , f, g ∈ S(Rn),

for 2 ≤ p, q ≤ ∞ with 1/p+ 1/q = 1/2 and∥∥∥∥∥∥
(∑
k∈Z

22αk|Θk(f, g)|2
)1/2

∥∥∥∥∥∥
Lr

≤ C ‖f‖
Ḃα,1p
‖g‖Lq , f, g ∈ S(Rn),

for 1 ≤ p, q, r ≤ ∞ with 1/p+ 1/q = 1/r.

Remark 4. We point out that the techniques used in this section provide new results even
in the linear case. Indeed, by considering a family θk(x, y), k ∈ Z, that satisfies

|θk(x, y)| ≤ A 2nk

(1 + 2k |x− y|)N
,(5.18) ∣∣∂αy θk(x, y)

∣∣ ≤ cα2nk 2k|α|, x, y ∈ Rn, |α| ≤M + 1,(5.19) ∫
Rn
θk(x, y) yα dy = 0, x ∈ Rn, |α| ≤ L,(5.20)

(for suitable L, M , and N), a bound of the form

(5.21)

(∑
k∈Z

2αks ‖Θk(f)‖sLp

)1/s

≤ C ‖f‖Ḃα,sp
, f ∈ S(Rn),

follows. Thus extending Semmes’s inequality (5.2) to the scale of homogeneous Besov spaces
Ḃα,s
p with α ∈ R and 1 ≤ p, s ≤ ∞.
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57, 1978.

[9] R. R. Coifman and Y. Meyer, Wavelets: Calderón-Zygmund and multilinear operators, Cambridge
Univ. Press, Cambridge, United Kingdom, 1997.

[10] G. Diestel, Some remarks on bilinear Littlewood-Paley theory, J. Math. Anal. Appl., 307 (2005), 102-
119.

[11] M. Frazier, B. Jawerth, A discrete transform and decompositions of distribution spaces, J. Func. Anal.
93 (1990), 34–169.

[12] M. Frazier, B. Jawerth, and G. Weiss, Littlewood-Paley theory and the study of function spaces, CBMS
Regional Conference Series in Mathematics 79, 1991.

[13] J. Gilbert and A. Nahmod, Bilinear operators with non-smooth symbols. I, J. Fourier Anal. Appl. 5
(2001), 435-467.

[14] J. Gilbert and A. Nahmod, Lp-boundedness of time-frequency paraproducts. II, J. Fourier Anal. Appl.
8 (2002), 109-172.

[15] L. Grafakos, Classical and Modern Fourier Analysis. Pearson/Prentince Hall. 2004
[16] L. Grafakos and N. Kalton, Multilinear Calderón-Zygmund operators on Hardy spaces, Collectanea

Mathematica 52 (2001), 169-179.
[17] L. Grafakos and N. Kalton, The Marcinkiewicz multiplier condition for bilinear operators, Studia Math.

146 (2001), no. 2, 115–156.
[18] L. Grafakos and R. Torres, A multilinear Schur test and multiplier operators, J. Funct. Anal. 187

(2001), no. 1, 1–24.
[19] L. Grafakos and R. H. Torres, Discrete decompositions for bilinear operators and almost diagonal con-

ditions, Trans. Amer. Math. Soc. 354 (2002), 1153-1176.
[20] L. Grafakos and R. H. Torres, Multilinear Calderón-Zygmund theory, Adv. in Math. 165 (2002),

124-164.
[21] L. Grafakos and R. H. Torres, Maximal operator and weighted norm inequalities for multilinear singular

integrals, Indiana Univ. Math. J. 51 No. 5 (2002), 1261-1276.
[22] C. Kenig and E. Stein, Multilinear estimates and fractional integration, Math. Res. Lett. 6 (1999), 1-15.

Erratum in Math. Res. Lett. 6 (1999), no. 3-4, 467.
[23] M. Lacey, On Bilinear Littlewood Paley square functions, Publicacions Mat., 40 (1996) 387–396.
[24] M. Lacey and C. Thiele, Lp estimates on the bilinear Hilbert transform for 2 < p <∞, Ann. of Math.

146 (1997), 693-724.
[25] M. Lacey and C. Thiele, On Calderón’s conjecture, Ann. of Math. 149 (1999), 475-496.
[26] D. Maldonado, Multilinear singular integrals and quadratic estimates, Ph.D. Thesis, University of

Kansas, 2005.
[27] D. Maldonado and V. Naibo, Weighted norm inequalities for paraproducts and bilinear pseudodifferential

operators with mild regularity, J. Fourier Anal. Appl., to appear.
[28] S. Semmes, Square function estimates and the T (b) theorem, Proc. Amer. Math. Soc. 110 (3), 721-726

(1990).
[29] C. Thiele, Wave Packet Analysis, CBMS Regional Conference Series in Mathematics 105, 2006.
[30] H. Triebel, Multiplication properties of the spaces Bsp,q and F sp,q. Quasi-Banach algebras of functions,

Ann. Mat. Pura Appl. (4) 113 (1977), 33-42.
[31] H. Triebel, Multiplication properties of Besov spaces, Ann. Mat. Pura Appl. (4) 114 (1977), 87-102.
[32] H. Triebel, Theory of function spaces, Monographs in Mathematics, Vol. 78, Birkhäuser Verlag, Basel,
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