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THE RADON TRANSFORM ON DISTRIBUTIONS

A.G. RamMm

ABSTRACT. In the literature there are three apparently different definitions of the Radon
transform on various spaces of distributions: Gelfand-Graev’s, Helgason’s and Ludwig’s. In
this paper a new definition of the Radon transform on the space of the tempered distri-
butions is given and it is proved that, properly understood, the earlier definitions are all
equivalent to the new one. A constructive description (a characterization) of the space of
test functions is given. A simple method for studying the range of the Radon transform on
some spaces of distributions is described.

I. Introduction.

In the literature there are three apparently different definitions of the Radon transform
R on the spaces of distributions. The first, given by I. Gelfand and M. Graev, (GG
definition), (see [1]), the Helgason’s definition (H definition) based on the duality formula
([2]), and Ludwig’s definition (L definition) ([3]).

In this paper these definitions are analyzed, their common features are demonstrated;
a new definition is given and it is proved that, properly understood, the earlier definitions
are all equivalent to the new one and, therefore, they are all equivalent; a constructive
description of the space of test functions is given; a simple method for studying the range
of R on distributional spaces is described.

We use the notations and some results from the forthcoming monograph [4]. In [5]-]6]
some properties of the Radon transform on various spaces of distributions are given and
H definition is used. In [7] and [8] some related results are obtained.

2. The three definitions of R.

2.1. Let us introduce the standard notations: &’ := §’'(R") is the space of tempered
distributions on § := S(R™), D’ is the space of distributions on D := C§°(R"™), and &’ is
the space of distributions on £ := C*°(R™). The Radon transform R on S is defined by
the formula:

Rf:=f ::/l f(x)ds, (1)

where l,, = {z : @ -2 = p} is a plane, ds is the Lebesgue measure on this plane,
p€R, acS"!, the unit sphere in R”.
Let [ := Ff := [p.exp(iz - &) f(x)dx, Fh:= [ exp(ipA)h(a,p)dp, &= la. A
corollary of the Fourier slice theorem is the following formula (see, e.g., [4]):
R=F'F onS. (2)

Let S. := S.(Z) be the Schwartz space of even functions h(—«, —p) = h(a,p) on
Z := 8" ! x R. If R is considered as an operator from S into S.(Z), then its range is
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the subspace S, C Se which consists precisely of the functions h € S.(Z) satisfying the
moment conditions

/ h(a7p)pkdpzpk(a)’ k:051727"'7 (3)

— 00

where Pr(a), a = (a1,...,aqy), is a restriction on S”~! of a homogeneous polynomial
of degree k defined on R™. The well known result is: S, = RS.

Let < f,¢ > denote the L?(R") inner product, and (g,h) denote the L?(Z) inner
product. Let R* be the adjoint operator

R*h = h(a, o - x)da. (4)
Snfl
2.2. The GG definition is based on the Parseval formula for the Radon transform:
< f,¢>=(f®), (5)
where (i) gn-1
—i)" 1 v e
D= on—1 o= — 6
2m? p—1i0 ©o G opn—1’ (6)
and ® denotes the convolution with respect to p-variable. One can check that
where (see [4])
n-l oy . .
e 7(71)"2 op~t, if nis odd, . 1 . ()
Y(=1)2HOP!,  if nis even, 2(2m)"
and 1 1 [ (o, q)d
Hhi=——@h:= _7/ hasa)dg gy —i(sgn \)Fh (8)
™ TJ-oo DP—4¢

Let f € §’. Choose f, € S, f — f in §’. By passing to the limit, equation (7) is verified
for any f € §’. One can prove (see [4]) that

K =~yF Y \"'E (8a)

For any f € &', the left-hand side of (5) is a bounded linear functional on S. The GG
definition of f, based on formula (5), defines f on the set of the test functions ® of the
form (6), where ¢ runs through S. A description of this set for odd n is given in [1]
and it is claimed that the case of even n can be treated similarly. There is, however, an
essential difference in the rate of decay of the test functions: if n is odd, the decay is
faster than any negative power of p as |p| — oo; if n is even, the decay is, generally, as

O(lp|™™)-
2.3. The H definition is based on the duality formula:

(Rf,h) =< f,R*"h > VheS.. (9)

This formula is used in [2] to define Rf for f € &', but not for f € §’. The reason is
simple: for h € 8., the function R*h may decay not faster than O(|z|™!) as |z| — oo.
Therefore R*h does not belong, in general, to the space S, so that the right-hand side of
(9) is not well-defined for f € S’ and an arbitrary h € S..
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2.4. The L definition [3] is based on the duality formula (9) as well, but the space of
the test functions h is not S., as in [2]. This space in [3] is KRS, where K is defined in
(8). One has an identity

R*KR=1IonS, (10)

which is an immediate consequence of the inversion formula for R on S. Therefore, if
h=KR¢, ¢ €S, then R*KR¢p = ¢, so that the right-hand side of (9) is a well defined
bounded linear functional on S. Thus, for any f € S’, formula (9) defines f on the
space KRS := §; of the test functions. If in H definition we change the space of the test
functions, we get L definition. Therefore H and L definitions are applicable to S’ if the
space of test functions h is S, and H and L definitions are identical in this case.

2.5. Let us prove that the GG definition is equivalent to the H and L definitions if
the space of the test functions is S;. What we have to prove is formula (7).

Lemma 1. Formula (7) holds.
Proof. One has (p —i0)~! = p~! +imd(p). Thus, formula (6) yields

n—1,6 %

7(_1)T(f7 85_1R¢)7 n Odda
’7(_1)%(fvﬂ Ha£71R¢)7 n even,

.9 = (F, T gn 1wt 1 i) = {

271-)n p

—~

where we have used the formula 9,H = Hd,, and the evenness of f. Indeed, if n is
odd, then (f,HOP"'R¢) = 0, while if n is even, then (f,07"'R¢) = 0. The proof is
complete. [

Remark 1. Note that equation (8a) can be written as
FKF~ ' =~\" ", (11)

where « is the same as in (8), and the right-hand side of (11) is an operator of multiplica-
tion by «v|A|"~L. It follows from formulas (5) and (7) that the GG definition is identical
to L definition. Let us summarize the results.

Theorem 1. The GG, H, and L definitions of R on S’ are equivalent if the space of the
test functions is St.

In the next Section we give a new definition, which is equivalent to the GG, H, and L
definitions if the space of the test functions is S;. This new definition has computational
and theoretical advantages.

3. The new definition.
We want to define R on &’ using formula (2). The reasons are:

(1) this definition is very convenient for actual calculations of Rf;
(2) it allows us to study the range of R easily.

Definition 1. Let f € S'. Then f := Rf is defined by the formula

(f,h) = % <MY "Fh > VheS,. (12)

The motivation is simple. By Parseval’s formula for f € § and h € S, one has

(]Ea h) = %(Ff, Fh) = %(f()\a),Fh) — %(f()\aﬂ)qnfl’ |)\|1—th)

1 -
= < f,\'""Fh >.
m
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One can also write (12) in the form

(fih)=7"" < LF YA FR > (12)

Therefore
R* _ ,yflffl‘)dlan' (1277)

Thus (12) holds for f € S and h € S.. If f € &', then the right-hand side of (12) is a
bounded linear functional on the space S;, where S; is the space of such h € S, for which

A" F,_zh €S. (13)

We have denoted this space by the same letter as the space S; := KRS defined earlier.
Let us prove that so defined S; is identical with K RS.

Theorem 2. Formula (13) holds iff h € KRS.

Proof. Sufficiency: if h € KRS, then h = K¢, where ¢ € S. Thus, |\'""Fh =
IN'""FK¢ = |)\|1*"FKF*1<;~S = v¢ € S. Thus, h € S;. Here we have used formula
(11), which implies [A\'""FKF~'¢ = v¢.

Necessity: if h € S, then |\!""Fh := peSand p:=F lpeS, since F:S—Sis
an isomorphism. Thus

h=F'\""'Fo=FY\N""'FF'Fp=F ' \""'Fé=vKd € KRS.

Here formulas (2) and (8a) were used. Theorem 2 is proved. [

Remark 2. Note that %|/\\1_"Fh = ¢ if h = KR¢. The conclusion of Theorem 2 follows
from this equation as well.
As an immediate consequence of Theorem 2 we obtain

Theorem 3. Definition 1 is equivalent to the GG, H, and L definitions of R on 8’ with
the space of test functions S;.

Proof. By Theorem 1 it is sufficient to check that Definition 1 is equivalent to the H
definition. Let h € S;. By Theorem 2 and formulas (12’) and (12”) one has:

1 .
— </ NYFR >=47t < £ FY NV FR >=< f,R*h > .

Theorem 3 is proved. [

Remark 3. Definition 1 and Theorem 3 can be considered a justification of formula (2) as
a definition of R on distributions. Indeed, (12) can be written as (Rf, h) = 5= (F f, Fh) =
(F~YFf,h) by Parseval’s formula or by the formula F* = 2rF~!, where F* is the adjoint
operator to F with respect to the inner product (-,-). The operator R~! = F~1F is well
defined on RS = S,.,,,.

In Theorem 4 below a constructive description of the space S; is given.

Remark 4. The following important problem was not discussed in the literature: suppose
f €8 () Cioe(R™) and / |f(x)|ds < 00 Va,p, (A)
lop

so that formula (1) defines the classical Radon transform R.f of f.
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Is it true that R.f = Rf, where Rf is understood as in Definition 1, or in the GG, H
or L definitions?

This problem is important because it is known (see [4,section 2.7.3]) that there exists
an f # 0, f € C°(R?), for which R.f = 0 (L.Zalcman’s example). Clearly, at this
f either Rf in the sense of Definition 1, is not defined, so that f ¢ S’, or Rf # R.f,
otherwise, by the injectivity of R, one has to conclude that f = 0, while, in fact, f # 0. If,
in addition to (A), we assume that f € L'(R") or, less restrictively, that (14 |z|)~1f(z) €
LY(R™), then we can prove that R.f = Rf. It is an open problem to find the maximal
set of f on which the last equation holds.

4. A constructive description of the space of test functions.
Let S, be a subspace of S(Z), which consists of the functions, whose parity is opposite
to that of n, satisfying the shifted moment conditions:

e Pk+1—n(a)a k Z n— 17
/ h(a, p)p*dp = { 0 0<hen_1 (14)

where P,, () is a restriction to S"~! of a homogeneous polynomial of degree m of the
variables (aq,...,a,) and the parity of h(«,p) is opposite to that of n. Define Sy :=
HSm where H is defined in (9).

Theorem 4. One has
Ssm, if n odd,
St = o
S, if n is even.

Proof. One has
St = KRS = KSen,. (16)

Let n be odd. Then, by formula (8), K is proportional to 9;~'. Thus
S = 81?_18@7”. (17)

The right-hand side of (17) is precisely the space Sq,, because derivative of order n — 1
with respect to p of a function h(«,p), which satisfies the moment conditions (3), is a
function satisfying the shifted moment conditions (14). Conversely, if h € S, and (14)

hold, then 8, " Vh € Sep, where 8, " "Vh = Ly [7(p — )" 2h(a, q)dg. This

claim can be easily checked using conditions (14) and integrating by parts.
If n is even, then (16) and (8) yield:

S = HSum = Sy (18)

Theorem 4 is proved. 0O

5. Range theorems.

Suppose g(a,p) € SL(Z). When does there exist an f € &’ such that Rf = g7

By Definition 1, formula (2) holds, so one has to calculate f := F~!Fg and check if
f €S8’ Alternatively, (g,h) = % < Fg,|M*™"Fh >, Vh € &, so that g = Rf for some
fes& iff Fge S'(RE), €= Aa

Recall that an entire function f(€) is of exponential type < a iff | f(€)| < cexp[(a+e)€]]
for any € > 0 and &£ € C™.

Let D.,(R) be the subset of D,(Z) which consists of distributions g(a, p) such that for
any a € S"~! the distribution g(c, p) € D'(R). Denote B, := {x : |z| < a}.
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Theorem 5. Let g(a,p) € D (R) and assume that F,_xg is an entire function of the
variable ¢ = Ao of exponential type < a. Let f := F~'F,_\g. Then f € £', suppf C B,
and Rf = g. Conversely, if f € £ and g := Rf, then f(§) = Fp—ag is an entire function

of exponential type < a and g = F;ip]:f € DL (R).

Proof. If g € D (R), then f(z) := F~'F,_,g is well defined. By the Paley-Wiener-
Schwartz theorem, f € &', suppf C B, and g = F;_{p}'f = Rf.
Conversely, if f € & and suppf C B, then Ff is an entire function of exponential

type <a, g:= F 'FfeD/(R),and g = Rf. 0O.

One can use the above method to study the range of R on other spaces of distributions.
If g € Y, where Y is some space of distributions or functions, then f € X, where
X = F~FY, provided that the operator F~1F is well defined on Y. In [5] a different
characterization of the range of R on distributional spaces is given.

6. Examples.

The results in the following examples are new: although the two example were men-
tioned in [1,p.71], the results in [1] were given without proofs and only for the odd n.
Our result for the first example and odd n agrees with the one in [1, p.71], while our
formulas, proved in Example 2, differ from formulas in [1, p.71] for even n.

Example 1. Let us consider f(z) = 1,2 € R?, f = (27)"5(€). If n is odd then h €
Ssm, A7 = A7 and, using conditions (14), one gets:

(R1,h) ==t < 8(€),|\*""Fh >

N .
— —n — ¢ —-n
=771 <88, N Fh >= 47t < 8(9), ZﬁmH,n@HOUHW ) >
,yflinfl

:7'67

(n—1)

¢ = / ho,p)p™tdp, € = Aa,

—00

where «y is defined in (8).
Thus, if n = 2k + 1 is odd, one gets
,yflinflpnfla(a)

1=
R (n—1)! ’

where a(a) is an arbitrary smooth even function a(a) = a(—«), such that [y, a(a)do =
1. The evenness of a(«) is an a priori assumption motivated by the evenness of the
members of the range of R on S. If one imposes a priori the requirement that the
members of the range of R should be homogeneous of degree —1, then the corresponding
homogeneity requirement should be imposed on a(a). We see that R1 is not uniquely
defined.

If n = 2k is even, then [A['™" = A'""sgn\, h = Hg, g € Ssm, g = H 'h, Fh =
—isgnA\Fg, and one gets

71Zn o]
(R1,h) = (Z_l)!/oog(a,p)pnldp- (19)
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Therefore, for n = 2k even, the result is:

_ o litpla(e)

A (n—1)!

H, (20)

where the action of the distribution (20) on a test function is defined by (19) and a(«)
is described above.

Example 2. Let f(z) = d(x1,22,...,2k), 1 <k <n. Then

f(g) = (27T)n7k6(£k+13 s 7£n)a

and Definition 1 yields for real-valued h:

7rn—lc 00 o0
(rf.m) =2 [do [ @) [ dpess(=ipynta.)

= / dadph(a, p)(2m)" k1 /C>O dX exp(—iAp)d(Aag41) - - - - S(Aay).
zZ —00

Thus

o0

Rf = (2m)" 15 (s, - ) / A7 exp(—idp)dA, (21)

— 00
To calculate this integral, we use the formulas:

F(|)\|—2m—1> _ 082m+1)p2m _ C(_2{n+1)p2m In ‘p|7

™

FIN™") = ()" oy

p*m (22)

where the coefficients c,(me) are defined by the expansion:

(n)
. AT Cc_ n
—281117].—‘()\-1-1): )\+1n—|—cé NI

For example, let n = 2, k=1. Then f = 276(&2), m =0, and

oo

(Rf,h) = / dadph(a,p)é(ag)/ IA "t exp(—iAp)dA
Z —00
= / dadphd(asz) - (¢ = ¢ n |p]).
z
Thus, for n =2 and k£ = 1,

Ré(21) = 6(a2) (V) = ¢ Inp).
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