MULTIDIMENSIONAL ALGORITHM
FOR FINDING DISCONTINUITIES OF
SIGNALS FROM NOISY DISCRETE DATA

A. 1. KaTsEvicH, A. G. RaMM

ABSTRACT. Algorithms are given for finding discontinuity surfaces of a signal speci-
fied with random errors at a regular grid in RP, p > 1. For each position of a sliding
window one arranges points from it in ascending order of the measured values of
the signal and divides them into two groups. One group contains points with larger
values than the other. The division is made according to the nature of the partic-
ular pattern recognition problem. In the case of edge detection these groups have
equal number of points. In the case of thin line detection one of the groups have a
number of points proportional to the width of a line one is looking for. Then one
calculates a functional which measures spatial separation of the above two groups. If
the spatial separation is larger than the threshold, a discontinuity is deemed present.
The threshold value is computed so that the probability of false alarm equals given
parameter €. The above approach is generalized to yield a computational scheme
applicable for other pattern recognition problems. The consistency of the algorithms
is proved. The results of testing of the algorithms are presented.

1. INTRODUCTION

In this paper! we propose new algorithms for finding discontinuities of a signal
s(z) specified with random errors at a regular grid in R?, p > 1. The following
assumptions are used: 1)one is given the radius R with the property |s(z)—s(z)| <
1 for any z, |z — 20| < R, such that the line segment [z, o] does not intersect a
discontinuity surface I' of the signal s(x); 2)the errors are independent, identically
distributed random variables with common (unknown) distribution function F(x)
satisfying the condition: IF~!(y) for any 7, 0 < v < 1; 3)the desired probability
e of the "false alarm” is given. Two variants of the general problem of finding
discontinuities of a signal from its noisy measurements are considered.

Variant 1. Suppose additionaly that the discontinuity surface I' can be accurately
approximated by a plane in the neigborhood |z — z¢| < R of any point zq € I'. The
algorithm operates as follows. In a scanning fashion one moves the center of the
ball with radius R (a sliding window) over the grid and for each position of the ball
the decision is made: whether Z; € I or #; ¢ I, where &; is the current center of
the ball. To choose between the two hypotheses one arranges the observed values
from the window in ascending order of magnitude and computes centroid :U]+ of the
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second half of the points, i.e. using the half which contains the points with larger
values of the signal. Then the distance |&; — 2| is compared with the threshold
Ag. If |25 — a:j\ < Ag, one decides that #; ¢ I. If |; — x;L| > Ag, one decides
that #; € I'. The grounds for such a decision rule are quite clear. If Z; ¢ T, the
points with small and large values of the signal are almost uniformly mixed inside
the ball, hence the centroid xj is close to the center z;. If #; € I, the points with
smaller values of the signal (on one side of T') and the points with larger values of
the signal (on the other side of T') are spatially separated (although the noise can
blur this separation to a certain extent). Hence the distance |Z; — | is large. The
threshold value Aq is computed so that the probability of the ”false alarm” (one
decides that #; € I' when Z; ¢ I') equals €. If the decision ”#; € I'” has been made,
then the orientation of I' at the point z; is determined by the normal vector to I,
namely the vector joining the points Z; and CU;_

Variant II. In this case the assumption is that the discontinuity surface I is the
union of two smooth surfaces I'y and I'y situated close to each other at a constant
distance 2d < 2R. Suppose for example that the values of the signal between I'y
and T’y are larger than in the neighborhoods adjoint to I'y and I's. Let U be the
domain between I'y and I's, Iy be the surface situated at the middle between I'y
and I'y, and My be the number of grid points inside the set Br(Z;) N U, &; € T.
The algorithm operates as follows. One slides a ball Br(Z;) over the grid and for
each #; decides between the two hypotheses ”%; € ['y” and ”Z; ¢ I'y”. To this end
one arranges the observed values from the window in ascending order. If &; € Iy,
it is likely that the majority of the last Mo points {a;, }32,,,_ 1z (i-e. the points
with the largest values of the signal) belong to Br(Z;) N U, hence they are close to
the diameter plane Br(Z;) N Ty and the minimal eigenvalue App of the matrix

oM
Buy = (bun)s bun=h Y. (@™ &™) @V - #"), 1<mn<p
k=2M — Mo +1

is small. Here a:l(.m) is the m-th coordinate of the point z;,, m = 1,...,p; h :=
hi - ...+ hp, where h; is the grid step size along the i-th direction, i = 1,...,p.
If Br(i;) NU =0, the points {4, }32,,,_ 1141 are likely to be almost uniformly
distributed over Bg(&;) and Ap;y, is large. Thus to make a decision, one compares
Amin with the threshold Ag. If Ap,in < Ao, the hypothesis "2; € I'y” is accepted.
If Amin > Ao, the hypothesis ”Z; ¢ [y” is accepted. The threshold value A is
computed so that the probability of "false alarm” equals e. If the decision "Z; €
I'y” has been made, the orientation of I'y at the point Z; is determined by the
normal vector to I'g, namely the eigenvector corresponding to Ap,,,. This algorithm
can be easily modified for the case when the values of the signal inside U are
smaller than in its neighborhood or for the case when they are larger than values
from one neighborhood (say, adjoint to I'y) and smaller than values from the other
neighborhood (adjoint to I's).

The problem of finding discontinuities of a function is very important in many
applications. In image analysis Variant I is known as edge detection, Variant II is
known as thin line detection [10, pp. 491-496], [12, pp. 84-85]. A large number
of edge and thin line detectors have been proposed (see [1], [10, pp. 497-556],
[12, pp. 85-129] and references cited therein), but the majority of them ignore
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the possible distortion of images by random errors. At the same time smoothing
for noise suppression can blur weak edges and thin lines [4]. In [6]-[8] the idea
of dividing the pixels in the window into two groups according to their intensity
levels was used. The new points in our paper are 1)justification of the proposed
algorithms, and 2)a general approach we suggest. It allows us to develop very
simple and numerically stable algorithms. Since the terminology of image analysis
is very convenient, in what follows Variant I will be called ”edge detection”, Variant
IT will be called ”thin line detection”.

The paper is organized as follows. In Section 2 the edge detector is described. In
Section 3 the thin line detector is described. In Section 4 the above two algorithms
are generalized, so that the resulting scheme can be applied for the solution of
other pattern recognition problems. The spot detection problem is considered as
an example. In Section 5 we prove the consistency of the proposed edge detector:
the probability of missing the points from the discontinuity hypersurface I' and
the error of the recovery of its orientation go to zero as the grid step size goes to
zero. In Section 6 similar results are proved for the proposed thin line detector. In
Section 7 we prove the consistency of the general scheme. In Section 8 the results
of testing of the proposed algorithms are presented.

2. EDGE DETECTION ALGORITHM

Let us consider the following model. Let the signal s(z), x € R?, p > 1 have a
discontinuity hypersurface I' (which might consist of several disjoint components)
and be a smooth function at other points (z ¢ I'). The known data are the values

u; = 8; +ni, 8= s(x;) (2.1)

Y

where z; := (CU(»l) :ng)).

i The observation grid is supposed to be rectangular
with the step size hjy along the k-th direction, £k = 1,...,p. The random errors n;
are assumed to be independent, identically distributed. Let us assume that we are
given the radius R such that the signal s(z) is approximately constant inside any
ball Br(zo) := {z : |z — o] < R} not intersecting I', that is |Vs(z)|R < 1. Let
us also assume that the discontinuity surface I is sufficiently smooth so that inside
any ball Bg(x¢), zo € T, it can be approximated by a hyperplane. In this case we
say that I is locally flat.

Consider the point &; := z; + (h1/2,...,h,/2) € I. Let z;,, k=1,...,2M, be
the set of grid points which are situated inside Br(%;) and s;,, k=1,...,2M, be
the corresponding values of the signal. Assume that these values have been arranged
in ascending order s;, < 55, < -+ < 84, Since I is locally flat in the neighborhood
of ; € T', one sees that I' divides Br(Z;) into two equal halfballs B (Z;) and
B} (). Furthermore, one has ;,,...,%iy, € Br(%j), Tiyrs-- - Tisny € BE(E)).

+ _
J
(Tingpr + 4 Tiny, )/M, then the straight line joining &; and :U]+ is perpendicular
to I' at the point #; (this line contains also the centroid of the points z;,, ..., 2;,,).
Since the two sets {2, }oL, and {z;, }3X,, .| are not spatially mixed ({z;, }2L, €
By (%), {zs, }iMvi1 € BE(E5), Bg(%;)NB(%;) = 0), the distance |; -z | is the
largest possible (compared with the case when the sets {zs, }27, and {zs, };M,,.,
are mixed). Hence the following algorithm is natural:

Thus, if one calculates the centroid of the points z;,,,,,..., i, , namely z
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Stepl. Fix a point Z;. Arrange the observed values from Br(Z;) in ascending order
iy < wiy <00 < gy, with ug, := u(zy,) and calculate the centroid z] of the set
{3, }i¥M+1'

Now, consider any point Z; such that Br(Z;) N T = () and apply Step 1 to this
Br(Z;). Since the noise and signal are independent and the signal is approximately
constant inside Bg(%;), one sees that the sets {z;, }22, and {z;, }32, .| are almost

uniformly mixed and the distance |#; — xj'| is close to zero. Therefore one can
formulate the following decision rule:

Step 2. Select the threshold Ay, > 0, as described in Step 0 below. Compare
the distance |Z; — x;L| with the threshold 4q. If |Z; — x;L\ < Ap, the hypothesis

"%; ¢ T” is accepted. If |2; — x;| > Ap, the hypothesis "#; € I'” is accepted and

the orientation of I inside Bgr(Z;) is determined by the vector &; — :r;"
The threshold Ay is determined from:
P{|z; —2]| > Ao|Br(i;) N\T =0} =¢, (2.2)

where P{U|V} is the conditional probability of U, given V, e, 0 < € < 1, is an a
priori fixed number. A convenient way to compute Ag from (2.2) is by using the
Monte Carlo method [5, pp. 35-37] as described in Step O0:

Step 0. Fix an arbitrary ball Bg(Z;). Model a sufficiently large number of the sam-
ples of u; with s; = 0 and an arbitrary fixed common probability density function
(PDF) for n;. Using Step 1, compute the distance |Z; — :r;L| for each sample. Select

Ag so that |Z; — :r;L| > Ag in 100e% cases.

3. THIN LINE DETECTION ALGORITHM

In this Section we consider the particular case when the discontinuity surface I'
is the union of two surfaces I'; and I'; situated close to each other at a constant dis-
tance dist(z1,T2) = dist(z2,'1) = 2d < 2R for any z; € T';, i = 1,2. Assume that
d is known. The distance here is defined in the usual way dist(z,I') := inf er |z —y|.
We also assume that the surfaces I';, i = 1,2, are sufficiently smooth so that they
can be accurately approximated by a plane inside any ball Br(zg), zo € T';. As-
sume also that the values of the signal at the points between I'; and I'; are greater
than in the neighborhoods adjoint to I'y and I's. The problem is to find I'; and T's.

Let Ty be the surface situated at the middle between I'y and I's, that is the
midpoint of every interval [z, zs], 1 € '1, 2o € 'y, perpendicular to 'y and Ty
belongs to ['g. Since the distance between I'; and I's is known, it is sufficient to find
the surface I'y. To solve this problem, consider an arbitrary ball Br(Z;), &; € T'o.
Let My be the number of points from Bg(Z;) situated between I'y and I'y. Clearly,
My is the same for any ball Br(Z;), &; € I'y. Thus if one arranges the observed
values of the signal from Bpr(Z;) in ascending order u;; < uj, < -+ < Uy,
it is likely that the last Mo points {z, }32 ), _ps, 41 lie near the diameter plane

S](.O) = Bg(Z;) NTo. This means that the quantity

2M

A({zs a1, SS)) = h > dist?(24,,8)”), hi=hi-..ohy (3.1)
k=2M—My+1
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is small compared to the case when the points {xik}ii’[QM_MOH are uniformly

distributed over Bg(Z;). Since the actual orientation of S](O) is not known, the
natural measure of the closeness of the points {a;, };, 1,17, 41 to @ plane is given
by

A ({xlk }i¥2M—M0+1) = Srg]lfels A ({% }%¥2M—M0+17 S) ‘ (3.2)
The minimum on the right-hand side of (3.2) is computed over all planes containing
the point Z;. Let 6 be a unit vector perpendicular to a plane S. Then one obtains
from (3.1) and (3.2)

2M

A({xik}ii/[QMfMole) = Gl'%iprll h Z <xik - jj=9>27 (33)
€ k=2M—Mo+1

where SP~! is the unit sphere in RP, (z,y) = Zle x;y; is the scalar product in RP.
Define the p x p matrix By, by

oM
By = (bmn)y  bmn = h Z (:U(.m) - :i(.m)) . (w(") - :E;n)), 1<m,n<p.
k=2M — Mg+1
(3.4)
Note that Byy, is a positive semi-definite symmetric matrix with real-valued entries.
Hence (3.3) can be rewritten as

A({xik}i¥2M—Mo+l) = gé%ipn,l(BMUa’a)'
The solution to (3.3) is A({zs )Y n_ o 41) = Amin(Basy), where Xpin(Bar,) is
the minimal eigenvalue of the matrix Bps,. The corresponding eigenvector §y can
be used as the estimate of the orientation of I'g at £;. From (3.1) — (3.4) it follows
that if Apin(Bag,) is small, the points {z;, }72,,, . . lie close to some plane,
and, similarly, if Ain(Ba,) is large, the points {z;, }3¥,,, ;. ., are distributed
uniformly over Br(Z;). As a result we came to the following algorithm.

Step!'. Fix a point ;. Arrange the observed values from Bg(Z;) in ascending order
i, < ugy < -0 < Uy, with u;, := u(z;,) and calculate the minimal eigenvalue
Amin (B, ), where the matrix By, is given by (3.4).

Step 2. Select the threshold Ay > 0, as described in Step 0’ below. Compare
Amin(Bu,) with the threshold Ag. If Apin(Bag) > Ao, the hypothesis "Z; ¢
[y’ is accepted. If Ayin(Bum,) < Ao, the hypothesis ”Z; € T'y” is accepted and
the orientation of I'g inside Br(&;) is given by the eigenvector corresponding to
Amin(BMg)-

Similar to Section 2, the threshold Ag is determined from the relation:
P{Amzn(BMo) < A0|BR(CE]‘) NIy = @} =€

by the Monte Carlo method according to Step 0':

Step (/. Fix an arbitrary ball Br(Z;). Model a sufficiently large number of the
samples of u; with s; = 0 and an arbitrary fixed common PDF for n;. Using Step



6 A.I. KATSEVICH, A.G. RAMM

1" compute Apin(Ba,) for each sample. Select Ag so that Apin(Ba,) < Ag in
100e% cases.

It is easy to see that the above algorithm (Steps 0, 1', 2') is also applicable in
two other cases: a) the values of the signal between I'; and I's are smaller than the
values from the neighborhoods adjoint to I'y and T's. In this case one calculates
matrix By, using the first My points {z;, }22°, from the window (with smallest
values of the signal); b) the values of the signal between I'y and I's are smaller
than the values from one neighborhood (say, adjoint to I';) and larger than values
from another neighborhood (adjoint to I's). In this case one uses M, middle points

N+Mgy/2 .
{wik}k:+Nf]/\/[0/2+1 mn (34)

4. GENERALIZATION OF THE ALGORITHMS

The algorithms described in Sections 2 and 3 can be generalized in the follow-
ing way. Suppose one wants to recover a domain U which satisfies the following
properties:
1)in a neighborhood of U one has s(z1) > s(z2) if 1 € U, x5 ¢ U, i.e. the bound-
ary of U is the discontinuity surface (or a part of it);
2)there exists a set of points Iy C U such that for any &;,, #;, € 'y the sets
Br(Z;,)NU and Bgr(&;,) NU can be obtained from each other by translating and
rotating;
3)Br(Z;) \ U # 0 for any &, € Lg;
4)the set U can be uniquely determined from Ty.

Let us illustrate the geometrical meaning of assumptions 1) — 4) by examples. In
the case of edge detection let U be the domain such that the discontinuity surface
I is its boundary and let I'y = I'. Clearly properties 1 and 3 are satisfied. Property
2 also holds if T is locally flat. Furthermore the set U is uniquely determined by its
boundary T'(= Ty). In the case of thin line detection let U be the domain between
[y and Ty, and Ty be the "middle surface” (see Section 3). As above, property
1 holds. Property 3 also holds since d < R. Property 2 is satisfied because we
assumed that I'y and I's are locally flat. Property 4 is satisfied because d and T’y
determine I'y, ['s and, hence, U uniquely.

Thus for each #; one wishes to have a decision rule for choosing between the two
hypotheses: "%; € I'y” and "%; ¢ ['y”. The decision can be made using the following
argument. Fix an arbitrary ©; and arrange the observed values of the signal from
Br(Z;) in ascending order u;, < u;, < - - < ujy,,. If &; € g, then, by properties
1, 2 and 3, the set of points {z, }22/_ 7,11 (Mo is the number of the grid points
inside Br(Z;) NU) is likely to exhibit some nonuniformity. Namely, most of these
points belong to Br(Z;) N U, and only a small part of them lie outside Bgr(Z;) N
U. If Br(Z;) NU = 0, the points {zs 1325y, 41 are uniformly distributed
inside Bg(%;). Let N be the number of points from {z, };X,,,_ 5, 11 lying outside
Br(Z;)NU (or outside any fixed set obtained from Bg(Z;) NU by rotation around
ij). Suppose there exists a continuous functional A({z;, }32, ;s 41, %5) with the
properties

A({xik}ii/[QMfMngl:ij) ‘N:Nl > A({xik}ii/[QMfMOJrl:ij) ‘N:Ng if N < Na,
(4.1)

. . S ay e N
3]\}1_1’5100/\({,%% }%¥2M7M0+1?‘TJ') = A(7=$j) if ﬁo -7 0<y <1, (42)
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Ay, 35) > Mye, &5) if 0<y <72 < 1. (4.3)
Then, on the basis of (4.1), one constructs the following algorithm.

Step1". Fix a point ;. Arrange the observed values from Bpg(%;) in ascending
order u;, < -+ < w4, with u; = wu(z; ) and calculate the functional A; =

A({‘rlk }%ZIQM—M(H—D‘%J')'

Step 2. Select the threshold A > 0, as described in Step 0" below. Compare \;
with the threshold A. If A\; < A, the hypothesis 7Z; ¢ T'” is accepted. If \; > A,
the hypothesis ”#; € I'y” is accepted and, if necessary, the orientation of I'g at z;
is calculated according to the nature of the functional A({xs, Y350 pz 415 Z5)-

Similarly, the threshold A is determined from:
PO{zi i aps105) > A|BRr(Z) NTo =0} =

by the Monte Carlo method:

Step ('. Fix an arbitrary ball Br(Z;). Model a sufficiently large number of the
samples of u; with s; = 0 and an arbitrary fixed common PDF for n;. Us-
ing Step 1" compute A({z, }z2, 5, _ a7 415 %) for each sample. Select A so that

Mz Y0 arg415%5) > A in 100€% cases.

It is clear that the algorithms from Sections 2 and 3 fit well into the above
scheme. In this Section we present one more example which shows that this scheme
is sufficiently general and can be used for the solution of other pattern recognition
problems. Let us consider the spot detection problem. Suppose one is looking for a
”spot” which can be represented by a ball By(Z;,) with known radius d < R, such
that the values of the signal inside B4(&;,) are larger than in its neighborhood. Then
one sees that the properties 1 — 4 are satisfied. Here U = By(%;,), My is the number
of grid points inside By(Z;,) and Ty = #j,. The functional A({zs, }72 0/ pp 415 %5)
can be easily constructed:

A({wlk }i]g?M—Mo-ﬁ-l:jj) = —h Z @5, — i]’F' (4.4)

It is easy to see that the functional (4.4) satisfies (4.1) — (4.3). We put the minus
sign in front of the summation in (4.4) so that the value of the functional is the
largest when #; = Z;,. Hence, using Steps 0", 1", 2" with the functional defined
by (4.4), one finds the position of the spot Z;,.

Clearly, the algorithm given by Steps 0", 1”, 2" can be modified for the case
when in a neighborhood of U one has s(z1) < s(zq) if 1 € U, 22 ¢ U. The only
difference is in the Step 1", where one arranges points in the descending order.

5. JUSTIFICATION OF THE EDGE DETECTION ALGORITHM

In this Section we prove the asymptotic consistency of the edge detection algo-
rithm as max(hq,...,hy) = 0 (M — c0).
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Theorem 1. Fiz any€,6,D > 0 and consider ; € I'. Then:

a)the probability of the decision "%; ¢ T” goes to zero as M — oo;

b)the probability of an angular error larger than § in determining the orientation
of ' at the point &; (by the algorithm described in Steps 1 and 2) goes to zero as
M — 0.

For the proof of the theorem we need some auxiliary results which are formulated
in Lemmas 1 and 2 below. Then the proof of Theorem 1 is given.

Consider an arbitrary point #; € I'. In this case Br(&;) is split by T into two
equal parts B (#;) and B} (%;). At the same time, since the signal is corrupted by
noise, some of the points from Bp(Z;) will be erroneously classified as belonging
to the set {z;, }#M), ., and the equal number of points from B (&;) will be erro-
neously classified as belonging to the set {z;, } . Consequently, the orientation
of I' N Br(#;) will be determined with some error. The points which belong to
By (%;) (Bf;(%;)) and which are erroneously classified as being from {z;, }3,, .,
({zi, 1) will be called the misclassified points. To find the probability P(N, M)
of misclassifying N or more points, let us order the points from each of the halfballs
separately:

Viy Svigs"'SUiMa Vingg1 SviM+2§"'§’Ui2M:

Tiyy---3 Lipy € BE(CE]) Tingp1s o Tioyg € BE(CE]) (51)

Here we used the notation v;, for the data instead of u;, to stress the fact that the
ranking (5.1) is different from the ranking used in Step 1. Note that now we do
not have the inequality v;,, < v;,,,,. It is easy to see that there will be N or more
misclassified points in each halfball if and only if

Viprpn < Vipr_ngrs (52)

Let s~ ~ s(z), z € Br(%;), s* ~ s(z),z € BE(#;), D := st — s, that is D is
the magnitude of the jump of the signal at the point Z;. Let f(7) be the common
PDF of random errors n;. Then, as it follows from (2.1) and (5.1), v;,, 1 < k < M,
is the k-th order statistic of the random sample of the size M from a distribution
with the PDF f(r — s7). Similarly, v;,,,,., 1 <k < M, is the k-th order statistic
of the random sample of the size M from a distribution with the PDF f(r — s™).
Using the known formula for the distribution of order satistics [3], one obtains from
(5.2):

P(N, M) = Plogyy,y < Vi wsr} = / Fi(t — D)dFur_nss (2), (5.3)

where [ := fj;o and

t

)= [ A 00 = =g )

— 00

M—k

1-F(r)]" " f(),

ﬂﬂ=/f©% (5.4)
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In (5.3) we used the independence of the random variables v;,,, , and v;,, .. To
find the asymptotics of P(N, M) as M — oo, fix v, 0 <y < 1, and let N = yvM.
Using the known asymptotics of the order statistics [2], [3]:

Fy(t— D)= &(1) < ﬁ = o ()= O (m%) ,
‘FMN+1(t) —0y(t)| < Cpy B2(t): =@ <WM> ; (5.5)
(1 =)

where ®(z) = 1/v/27 ffoo exp(—t2/2)dt is the standard normal distribution, one
obtains from (5.3) and (5.5)

P(N,M) = /FN(t —D)dFy_nyi () < /(<I>1(t) + Cy)dFyv—nt1(t) =

/<I>1(t)dFM_N+1(t) +Cur = B (8)Frr—nyr ()2, — /FM_N+1(t)d<I>1(t)+

Cu<® (@) - /(cbg(t) —Cu)d® (1) +Cy < @ ( Ml_T”> —
/<I>2(t)d<1>1(t) +2C < /<I>1(t)d<1>2(t) +2C + oexp(—cM)), (5.6)
where ¢ = const > 0 (see (A.1)). It follows from (5.5) that Cjy — 0 as M — oo.

To find the asymptotics of the integral on the right-hand side of (5.6), introduce

the new variable y = VM (F(t) — (1 —v))/+/7(1 — 7). This yields

y w> - D} - 7}) exp(—y®/2)dy —

1 [ M ) 0, F(%) <~

where
& :=F'(1-~)-D. (5.8)

The rate of convergence in (5.7) is estimated in the Appendix. Substituting (5.8)
into (5.7), one gets after some calculations

P(YM,M) = 6{[F'(1—~)—F '(y)] - D} as M — o, (5.9)

0, t<0,
where 6(t) = L 10 Define o by

Yo 1= 0<1r$f<1 . (5.10)
F~'(1=4)=F~'(y)<D
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Since the function F~1(1 — ) — F~1(«) is strictly decreasing for 0 < v < 1 and
D > 0, one obtains from (5.9) and (5.10)

P(yM,M) = 0(v —v) as M — oo with 0<vy <1/2. (5.11)

Now take any point Z; such that Br(Z;) NI = 0 and divide Bg(Z;) by an
arbitrary hyperplane (passing through #;) into two equal parts By, (;) and B} (%;).
In this case the asymptotics of the probability of misclassifying vM points can be
obtained by putting D = 0 in (5.9):

P(yM,M) = (F~'(1—7) = F~'(y)) as M — co. (5.12)

From (5.10) it follows that in the case D = 0 one has 79 = 1/2 and (5.12) reduces
to
P(yM,M) = 6(1/2—v) as M — 0. (5.13)

Recall that N is the number of the misclassified points. It is not hard to see that
(5.11) and (5.13) imply

Lemma 1. Fiz an arbitrary 6 > 0. If £; € T, there exists vo, 0 < yo < 1/2, such
that

P{%—% >5}—)0 as max(hy,...,hy) = 0 (M — o0).

If Br(%;) N T = 0, divide Br(%;) arbitrarily into two parts By (i;) and B} (%;)
having equal number of points and let N be the number of points from the set
{2:, 13,11 lying in By (Z;). Then one has

N
P{|M—1/2 >5} =0 as max(hy,...,hy) =0 (M — c0).

Now let us consider the halfball B (Z;) and assume that 0 < 79 < 1/2. Fix an
arbitrary nonempty open set U C By (%;) and let My be the number of the grid
points in U. It is clear that each grid point can be either misclassified or correctly
classified, in other words, there can not be two misclassified points at any given grid
node, which is exactly the assumption of the Fermi-Dirac statistics [9, pp. 31-36].
Hence the probability of the event ”there are Ny misclassified points out of the
total number N inside the set U” is given by

M M—My

P(Ny,N; My, M) = % (5.14)
N

As a direct consequence of the Stirling formula n! ~ v/2mnne™", one has

1 1
cy, ~ 7 as n — oo, (5.15)
2mn(1 - s)s ((1—s)1*s%)

where s, 0 < s < 1, is an arbitrary fixed number. To find the asymptotics of the
probabilty (5.14) as M — oo, assume that

NU:aUN, MU:ﬂUM, N:’}/OM. (516)
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Substituting (5.16) into (5.14) and using (5.15), one obtains

c
P(aU’VoM,’yoM;ﬂUM,M)—)\/MrM as M — oo, (5.17)

where
. (1= p)i—042° o= W (1-ay)yo
[(1_81)1_318?][%[(1_82)1_32832]1—6[1’ By 1- 0y
(5.18)

Here ¢ > 0 is some constant which does not depend on M. From (5.18) one has
Inr=0yH(s1)+ (1 —Bv)H(s2) — H(Bus1 + (1 — Bu)sa), (5.19)

where H(s) = —slns — (1 — s)In(1 — s) is the entropy [9, pp. 49-53]. In (5.19) we
used the identity vo = Bus1 + (1 — By)s2. Since —H(s) is a strictly convex function,
one has r = 1 if and only if s1 = s2 (B # 0, By # 1, because U was chosen to be a
proper nonempty subset of By (&;)). In all other cases r < 1. From (5.18) one sees
that the condition s; = s is equivalent to the condition oy = By. This, together
with (5.17), almost immediately yields

Lemma 2. Fiz an arbitrary § > 0 and consider an arbitrary nonempty open set
U C By(&;). Then one has

NU VOl(U)
P{W_m>5}_)0 as M — oo, (5.20)

where Vol(A) is the volume of A.

Note that Lemma 2 guarantees the asymptotically uniform distribution of the
misclassified points over the corresponding halfball By, (i;) or B}, (i;). Hence the
distribution of correctly classified points is also asymptotically uniform.

Proof of Theorem 1. Let M be sufficiently large and consider the misclassified
points from the set {z;, }7¥,,.,, i.e. the points which lie in B (#;). Let N be
the number of such points and K = {ki,...,kn} be the set of the subindices
corresponding to them. By Lemma 1, N/M — vy < 1/2, and, by Lemma 2, these
points are uniformly distributed over B (£;). Similarly, the number of correctly
classified points M — N satisfies (M —N)/M — 1—~y > 1/2, and they are uniformly
distributed over B}, (#;), therefore the vector #; — 27 must have only one nonzero

J
component, which is perpendicular to I" at Z;. Hence the distance between Z; and
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the centroid :c;L (with M — o0) can be calculated as follows

M
1 (1 1 ~(1
kEK k=1
M
Yo Z (mgk) - jgl)) (1 - 70) Z (wlk) - 5351)) ]\/}Ilﬁ/lN
kEK k=1
kgK 5
hM
w o [ (@O —#)dE + (1) (™ — 3V)di
*€BR(Z;) t€BR(Z;)
x(l)gigl] ﬁ(l)zigl)
Vol(Br(%;)) N

'ygf tw,_1 (R — £2)" = dt + (1 — 7o) fo tw,_1(R? — 2) "= dt

fOpr V(R? —12) 5 dt

tH(1— 1) dt 2
(1- fo e R = (1-20) - R>0
fo (1) dt (p+1)B(", 3) (5.21)
since 79 < 1/2, where h = hy - ... hy, di := dz'V)...dz?), B(a,b) is the beta-

function and w, ; = 7®~Y/2/T((p + 1)/2) is the volume of the unit ball in RP~*.
The third line in (5.21) follows from the second one by observing that the elementary
volume per point in By (#;) is hM/N, while in B} (%) it is hM/(M — N). In
(5.21) we assumed that the axis z(!) is perpendicular to I'. At the same time, since
Yo — 1/2 for arbitrary &, such that Bgr(Z;) N T = @, one has |z} — | — 0
as M — oo. Thus Ag (the treshold value determined in Step 0) goes to zero as
M — oo. This and (5.21) yield the first assertion of Theorem 1.

The second assertion of Theorem 1 follows immediately from Lemma 2 and
(5.21), because if the distributions of the misclassified and correctly classified points
are uniform, the line through #; and the centroid :c;" is perpendicular to T.

6. JUSTIFICATION OF THE ALGORITHM FOR THIN LINE DETECTION

Let us call the points from {z;, }7%, 10 1 ({24, }2M MO) which belong to

Br(%;)\U (Br(%;)NU), &; € I ”the misclassified points”. Here U is the domain
between I'y and I';. Denote Vi := Vol(Bgr(Z;) NU), Vo := Vol(Bgr(Z;) \U) =
Vol(Br(%;)) — Vi, no := Vo /Vol(Bgr(%;)) and let N be the number of the misclas-
sified points. Let us assume for simplicity that for each pair of neighboring points
(z1,22), w1 € T1, 22 € Ty, one has D(xz;) = D(x3), where D(x;) is the jump
magnitude at the point z;. Two points x1 € 'y, xo € ['5 are called neighboring if
o —x1 L Ty, xo —x1 L T's. Following the argument used in the proof of Lemma
1, one can prove
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Lemma 3. Fiz an arbitrary 6 > 0. If ; € [g, there exists vo, 0 < o < no, such
that

P{%—%b&}—m as  max(hy,...,hy) = 0 (M — ). (6.1)

If Br(2;) N U = 0, divide Br(Z;) arbitrarily into two parts U' and Br(Z;) \ U’
having My and 2M — My grid points correspondingly (Vol(U') = Vi). Let N be the
number of points from {x;, }iM, 0y 4y ing in Br(Z;) \ U'. Then one has

P{|%—n0>6}—>0 as max(hy,..., hy) = 0 (M — o). (6.2)

Recall that € is the probability of ”false alarm”, which is used in Step 0'.

Theorem 2. Fix any pair of neighboring points (x1,x2), x1 € Ty, 29 € Ty, 6,6 > 0
and consider &; = (x1,22) NTy. Then, for any D(x1) = D(x2) = D > 0, one has:
a)the probability of the decision "Z; ¢ T'o” goes to zero as M — oo;

b)the probability of an angular error larger than § in determining the orientation
of T'o at the point Z; (by the algorithm described in Steps 1' and 2') goes to zero as
M — oo.

Proof. In what follows we assume that M is sufficiently large and max(hq,...,
hp) < R. Without loss of generality one can make the following assumptions:
Ty ={z:2) = —d}, Ty = {z: (V) = 4d}, &; = 0. Hence Ty = {z : (1) = 0}.
Let § = (™), ...,0®) and recall that di = dz(V) ...dz®). Using Lemmas 2 and 3
and replacing the sum in (3.3) by the integral, one obtains

2M

heo Y (w56 =

k=2M—Mo+1

(1—’)/0) / <$—jj,0>2d£%+’}/0% / <$—£fj,9>2d:ﬁ:
2

Br(Z;)NU Br(#;)\U
p 2 Vi p 2
_ () g(4) o L (1) g(4) A
(1 =) / <Zw ¢ )dw+70v2 / <Zx 6 )da:—
lz|<r =1 wf<p =
oM |<d leM)|>d
z 2 N 2 V 2
S (69) {(1—%)) (20)2di + 7o 22 / (29) dj}:
= jz|<R le[<R
laM|<d le™M|>d
p v ,
2(0(’)) {(1 — 7 _'YOV1) / (:E(Z)) dm} +’)/07 / <£E,0>2d:%
=t lz|<R Q\m\SR (6.3)
2V |<d

where we have used several times that the integrals of the terms proportional to
@z § £ j, vanish because of the symmetry. Clearly, the second integral in
(6.3) does not depend on . Since |§] = 1 and v < 1o = Vo/(Vi + V2) (as it is
stated in Lemma 3), it can be easily seen that the right-hand side of (6.3) attains
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minimum when 6 = 6y := (1,0,...,0), that is, when 6, L T'y. This proves the
second assertion of Theorem 2. Furthermore, one sees that to prove the first as-
sertion of this theorem it is sufficient to show that A({zi, }32 5 _rs1)]

A ({muc }%ZIQM—MOH) |7:n0 ;e

Y="70

_ )2 g 4+ ~o VL )25 « N 1)2 4
) .
(1 —70) / (zM)7dz + o / (2 dz < / (2 dz
Vs Vi+V, (6 4)
lz|[<R l2|<R l2|<R :

|z |<d le™M|>d
Denoting
U, = / (2V)2ds, Us = / (2)dz, (6.5)

lz|<R lz|<R
leM|<d laM|>d

one gets that (6.4) is equivalent to

U, Us Uy +Us
1-— — — < .
(1 =) % +% v AT

Rewrite the last inequality as

U, Vi — U Vs
V(1 — A Z —_— > 0.
(2(1 = 70) = Vi) ViVa(Vi + V3)

Since y9 < Va/(Vi+Va), it is sufficient to prove that Us Vi —U; Vo > 0for 0 < d < R.
Similar to (5.21), one has

d R
Vi = 2/%,1(1%2 —) 5 dt, Vy = z/wp,l(R2 —)"dt. (6.6
0 d

Using (6.5) and (6.6), introduce the function
R d
o(d) == UsVi — Uy Vy = 2/t2wp_1(R2 — ) dt - 2/wp_1(1%2 — ) dt—
d 0

d
2/t2wp_1(R2 — ) dt -2 [ wy_i (B2 —2)"7 dt, (6.7)
0

R.\:U

where we simplified (6.5) by taking the integral over the variables z(®), ..., z(®).
One has

R R
¢'(d) = 4w, (R* — d2)p51{/t2(R2 — )T dt — d? /(R2 - t2)p§1dt}. (6.8)
0 0

From (6.8) it follows that there exists d*, 0 < d* < R, such that
O'(d)>0for0<d<d*, ¢'(d)<0ford <d<R.

This, together with ¢(0) = ¢(R) = 0, shows that ¢(d) > 0 for 0 < d < R. Theorem
2 is proved.
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7. JUSTIFICATION OF THE GENERAL SCHEME

The general scheme described in Section 4 can be justified using the arguments
similar to that of Sections 5 and 6. Let us suppose that for each &; € T’y the
function s(z) is approximately constant inside Br(Z;) N U and Br(Z;) \ U:

sixs(z), x € BR(&;)NU and s, ~s(z), € Br(#;)\U

with D :=s; — s, being the jump magnitude in the neighborhood of ;.

Theorem 3. Fiz any € > 0 and consider &; € Tg. If properties 1 — 3 and (4.1) -
(4.3) are satisfied, the probability of the decision &; ¢ Ty goes to zero as M — oo
for any D > 0.

Proof. Let us note that Lemma 3 holds for arbitrary shape of the set U, provided
that properties 1 — 3 from Section 4 are satisfied. Consider the case Bg(z;)NU = §.
Using (4.2) and (6.2), one gets

P{MN{zi 0ty 41:85) — M0, )| > 6} =0 as M — o0 (7.1)

for any fixed § > 0. According to the choice of the threshold A (see Step 0"), one
obtains from (7.1)

P{|A—X(no, ;)] > 6} -0 as M — oc. (7.2)
Now consider the case #; € T'g. Using (4.2) and (6.1), one obtains
P{MN{zi 20ty 410 85) — M0, 85)| >0} =0 as M — . (7.3)

Since 79 < 79, one proves Theorem 3 using (4.3), (7.2), (7.3) and the triangle
inequality.

8. NUMERICAL EXPERIMENTS

Figure 1a represents a synthetic image of square and circle edges with the jump
magnitude D = 1.5 specified at a square 101 x 101 grid with the step size hg along
each direction. The image is corrupted by noise with the uniform distribution on the
interval [—v/3/2,v/3/2] (thus the variance is 0> = 0.25). The radius of the window
has been chosen R = 3.5hg, the probability of false alarm has been € = 0.002.
Figure 1b represents the image of detected edges of Fig. 1a.

To test the algorithm on a natural image we used the black and white photo
of a woman’s head, which has been scanned with the grey level range 0 — 255
(a value of 0 means black, a value of 255 means white). Figure 2a shows the
248 x 230 image corrupted by discrete noise which takes values 0, £1,...,+10 with
equal probability. The image of detected edges of Fig. 2a is presented in Figure
2b. White pixels correspond to "no edge” area, grey pixels correspond to places
where the edges have been detected. The intensity of grey level at each point is
proportional to the estimated jump value at this point. The radius of the window
has been also R = 3.5hq, the probability of false alarm has been e = 0.001.

Figure 3a represents a synthetic image of thin line edges with the jump magnitude
D = 1.5 specified at a square 101 x 101 grid. The line edges are two node thick.
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F1GURE 1A. A 101 x 101 synthetic image of square and circle step edges
corrupted by noise.

The image is corrupted by the noise with the same parameters as in the first model.
The parameters R, € also are the same as in the first model. Figure 3b represents
the image of detected edges of Fig. 3a.

Note that to supress spurious edge elements in the above examples we used the
following general approach [11]: if a detected edge element does not have a single
edge element in its neighborhood, it is likely to be a false one. In our case this
means that if the decision ”#; € I” (or "&; € I'y”) has been made, but there are
no other edge points in the ball Br(Z;), we assume that #; ¢ I' (Z; ¢ I'o).

In conclusion let us discuss the recommendations for the choice of R in numerical
experiments. From the theory developed in Sections 5-7 it follows that R should
not be to small, so that there would be enough grid points for the asymptotic
statistical properties (Lemmas 1-3, Theorems 1-3) to be satisfied with sufficient
accuracy. Thus, one can write R > R,,;», where the particular value R,,;, depends
on the allowable level of deviation from the limiting values of the statistics. The
behavior of those statistics for small R (and, hence, for small M) is difficult to
study theoretically and such study requires extensive numerical experiments. The
limitation on R from above R < Ry, comes from the following assumptions:
1)the signal does not change much within balls with radius R not intersecting T,
more precisely: maxpg, z,) s(z) — ming,z,) s(z) € 0, Br(#;) NT = 0, where o is
the standard deviation of noise, and 2)the discontinuity surface I' can be accurately
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F1GURE 1B. Detected step edges of Fig. la.

approximated by a tangent plane within the balls Br(Z;), &; € I'. Thus, the upper
bound R,,,, depends on the particular problem under consideration and should be
specified by the researcher.

APPENDIX

Let us denote \/M~y/(1—7) :=ty, VM1 —7)/7:=qu, /M/(v(1—7)) :=
7rp - Then, using the inequalities 0 < ®(¢) < 1 and

/eXp(—CUQ)dCU < /exp(—aaz)daz =a""exp(—a®), a>0, (A.1)
one gets
i - . : 2 B
(T FIF (L= +ymy) = D] =7 ¢ ) exp(=y*/2)dy| < = exp(=0),
tm

—qm

‘ / <I><TM{F[F‘1(1 —v+ym) - D] - 7}) exp(—y2/2)dy| < 2 (=Tt

oo (
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FIGURE 2A. A natural 248 x 230 image corrupted by noise.

Furthermore, using (A.1) again, one obtains with 0 < ¢ < min(¢ar, gar):

7 <1><TM{F[F1(1 — v +yry;') = D] _7}> exp(—12/2)dy =

—am

2

/t<1> (TM{F[Fl (1-~+yry')—D] - 7}) exp(—y*/2)dy + Ot~ exp(—%A).)g.)

On the interval (—t,t) one has, with 1 — v < & < 1 -7+ yT;,II, & < & <
o +y7y /f(&1) and & = F~'(1 —v) - D,

¢<TM{F[F1(1 oy tymt) - D] - 7}> - @(rM{F{fo ¥ erl/f@l)] - 7})
= 8 (r{Fl60) -+ i @) 60 ) (4.4

Thus, with b := F(&) —v and 0y := (yrn}l/f(fl))f(.fg), —t <y <t (A1) implies

‘@(TM{b-i-(sM})—@(b)‘ < 271\_,11 exp(—73;/2). (A.5)
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F1GURE 2B. Detected step edges of Fig. 2a.
Estimate (A.5) holds if ¢+ = ¢(M), where t(M)7,; — 0 as M — oo, since in this
case & +y1y /(&) = & and 1 —y 4+ y713, — 1 —~. Thus
t(M)
— o FF11—+T_1—D—})e —y?/2)dy =
\/ﬁ/ <M{[ (1—y+ymy) — D] —v¢ | exp(—y*/2)dy

—t(M)
t(M)

L {9<F<fo> L) 4 0(mf exp(—2/2) } exp(—y?/2)dy =
—t(Mm)

O(F (&) — ) + O{1a/ exp(—73,/2) } + O{exp(—t>(M)/2) /t(M)}. (A.6)
Select arbitrarily @, 0 < a < 1/2, and let t(M) = M“. Then

O{13/ exp(—73;/2)} + O{exp(—t*(M)/2)/t(M)} = O{ M~ * exp(—M>*/2)}.

Also (A.7)
—t(M) ity
< / + / ><I><TM{F[F1(1 —'y+y7-]\*41) - D] - 7}) exp(—y?/2)dy <
—am (M)

max(tar,qnm)

2 [ esp(-y?/2dy = Ofexp(~(M)/2)/t(00)} =
(M)
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FIGURE 3A. A 101 x 101 synthetic image of two node thick square and
circle line edges corrupted by noise.

= O{M™“exp(—M>*/2)}.
(A.8)

Since a, 0 < a < 1/2, was arbitrary, one obtains from (A.6) — (A.8)

‘t/M ® <TM{F[F1 (1 -7+ ym_/fl) - D] - ’7}) exp(—y?/2)dy — 0(F (&) — ,y)

=o{M “exp(—M?**/2)} forany a, 0<a<1/2.
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F1GURE 3B. Detected thin line edges of Fig. 3a.
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