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ASYMPTOTICS OF THE SOLUTIONS TO SINGULARLY

PERTURBED MULTIDIMENSIONAL INTEGRAL EQUATIONS

A.G. RaAMM
AND
E.I. SHIFRIN

ABSTRACT. Asymptotics of solutions to the equations ehe + Rhe = f as € — +0 is studied
for a class of multidimensional integral equations basic in estimation theory.

I. Introduction.

This paper contains a theory which generalizes the results in [1], obtained for a class of
one-dimensional integral equations basic in estimation theory. Our presentation does not
depend on [1]. Both papers are motivated by the general theory developed in [2] (see also
[3]). Numerical methods for solving the limiting equations are given in [4], [5]. In [6] an
asymptotic method is given for solving singularly perturbed PDE. In [7-9] some results
on singular perturbations for one-dimensional integral equations are given. No results
were published concerning singularly perturbed multidimensional integral equations as
far as we know.

The class of the equations we study in this paper contains equations of the form

che(z)+ [ Rz =)y = f(a), 2. 1)

where € > 0 is a parameter, D C R” is a bounded domain with a smooth boundary T,
f(z) is a given smooth function,

Q(D)R(z) = P(D)é(z) (2)

P(D)=Y" a,D" (4)

lel<p
QD)= ) baD" (5)
lel<q
Hortazt o Fan

D=

= g la| = a1 +as+ -+ an,
1 n
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dq, by are constants, p < q, G(z) is a fundamental solution which decays at infinity (or
is defined by some other condition). Our objective is to derive an asymptotics of the
solution to equation (1). The limiting equation,

Rh=f (6)

has been studied in detail in [2], [3], where it was proved that (6) has no integrable
solutions, in general (for the kernels defined by formulas (2), (3)). If € > 0 and P(A) > 0,
Q(A) > 0 for all A € R™, then the operator e/ + R in (1) is positive definite in L?(D)
and there exists a unique solution to (1) in L?(D). The solution of (1) for ¢ = 0 is a
distribution (see [2] for details). Thus, (1) is a singular perturbation problem. In this
paper, using the method given in [1], we construct the asymptotic solution to (1), prove
the error estimate, and give examples of applications.

In section 2 an equivalence result is formulated. This result says that a certain problem
for PDE is equivalent to equation (1). In section 3 the asymptotics of the solution to (1)
is constructed by means of the equivalence result. In section 4 examples of applications
are given.

II. An equivalence result.

We start with some formulas which one can easily get by integration by parts. These
formulas are formulated in Lemmas 1, 2 and Corollaries 1, 2. The equivalence result is
stated in Theorem 1.

Let N be an outer unit normal to T', and g(y) be a smooth function defined in D.
Integrating by parts, one gets

| pz6a-y U@—ewﬂ/ummeM@@

la|-1 _
/ ’ o 2»: —1 a—gdy
Ayt - Oy 7" Ayan T Oym
/ G(z —y) Dy g(y)dy
B Z i / plel=en—cm_r—on=Fr (g — )
Jxft - ~3m£f‘113m:{’°_ﬁ"

6ak+1+"'+an+5k—1g(y/)
g~ Oyt - Oun

AN=1G(x — o)
—1) | / g(y') cos(Nyy)ds
{ our o o) )

cos(Nyg)ds.

Here y' denotes a point on T', ds is the surface area on T', cos(Nyg) := N - e, where e
is the unit vector along yi- axis.

We have proved the following lemma.
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Lemma 1. The following formula holds:
| D26t = vy = [ G- D5atdy

B Z Z / alal—an—~~~—ak+1—ﬁk(;(r_y/).
k=1 Bp=1 Oxit - Oty
O(k750

. Hok+rt +O<n+ﬂk—1g(y/)
dyc T oyt - dyee

cos(Nyg)ds.
Here if k = n one sets ap4q1 = 0.

Corollary 1. One has:
[ PGl = sais = [ Gl - n)PD,)atu)dy
a|04| —“‘—ak+1_ﬁkG(I_y/)
Y. |
>y Y [ H e

le|<p k 1 Br=1

.aak+1+ +Oén+ﬂk 1g(y)
dyp T oyt - oya

:5AG@—wawmww—Mw,

cos(Nyg)ds

where Myyg is defined by formula (9) below.

We will use the following lemma.

Lemma 2. One has

i glel=an—ert1=Pr Gz — o)
+ .
Z Z / am?l . k- 13I0<k B

&rk

. aak+1+“‘+an+ﬁk—1g(yl)
QY- Oy - oyan

cos(Nyg)ds.

Corollary 2. One has

lol == —okg1=Fr (g —
| 6= n@gtwids =gt + 3 b, > Z/a T 13;(k -

|| <gq k 1 Br=1

605k+1+ +Oén+ﬁk 1g(y)

Aygr oyt Oy

cos(Nyg)ds .= g + Mig.
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Here the second equation (3) was used, and Mg is defined by formula (8) below. We
are now ready to formulate the following equivalence result.

Theorem 1. Equation (1) is equivalent to the following problem
Q(D)h.(x) + P(D)h.(x) = Q(D)f(x) ™)
where he(z) satisfies the following boundary condition:
eMihe + Mahe = M1 f. (7

Here

n A= m ==t =Bk G (2 — )
Z Z Z / . aka 1161,71: B ’

lv|<q k=1 Br=1
Ak #£0

+oobpn B -1 )
Yk+1 Yn k— hE !
. 9 T (yn) cos(Nyg)ds,
&Uk ayk+1 "'ayn
D I I e
\oTen k 1 = amiﬂq. 3mk’°116m0"° Bk
(9)

.604k+1+ +Oén+ﬁk 1h6(y)
Oy~ Oyt - Oy

cos(Nyg)ds.

Proof. First we assume that h. solves (1) and prove that it solves (7), (7). If A, solves
(1), then

cho(z) + /D P(D,)G(z — y)he (9)dy = f(z).

Using Corollary 1, one gets
x -I-/ G(z — y)P(Dy)he(y)dy — Mahe = f(z). (10)
D

Applying Q(D) to (10) and taking into account that Q(D)Mzh, = 0, one gets (7). To
get (7'), substitute into (10) Q(Dy)(f — €h.) in place of P(Dy)h, and use Corollary 2 to
get

ehe + f(.CL‘) —¢che + le —eMyhe — Msh, = f

which is equation (7').
Conversely, suppose h solves (7), (7'). Multiply (7) by G(z — y) and integrate over
D to get

. /D Gz — 1)Q(Dy )he(y)dy + /D Gz — y) P(Dy)he(y)dy = /D Gz —1)Q(Dy) fdy. (11)

Using Corollaries 1, 2 one obtains from (11) the following equation:

eh, +eMih, + / P(D;)G(z — y)hedy + Mah, = f(z) + M1 f.
D

This equation and equation (7') imply (1). O
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III. Construction of the asymptotics.
Let us look for the solution to (1) of the form

e}

he(z) = hj(x,c), hi(e,0) = uj(x) + w;(x,¢), (12)

j=0
where h; are defined by the equations
Ehj =+ Rh] = —Uj_1 =+ €Uy, (13)

the functions u;(z) solve the equations

and wj; solve the equations
cQ(D)wj + P(D)wj =0, eMyw; + Myw; = —Myuj_1 — Mau;. (15)
Note that hg is not h. at ¢ = 0. Let us assume that
PAN >0, QXN >0 VixeR™ (16)

This assumption is natural in estimation theory [2]. If (16) holds, then u; can be chosen
as smooth parts of the solutions to the equation

Ruj = —uj_1,u_y == —f. (17)

The solution to this equation is constructed in [2], where it is proved that the solution of
minimal order of singularity (mos) does exist, is unique, and is of the form wu,,, + Uging,
where u,,, is a smooth function, usng is a distribution with support at I', and analytic
formulas for calculation of the mos solution to equation (1) with e = 0 are given in [2, p.
12]. The smooth part of the solution to equation (1) with ¢ = 0 and with a smooth f(z)
is uniquely defined [2], so that u; are uniquely defined for all j > —1 if f(z) € C*°(D).
If u; are smooth and known then problem (15) determine w; uniquely. This is proved in
Lemma 3.

Lemma 3. Let f € C®(D) and u; € C*°(D) solve (14). Then (15) has a solution in
C*® (D) and this solution is unique.

Proof. By Theorem 1, problem (15) is equivalent to the equation (eI + R)h; = eu; —
uj_1 (), where h; = u;+w; and the role of f in Theorem 1 plays the function eu; —u;_.
Equation (*) is uniquely solvable and its solution is in C'*° (D) if its right-hand side is in
C®° (D). Therefore h; = w; + u; is uniquely defined by (15) provided that u;_; and u;
are given, and h; € C°(D) if u;_; and u; are in C°°(D). Thus w; € C*°(D) is uniquely
defined by (15) if u;_1 and u; are given and belong C*° (D). O

Let us formulate the basic result.
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Theorem 2. The asymptotic solution to (1) can be found by formula (12). The functions
u; are arbitrary smooth solutions of equations (14), and w; are the unique solutions to
(15), where u; and u;_1 are assumed to be smooth solutions to (14). One has

|he = > €hj(z)||l—a = O(€™) as €—0. (18)
Jj=0
Here || - ||—a is the norm in the space H‘O‘(D) which is dual to the Sobolev space H*(D)

with respect to H°(D) := L*(D), a := oE.
Remark 1. In particular, u; can be taken as smooth parts of the solution to (17).

Proof of Theorem 2. If f(z) € C*(D), the construction of u; and w; can be done for
any j = 0,1,2,.... If f(z) € C*(D) then only finitely many terms of the asymptotics
can be found by the algorithm of Theorem 2. Let us prove the error estimate (18).

One has (el + R)h; = eu; — uj_q. This implies

(el + R) Zejhj =™y, (2) + f, —u_q = f(z). (19)
7=0

Let vy, = he — ZT:(J ¢/h;. From (1) and (19) one gets

(el + R)vy, = —€m+1um(a:). (20)

Therefore (Rvm, vm) < —€™F (um, vm) < €™ ||vm||—a. It is proved in [2, p. 40] that
(Rvm, vm) > c1]|vml||%,. Combining two last inequalities one gets estimate (18). In [2]
an analytical expression is given for ¢; in terms of P(A) and Q(A). O

Remark 2. One can construct asymptotics of w;(z,€) as € — 0, where w; solve (15), by
the method given in [6]. This is illustrated in the examples given in section IV.

IV. Examples.
1. Let

1

che(z) + —/ K,(a|lz —y|)he(y)dy =1 in Dy. (21)
2T D,

Here D; is the unit disc in B2 y = (y1,92), || = (¢ + 22)'/?, K,(r) is the modified

Hankel function, a = const > 0,

(=V? +a*)K,(a|z|) = 2m6(z). (22)

In this case P(D) = 1, Q(D) = —=V? +a?, f(z) = 1, R(z) = G(z) = %I(o(akﬂl). Let
us find the leading term of the asymptotics of h.(z) as € — 0. This term, by Theorem
2,18 ho(x) = uo(x) + wo(z,€), where u,(z) is a smooth solution to (14), that is, since

P(D) =1, up(z) = a®. To find w,(z, €), one solves (15):

e((=V?+a*)w, +w, =0, (eMy + Ma)w, = My1 — Mya®. (23)
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Thus —eV2?w, + (1 + ea®)w, = 0 in D;. Using the method from [6], let us write this
equation in polar coordinates (r, ¢) and introduce the new variable p := 1 — r to get:

2 2
0% w, e Ow, € 0%w,

37 T 1=p o (1= p)? 997

+ (14 ea*)w, = 0. (24)

We are interested in the behavior of w,, the boundary layer function, near the boundary,
that is, near p = 0. Introduce the new variable ¢ := pe~'/2, and keep the main terms of
equation (24):

4+ w, = 0. (25)

Thus w, = c1(¢) exp(—pe=1/?) + ¢3(¢) exp(pe='/?). We are interested in the solution
which exponentially decreases as ¢ — 0 in the region p > 0. Thus, we take ca(¢) = 0,
w, = c1(¢)exp(—pe=1/?). By symmetry c;(¢) = ¢ = const, w, = cexp(—pe=/?),
p=1—r,r=|z|. Let us use the boundary conditions in (15) to find ¢. In our example
M3 = 0, the second equation (15) takes the form

eMiw, = M1, w, = cexp(—pe_l/z), (26)

and

dg(s)  OK,(alz —s|)

-1
Mig = — K, — ds, Tq,:=0D 27
19 = o Fl[\ (alz — s]) N, N, g(s)lds, T1 1 (27)
where N 1s the outer normal to I'y. Therefore
1 0K, (alz — s|) —66_1/2/
Mil=— —d Miw, " —— K, — s|)d 2
1 o7 . N, s, 1w o s R, (alz — s|)ds (28)

where only the principal term of the asymptotics of Myw, as ¢ — 0 is kept. Using (27),
(28) and (26), one gets an equation for ¢ by taking # = 0 in these equations:

1/2
C;T /F K,(a)ds = —% 5 K’ (a)ds. (29)

Thus, taking into account that K/(a) = —K;(a), one gets
c= 6_1/2(1[(1(61)/[(0(&). (30)

The main term of the asymptotics of the solution to equation (21) is h,(z,€) = a® +

e ?aKy (a) K (a) exp(— L), and

[|he(z) — ho(z,€)||-1 = O(e), €—0. (31)

2. Consider the equation:

EhE X +/ —he d = 1, T e B. 32
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Here B = {z : |z| < 1,z € R3}. This equation is an analog of (21) in R, As in Example
1, here P(D) = 1, Q(D) = —=V? +4a?, a > 0 is a constant, R(z) = G(z) = exp(=alz|) ’

(-=V2?+a?)G = §(z), f(z) = 1. The principal term h, = u, +w,(z, €) of the asynfg!uxoltics
can be found by Theorem 2. Namely,
u, = Q(D)1 = a?, (33)
and w, solves equations (15):
e(—V2 + az)wo 4+ w, = 0. (34)

In spherical coordinates equation (34) becomes:

9w, n 2 dw,
or? r Or

1
+ —ZA*wo + (1 +ea®)w, =0 (35)
r

where A* is the angular Laplacian. Let p = 1 — 7 t = pe~'/? in (35), and keep
the principal terms as ¢ — 0. This yields again equation (25) for w,. Thus, as
before, w, = ¢1(f,¢)exp(—pe='/?) and, by symmetry ¢(f,4) = ¢ = const, so that
Wy = cexp(—pe‘1/2). In this case again M2 = 0, that is Mag = 0 for any g, the second
equation (15) takes the form

eMiw, = M1, w, = cexp(—pe_l/z) (36)
and allows one to calculate ¢ as in example 1:
c=(a+1)c Y2 (37)

Thus
ho(z,€) = a® + (a+ 1) ?exp{—(1 — |z|)e~/?} (38)

and

[|he — hol|l-1 = O(e) as e¢—0. (39)
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