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Abstract. For potentials that decay faster than any exponential the uniqueness of the

solution to the inverse scattering problem with fixed-energy data is proved.

1. Introduction.

We study the inverse scattering problem in potential scattering at fixed energy. Let
q(z), x € R™ be a (short range) potential and denote by A(w, 8, k) the related quantum-
mechanical scattering amplitude (see the definition below). The inverse problem we are
interested in is the following: Does A(w,#,k) given for a fixed value of the energy
k > 0 determine uniquely ¢? For potentials ¢ of compact support it was proven by
A.G.Ramm [R1] and R.G.Novikov [No| that the answer is affirmative. The same is true
for sufficiently small exponentially decreasing potentials [H-N]. On the other hand, it is
known (see [C-S]) that for general short-range potentials the uniqueness fails. R.Weder
[W2] proved that if a potential decreasing like C'(1+|z|)~" "¢ is already known outside a
compact set, then it can be determined completely. The proof of the uniqueness in [No],
[R5] (see also [S-U2]) reduces this inverse problem to the problem of finding ¢(z) from
the Dirichlet-to-Neumann map (see [S-Ul], [Na] and [S-U2| for a review of the most
recent results in this direction). On the other hand, in [R1-3,6,7] another approach is

proposed based on the completeness of the scattering solutions. In this paper we prove
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that the uniqueness holds for potentials of non-compact support in R? that decrease
faster than any exponential Ce~®l, o > 0, as |z| — oo following the strategy of [R1],
[R3].

Let us recall the definition of the scattering amplitude. Denote by Go(k) the

resolvent Go(k) = (—=A — k% —i0)~1, that in R3 is given by

1 etklz—y|

fy) dy.

In order to introduce the scattering amplitude, assume q = ¢, |q(z)] < C(1 + |z|)~3~¢
(see [A] for less restrictive assumptions). Then it is well-known ([A], [R8] and [R9,

p. 221]) that the Lippmann-Schwinger equation
(1) u = ug — Go(k)qu,

where ug(z,0,k) = e**? k > 0, § € S? has unique solution given by u = ug — (I +
Go(k‘)q)_lGO(k‘)quo. The scattering amplitude A(w,0,k), w € S%, 0 € S?, k > 0 is
given by

@) Aw,0,k) = ——

- —ikx-w
e q(z)u(z,0,k)dz.

Our main result is the following.

THEOREM 1 Let ¢; = ¢; € L¥(R3), |¢j(7)] < Coe™! for any a > 0, j = 1,2 and
denote by A;(w,0,k) the corresponding scattering amplitude. Then if A;(w,0,k) =

As(w, 0, k) for some k > 0 and all w € S?, 0 € S?, we have q; = ¢o.

The proof is based mainly on the observation that the set {u(z,0,k), 0 € S?} (k
is fixed) is dense with respect to the topology in X, = L?(R3;e~2%1*ldz), a > 0 in the
set of all solutions to the equation (—A + ¢ — k?)y = 0 belonging to Xg, B < a. The

assumption A; = Ay for a fixed £ > 0 implies that

/(((h (z) — Q2(I))U1(I,w, k)us(z,0,k)dx =0
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for all w, # and k fixed as above. Here uy, us are related to qi, g2, respectively. The

density of the scattering solutions mentioned above allows us to prove that

3) / ((1(2) — ga(a)) b1 (2)pn() do = 0

for any solutions 1, 12 to the equations (—A + ¢; — k*)¢p; = 0, 7 = 1,2 that are
exponentially increasing. The above equations possess special solutions v;(x, ) similar
to those constructed by Sylvester and Uhlmann [S-U1] (see also [R5]) depending on a
parameter ¢ € C3, such that ¢? := (? + (3 + (2 = 1, |[¢| > 1 with the property that
03(2,€) = 51+ py(, ), llo(+,€)llz2, < C/IC|. Choosing 1 in (3) to be v;(z,¢;)
with (1 +¢ = —p € R?, |{j| — oo, we get that the Fourier transform of ¢; — g2 vanishes,

which implies ¢1 = g2.

2. Approximation by scattering solutions.
We assume in what follows that k is fixed. Without loss of generality we may

assume that £ = 1. In order to simplify the notations we will drop k, i.e. we will denote
Go, u(z,0), A(w,0) instead of Go(k), u(x,0,k), A(w, 0, k), etc.
Denote by L? the weighted Sobolev space with norm

1122 = / (4 12 () d

Let us recall [A] that Gy is a bounded map from L2 to L2, for any § > 3. We also
denote by X, the Hilbert space L?(R3; e~2/*ldx) consisting of all functions f such that

fe~el#l ¢ L2 equipped with the norm

1%, = [ 17@Pe e da.
Next lemma is the key point of the proof of Theorem 1.

LEMMA 2 Let |g(z)| < Ce™®l with some a > 0. Then for any solution 1) of the
equation (—A + g — 1)y = 0 belonging to Xg with 3 < «, there is a sequence vj,
j=1,2,...in L?(S?), such that

(4) | — /52 u( -, w)vj(w)dw| x, — 0, as j — oo.
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PROOF: Denote ©g = (I + Goq)p. We claim that g is well-defined and moreover

Yo € Xpg. Indeed, since Ye PPl e L2 we have
lg] = g e Alel] < Ce(@=Blel (jyje=lel) ¢ 12

for any § and in particular this is true for ¢ > %. Therefore, Goqyp € L%, 6 > %, which

proves the claim. First we will find a sequence v; in L?(S5?), such that

(5) ||¢O—/ wo(-,0)vy(@) dwlx, — 0,  asj — oo
SQ
(recall that ug(x,w) = e®*) and then we will show that this sequence satisfies (4).
Our choice of 1 yields (A + 1)1 = 0 in R3. Therefore, we have

= Lo OO, 3 >3

n=0 m=-n
with some ay,, where x = 70, r > 0, 0 € S?. The functions Y,"(6) are the spherical
harmonics on S?2, while by j,(r \/; (r) we denote the spherical Bessel func-
tions. The series above is convergent in the following sense. For any r > 0, we have
> nm | [4n (r)|? = [g2 [to(r8, )|?dO < co. Moreover, since 19 € Xg, we obtain

(6) > lanml?0; = [oll%, < oo,

n,m

where b2 = fo |gn (1) P12 —28rdr (it is easy to see that b, < o0). Using the expansion

[G-R]

=D 4" ja (Y OV, (W), =10,

we can write the norm in (5) in the following form
i = [ o)) ol = 30 o = 47" P8
n,m

where Vjnm = [q¢2 V; (W)Y (w) dw. Therefore, it is convenient to set

(47m'”)_1 Apm, for —m<m <n,n<j,
Vinm =

0, otherwise,



e vj(w)=57_, 5" (47i™) " @y Y™ (w). Then

n=0 m=—n

oo

o= [ (e dslk, = 3 fanl =0

n=j+1 m=-n
as j — oo in view of (6). Thus, we found a sequence v; in L?(S?), such that (5)
holds. Now, let us prove that (5) implies (4). Note that Gpq is a well-defined compact
operator in L? 5, 6 > % Moreover, I + Goq is invertible in L? 5, because the equation
(I + Gog)f = 0 has no non-zero solutions in L?;. Indeed, if f = —Goqf for some
f € L%, then g := qf € L? solves the equation g = —¢Gog, which implies that A = 1 is
an eigenvalue of —A + ¢ in L? with eigenvector f (see Lemma 8, §XII1.8 in [R-S]). The
assumptions imposed on q guarantee that —A + ¢ has no positive eigenvalues, hence the
equation (I + Goq)f = 0 has only trivial solutions in L? ;, therefore (I + Gpq)™' exists
as a bounded operator in L? 5

We have 1 — 1 = Goqyp € L? ;5 (though 1o, ¥ & L?;). Let us calculate (I +
Goq) (o — ). We have

(I + Goq) (o — ¥) = 1o — ¥ + Gogibo — Gogy = Gogihg € L2 5.
Hence, ¥o — ¢ = (I + Gog) "' Gogibo, i.e.
(7) Y =10 — (I + Goq) ' Gogibo.

Similarly, the solution u to the Lippmann-Schwinger equation (1) is given by u =

up — (I + Goq) " 1Goqug. This, combined with (7) yields
v [ uCwm@do=do- [ ul(-we)do
S2 S2
— (I+Gog)~'Gog [?/)0 - /2 ug( -, w)vj(w) dw .
S
Note that for any a > 0 we have
I(Z + Gog)*Goafllx, < CII +Goa)~ Gogfllrz , < C'lfllx,-
Thus,

Il — /52 u( - w)v;(w) dwlx, < (14 C")|lbo — /S2 uo( -, w)vj(w) dwl|x, — 0,

as j — oo in view of (5). This completes the proof of the lemma.



3. Proof of the main theorem.
Let us introduce the special solutions to the equation (—A + ¢ — 1)1) = 0 similar

to those constructed in [S-U1] and [R5].

THEOREM 3 Let ¢ € L™, |q(x)] < C(q+ |x|)~2"¢ with some ¢ > 0. Then there exists a
constant i > 0, such that for any ¢ € C? with the properties (> = 1, || > u, there exists
a solution v (z, () to the equation (—A, +q— 1)1 = 0 of the form ) = eim'g(l + p(z, C))

such that p(-,¢) € L? 5 with some § > % and o+, Oz, < C/I¢]-
PROOF: Assume (? = 1. Substituting the expression 1) = €*"¢(1+ p) into the equation
(=A+q— 1)1 =0, we get the following equation for p:

(8) (—A=2i(-V)p+gp=—q.

Denote by G(z, () the Green-Faddeev’s function

1 e d¢
G Q) = Gy / Prac e

It is known that the operator G(¢), given by G(¢)f = [ G(z — y, () f(y) dy satisfies the

estimate

C 1
(9) 1G22, < i 0> 3.

In fact, (9) holds as long as ¢ € C*\R3, |¢| > M > 0 with C = C(M) [Na], [W1]. Note

that here (2 = 1, so || > 1. Then it is easy to see that the function p, defined by

p=—(I+G(qg) ' G(Q)q

is a well-defined element in L% ; for 1 < § < 1 + ¢ and it satisfies (8). Indeed, for such
§ we have ¢ € L%, so G(¢)q € L? 5. Moreover, the multiplication by ¢ is a bounded

operator from L2 5 to L} as long as § < 1. Estimate (9) implies that

C
||G(C)Q||B(L2_5;L2_5) < ﬁ7
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therefore for [¢| > p:=2C1, I + G({)q is invertible in L? 5 and

1
||(I+ G(C)Q) ||B(L2_5;L2_5) <Z

Therefore,

Cs

-1
lollzz, < 1 +6(Q0) ™ sz oz NG sazaz  Nalzz < 157

which completes the proof.

The starting point in the proof of Theorem 1 is the next lemma (see [R3], [R4],

[S1]). For the sake of completeness we will recall the proof given in [S2].

LEMMA 4 Let |g;| < C(1+|z|)™37¢, j = 1,2 and denote by Aj(w,0,k), u;(z,0,k) the

scattering amplitude and the scattering solution corresponding to q;. Then

A (w,0,k) — As(w, 0, k) = —% /((ql(w) — qg(az))ul(az,@, k)us(z, —w, k) dx.

PROOF: The assumptions imposed on ¢; guarantee that ¢; € L* N L%, 6 > %, so that

all integrals below are well-defined. Combining (1) and (2) we get

—4m Ay (w,0,k) = /uo(a:,—w,k)ql(ac)ul(ac,e, k) dz
= /uQ(x,—w,k)ql(a:)ul(x,G, k) dx

T / 41 (2)us (2,0, K)o (K)qaua( -, —w, k) do.

Since the kernel of G(k) is symmetric, we obtain

—4r Ay (w, 0, k) = /ug(w, —w, k) [q1(z)ui (2,0, k) + g2 (2)Go(k)qrui (-, 0, k)] d
= /uQ(x, —w, k) [q1(z)ur(x,0, k) 4+ q2(x) (o — u1)(, 0, k)| da
= /uz(ac, —w, k) (1 — q2)(x)ur(z,0,k)de — 4mAs(—0, —w, k).

Note that in particular, setting g1 = g2 above we get As(—0,—w, k) = As(w,0,k),

therefore the equality above is just what we want to prove.
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Now, let ¢; and ¢z be two potentials such that |g| + |g2| < Ce™1®l o > 0 and
denote by A;, A, the corresponding scattering amplitudes at & = 1. Assume that
Ai(w, ) = Ay(w,0) for all w, 6. Then, by Lemma 4,

(10) /((q1 (z) — q2(2))ur (z,w)us(z,8) dz =0 for all w, 6.

Next we will show that we can replace uy, ug in (10) by 91(z, (1), ¥2(z,(2), where
11, Yo are the solutions of Theorem 3, related to ¢; and g9, respectively. Denote
by u = max(u1,pue) that number, for which the solutions ), 19 are well-defined for
IC| > p, ¢ =1. Fix a > 2p and let p < a < /2. Choose (1, (3 such that (? = (3 =1,
< Im(| < a, p < [ImCs| < a. Let us apply Lemma 2 with ¢ = 1;(x,(;). Since
Im¢i| < aand pi(-,G) € L2, § > 5 we have ¢1(-, (1) € Xg for any 8 > [Im(y|. By

Lemma 2 (we may assume [ < a)

(1) r-2 00 = [y @)delx, =0, asj— o

for some sequence vy; in L?(S?). Let us multiply (10) by v1j(w) and integrate over S2.

We get
0= [ (@) - )| [ om0 ds
— [ (@@ - a(a)) (s yua(a,6) d +
where
h= = [ (@) - @) o) = [ o) do]us(e.0)de
By (11),
1< W = e e e s s = [ aam, s, =0,

as j — o0o. Therefore,

(12) /((Ch(ﬂﬁ) — @2(2))¥1 (2, C1)ua(z,0)dz =0 for any 0 € S°.
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Let us apply once more Lemma 2 for ¢ = 1a(x,(2). Then, there exists a sequence vy;

in L?(S5?), such that
(13) (-, Go) — / ws(-,0)va; (0) db]lx, —0,  as j — o
S2

Multiplying (12) by v;() and integrating over S?, we get

0= /((q1(x) — q2(x)) 1 (z, C1) {/S
_ / (01(x) = @2()) v (2, G ) (2, o) i + I,

uz(x, 0)r2;(0) d@} dz

2

where

B= = [ (@) - @)1, [vale. ) ~ [ valo.O)va;0) b

Since |q1 — q2| < Ce=®*l [Im (1| < a < /2, |Im (2| < a < «/2, all integrals above are

well-defined and for I, we have

L] < |[(g1 — g2)e®™ | e |91 ]|x, Iz — /2 ugvej di||x, — 0,
S

as j — oo by (13). As a result, assuming that |q; |+ |g2| < Ce™®l for o > 2p we proved

that if 2 =G =1, p < |[Im¢G| < a/2, p < [Im(s| < /2, we have

(14) /((fh(ﬂ?) — q2(2)) Y1 (2, Q1 )a(z, (o) dz = 0.

Now, let us assume that |qi| + |ga] < Che™ ! for all @ > 0. Then (14) holds for
any o > 2u. Following a standard argument we will show below that (14) implies
q1 = q2. Since (14) is fulfilled for all ¢y, ¢ with (2 = (5 = 1, [Im | > p, [Im G| > u,
given p € R3, let us choose two sequences (;(n), (2(n), such that (?(n) = (3(n) = 1,
C1(n) + (2(n) = —p and |1 (n)| = [(2(n)| — oo, as n — oo. To this end, it is sufficient
to choose elements £, n in R3, such that £-n=¢&-p=p-n, |{|=n, |n| = |p|*/4+n? -1
and to put (; = —%p +E&+in, (o = —%p — & —in. With this choice of (1, (3, according

to (14) we have for n sufficiently large

/e‘im'p((% (z) = ¢2(2)) [1+ p1(x, )] [1 + p2(x, C2)] dz = 0.
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Therefore,

@1 (p) — Go(p) = —(2m)%/2 /e_wp(m —q2)(p1 + p2 + p1p2) dx

and for some o > 0,

61(p) — Ga(p)] < Cn / =012l [y 1 po + pupa da

< C (lor (- )llzz, + Do, @llsz, + lea (- Collzz, lloa(-,)llsz )

— 0, as n — 0o,

(recall that ¢; = ¢;(n)) according to Theorem 3. Therefore, ¢;(p) = ¢2(p) for all p € R?,

which implies ¢; = g2. Theorem 1 is proved.
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