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Abstract

A uniqueness theorem is proved for the inverse acoustic scattering problem for
a piecewise-homogeneous obstacle under the assumption that the scattering
amplitude is known for all directions of the incident and the scattered field
at a fixed frequency.

1 Introduction

The inverse problem of the scattering of a plane acoustic wave by a multi-
layered scatterer is studied in this work. Such a scatterer consists of a finite
number of homogeneous layers, and is described in detail in Section 2. The
corresponding direct scattering problem has been studied by Athanasiadis
and Stratis, who have shown existence and uniqueness of its solution in [2],
and have implemented the low frequency theory for the determination of
the solution in [1]. Alternative formulation of a similar problem for the
impedance equation has been studied in [18] and references therein. In the
present work uniqueness of the solution to inverse scattering problem is es-
tablished provided that the scattering amplitude is known for all directions
of incident and scattered fields at a fixed frequency. The proof is based on



an orthogonality result and is similar to the proofs in [7]-[12]. Similar ideas
have been applied in [12] to some inverse scattering problems, inverse spec-
tral problems, inverse geophysical problems, and some other inverse prob-
lems. The actual reconstruction of the scatterer is still an open problem.
There is a number of papers in which the surface of an acoustically soft
obstacle is found numerically from the scattering data, but these contain
parameter—fitting schemes, rather than a reconstruction procedure based on
an analytical or numerical inversion method, and they give no error estimate
for the solution. Stability estimates for the recovered obstacle are not given
in the present work. They were given in the papers [13], [14] for the case of
a non-stratified soft scatterer.

2 The Direct Problem

Let D be a bounded closed subset of R* with boundary S;. The set D is
divided into annuli-like regions D,, by surfaces S,,, where S,,_; surrounds
S, and S, NSy, =0, m =1,2,...,M. The S,,, m = 0,1,..., M are
assumed to be C**-surfaces, A € (0, 1]. Moreover we assume that the origin
is contained in D)., the “last” region. The exterior Dy of D , as well
as each of D,,, are homogeneous isotropic media of mass density p,, and
compressibility v,,. The wave number £k, in each region D,, is expressed in
terms of the free space (Dy) wave number ko > 0, by the relation

Yo Pm ;2
k2 = 5 TR 2.1
Y Po (2.1)

We assume that a plane acoustic wave u™° is incident upon D; suppressing

the harmonic time dependence exp(—iwt), w being the angular frequency, we
have '
u™(z, o, ko) = e*or, (2.2)

where « is the unit vector in the direction of propagation.
The total exterior acoustic field ug is given by the formula:

uo(z, a, ko) = u™(x, v, ko) + u*(, , k), (2.3)

where u is the scattered field given by

ikor 1
w(z, o, ko) = A, a, ko) C 4o <—> , T — 00 (2.4)
r r

withr =]z [and o/ = Z. A(d/, a, ko) is the scattering amplitude [6]. Formula
(2.4) implies the radiation condition for the scattered field.



Let u,, be the acoustic field in D,,,. Then the problem of scattering of u™™°
by the multi-layered scatterer D, is described by the following transmission
problem:

Find u,, € C*(D,,) N C(D,,), such that

Aty + k2, = 0, in D, m=0,1,...,M+1 (2.5)
Um+1 — Um = 0
1 Oums 1 ou,, , on S, m=01....M (2.6)

Pm+1 ov Pm ov

along with (2.3) and (2.4).

It has been proved in [2] that this transmission problem has a unique
solution.
Remark 2.1 The fundamental solution

¢iklo=]

O(z,y) = (2.7)

A |z —y |

of the Helmholtz equation Au + k*u = 0 satisfies

grad_®(z,y) = (m . ) Oz, y) Y (2.8)

|z —y | |z —y|

and the asymptotic formulas

O(z,y) = 1+0(z-y )], |z—y[=0 (2.9)

A |z —y |
and

-y

grad, ®(z,y) = Irla—yP

1+0(z=yP)]. [z-yl=0. (210

If ®,,(z,y) is the fundamental solution of Au + ku = 0 in D,,, m =
0,1,...,M + 1, then ®,,(z,y) satisfies (2.9) and (2.10). The asymptotic
behavior for elliptic operators with smooth coefficients was derived by the
parametrix methods in the theory of pseudodifferential operators and also
by classical methods (see [5]).

We will need also the asymptotics of the principal part of the fundamental
solution to elliptic equations of the second order of the divergent form (see
(3.1) with g(x) = 0 below) for piecewise-smooth a(z). We assume that a(x)
has a smooth surface S as a discontinuity surface, and a(x) together with its
derivatives is continuous up to S from inside and outside. In this case one
can assume without loss of generality that S is a plane, say the plane z, = 0,
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and the function a(x) is constant a, if z, > 0, and a(z) = a_ if z,, < 0. The
fundamental solution g is assumed continuous across .S, and ag—g is continuous
across S, where v is the normal to S, in our case v is directed along x,,. In [17]
a formula for g(z, y) is obtained, where g(x, y) satisfies the above transmission
conditions across S and the differential equation div[a(z)gradg] + k3q(z)g =
—d(x —y) in R"™. If a(z) is piecewise-constant, then a global formula for ¢ is
given in [17], see formulas (2.11) and (2.12) below. In [4], it is claimed that
g is of the form ¢ | x —y |7' if n = 3, where ¢ = [(ay + a_)(27)]~*. This
claim is not correct and we give below the correct formula. However, if y, the
pole of g(z,y), belongs to the interface S, then, as |z — y| — 0, one obtains
g ~ clz —y|™', with ¢ defined above as in [4].

Let v:=(ay —a_)/(ay +a_ ), p:=|2—7 |, & := (v1,...,001), Ax :=
(4rag )™, r:=| x —y | . We claim that the following global formula holds

) : _
= A, |-+ yz > 0, 2.11

1= T A T m Flm e % (211)
_a ! 2 |,y <0 (2.12)

I= 0 P las |+ s )2 B0 '

The idea of the proof of formulas (2.11) -(2.12) is simple: one Fourier-
transforms the equation for g with respect to transversal variables z and
gets an ordinary differential equation for the function g, the Fourier trans-
form of the above g. The solution to this equation with the transmission
conditions at 3 = 0 leads to the formula:

exp(=¢ | xs—ws|)  exp(=£ll @5 | +[wsl)

9= 28ay A 28ay =0 (249)
G exp(—§2’£§3 —ysl) . exp(—f“;g;\—l— | ys H)’ vy < 0. (2.14)

Inverse transforming (2.14) with respect to {—variable, one gets (2.11), (2.12).
Let us note that (2.11), (2.12) hold locally for equations with variable coef-
ficients.

Remark 2.2 The assumption that the S,,, m = 0,1,..., M are of class C**,
A € (0,1], may be weakened to S, being Lipschitz surfaces (see [15], [16] ).



3 Uniqueness of Solutions to the Inverse Prob-

lem

We start this section by noticing that (2.5) may be written in the following
unified way

M+1
(Lu)(x) = div[a(z)gradu(z)] + kgq(z)u(z) = 0, in | Dm, (3.1)
m=0
where
Um () = u(z)Xp,, (), m=0,1,..., M +1 (3.2)
1 , T €& Do
alz)=9¢ L . 2€D,USm 1, m=1,2.... M+1 (3.3)
Pm
1 , T € DO
= 1 K2 .
a(x) Zgl 2 eD,USy . m=12. . M1, Y
Pm Kj

Xbp,, (z) being the characteristic function of D,,. Using the notation [h(z)] =
h*(xz) —h™(z), h*(x) (h~(z)) denoting the limit of A on S from the exterior
(interior) of S, we may write (2.6) as

0
[u] =0 and [aaﬂ =0, on Sp,. (3.5)
Moreover, in view of (2.3) we have
u(r) = u™(z) + u*(x), (3.6)
while % is assumed to satisfy the Sommerfeld radiation condition
. ou*
lim T( o zk:ousc> =0, (3.7)

uniformly in all directions 2.

Therefore, the direct transmission problem (2.3)—(2.6) may be written as the
problem consisting of (3.1), (3.5), (3.6), (3.7), and will be denoted by (DTP).
Now, let

H = H'(D) N {h € H' (Do) : h satisfies (3.6) and (3.7)} . (3.8)

We denote by Hy the set of h which satisfy (3.8) with the condition that
h solves (3.6) dropped and (3.7) replaced for the elements of H, by the
condition that h vanishes near infinity. For the use of such spaces we refer
to [3]. We are now in a position to give



Definition 3.1 (DTP) has a weak solution u € H iff
R3{—a(x) gradu(z) - gradv(z) + k3 q(z) u(z)v(z)} dr = 0, Vv € Hy. (3.9)

Let us note that the transmission conditions (3.5) are incorporated in (3.9).

The inverse transmission problem consists of finding D (i.e. the surfaces
Sm, m = 0,1,..., M), given the scattering amplitude A(c/,, k) for all
directions of incident and scattered fields at a fixed ky > 0. The constant pa-
rameters k2, and p,, of the m-th layer are assumed known but the boundaries
of the layers are not known when the inverse problem is studied.

In this paper we study the uniqueness of the solutions to the inverse
transmission problem. The main uniqueness result is proved by an approach
similar to that used in [7] — [12].

For the formulation of the results, we assume that there are two multi—
layered scatterers DY) and D®. Each D) is stratified by surfaces S into
layers Dg), m=20,1,...,M and j = 1, 2, as described in Section 2.

We start with the following orthogonality result.

Proposition 3.1 Let us assume that
AW o, ko) = AP (o, o, ko), (3.10)

for all &/, o on the unit sphere, and a fized ky > 0. Let w; be the solution
of LWYw; =0 in Q, j = 1,2, satisfying (5.6)-(3.7), where Q is any domain
containing DM U D@, Then

/D(l){—al(x) gradw, (z) - gradws (z) + k3 q1(2) wi (2) we(z)} do =

D(Q){—ag(x) gradwy (z) - gradwsy(z) + kg Go(z) wy () wo(zx)} dx (3.11)

Proof. Let w := w; —ws, a := ay — ag, and q := ¢ — g2. Subtract from (3.1)
with w = wy, @ = a1, ¢ = ¢ this equation with w = wsy, a = a2, ¢ = g9, to
get

div(a; gradw) + ki ¢y w = —div(a gradw,) — kg q ws. (3.12)

Let Q := R*\ (DM U D®). We have
Aw + k2w = 0, in Q. (3.13)
From (3.10), (2.3), (2.4) we derive that

w(:c):O<|;‘2>, 2 = oo, (3.14)
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whereby

w(x) =0 for |z | large. (3.15)
Hence, by the unique continuation principle, we obtain
w(z) =0, z € Q. (3.16)

Multiplying (3.12) by ¢ € H(€) and integrating over Q we get

/ {—a; gradw - grady + k§ gy w p}dr = / {a gradws, - grady — ki qwy p}dx
Q Q

(3.17)
Now, let €2, be any open bounded set in R?, containing D™ U D®) | such that
O, C Q. Let v € C°(Q), v =1 in Q.. Then ¢ :=pw, € Hy(Q). Hence

/Q{—al gradw - grady + ki ¢ w p}dr =

/Q(L(l)gp)wdx = /Q(L(l)wl)wdx =0, (3.18)

and so
/Q{a gradw, - grady — ki qw, p}dz = 0. (3.19)

But in Qy we have a = 0, ¢ = 0, while in DW U D® we may take ¢ = wy,
whereby (3.11) follows. O

We now prove:

Theorem 3.1 If (3.10) holds, then DY) = D®),

Proof. As mentioned in the description of the inverse transmission problem,
it suffices to show that S} coincides with S@), m = 0,1,..., M. Suppose,

m

to the contrary, that there is a mg € {0,1,..., M} such that Sr(;g does not
coincide with Sfﬁg Let 5@, 7 = 1,2, denote the domain circumscribed by
5,(,{3 Assume that D is not contained in D®. Without loss of generality,
we suppose that mg = 0 (and hence D@ = DU). Let z be on the part
of S(()l) which is not inside D®. Consider a ball B., centered at z, having

no common points with m, while its part inside D™ lies in the first layer
Dgl), without touching SF). Let w;(z,y) be the Green function of L, and
y € . Since the Green function with y away from B, can be approximated
with arbitrary accuracy in H%(B,) by scattering solutions (see [12],[9]), one

can use as w; in (3.11) the functions w;(x,y). Write (3.11) as
/D(l)mB {—ay(z) gradw, (x, y) - gradwa(z, y) + kg ¢ (2) w1 (z,y) wa(z,y) } do =
=y fr (@) gradun () - gradun(e, ) = K aa () wa (e ) wa(e,y)} o+

+ D(g){—ag(x) gradw, (z, y) - gradws(z, y) + ki qo(2) wi(z, y) wo(x, y)} dr.(3.20)



Note that the right-hand side of (3.20) is bounded as y — z.

When y — z, we observe that O(| z — y |) is small, for ¥ € DY N B,.
Hence, by formulas (2.11)-(2.12) for the principal parts of the fundamental
solutions of the second-order elliptic differential equations with discontinuous
coeflicients we obtain

’ kﬁ Ch(iU) wl(%y) w2($ay) dz| < ¢, (3'21)
DMNB,

and, using formulas (2.11)-(2.12) again, we get:

d
/ ai(x) gradw, (z,y) - gradws(x, y) dz > cz/ <
DUNB,

—_— 22
D(l)mBz | T — y ’47 (3 )

where ¢; and ¢y are positive constants.

The right-hand side of (3.22) tends to 4+o00 as y — z if z € R? and there-
fore all the terms in (3.20), except one, are bounded. Thus, a contradiction.
If the dimension of the space is greater than 3, the conclusion of Theorem
3.1 remains valid and the argument needs only a slight modification.

Hence DM must be contained in D®. Arguing similarly we obtain that
D® must be contained in DM, and therefore that D) = D®. Hence SV
coincides with S(()Z). Now, we follow the above procedure stepwise; repeating
it, we conclude that SV coincides with S{? for all m = 0,1,..., M, q.e.d. O
Remark 3.1 The previous result and proof remain valid for variable co-
efficients a, ¢ belonging to the class of piecewise-smooth functions with a
non—zero jump at S,,. Moreover, our argument shows that a; = as at S,,
even if one does not assume a priori that a; = as in the layers.

If a(z) in (3.1) is H*smooth, rather than piecewise-H?-smooth, then it
was proved in [9] (see also [12]) that the scattering data at two frequencies
determine both a(z) and ¢(z) in (3.1) uniquely. Stability of the solution to
the inverse obstacle problem was studied in [6], [13] and [14].
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