CONSISTENCY OF A RANK TEST AGAINST
GENERAL ALTERNATIVES OF CHANGE POINTS
(SURFACES) AND CONTINUOUS TREND

A. 1. KATSEVICH, A. G. RAMM

ABSTRACT. Considered are modifications of a rank test of randomness for the one-
and multidimensional regular design cases as well as for the one- and multidimen-
sional random design cases. The null hypothesis is that all observations are inde-
pendent and identically distributed. The main result is the proof of consistency of
the test in each of the above cases against two general alternatives. Alternative 1:
there exists a pairwise disjoint partition U]”, D; = D, where D C R, d>1,is a
bounded domain inside which one makes observations, such that (1) if an observation
point falls inside D;, then the corresponding observed value is the realization of a
random variable &;, i = 1,...,m; (2) there exists an ordering {&;, }}-_,, where §;, is
stochastically smaller than &;, ,,, k=1,...,m—1, (3) the partition is independent
of the number of observation points. Note that m, this ordering, and the sets D;
are not known a priori: one tests only for the existence of such a partition. Note
also that in the one-dimensional case the initial sequence need not be stochastically
monotone under the alternative. Alternative 2: there exists an arbitrary “asymptot-
ically continuous” trend in location. “Asymptotically continuous” means that the
trend converges to some continuous, not identically constant function as the number
of data points goes to infinity. This function need not be monotone.

A numerical example illustrating the use of the obtained results for image analysis
(edge detection) is presented.

1. Introduction

In this paper! we consider modifications of a rank test of randomness for the
one- and multidimensional regular design cases as well as for the one- and multi-
dimensional random design cases. The null hypothesis is that all observations are
independent and identically distributed. Our main result is the proof of consistency

of the test in each of the above cases against two general alternatives.

Alternative 1. There exists a pairwise disjoint partition U™, D; = D, where D C
R?, d > 1, is a bounded domain inside which one makes observations, such that

(1) if an observation point falls inside D;, then the corresponding observed value

is the realization of a random variable &;, i =1,...,m,
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(2) there exists an ordering {&;, }7,, where &;, is stochastically smaller than
fik+1, k= 1,...,’/7’1,—1,
(3) the partition is independent of the number N of observation points.

Alternative 2. There exists an arbitrary “asymptotically continuous” trend in lo-
cation. In the regular design model, assumptions on the trend are the following.
In the one-dimensional case the trend {6 }I_, is supposed to satisfy the condition:
there exists the limit limy o 1/n—¢ Ok := ¢(t), such that ¢(t) € C[0,1], ¢ # const.
In the multidimensional case let the given data be xx, . r,, 1 < k; < BN, 0 <
Bi <00, i=1,...,d. Denote By := {k = (k1,...,kq) €N?: 1 <k; <BN, i=
1,....d}, D:={t=(t1,...,ta) ERY: 0<t; < By, i=1,...,d}. The condition
on the trend {0k, k € By} is: imy_oo x/n—t Ok := &(t) € C[D], ¢ # const. In the
random design model, we assume that observation points {pk}szl are randomly
chosen inside an open bounded domain D C R%, d > 1 (that is, {px}i_, are in-
dependent random points distributed in D with constant probability density), and
the trend at each point is given by 0 = ¢(ps), where ¢(t) € C(D), ¢ # const, and
D is the closure of D.

Note that under the first alternative, m, the ordering {&;, }7'_,, and the sets D;
are not known a priori: one tests only for existence of such a partition. Thus Alter-
native 1 is different from the standard m-sample alternatives [M], where boundaries
between samples are supposed to be known. In the one-dimensional case our alter-
native reduces to the existence of change points, and we do not assume that the
initial sequence is stochastically monotone: there can be both jumps up and jumps
down. Note also that in the case m = 2 there can be any finite number of change
points, because the sets D1 and Dy can be multiconnected.

In the one-dimensional case, equispaced design model, the statistic we use is

N

1 2
1 Ryi1 — Ry
= E 1.1
NN ( N > ’ (L.1)

k=1

where Ry is the rank of the k-th element of the sequence to be tested, k =1,..., N.
We see that vy is closely related to the rank statistic R introduced by Wald and
Wolfowitz [WW]: R = Zfi}l R;R;1+1+ R1Ry. We have

N%(N —1)uy = N(N +1)(2N +1)/3 — 2R — (R; — Rn)?, (1.2)

thus vy and R are asymptotically equivalent. Many results are known concern-
ing the statistic R: the asymptotic normality, consistency against monotone trend,
cyclical movement, serial correlation and some other alternatives [WW, N, A, AGA].
Also note that vy has the form of the Durbin-Watson statistic [DW] with observa-
tions replaced by their ranks. However, we could not find any proofs of consistency
against the two general alternatives we consider. The most frequently considered
alternatives are one change point, monotone trend and serial correlation [B, CH,
KO, KM, KS]. Different rank tests and different results for the case of multiple
change points can be found in [L]. Our results were announced in a brief form in
[KR2]. In [K], [KR1], [KR3], and [KR4], related problems are discussed from a
different point of view.
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In the multidimensional case, regular design model, the statistic we use is based
on a modification of the Geary statistic [G, CO] with observations replaced by their

ranks:
= Z 3 (Rk_Rl> , (1.3)

N keBn leL(k)

where L(k) is the set of lattice points neighboring to a point &k, My is the number
of elements in double sum (1.3), and N is the number of lattice points.
In the case of the random design model, the analog of (1.1) and (1.3) is

=~ Z ( "(’“) )2, (1.4)

where {pk}ff:l is a set of random observation points inside a bounded domain, and
n(k) is the index of the point closest to p; (the nearest neighbor).

The paper is organized as follows. In Section 2 we consider Alternative 1. In
Sections 2.1 and 2.2 the proof of consistency in the one-dimensional cases: m = 2
and m > 2 is given. It is based on the following approach. First, we prove that

vn —= 1/6 under the hypothesis of randomness, and that vy ——— E,, under
N—oo N—oo

. . ms .
the alternative. Here FE,, is some constant, and “————” denotes convergence in

N —oc0
mean square. Since the asymptotic behavior of the Wald-Wolfowitz statistic R, and
therefore that of vy, under the hypothesis of randomness is well known [WW], we
present values of the first two moments of vy without detailed calculations. Under
the alternative, the behavior of vy has been studied less extensively, although

convergence vy ——— E,, can be easily established by a standard technique.
N—oco

Thus, we only sketch the proof of this fact in the case m = 2. In the case m > 2,
it can be proved similarly, so we presented only the final formulas. The main new
point is the proof of the inequality E,, < 1/6, so it is given in detail. In Section
2.3 the case of the data specified at the nodes of a regular d - dimensional grid is
considered. Since this case is completely analogous to the one-dimensional case, we
only describe the model, statistic, and state main results without proofs. In Section
2.4 the case of data points randomly distributed inside a certain bounded domain
is considered. A numerical example illustrating the use of the obtained results for
image analysis (edge detection) is presented in Section 2.5. Section 3 contains the
proof of consistency against trend in location (Alternative 2).

2. Consistency against change points (change surfaces) alternative

2.1. ONE-DIMENSIONAL CASE, m = 2

Let {xk}szl be a random sequence of size N. In this case the observation points
are k/N € D :=(0,1], k=1,...,N. The problem is to test the null hypothesis

HO : Fl(l‘) :FQ(:E) ::FN(x), (211)

where Fj(x) is a continuous distribution function of the random variable xy, k =
1,..., N, against the alternative

Hs : Fk(fb) = Gl(ﬁ), k/N € Dy, Fk(1'> = GQ(CE)7 k‘/N € Do, (212&)
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Gi(x) > Ga(x), z € R, G1(x0) > Ga(x) for some x, (2.1.2b)

where D; and Dy are (unknown) nonintersecting measurable sets such that D; U
Dy = (0,1]. We assume that G1(z) and Go(x) are continuously differentiable, and
the ties do not occur with probability 1. Let p(¥) be the number of interior points
defined by:

p@ = p 48, P = ke kk+1le K}, Kj={k: k/NeD;}, j=1,2

(2.1.3)
All other points are called the boundary (change) points, there are p®) = N — p®
of them. Let us also assume that

p® < const, pgi)/N — a, pgi)/N —1l—a as N—ooo, O0<a<l, (2.1.2¢)

where o = A(D) is the Lebesgue measure of D;. Let R; be the rank of the element

x;, ©=1,...,N. The test criterion is the statistic
N—-1
S Riy1— R\’ (2.1.4)
N N_1 2 N . .

Let us calculate the moments of v when the null hypothesis is true. We have

(2.1.5)
where we have used the fact that the distribution of the random variable (Ry+1 —
Ry)? does not depend on k, and that all combinations of ranks in the pair Ry, Ri11 :
Ry =i, Rgy1 = j,1 # j, are equiprobable. The second moment of vy is given by:

4 2
BA) = e = 0N (219

(From (2.1.5) and (2.1.6) it follows that
var(vy) = 1/(36N) + O(1/N?), N — co. (2.1.7)

Therefore, vy converges to 1/6 in mean square as N — oo if the null hypothesis
holds. To investigate the behavior of vy under the alternative hypothesis, let
N — oo. Since the portion of border points among all the points is of order
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O(1/N) (see (2.1.2¢)), we may write

2 2
E(vy) = —Nl_l 3 E(RkHN Rk) + Nl—l > E(L“N Rk)

keK, keK,
_ |K1| R11+1_R11 ? |K2| Rlz+1_Rl2 2 1
_NflE N +N71E N +O(N)
11
ma//fl(x)(x—y)zfl(y)dxdy
00

(1-« /1/1f2 y)? fo(y)dady
00

= 1—a{</f1 zdx) O/fl(x)xder 41(1} = Es. 2.18)

Here l1 and [ are arbitrary fixed indices such that [1,l1 +1 € Ky, la,lo + 1 € Ky,
and f fi(r)dr, 0 < a < b < 1, is the probability as N — oo that the random
variable R; /N , 1 € Kj, lies between a and b. Existence of such functions f;(r)
follows from the Glivenko theorem [R]. In (2.1.8), we have used the fact that Ry
and R;, k # j, are asymptotically independent, and a.f; + (1 — ) fo = 1. Similarly,
let us show that var(vy) — 0 if Hy holds. We have

E(}) = ﬁE{[ S (W)Z > (W)T}

keK, keKo
2
=21 _12 > D Bw
p,q:1 keK, jEK,
Ri.i — R Riv— R:\?
Ekj;:EK ’““N ’“) ( J“N J) ] (2.1.9)

Since

a) the number of terms for which k = j or |k — j| = 1 is proportional to N,
b) the portion of boundary points is of order O(1/N), and
¢) Riy1 — Ry and Rj11 — Rj, |k — j| > 2, are asymptotically independent,

we have
_1222Ek7 22 ZE’W+O )
keK, jeK, k€K, ‘ gelfl(>2
J

|Kp| (Rm+1 — Rm>2] |: |Kq| <Rn+1 - Rn)2:| 1
- E E +0(=),
[N -1 N N -1 N (2.1]'\{0)
where m and n are arbitrary fixed indices such that m,m +1 € K,, n,n+1 €
K, |m —n| > 2. Formulas (2.1.8) — (2.1.10) yield E(v%) = (E(v )) + O(1/N),

therefore var(vy) = O(1/N) as N — oo. Collecting (2.1.5), (2.1.7), and (2.1.8), we
prove
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Theorem 2.1. One has vy ———s 1/6 if Hy is true, and vy —= . By if Hy is
N—o0 N—oo

true.

Remark 2.1. Tt is possible to relax the assumption p(®) < const as N — oo and

to require only p(® /N = o(1) as N — oo. In this case, we have vy — FE, with

var(vn) = o(1) as N — oo. For the proof of this fact note that the only difference
in the argument is the replacement of the term O(1/N) in (2.1.8) and (2.1.10) by

o(1).
Theorem 2.2 below shows that the statistic vy can be used for testing Hy against
Hs.

Theorem 2.2. Under assumption (2.1.2b) one has E2 < 1/6.
Proof. We see from (2.1.8) that it is enough to prove inequality

1 1-—
22—zt —> a’ z = /fl(T)Tdr, (2.1.11)

which is equivalent to (2 — 1/2)? > 0. To prove that z # 1/2, let us calculate the
function fi(r). Denote ¢;(z) := Gi(x), g2(x) := G4(x). Pick an arbitrary index
i, 1 < i < N, let x be the value of the random variable at this point and let
r = R;/N be the normalized rank of this value. By the Glivenko theorem, we have
for large N

r=aGi(z)+ (1 — a)Gz(x) := G(z), (2.1.12)

or x = G~Y(r). Here and below G~!(r) stands for the inverse of G(x) where
the inverse function is defined. It is defined, for example, for r such that r =
G(x), g(x) := G'(z) > 0. Using (2.1.12) and taking into account that 1/g(G~1(r))
is the Jacobian of the transformation 2 — 7, z = G~1(r), we get for r such that
r = G(z) and g(x) > 0:
91(G~H(r))

fi(r) FERIOIR (2.1.13)
Let E’ be the set {r : 0 <r <1, G(z) = r, g(z) = 0}. By Sard’s theorem
[S], M(E') = 0, where A\(E) is the usual Lebesgue measure in R'. Let E be the
complement of E’ in [0,1], A(F) = 1. Fix any € > 0 and denote by E! any open
covering of E’, such that A\(E!) = €. Let E. := [0,1] \ E/ and R, := G~}(E,).
Consider the integral

(G=1(r)) g(x)

/fl(r)rdr:/gl(Gill(T))rdr:/gl(x)G(m)g(x)dx:/G(w)gl(x)dx.
E. E. g R. R.
Let € — 0 in the above formula. Then the limit of the left side is denoted by
fol f(r)rdr (since A(E) = 1). This limit does exist since the limit of the right side
exists and is equal to [, 1 gy G(2)g1(z)dz = [ G(z)g1(z)dz, where [ = [. The
last equation holds because gi(x) = 0 on G~}(E’) and R = G~}(E) U G~ 1(E’).
Therefore we conclude that
1

z = /fl(r)rdr = /G(m)gl(m)dx =

0

+(1—-a) / Gaogrdz. (2.1.14)

| QR
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Using that Gi(z) > Ga(x), Gi(xg) > Ga(zo) and continuity of g1(x), we have
J Gagrdz < [ Gigidx = 1/2. This together with (2.1.14) yields z < 1/2. Theorem
2.2 is proved. O

Remark 2.2. From the proof of Theorem 2.2 it follows that E2 = 1/6 if and only if
G1(z) = Go(x), i.e. when Hy = Hy. Here Es is defined in (2.1.8).

Remark 2.3. From the argument below (2.1.14) we see that to prove the inequality
z < 1/2 it is sufficient to have only [ Gag1dz < 1/2. Thus Theorem 2.2 holds under
condition weaker than (2.1.2b), which can be replaced by P{&; < &} > 1/2, where
&k is the random variable with the distribution function Gy, k =1, 2.

Using Theorems 2.1 and 2.2, let us construct the following test of randomness.
Fix the probability €, 0 < € < 1, of the type I error and let the rejection region be
{z : x < Ap}, where the threshold Aj is determined from the equation P{vy <
Ao|Hp} = e. Consistency of the proposed test easily follows. Indeed, since Fy < 1/6
(Theorem 2.2) and Ay — 1/6 as N — oo (according to the choice of Ay and
Theorem 2.1), we have using the Chebyshev inequality and assuming that Hs holds

P{un > Ao} < P{lun — Ea| > Ag— By} < % - o(%) as N — co.

If N is sufficiently large, the threshold Ag is found using the asymptotic normality
of vy with the mean value 1/6 and variance 1/(36N). If N is small, a convenient
way to compute A is by using the Monte-Carlo method [KW].

2.2. ONE-DIMENSIONAL CASE, m > 2

In this section we prove that the test based on vy is consistent against an
alternative more general than Hs. Let us fix m > 2 and define the alternative
hypothesis H,,.

H,, : Fip(x)=Gz), k/NeD,l=1,...,m, (2.2.1a)
where we assume that

Gl(m) > GH_l(.Z‘), reR; drg: Gl(.’IJOl) > Gl+1(x0l), l=1,...,m—1, (2.2.1b)

m
UDi=D=(0,1], DinD; =2, i #j, (2.2.1c)
1=1

G/ (x) are continuously differentiable and D, are measurable, [ = 1,...,m. Similarly

to (2.1.3), let us introduce the interior and boundary points
pl(i) =#{k:kk+1e K}, Kj:={k: k/NeD}, 1=1,...,m;
P =N =S, (2.2.2)
=1
and assume that
pl(i)/N—>al =AD))as N —-o0, 0<oy<1, I=1,...,m;

m
Zal =1; p® < const. (2.2.3)
=1
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Similarly to (2.1.8), (2.1.12), and (2.1.13), we have

VN) E) ; (07] O/O/fl fl( )dasdy = Em(Oél, ey Qmyy Gl, ceey Gm),
(2.2.4)

filr) = i]l((gil((:)))) for almost all r € [0, 1], (2.2.5a)

G(z) = a1G1(z) + - + amGm(z), g(x) =G (2). (2.2.5b)

Theorem 2.3. Under assumptions (2.2.1b, ¢) and (2.2.3) one has

Em(a:l’ A 7am;G1’ M 7Gm) < Em*l(a17 A 7am727am71 + am; G17 A 7Gm71)'
(2.2.6)

Proof. Substitution of (2.2.5) into (2.2.4) and the change of variables z = G~!(r)

yields
m 2
E,(a1,...,am;Gy,...,G 2{ (/ )dx) }
1

=1
Defining

G(z) == a1G1(x) 4+ + Am—2Gm—2(2) + (-1 + Am)Gm_1(x), §(z) =G (z),

we obtain that (2.2.6) is equivalent to

7” cw (/G x)gi(x dﬂ?) > zz__; o (/ é(m)gl(x)dx>2

+ (-1 + ) (/@(fﬂ)gml(x)dxf' (2.2.8)

Define H(z) := G (z) — Gpm_1(x), h(z) := H'(z). Since G(z) = G(z) + a,, H(z)
and g, () = gm—1(z) + h(x), we have from (2.2.7) and (2.2.8)

m—1

7
m—1 2
2 Z al/Gglda:/ozmHggdac+ Z o /amHgldx)
=1
2

ta, (/(é + amH)(gm-1 + h>d$>2 = m (/ égmldﬂ;) (229)

We have H(x) = Gp(2) — G—1(z) = 1—1=0asz —ocand H(z) - 0—-0=0
as © — —oo, therefore [ Hhdx = [ HdH = (H?*(+o00) — H*(—00))/2 = 0. Hence

([ +antign1+ h)dx)2

2
—</ égmldx+/amHgm1dx+/éhdx)
3 2 ~ 2
:(/Ggmld:t> + (/amHgmld:E—i—/Ghdx)
+2/égm1dx</amHgm1dx+/Ghdx>.
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Substitution into (2.2.9) gives

m—1
2 Z al/égldx/amHgldx+2am/égm1dx</amHgm1dm
=1

+/éhdx) +A4>0,
(2.2.10)

2
=1

2
o (/amHgldx) + am, (/amHgm_ldx—l—/@hdx) >0. (2.2.11)
We have

/amHgm,ld:r—i—/C;’hd:r:/amHgm,ldx—/Hgdx:/H(amgm,l — g)dzx

= —/H(alm + - 4 1 gm—1)da.

The last equation and (2.2.10) imply that it is sufficient to prove

m—1
> az/égzdw/ngdw > /G’gquaz/H(mgl + ot U 1gmo1)d,
=1

where we cancelled 2a,,, > 0. This inequality is equivalent to the following one

m—1

> al{/é(gl —gm_l)da:} /Hgldx > 0. (2.2.12)

=1
Integrating by parts the expression in braces, we get

[ 60 gz = 6161~ G|~ [(G1= G
:/(Gm,l—cl)gda:go, l<i<m—1.

The last inequality holds because § = a191 + -+ + (n—1 + @m)gm-1 > 0 and
Gm-1 <G, 1 <1 <m—1. Together with the inequality H = G, — Gi;n—1 < 0,
this proves (2.2.12). (From (2.2.11) and (2.2.12) we see that we proved (2.2.10)
with “>” in place of “>”. To prove the strict inequality, it is sufficient to prove
that [ Hgy,—1dz < 0, which implies A > 0. We have, using (2.2.1b)

/Hgm,1d$ = /(Gm — Gmfl)dGmfl <0

Theorem 2.3 is proved. [
Applying inequality (2.2.6) repeatedly and using Theorem 2.2, we obtain
E(Z/N) E—— Em(al, ey Qi Gl, ey Gm)
N—oo
< EQ(OLl, g+ -+ Qs Gl, GQ)
= Eg(al, 1— Oél;Gl,Gg) =Fy < 1/6.

As in the previous section, it is easy to prove that var(vy) = O(1/N) if H,, holds.
Thus the test of randomness based on vy is also consistent against H,, for any
fixed m > 2 with probability of type II error being of order O(1/N), N — oo.
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2.3. MULTIDIMENSIONAL CASE, FIXED DESIGN MODEL

Let the given data be g, . 4, 1 < ki < BN, i =1,...,d, where 3; are fixed
integers. In this case the observation points are

%(kl,...,kd) eD:=(0,] % x (0,84 C R%

Let us denote k := (ky,...,kq) and By :={k€N?: 1 <k; <3N, i=1,...,d}.
The problem is to test the null hypothesis

Hy: Fy(z) = Fj(z) foreveryk,j € By, (2.3.1)

where Fj(z) is a continuous distribution function of the random variable zy, k €
By, against the alternative

H,: Fy(z)=G,), k/NeD;, j=1,...,m, (2.3.2a)
\UD;=D, DinD; =2, i#j (2.3.2b)
j=1

Here the functions G;(x) satisfy the same conditions as in Section 2.2 (see (2.2.1b)
and below) and D; are measurable, j = 1,...,m. For an arbitrary multiindex
k € By we define the set of multiindices neighboring to k by the formula L(k) :=
{l € By : 1l # k, maxi<i<q|li — k;| = 1}. We see that if k is strictly inside By, the
number of elements in L(k) is independent of k and is equal to 3¢ — 1. Similarly to
(2.1.3) and (2.2.2), we introduce the interior and boundary points

p) = #{k e N k L(k) €K;}, K;:={keN?: k/NeD;}, j=1,...,m

p(b) — Nd _ Zp;i)’
j=1

and assume that
pg-i)/]\Af —aj = ADj)as N - 00, 0<a; <1, j=1,...,m;

m
Zaj =1; p(b) < const N1,
j=1

Here A(+) is the Lebesgue measure in R¢ and N :=p ... - B4N?is the number of
lattice points. Let R; be the rank of the element x;, i € By. The test criterion is

the statistic )
1 Ry — Rl>
VN = —— — ), 2.3.3
Ve 2 Y ( = (2.3.3)
N leL(k)

where My is the number of elements in double sum (2.3.3). We see that My =
(3% —1)N(1 4+ O(1/N)) as N — oo. Note also that each pair (Ry, R), k # I,
regardless of order, appears in the double sum in (2.3.3) twice. Similarly to (2.1.5)
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and (2.1.6), the first two moments of v when the null hypothesis is true are given
by
E(vy)=1/6+1/(6N),  EW3)=1/36+O(N™%). (2.3.4)
This yields
var(vy) = BE(vy) — (E(vn))? = O(N™%), N — oc. (2.3.5)

Now let us consider the behavior of v under the alternative hypothesis H,,. Since
the portion of border points among all the points is of order O(1/N), we may write
similarly to (2.1.8) and (2.2.4)

B =3 5 5 w(Bp ) S (e ) o

j=1 kEK; leL(k)

m 1 1
_ ; ; — )2 fi(y)dady = Epy(a1,...,0m;G1,...,Gm) = En,.
Z%O/O/m)(x WPy = B, 005G ) B

where k; and [; are arbitrary different multiindices such that k;,l; € K;, j =
1,...m. As in Section 2.1, it is easy to show that var(vy) = O(1/N) as N — .
Collecting (2.3.4) — (2.3.6), we prove

Theorem 2.4. One has vy ——— 1/6 if Hy is true, and vy —= . B, if Hp, is
N—o0 N—oo

true.

Using Theorem 2.2, we see that the statistic vy defined by (2.3.3) can be used
for testing Hy against H,, in the multidimensional case. Consistency of the test
follows easily from Theorems 2.2 and 2.4. Note that the probability of a type II
error is O(1/N) as N — oo. The threshold Ay is determined from the equation
P{vn < Ag|Hp} = €. If N is sufficiently large, Ag is found using the asymptotic
normality of vy [CO]. If N is small, a convenient way to compute A, is by using
the Monte-Carlo method [KW].

2.4. RANDOM DESIGN MODEL

Let the observation points {px }2_, be randomly chosen inside an open bounded
domain D ¢ R?, d > 1, and let {xk},ivzl be a set of corresponding observations.
The observation points are called random if they are independent and identically
distributed inside D with constant probability density. The problem is to test the
null hypothesis

Hy: Fi(z)=Fy(z) = = Fy(x), (2.4.1)

where Fi(x) is a continuous distribution function of the random variable observed
at the point px, k=1,..., N, against the alternative

Hy, o Fy(x) = Gi(z) for py € D, (2.4.2a)

Tt

MDj) >0, j=1,....,m, | JD;j =D, DiND; =@, i #j, (2.4.2b)

j=1
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where we assume, as usual, that the partition D;, 5 = 1,...,m, and m > 2 are
fixed. Here A(:) is the Lebesgue measure in RY, and the functions G; satisfy the
same conditions as in Section 2.2. The test criterion is the statistic

N 2
1 Rn(k) — Ry,
_ 1 fik 2.4.3
w2 () (243
k=1
where n(k) is the index of the point closest to px, |pnk) —pr| = mini<j<n |[pj —pkl-
J#k

Note that n(k) is unique with probability 1. The first two moments of vy can be
easily computed under the assumption that Hy holds:

E(vy) =1/6+1/(6N), E(v%) =1/36+ O(1/N). (2.4.4)

In (2.4.4), we used that

a) for a fixed index k, there exists a number v, 0 < v < oo, which is inde-
pendent of k, {px}i_,, and N, such that the number of indices [ for which
{k,n(k)} n{l,n(l)} # & is bounded by ~, and

b) the random variables R, ;) — Ry and R, — R; for k and [ such that
{k,n(k)} N {l,n(l)} = & are asymptotically independent.

Equations (2.4.4) imply

var(vy) = O(1/N), N — oo. (2.4.5)

Now let us study the asymptotic behavior of vy under the assumption that H,,
holds. Define I' := inl dD;, where 0D; is the boundary of D;. Fix any € > 0 and
define V. := {s € D : dist(s,I') < e}. We assume that I' is sufficiently smooth, so
that A(V.) — 0 as ¢ — 0. We have P{limy_ o (max;<p<ny mini<j<n |px — p;|) =

JF#k
0} = 1. Using this, fix any § > 0 and find N; such that
— > . 4.
P{lg}caszlinglN\pk pil > €} <9, N>N; (2.4.6)
J;ﬁk

Let us introduce some notation
p={pktic, Vii=DinV, Ui:=D;i\V,

di := A(Di)/MD),  ve = AVe)/MD),  vi:= AVi)/MD), i == AUs)/A(D),

Ui :=Ui(p) := #{k : pr. € Ui}, =Vi(p) := #{k : pr € Vi},
Dj = Di(p) :=#{k: pr € Di}, An:=An(p):= JBax min ok — Pl
J#k
P(6,N) = {p: | vzl<6| | < 8,1 < i< mb. (2.4.7)

Recall that we assume N > m. Since the distribution of points inside D is assumed
to be random, one can easily get P{p ¢ P(5, N)} — 0 as N — oco. Thus,

INy such that P{p ¢ P(§,N)} <d, N > Ns. (2.4.8)
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Using properties of conditional expectation, we get

E(vy) = E(uxlp € P(6,N), Ay < )P{p e P(5,N), Ay < e}+
E(I/N|p §é73(6, N),AN < G)P{p ¢ 73(5, N),AN < 6} +E(VN|AN > G)P{AN > 6}.

The last equation together with (2.4.6) and (2.4.8) implies
|E(vy) — E(vn|W)P{W}| <25, N> Ny := max(Ny, Na), (2.4.9)

where the event {W} is defined as {W} := {p € P(§,N), Ay < €}. Pick an
arbitrary p such that p € P(6, N) and Ax < e. Using (2.4.3), we get

Bl =) % % E((W)p}
S s p((Te )

Since the number of observations inside V; is bounded by (v. + md)N, and the
2

does not depend on k, provided

p>. (2.4.10)

distribution of the random variable M

that py, € U; (according to the choice of p and Uy, if pp € U; C Dy, then p, ) € Dy),
we obtain from (2.4.7) and (2.4.10):

U n(ks) — Pk, 2
i = 3 T ( ()

2

p> ’ < e +mé. (2.4.11)

Let po be the distribution of observation points such that Vi(po)/N = vi, Ui(po)/N

=wu;, 1 =1,...,m. We will use two facts.
2

Ry (k) — R,
—x—— ), Pk, €U,

a) The distribution function of the random variable (
does not depend on the location of observation points py inside the sets U;
and V;, i = 1,...,m, it depends only on parameters Uz(p) + ‘71'([))7 i =
1,...,m.

b) Consider the set of observations {xk}szl corresponding to p and change
arbitrarily the values of observations at no more that § N points in each of
the sets U; and V;, i = 1,...,m. We obtain a new sequence {Z}_, and
a new set of corresponding ranks {-’%k}szl If the observation has not been
changed at the point pg, then |(Rj, — Ry)/N| < 4md.

According to the choice of p and pg, we get using a), b), and the triangle in-

equality
Rogy — Ri, \? Rugy — Ri \?
—nlkd) R — nlkd) R < i 4.
‘E(( N P E N po || < 32mé (2.4.12)
Inequalities (2.4.7), (2.4.11), and (2.4.12) imply
k) — Ri\”
' (vnlp) — Zd E((”(T> p0> < 20, + 34méd. (2.4.13)
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Since the distribution of observations py is fixed, we obtain similarly to (2.1.8) and
(2.2.4)

. = Rn(ki) - Rki ?
i S (e

Hence

p0> = Em(dl,...,dm;G17...,Gm) = Em.

|E(vn|p) — Em| < 20c + 34md + o(1), N — oo. (2.4.14)

Note that o(1), N — oo, in (2.4.14) is independent of p. Recalling the definition of
the event W (see below (2.4.9)), we get |E(vn|W) — Ep,| < 2ve +34md +o(1). This
together with (2.4.9) and an obvious inequality P{W} > 1 — P{p ¢ P(6,N)} —
P{AN > €} > 1— 26 implies

|E(vn) — Em| <46+ (20 + 34md + o(1))(1 + 25), N — oo.
Taking the limit as N — oo and using that €, > 0 were arbitrary, we conclude

lim E(vy) = Epn.

N—o00
Similarly, one can show that var(vy) — 0 as N — oo. Together with (2.4.4) and
(2.4.5), this yields

Theorem 2.5. One has vy ———s 1/6 if Hy is true, and vy —= B, if Hy, is
N— N—
true. = =
Using Theorem 2.2, we see that the statistic vy defined by (2.4.3) can be used
for testing Hy against H,, in the case of random observation points. Consistency
of the test follows easily from Theorems 2.2 and 2.5.

2.5. NUMERICAL EXPERIMENTS

The results obtained in previous sections can be used in many applications: in
particular, in image processing for edge detection. Let us describe the algorithm for
edge detection based on these results. In image processing, the data are intensities
of grey level specified at each pixel, i.e. at the nodes of two-dimensional square
grid (image). An edge (discontinuity of a signal) can be defined as follows: the
grey level is relatively consistent in each of the two adjacent extensive regions, and
changes abruptly as the border between two regions is crossed [P, RK]. Consider
N x N window By sliding over the image. For each position of the window we
want to make a decision: whether I' N By = @ or not, where I' is an edge. If
I'N By # O, then T" divides By into two sets K; and Ks, such that the values
of grey level in one set are stochastically larger than in the other set, hence the
hypothesis Hs (or, more generally, H,,) takes place. If I' N By = &, then the grey
level is approximately constant inside By and the hypothesis H takes place. Thus,
the choice between “I'N By = @” (Hp) and “T'N By # @” (H,») can be made using
the test of randomness which is described in Section 2.3. If the hypothesis H,, is
accepted, the center of the current window is marked as an edge point. Repeating
this process for each position of the window, we find all edge points.

Numerical results of an application of the above algorithm are illustrated by the
following example. Fig. 1 represents a synthetic image of square and circle edges
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Fic. 1. A 101 x 101 synthetic image of square and circle step edges
corrupted by noise.

with the jump magnitude D = 1.5 specified at a square 101 x 101 grid. The image is
corrupted by noise with the uniform distribution and standard deviation o = 0.75.
The window size has been chosen N = 7, the probability of false alarm has been
€ = 0.01. Fig. 2 represents the image of detected edges of Fig. 1.

3. Consistency against trend in location

3.1. ONE-DIMENSIONAL CASE, EQUISPACED DESIGN MODEL

Let {7 }Y_, be a random sequence of size N. The problem is to test the null
hypothesis
Hy: Fi(z)=Fy(z)=---=Fy(x), (3.1.1)
where Fj(z) is a continuous distribution function of the random variable zy, k =
1,..., N, against the alternative

Hy: Fplx)=F(xz—06), k=1,...,N, (3.1.2)

where F' is a continuously differentiable distribution function with f(z) := F'(z),

sup,cp: f(z) < oo, and ), € R! are some constants that are not all equal. Let R;

be the rank of the element x;, ¢ = 1,..., N. The test criterion is statistic (2.1.4):
N-1

_ 1 Riy1 — Ry, )
VN._N_IZ( N ) : (3.1.3)

k=1
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F1a. 2. Detected step edges of Fig. 1.

We have vy — 1/6 as N — oo if Hy is true [see Sec. 2.1, cf. also WW]. As in
Sections 2.1 and 2.2, to prove consistency of the test against the alternative Hj,
it is sufficient to prove that vy converges to some constant E., as N — oo if Hy
holds, and that F., < 1/6. Let us study the asymptotic behavior of vy as N — oo
under H;. Suppose that the trend 05,k = 1,..., N, satisfies the condition:

o(t) == Nﬁoii’rkr}Nﬁt O, 0<t<1; ¢t) € C[0,1], ¢(t) # const. (3.1.4)

Fix m > 2 and define the intervals A,
Ap:=[1-1)/m,l/m), I=1,...,m. (3.1.5)

Let V](Vm) be statistic (3.1.3) calculated in the case when the trend 0y, k=1,..., N,
is constant inside each interval A;:

0 = ¢(l/m) for [ such that k/N € A;, k=1,...,N. (3.1.6)

Using the results obtained in Sec. 2.2, we have

m 2
(m) _ms 11 (m) (1), () o
vy —— 2{§ - ;(/G (x)g," (x)dx =FE, <1/6, (3.1.7a)
=l *R

N—o0
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1 & m
Ge) = 53 Flw = o /m), 9" (@) = fl@ = $(1/m)).  (3.1.7b)

Denote Eo, := lim,, .o, Fp,. Existence of the limit F., can be established, an
analytical expression for this limit is given in formula (3.1.15). Let «2.7 denote
convergence in probability.

Theorem 3.1. Under assumptions (3.1.2) and (3.1.4) we have vy —— Eq
N —oo

Let {yx}2_, be a random sample from the distribution F(z), and let us define
two other sequences {Jr := yr + Ok}, {y(m) =y + t‘)k}k .- Let Ry, R(m)
be the ranks of the elements ¥y, y,g ), respectively. Denote 7 = Rk/N A(m)
Rgm) /N, and let Dy, ﬁJ(Qm) be the values of statistic (3.1.3) calculated for sequences

{ok 3, {y,@}}j:l, respectively. First, we prove two auxiliary lemmas.

Lemma 3.1. For every € > 0 there exists M, such that limy_, P{lVN — V](v

e}—O

Proof of Lemma 3.1. Fix € > 0, denote h,, := maxi<p<n |0k — 9~k|, where m is the
same as in (3.1.5), and find M, such that

sup |F(x + 2hpr,) — F(x — 2hay, )| < €/24. (3.1.8)
Existence of such M, follows the uniform boundedness of f(z) and (3.1.4)-(3.1.6).
Denote for brevity in what follows 1/(6) : QJ(VM )7 (6) ,(cM ) h = hyp.. (From
the definitions of Dy, 1/( ¢ we obtain:
;| Nl
by — D] = ‘N—l Z [(Frer — P2)* — (7"1(:421 A(E))z}
k=1
4 Nl N
< 77 2| = 7)) = (e = 7)< —Zy i — 79
k=1 k=1 (3. 1 9)

Let us estimate the probability P{|fk — f,(:)‘ > e}. (From the definition of h. we
have

. L:y,+0; € lyy + 0 — 2he, y + O0p + 2he
P{fk—f](c)|>€}ﬁp{#{ Y1+ 01 € [y + O Yk + Ok ]}>6}'

N
Similarly,
N N
L 0 } { #{k : yp + 0k € [y — 2he,y + 20} }
P — < Pq{su > €.
{Nz a ye% N
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Together with (3.1.9), this yields

. E:ye+ 0k €[y — 2he,y + 2h]
P{lon — 99| > e} < P{sup Ak e+ Ok €Ly i ¢/8b <
yeR N
P S #{k kN € Apyp + ¢(1/M,) € [y — 2he,y + 2h]} s\ <
yER N -
M. P{Sup #{/{::k/NEAl,yk6[y—2h67y+2h }
=1 yER N/Me
M.
P{sgg Fi(y +2he) — Fi(y — 2h.)) > €/8}, (3.1.11)
=1 Y

where € = ¢(N—1)/N, and Fj(y) is the empirical distribution function of the sample
{yk}ren,, 1 <1< M.. In (3.1.11), we used the inequality P{&1+---+&y > Me} <
P{& > e} +- -+ P{&y > €}, where &; are arbitrary random variables. From (3.1.8)
and (3.1.11) we obtain

M,
Plloy — 00| > &} < <>r {suplﬂy+2h) Fly +2h)|

+ sup |F(y + 2h6) - F(y - 2h€)|
yeR

+suplFily ~ 2ho) ~ F(y - 20| > &/3
yeR

M.
<>.p {supm Fly)| > (1 3/<2N>>/24}.

yeR

Taking the limit as N — oo on both sides of the last inequality and using the
Glivenko theorem, we complete the proof of Lemma 3.1. O

Lemma 3.2. Fiz an arbitrary ¢ > 0 and find M, such that (3.1.8) holds. Then for
any a ¢ [En, — €, En, + €], where Eyyp, is the same as in (3.1.7a) with m = M.,
the following equation holds

hm ’P{Z/N <a}-— P{V ) < a}| = 0.

Proof of Lemma 3.2. Denote 1/(6) = V](VM <) and erte the dependence of 7y and V(E)

on yi,...,yn implicitly as oy = Iy (y) and ¥ VN = A](\;)( ). From the definitions of
UN, 1/1(5), Un, and 1?](5), we obtain

|P{vn < a}— P{Vj(\?) <a}| = '/Q(a —onW)fn(y)dy—

[ o= ))fN<y>dy‘< [16ta = () a5 ) 1 ()
(3.1.12)
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where f = fRN’ dy :=dyy...dyn, y:=y1...yn, Iny):=f(y1)-.. f(yn), and

1, t>0,
e(t)z{
0, t<0.

The integral on the right-hand side of (3.1.12) can be estimated as follows

/ 10(a — o () — 0(a — 5 ()] f (v)dy < / 10(a— i (y))—

{y:lon (9)—2§) (v)|<e}

6a — )| f ()dy + P{loy — 00| > e} = / 1 f(y)dy+

{155 (1) —al<e,
lon ()08 (1) <e}

P{lon — | > e} < P{|p\? —a] < e} + P{li — 0| > €} (3.1.13)

(From (3.1.7a) we have limy_. P{|ﬁ](\§) —al<e}=0fora¢ [Ey —¢€ Em + €,
and from Lemma 3.1 we have limy_. P{|on — DJ(\;)\ > €} = 0. This together with
(3.1.12) and (3.1.13) proves Lemma 3.2. O

Proof of Theorem 8.1. Pick an arbitrary € > 0 and find M, satisfying (3.1.8) such
that |Ep, — Foo| < €. Thus, using Lemma 3.2 and (3.1.7a), we get

Jlim P{uy < Ex —2¢} = lim P{V\) < By, —2¢} = 0. (3.1.14a)
Similarly,
lim P{uy < Exe +2¢} = lim P < By +2¢} = 1. (3.1.14b)

Combining (3.1.14a) and (3.1.14b) proves Theorem 3.1. [

Now we prove that the statistic vy can be used for testing Hy against H; for
an arbitrary trend satisfying (3.1.4), where ¢(t) # const is an arbitrary continuous
function.

Theorem 3.2. Under assumptions (3.1.2) and (3.1.4) we have Es < 1/6.
(From (3.1.4) — (3.1.7a) it follows that

B = lim B, = 2{% _ /(/ [O/lF(x - ¢(t))dt]f(x - ¢(8))d$> 2d8(}j1.15)

0 R

Thus we need to prove the inequality

1(6) = /1{/ [/1F(x - qb(t))dt] - ¢(s))dm}2ds > i (3.1.16)
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Let us prove (3.1.16). Denote a := minyejo 1) ¢(t), b := maxcioq) ¢(t). Since
¢(t) # const, we have a < b. Pick an arbitrary y such that a < y < b, denote
I, :={t:t €[0,1], ¢(t) > y}, and let ¥(¢) be any locally integrable nonnegative
function, ¥(t) # 0, supp¥(t) C I,. Denote also

7 (){¢(t)7 t¢‘[y>

by (1) = B(t ) et (3.1.17)
) Y-

First we prove an auxiliary lemma, then the proof of Theorem 3.2 is given.

Lemma 3.3. One has

£3@+aw > 0.

a=0
Proof of Lemma 3.3. Changing variables 2’ = x —¢(s) and differentiating I(q~5+aw)
with respect to «, we get

1

- / { [ [ F@+66) - d0psteyanar
0

0 R
1

Fly+ o(s) = &(7) f(y)dy(v(s) — v(7))dr pds.
XO/]R/ v D ) }(3.1.18)

Note that the above change of variables makes it clear that I(¢) is Gateaux differ-
entiable in C[0,1]. This observation will be used later. Since (t) vanishes outside
I, and ¢(t) = y inside I,;, we may write

1
Aly — §(t))dt / Bly — d(r))dr / (s)ds
0 I,

oI

al _ 2{
a=0

oo

o—__

11
- //A(qB(s) o(t))dt B(é ds/w dr}
00
where
A(u) := /F(x +u)f(x)dr, B(u):= /f(x +u)f(x)dx. (3.1.19)
R R
Since [, ¥ I, t)dt > 0, we see that the assertion of Lemma 3.3 is equivalent to
1 1 11
Ay — o(t))dt | Bly — ¢(7))dr > Ao t))dtB(¢(s) — y)ds.
! / [

Since B(u) is an even function (see (3.1.19)), we can rewrite the last inequality as

1 1
/ / B((s) — ) {Aly — d(t)) — A(B(s) — d(t)) }deds > 0. (3.1.20)
0 O
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Since B(u) > 0, A(u) is a nondecreasing function, and ¢(s) < y, inequality (3.1.20)
is established with “>” in place of “>”. Now let us prove the strict inequality
(3.1.20). First, consider the integral over s. Clearly, there exists an sg such that
ly — d(s0)] < 1, y > d(s0) and B(y — ¢(s0)) > 0, because B(0 = [p f2(x)dz > 0.
Fix s,t = s in the expression in braces in (3.1.20). From (3. 1 19) we obtaln

Aly = 3(s0) ~ AO) = [ [P+ (5= dls0) - Fla)] (o)
— [ P+ - b i@ - 5 >0

since F(z) is nondecreasing, continuously differentiable, has points of growth, and
y — ¢(sg) > 0. Thus the integrand in (3.1.20) is strictly positive in a neighborhood
of the point (sg, sg). This together with continuity of A(u) and B(u) proves Lemma
33. O

Proof of Theorem 3.2. Fix n > 2 and consider a partition of the interval [a,b] : a =
Y1 <y < - - <Ypt1 =b, with yp41 —ypr =h, k=1,...,n, h=(b—a)/n. Define
functions

1, 6(t) >,
wyl(t):{ (b() ! 7¢n _a+hzwyl ¢nk _a+hz¢yl

0, &) <w -

(3.1.21)
k=1,...,n. Clearly, we have I(¢nsi1) = (¢ ) + L Cmbtobu) et olh).
Thus, we get "

I(
= - + hz M +o(1), (3.1.22)
a=0

where we have used the equation I(const) = 1/4, which follows from definition

(3.1.16). Note that maxcjo,1) [¢(t) — ¢n(t)] — 0, maxse(o,1) [Py (t) — n,yn) ()] — 0
as n — 0o, where the function q~5y was defined in (3.1.17), and [u] is the integer
part of w. Using this and the continuity of the functional I(¢) and its Gateaux
derivative in the space C[0, 1], we obtain from (3.1.22), by taking n — oo (h — 0),
the following formula:

b ~
+/ 8I(¢y+a¢y)

1(¢) = - dy. (3.1.23)

a=0

1
4

a

Using Lemma 3.3, we see that the integrand in (3.1.23) is strictly positive for all
y, a <y <b. Therefore I(¢) > 1/4, and Theorem 3.2 is proved. O

3.2. MULTIDIMENSIONAL CASE, REGULAR DESIGN MODEL

Let the given data be zy, . x,, 1 <k <GN, 0<f; <oo, i=1,...,d. With-
out loss of generality we may assume 3; to be integers. Denote k := (ki,...,kq) €
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N t:=(t1,...,t5) €ERY By:={k: 1<k;<BN,i=1,....d}, D:={t: 0<
t; < 0, i =1,...,d}. The problem is to test the null hypothesis

Hy: Fy(z)=F;j(x) Vk,jeBn (3.2.1)
against the alternative

Hy: Fi(x)=F(x—0), k€ Bn, (3.2.2)

where F' is a continuously differentiable distribution function with f(z) := F'(z),
Sup,ep: f(z) < 00, and 0, € R! are some constants satisfying the condition:
t) := li Ok, t € D; t) € C[D], o(t t. 3.2.3
o= lm 6 4(1) € C1D), (1) # cons (323)
As in Section 2.3, for an arbitrary multiindex k € By we define the set of multi-
indices neighboring to k by the formula L(k) := {l € By : | # k, maxi<i<q|li —
k;| = 1}. The test criterion is statistic (2.3.3):

Z > <Rk Rl) , (3.2.4)

N keBw 1eL(k)
where N := B1...B84N? and My is the number of elements in double sum (3.2.4).
We have vy —= 1/6 as N — oo if Hy is true [see Sec. 2.3, cf. also CO]. Similarly
to the one-dimensional case, to prove consistency of the test against the alternative
Hy, it is sufficient to prove that vy converges to some constant F,, as N — oo
if Hy holds, and that F,, < 1/6. Let us study the asymptotic behavior of vy as
N — oo under Hy. Fix m > 2 and consider the following sublattices

T P )

l::(ll,...,ld)eNd, 1<l <m, 1<i<d.

Let VJ(Vm) be statistic (3.2.4) calculated in the case when the trend O, k € By, is
constant inside each sublattice A,

Op = d(1/m) for k/N € A;, 1<1; <m, 1<i<d.

Using the results obtained in Section 2.2, we have

YRS {___Zz</gm> (2)d )2};:Em<1/6,

i=11;=1

d m
)= Z Z o(l/m). g™ (@) = f(x — (1/m)).

Denoting dt := dt; ... dtd, ds = ds; ...dsg and taking the limit as m — oo, we
obtain

Es = lim E 2{;D/(R/[D/F(x¢(t))dt]f(x¢(s))dz>2ds}.

Theorem 3.1'. Under assumptions (3.2.2) and (3.2.3) we have vy —>— Eo,
N —oco

Theorem 3.2". Under assumptions (3.2.2) and (3.2.3) we have Es < 1/6.

The proofs of Theorems 3.1 and 3.2’ are omitted because they are similar to
those of Theorems 3.1 and 3.2.
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3.3. RANDOM DESIGN MODEL

Let the observation points {px }2_, be randomly chosen inside an open bounded
domain D ¢ R?, d > 1, and let {xk}gzl be a set of corresponding observations.
The problem is to test the null hypothesis

HO : Fl(l‘) :FQ(,T) ::FN(.%‘), (331)

where Fi(x) is a continuous distribution function of the random variable observed
at the point pg, k=1,..., N, against the alternative

Hy:  Fp(z) = F(z—é(pk)), ¢(t) € C[D], ¢(t) # const, (3.3.2)

where F' is a continuously differentiable distribution function with f(z) := F'(x),
sup,cp: f(x) < 0o, and D is the closure of D. The test criterion is statistic (2.4.3):

N 2
1 Ry k) — Ry
= — E —_— 3.3.3
VN N ( N ’ ( )
k=1
where n(k) is the index of the point closest to px, |pnk) — k| = mini<j<n |[pj — pi-
7k

Note that n(k) is unique with probability 1. As in previous sections, vy — 1/6
as N — oo if Hyp is true (cf. Sec. 2.4). Therefore, to prove consistency of the
test against the alternative Hy, it is sufficient to prove that vy converges to some
constant Fo, as N — oo if H; holds, and that Fo < 1/6. Let us study the
asymptotic behavior of vy as N — oo under Hy. Fix m > 2 and consider a finite,
m
disjoint, measurable partition of D: |J D; = D, D; N D; = &, i # j, AN(D;) =
j=1
A(D)/m, j=1,...,m, where \(D) is the Lebesgue measure in R%. Fix arbitrarily
points t; € D; and define a piecewise-constant trend function @(t) := ¢(t;) if
t e Dj. Let I/I(Vm) be statistic (3.3.3) calculated for such a trend. Using the results
obtained in Section 2.3, we have

(m)NTOJ {___Z(/Gm )dx>2}:=Em<1/6,

G () = %Z (), o™ (@) = flz = o(t:)).

As in Section 3.2, we get

B = lim B, _2{ /(/[/F ]f(x—d)(s))dm)zds}.

D

Theorem 3.1”. Under assumptions (3.3.2) we have vy —— Eq
N —oc0

Proof. Since the proofs of Theorems 3.1 and 3.1” are similar, we present here only
a brief discussion of differences between them.
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Let {px}&_, be a set of random observation points and let {y;}2_, be a random
sample from the distribution F'(x). As in Section 3.1, we define two other sequences

{0k == yi + ¢(pr) 121, {g,‘c’") =y 4+ d(pr) }_,. Thus, the statistics oy and ﬁj(vm)
calculated for sequences {J;}~_, and {;Q,(Cm)}{cvzl, respectively, depend jointly on
two random sets p := {p}i_; and {yx}7_,. It is not hard to see that Lemma 3.1
still holds for such 7y and f/l(vm). The differences between the proofs are

a) in the definition of h,, (see above (3.1.8)), here it should be

P = e |6(2) = (1),

teD
and
b) in the fact that each set D; contains now a random number of observation
points.

Since the number of observation points inside each D; goes to infinity with probabil-

ity 1 as N — oo, we conclude that the empirical distribution functions inside each

D; converge to F(x) with probability 1 and the conclusion of Lemma 3.1 follows.
Lemma 3.2 also holds in this case. Indeed, the inequality

|P{uy < a} — P < a}| < P{p§) —a| < €} + P{lon — 08| > €}

easily follows if we combine (3.1.12) and (3.1.13) and write the resulting inequality
using the notation of this section as

|P{vn < alp} = P{viy) < alp}| < P{Ioy) — a| < elp} + P{lon — 27| > elp}.

The rest of the argument goes without changes. [J
Theorem 3.2"”. Under assumptions (3.3.2) one has Es < 1/6.
The proof of Theorem 3.2” is the same as that of Theorem 3.2.
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