
MULTIDIMENSIONAL ALGORITHMFOR FINDING DISCONTINUITIES OFSIGNALS FROM NOISY DISCRETE DATAA. I. Katsevich, A. G. RammAbstract. Algorithms are given for �nding discontinuity surfaces of a signal speci-�ed with random errors at a regular grid in Rp; p � 1. For each position of a slidingwindow one arranges points from it in ascending order of the measured values ofthe signal and divides them into two groups. One group contains points with largervalues than the other. The division is made according to the nature of the partic-ular pattern recognition problem. In the case of edge detection these groups haveequal number of points. In the case of thin line detection one of the groups have anumber of points proportional to the width of a line one is looking for. Then onecalculates a functional which measures spatial separation of the above two groups. Ifthe spatial separation is larger than the threshold, a discontinuity is deemed present.The threshold value is computed so that the probability of false alarm equals givenparameter �. The above approach is generalized to yield a computational schemeapplicable for other pattern recognition problems. The consistency of the algorithmsis proved. The results of testing of the algorithms are presented.1. IntroductionIn this paper1 we propose new algorithms for �nding discontinuities of a signals(x) speci�ed with random errors at a regular grid in Rp ; p � 1. The followingassumptions are used: 1)one is given the radius R with the property js(x)�s(x0)j �1 for any x; jx � x0j � R, such that the line segment [x; x0] does not intersect adiscontinuity surface � of the signal s(x); 2)the errors are independent, identicallydistributed random variables with common (unknown) distribution function F (x)satisfying the condition: 9F�1(
) for any 
; 0 < 
 < 1; 3)the desired probability� of the "false alarm" is given. Two variants of the general problem of �ndingdiscontinuities of a signal from its noisy measurements are considered.Variant I. Suppose additionaly that the discontinuity surface � can be accuratelyapproximated by a plane in the neigborhood jx�x0j � R of any point x0 2 �. Thealgorithm operates as follows. In a scanning fashion one moves the center of theball with radius R (a sliding window) over the grid and for each position of the ballthe decision is made: whether ~xj 2 � or ~xj =2 �, where ~xj is the current center ofthe ball. To choose between the two hypotheses one arranges the observed valuesfrom the window in ascending order of magnitude and computes centroid x+j of the1991 Mathematics Subject Classi�cation. Primary 62G05.Key words and phrases. Finding discontinuities, edge detection, thin line detection, noisy data.The authors thank ONR for support. AGR thanks NSF for support.1This paper was published in Mathl. Comput. Modelling Vol. 18, pp. 89{107, 1993Typeset by AMS-TEX1



2 A.I. KATSEVICH, A.G. RAMMsecond half of the points, i.e. using the half which contains the points with largervalues of the signal. Then the distance j~xj � x+j j is compared with the thresholdA0. If j~xj � x+j j � A0, one decides that ~xj =2 �. If j~xj � x+j j > A0, one decidesthat ~xj 2 �. The grounds for such a decision rule are quite clear. If ~xj =2 �, thepoints with small and large values of the signal are almost uniformly mixed insidethe ball, hence the centroid x+j is close to the center ~xj . If ~xj 2 �, the points withsmaller values of the signal (on one side of �) and the points with larger values ofthe signal (on the other side of �) are spatially separated (although the noise canblur this separation to a certain extent). Hence the distance j~xj �x+j j is large. Thethreshold value A0 is computed so that the probability of the "false alarm" (onedecides that ~xj 2 � when ~xj =2 �) equals �. If the decision "~xj 2 �" has been made,then the orientation of � at the point xj is determined by the normal vector to �,namely the vector joining the points ~xj and x+j .Variant II. In this case the assumption is that the discontinuity surface � is theunion of two smooth surfaces �1 and �2 situated close to each other at a constantdistance 2d < 2R. Suppose for example that the values of the signal between �1and �2 are larger than in the neighborhoods adjoint to �1 and �2. Let U be thedomain between �1 and �2, �0 be the surface situated at the middle between �1and �2, and M0 be the number of grid points inside the set BR(~xj) \ U; ~xj 2 �0.The algorithm operates as follows. One slides a ball BR(~xj) over the grid and foreach ~xj decides between the two hypotheses "~xj 2 �0" and "~xj =2 �0". To this endone arranges the observed values from the window in ascending order. If ~xj 2 �0,it is likely that the majority of the last M0 points fxikg2Mk=2M�M0+1 (i.e. the pointswith the largest values of the signal) belong to BR(~xj)\U , hence they are close tothe diameter plane BR(~xj) \ �0 and the minimal eigenvalue �min of the matrixBM0 := (bmn); bmn = h 2MXk=2M�M0+1�x(m)ik � ~x(m)j � � �x(n)ik � ~x(n)j �; 1 � m;n � p:is small. Here x(m)ik is the m-th coordinate of the point xik ; m = 1; : : : ; p; h :=h1 � : : : � hp, where hi is the grid step size along the i-th direction, i = 1; : : : ; p.If BR(~xj) \ U = ;, the points fxikg2Mk=2M�M0+1 are likely to be almost uniformlydistributed over BR(~xj) and �min is large. Thus to make a decision, one compares�min with the threshold �0. If �min < �0, the hypothesis "~xj 2 �0" is accepted.If �min > �0, the hypothesis "~xj =2 �0" is accepted. The threshold value �0 iscomputed so that the probability of "false alarm" equals �. If the decision "~xj 2�0" has been made, the orientation of �0 at the point ~xj is determined by thenormal vector to �0, namely the eigenvector corresponding to �min. This algorithmcan be easily modi�ed for the case when the values of the signal inside U aresmaller than in its neighborhood or for the case when they are larger than valuesfrom one neighborhood (say, adjoint to �1) and smaller than values from the otherneighborhood (adjoint to �2).The problem of �nding discontinuities of a function is very important in manyapplications. In image analysis Variant I is known as edge detection, Variant II isknown as thin line detection [10, pp. 491{496], [12, pp. 84{85]. A large numberof edge and thin line detectors have been proposed (see [1], [10, pp. 497{556],[12, pp. 85{129] and references cited therein), but the majority of them ignore



ALGORITHM FOR FINDING DISCONTINUITIES 3the possible distortion of images by random errors. At the same time smoothingfor noise suppression can blur weak edges and thin lines [4]. In [6]{[8] the ideaof dividing the pixels in the window into two groups according to their intensitylevels was used. The new points in our paper are 1)justi�cation of the proposedalgorithms, and 2)a general approach we suggest. It allows us to develop verysimple and numerically stable algorithms. Since the terminology of image analysisis very convenient, in what follows Variant I will be called "edge detection", VariantII will be called "thin line detection".The paper is organized as follows. In Section 2 the edge detector is described. InSection 3 the thin line detector is described. In Section 4 the above two algorithmsare generalized, so that the resulting scheme can be applied for the solution ofother pattern recognition problems. The spot detection problem is considered asan example. In Section 5 we prove the consistency of the proposed edge detector:the probability of missing the points from the discontinuity hypersurface � andthe error of the recovery of its orientation go to zero as the grid step size goes tozero. In Section 6 similar results are proved for the proposed thin line detector. InSection 7 we prove the consistency of the general scheme. In Section 8 the resultsof testing of the proposed algorithms are presented.2. Edge detection algorithmLet us consider the following model. Let the signal s(x); x 2 Rp ; p � 1 have adiscontinuity hypersurface � (which might consist of several disjoint components)and be a smooth function at other points (x =2 �). The known data are the valuesui = si + ni; si := s(xi); (2.1)where xi := (x(1)i ; : : : ; x(p)i ). The observation grid is supposed to be rectangularwith the step size hk along the k-th direction, k = 1; : : : ; p. The random errors niare assumed to be independent, identically distributed. Let us assume that we aregiven the radius R such that the signal s(x) is approximately constant inside anyball BR(x0) := fx : jx � x0j � Rg not intersecting �, that is jrs(x)jR � 1. Letus also assume that the discontinuity surface � is su�ciently smooth so that insideany ball BR(x0); x0 2 �, it can be approximated by a hyperplane. In this case wesay that � is locally 
at.Consider the point ~xj := xj + (h1=2; : : : ; hp=2) 2 �. Let xik ; k = 1; : : : ; 2M , bethe set of grid points which are situated inside BR(~xj) and sik ; k = 1; : : : ; 2M , bethe corresponding values of the signal. Assume that these values have been arrangedin ascending order si1 � si2 � � � � � si2M . Since � is locally 
at in the neighborhoodof ~xj 2 �, one sees that � divides BR(~xj) into two equal halfballs B�R (~xj) andB+R(~xj). Furthermore, one has xi1 ; : : : ; xiM 2 B�R (~xj); xiM+1 ; : : : ; xi2M 2 B+R (~xj).Thus, if one calculates the centroid of the points xiM+1 ; : : : ; xi2M , namely x+j =(xiM+1 + � � �+ xi2M )=M , then the straight line joining ~xj and x+j is perpendicularto � at the point ~xj (this line contains also the centroid of the points xi1 ; : : : ; xiM ).Since the two sets fxikgMk=1 and fxikg2Mk=M+1 are not spatially mixed (fxikgMk=1 2B�R (~xj); fxikg2Mk=M+1 2 B+R (~xj); B�R (~xj)\B+R (~xj) = ;), the distance j~xj�x+j j is thelargest possible (compared with the case when the sets fxikgMk=1 and fxikg2Mk=M+1are mixed). Hence the following algorithm is natural:



4 A.I. KATSEVICH, A.G. RAMMStep1. Fix a point ~xj . Arrange the observed values from BR(~xj) in ascending orderui1 � ui2 � � � � � ui2M with uik := u(xik ) and calculate the centroid x+j of the setfxikg2Mk=M+1.Now, consider any point ~xj such that BR(~xj) \ � = ; and apply Step 1 to thisBR(~xj). Since the noise and signal are independent and the signal is approximatelyconstant inside BR(~xj), one sees that the sets fxikgMk=1 and fxikg2Mk=M+1 are almostuniformly mixed and the distance j~xj � x+j j is close to zero. Therefore one canformulate the following decision rule:Step 2. Select the threshold A0 > 0, as described in Step 0 below. Comparethe distance j~xj � x+j j with the threshold A0. If j~xj � x+j j � A0, the hypothesis"~xj =2 �" is accepted. If j~xj � x+j j > A0, the hypothesis "~xj 2 �" is accepted andthe orientation of � inside BR(~xj) is determined by the vector ~xj � x+j .The threshold A0 is determined from:Pfj~xj � x+j j > A0��BR(~xj) \ � = ;g = �; (2.2)where PfU ��V g is the conditional probability of U , given V , �; 0 < � < 1, is an apriori �xed number. A convenient way to compute A0 from (2.2) is by using theMonte Carlo method [5, pp. 35{37] as described in Step 0:Step 0. Fix an arbitrary ball BR(~xj). Model a su�ciently large number of the sam-ples of ui with si � 0 and an arbitrary �xed common probability density function(PDF) for ni. Using Step 1, compute the distance j~xj �x+j j for each sample. SelectA0 so that j~xj � x+j j > A0 in 100�% cases.3. Thin line detection algorithmIn this Section we consider the particular case when the discontinuity surface �is the union of two surfaces �1 and �2 situated close to each other at a constant dis-tance dist(x1;�2) = dist(x2;�1) = 2d < 2R for any xi 2 �i; i = 1; 2. Assume thatd is known. The distance here is de�ned in the usual way dist(x;�) := infy2� jx�yj.We also assume that the surfaces �i; i = 1; 2, are su�ciently smooth so that theycan be accurately approximated by a plane inside any ball BR(x0); x0 2 �i. As-sume also that the values of the signal at the points between �1 and �2 are greaterthan in the neighborhoods adjoint to �1 and �2. The problem is to �nd �1 and �2.Let �0 be the surface situated at the middle between �1 and �2, that is themidpoint of every interval [x1; x2]; x1 2 �1; x2 2 �2, perpendicular to �1 and �2belongs to �0. Since the distance between �1 and �2 is known, it is su�cient to �ndthe surface �0. To solve this problem, consider an arbitrary ball BR(~xj); ~xj 2 �0.Let M0 be the number of points from BR(~xj) situated between �1 and �2. Clearly,M0 is the same for any ball BR(~xj); ~xj 2 �0. Thus if one arranges the observedvalues of the signal from BR(~xj) in ascending order ui1 � ui2 � � � � � ui2M ,it is likely that the last M0 points fxikg2Mk=2M�M0+1 lie near the diameter planeS(0)j = BR(~xj) \ �0. This means that the quantity��fxikg2Mk=2M�M0+1; S(0)j � := h 2MXk=2M�M0+1 dist2(xik ; S(0)j ); h := h1 �: : :�hp (3.1)



ALGORITHM FOR FINDING DISCONTINUITIES 5is small compared to the case when the points fxikg2Mk=2M�M0+1 are uniformlydistributed over BR(~xj). Since the actual orientation of S(0)j is not known, thenatural measure of the closeness of the points fxikg2Mk=2M�M0+1 to a plane is givenby ��fxikg2Mk=2M�M0+1� := minS;~xj2S��fxikg2Mk=2M�M0+1; S�: (3.2)The minimum on the right-hand side of (3.2) is computed over all planes containingthe point ~xj . Let � be a unit vector perpendicular to a plane S. Then one obtainsfrom (3.1) and (3.2)��fxikg2Mk=2M�M0+1� := min�2Sp�1 h 2MXk=2M�M0+1hxik � ~xj ; �i2; (3.3)where Sp�1 is the unit sphere in Rp , hx; yi =Ppi=1 xiyi is the scalar product in Rp .De�ne the p� p matrix BM0 byBM0 := (bmn); bmn = h 2MXk=2M�M0+1�x(m)ik � ~x(m)j � � �x(n)ik � ~x(n)j �; 1 � m;n � p:(3.4)Note that BM0 is a positive semi-de�nite symmetric matrix with real-valued entries.Hence (3.3) can be rewritten as��fxikg2Mk=2M�M0+1� = min�2Sp�1(BM0�; �):The solution to (3.3) is ��fxikg2Mk=2M�M0+1� = �min(BM0), where �min(BM0 ) isthe minimal eigenvalue of the matrix BM0 . The corresponding eigenvector �0 canbe used as the estimate of the orientation of �0 at ~xj . From (3.1) { (3.4) it followsthat if �min(BM0) is small, the points fxikg2Mk=2M�M0+1 lie close to some plane,and, similarly, if �min(BM0) is large, the points fxikg2Mk=2M�M0+1 are distributeduniformly over BR(~xj). As a result we came to the following algorithm.Step10. Fix a point ~xj . Arrange the observed values from BR(~xj) in ascending orderui1 � ui2 � � � � � ui2M with uik := u(xik ) and calculate the minimal eigenvalue�min(BM0), where the matrix BM0 is given by (3.4).Step 20. Select the threshold �0 > 0, as described in Step 00 below. Compare�min(BM0) with the threshold �0. If �min(BM0) � �0, the hypothesis "~xj =2�0" is accepted. If �min(BM0) < �0, the hypothesis "~xj 2 �0" is accepted andthe orientation of �0 inside BR(~xj) is given by the eigenvector corresponding to�min(BM0).Similar to Section 2, the threshold �0 is determined from the relation:Pf�min(BM0) < �0��BR(~xj) \ �0 = ;g = �by the Monte Carlo method according to Step 00:Step 00. Fix an arbitrary ball BR(~xj). Model a su�ciently large number of thesamples of ui with si � 0 and an arbitrary �xed common PDF for ni. Using Step



6 A.I. KATSEVICH, A.G. RAMM10 compute �min(BM0) for each sample. Select �0 so that �min(BM0) < �0 in100�% cases.It is easy to see that the above algorithm (Steps 00, 10, 20) is also applicable intwo other cases: a) the values of the signal between �1 and �2 are smaller than thevalues from the neighborhoods adjoint to �1 and �2. In this case one calculatesmatrix BM0 using the �rst M0 points fxikgM0k=1 from the window (with smallestvalues of the signal); b) the values of the signal between �1 and �2 are smallerthan the values from one neighborhood (say, adjoint to �1) and larger than valuesfrom another neighborhood (adjoint to �2). In this case one uses M0 middle pointsfxikgN+M0=2k=N�M0=2+1 in (3.4).4. Generalization of the algorithmsThe algorithms described in Sections 2 and 3 can be generalized in the follow-ing way. Suppose one wants to recover a domain U which satis�es the followingproperties:1)in a neighborhood of U one has s(x1) > s(x2) if x1 2 U; x2 =2 U , i.e. the bound-ary of U is the discontinuity surface (or a part of it);2)there exists a set of points �0 � U such that for any ~xj1 ; ~xj2 2 �0 the setsBR(~xj1 ) \ U and BR(~xj2 ) \ U can be obtained from each other by translating androtating;3)BR(~xj) n U 6= ; for any ~xj 2 �0;4)the set U can be uniquely determined from �0.Let us illustrate the geometrical meaning of assumptions 1) { 4) by examples. Inthe case of edge detection let U be the domain such that the discontinuity surface� is its boundary and let �0 = �. Clearly properties 1 and 3 are satis�ed. Property2 also holds if � is locally 
at. Furthermore the set U is uniquely determined by itsboundary �(= �0). In the case of thin line detection let U be the domain between�1 and �2, and �0 be the "middle surface" (see Section 3). As above, property1 holds. Property 3 also holds since d < R. Property 2 is satis�ed because weassumed that �1 and �2 are locally 
at. Property 4 is satis�ed because d and �0determine �1, �2 and, hence, U uniquely.Thus for each ~xj one wishes to have a decision rule for choosing between the twohypotheses: "~xj 2 �0" and "~xj =2 �0". The decision can be made using the followingargument. Fix an arbitrary ~xj and arrange the observed values of the signal fromBR(~xj) in ascending order ui1 � ui2 � � � � � ui2M . If ~xj 2 �0, then, by properties1, 2 and 3, the set of points fxikg2Mk=2M�M0+1 (M0 is the number of the grid pointsinside BR(~xj) \ U) is likely to exhibit some nonuniformity. Namely, most of thesepoints belong to BR(~xj) \ U , and only a small part of them lie outside BR(~xj) \U . If BR(~xj) \ U = ;, the points fxikg2Mk=2M�M0+1 are uniformly distributedinside BR(~xj). Let N be the number of points from fxikg2Mk=2M�M0+1 lying outsideBR(~xj)\U (or outside any �xed set obtained from BR(~xj)\U by rotation around~xj). Suppose there exists a continuous functional ��fxikg2Mk=2M�M0+1; ~xj� with theproperties��fxikg2Mk=2M�M0+1; ~xj���N=N1 > ��fxikg2Mk=2M�M0+1; ~xj���N=N2 if N1 < N2;(4.1)9 limM!1 ��fxikg2Mk=2M�M0+1; ~xj� := �̂(
; ~xj) if NM0 ! 
; 0 � 
 � 1; (4.2)



ALGORITHM FOR FINDING DISCONTINUITIES 7�̂(
1; ~xj) > �̂(
2; ~xj) if 0 � 
1 < 
2 � 1: (4.3)Then, on the basis of (4.1), one constructs the following algorithm.Step100. Fix a point ~xj . Arrange the observed values from BR(~xj) in ascendingorder ui1 � � � � � ui2M with uik := u(xik ) and calculate the functional �j =��fxikg2Mk=2M�M0+1; ~xj�.Step 200. Select the threshold � > 0, as described in Step 000 below. Compare �jwith the threshold �. If �j � �, the hypothesis "~xj =2 �0" is accepted. If �j > �,the hypothesis "~xj 2 �0" is accepted and, if necessary, the orientation of �0 at ~xjis calculated according to the nature of the functional ��fxikg2Mk=2M�M0+1; ~xj�.Similarly, the threshold � is determined from:Pf��fxikg2Mk=2M�M0+1; ~xj� > ���BR(~xj) \ �0 = ;g = �by the Monte Carlo method:Step 000. Fix an arbitrary ball BR(~xj). Model a su�ciently large number of thesamples of ui with si � 0 and an arbitrary �xed common PDF for ni. Us-ing Step 100 compute ��fxikg2Mk=2M�M0+1; ~xj� for each sample. Select � so that��fxikg2Mk=2M�M0+1; ~xj� > � in 100�% cases.It is clear that the algorithms from Sections 2 and 3 �t well into the abovescheme. In this Section we present one more example which shows that this schemeis su�ciently general and can be used for the solution of other pattern recognitionproblems. Let us consider the spot detection problem. Suppose one is looking for a"spot" which can be represented by a ball Bd(~xj0 ) with known radius d < R, suchthat the values of the signal insideBd(~xj0 ) are larger than in its neighborhood. Thenone sees that the properties 1 { 4 are satis�ed. Here U = Bd(~xj0 ); M0 is the numberof grid points inside Bd(~xj0 ) and �0 = ~xj0 . The functional ��fxikg2Mk=2M�M0+1; ~xj�can be easily constructed:��fxikg2Mk=2M�M0+1; ~xj� := �h 2MXk=2M�M0+1 jxik � ~xj j2: (4.4)It is easy to see that the functional (4.4) satis�es (4.1) { (4.3). We put the minussign in front of the summation in (4.4) so that the value of the functional is thelargest when ~xj = ~xj0 . Hence, using Steps 000, 100, 200 with the functional de�nedby (4.4), one �nds the position of the spot ~xj0 .Clearly, the algorithm given by Steps 000, 100, 200 can be modi�ed for the casewhen in a neighborhood of U one has s(x1) < s(x2) if x1 2 U; x2 =2 U . The onlydi�erence is in the Step 100, where one arranges points in the descending order.5. Justification of the edge detection algorithmIn this Section we prove the asymptotic consistency of the edge detection algo-rithm as max(h1; : : : ; hp)! 0 (M !1).



8 A.I. KATSEVICH, A.G. RAMMTheorem 1. Fix any �; �;D > 0 and consider ~xj 2 �. Then:a)the probability of the decision "~xj =2 �" goes to zero as M !1;b)the probability of an angular error larger than � in determining the orientationof � at the point ~xj (by the algorithm described in Steps 1 and 2) goes to zero asM !1.For the proof of the theorem we need some auxiliary results which are formulatedin Lemmas 1 and 2 below. Then the proof of Theorem 1 is given.Consider an arbitrary point ~xj 2 �. In this case BR(~xj) is split by � into twoequal parts B�R (~xj) and B+R(~xj). At the same time, since the signal is corrupted bynoise, some of the points from B�R (~xj) will be erroneously classi�ed as belongingto the set fxikg2Mk=M+1, and the equal number of points from B+R(~xj) will be erro-neously classi�ed as belonging to the set fxikgMk=1. Consequently, the orientationof � \ BR(~xj) will be determined with some error. The points which belong toB�R (~xj) (B+R (~xj)) and which are erroneously classi�ed as being from fxikg2Mk=M+1(fxikgMk=1) will be called the misclassi�ed points. To �nd the probability P (N;M)of misclassifying N or more points, let us order the points from each of the halfballsseparately : vi1 � vi2 � � � � � viM ; viM+1 � viM+2 � � � � � vi2M ;xi1 ; : : : ; xiM 2 B�R (~xj); xiM+1 ; : : : ; xi2M 2 B+R (~xj): (5.1)Here we used the notation vik for the data instead of uik to stress the fact that theranking (5.1) is di�erent from the ranking used in Step 1. Note that now we donot have the inequality viM � viM+1 . It is easy to see that there will be N or moremisclassi�ed points in each halfball if and only ifviM+N < viM�N+1 : (5.2)Let s� � s(x); x 2 B�R (~xj); s+ � s(x); x 2 B+R(~xj); D := s+ � s�, that is D isthe magnitude of the jump of the signal at the point ~xj . Let f(�) be the commonPDF of random errors ni. Then, as it follows from (2.1) and (5.1), vik ; 1 � k �M ,is the k-th order statistic of the random sample of the size M from a distributionwith the PDF f(� � s�). Similarly, viM+k ; 1 � k � M , is the k-th order statisticof the random sample of the size M from a distribution with the PDF f(� � s+).Using the known formula for the distribution of order satistics [3], one obtains from(5.2): P (N;M) := PfviM+N < viM�N+1g = Z FN (t�D)dFM�N+1(t); (5.3)where R := R +1�1 andFk(t) = tZ�1 fk(�)d�; fk(�) = M !(k � 1)!(M � k)!�F (�)�k�1�1� F (�)�M�kf(�);F (�) = �Z�1 f(�)d�: (5.4)



ALGORITHM FOR FINDING DISCONTINUITIES 9In (5.3) we used the independence of the random variables viM+N and viM�N+1 . To�nd the asymptotics of P (N;M) as M ! 1, �x 
; 0 < 
 < 1, and let N = 
M .Using the known asymptotics of the order statistics [2], [3]:����FN (t�D)� �1(t)���� � 3pM
(1� 
) := CM ; �1(t) := � pMF (t�D)� 
p
(1� 
) ! ;����FM�N+1(t)� �2(t)���� � CM ; �2(t) := � pMF (t)� (1� 
)p
(1� 
) ! ; (5.5)where �(x) = 1=p2� R x�1 exp(�t2=2)dt is the standard normal distribution, oneobtains from (5.3) and (5.5)P (N;M) = Z FN (t�D)dFM�N+1(t) � Z ��1(t) + CM�dFM�N+1(t) =Z �1(t)dFM�N+1(t) + CM = �1(t)FM�N+1(t)j+1t=�1 � Z FM�N+1(t)d�1(t)+CM � ��rM 1� 

 �� Z ��2(t)� CM�d�1(t) + CM � ��rM 1� 

 ��Z �2(t)d�1(t) + 2CM � Z �1(t)d�2(t) + 2CM + o�exp(�cM)�; (5.6)where c = const > 0 (see (A.1)). It follows from (5.5) that CM ! 0 as M ! 1.To �nd the asymptotics of the integral on the right-hand side of (5.6), introducethe new variable y = pM(F (t) � (1� 
))=p
(1� 
). This yieldsZ �1(t)d�2(t) = 1p2� pM 
1�
Z�qM 1�

 ��s M
(1� 
)�F�F�1�1� 
+yr
(1� 
)M ��D�� 
�� exp(�y2=2)dy !1p2� Z ��s M
(1� 
)�F (�0)� 
	� exp(�y2=2)dy �!M!1 � 0; F (�0) < 
1; F (�0) > 
;(5.7)where �0 := F�1(1� 
)�D: (5.8)The rate of convergence in (5.7) is estimated in the Appendix. Substituting (5.8)into (5.7), one gets after some calculationsP (
M;M)! � ��F�1(1� 
)� F�1(
)��D	 as M !1; (5.9)where �(t) = � 0; t < 0;1; t > 0: De�ne 
0 by
0 := inf0<
<1F�1(1�
)�F�1(
)<D 
: (5.10)



10 A.I. KATSEVICH, A.G. RAMMSince the function F�1(1 � 
) � F�1(
) is strictly decreasing for 0 < 
 < 1 andD > 0, one obtains from (5.9) and (5.10)P (
M;M)! �(
0 � 
) as M !1 with 0 � 
0 < 1=2: (5.11)Now take any point ~xj such that BR(~xj) \ � = ; and divide BR(~xj) by anarbitrary hyperplane (passing through ~xj) into two equal parts B�R (~xj) and B+R (~xj).In this case the asymptotics of the probability of misclassifying 
M points can beobtained by putting D = 0 in (5.9):P (
M;M)! �(F�1(1� 
)� F�1(
)) as M !1: (5.12)From (5.10) it follows that in the case D = 0 one has 
0 = 1=2 and (5.12) reducesto P (
M;M)! �(1=2� 
) as M !1: (5.13)Recall that N is the number of the misclassi�ed points. It is not hard to see that(5.11) and (5.13) implyLemma 1. Fix an arbitrary � > 0. If ~xj 2 �, there exists 
0; 0 � 
0 < 1=2, suchthat P���NM � 
0�� > ��! 0 as max(h1; : : : ; hp)! 0 (M !1):If BR(~xj) \ � = ;, divide BR(~xj) arbitrarily into two parts B�R (~xj) and B+R(~xj)having equal number of points and let N be the number of points from the setfxikg2Mk=M+1 lying in B�R (~xj). Then one hasP���NM � 1=2�� > ��! 0 as max(h1; : : : ; hp)! 0 (M !1):Now let us consider the halfball B�R (~xj) and assume that 0 < 
0 � 1=2. Fix anarbitrary nonempty open set U � B�R (~xj) and let MU be the number of the gridpoints in U . It is clear that each grid point can be either misclassi�ed or correctlyclassi�ed, in other words, there can not be two misclassi�ed points at any given gridnode, which is exactly the assumption of the Fermi-Dirac statistics [9, pp. 31{36].Hence the probability of the event "there are NU misclassi�ed points out of thetotal number N inside the set U" is given byP (NU ; N ;MU ;M) = CMUNU CM�MUN�NUCMN : (5.14)As a direct consequence of the Stirling formula n! � p2�nnne�n, one hasCnsn � 1p2�n(1� s)s 1�(1� s)1�sss�n as n!1; (5.15)where s; 0 < s < 1, is an arbitrary �xed number. To �nd the asymptotics of theprobabilty (5.14) as M !1, assume thatNU = �UN; MU = �UM; N = 
0M: (5.16)



ALGORITHM FOR FINDING DISCONTINUITIES 11Substituting (5.16) into (5.14) and using (5.15), one obtainsP (�U
0M;
0M ;�UM;M)! cpM rM as M !1; (5.17)wherer = (1� 
0)1�
0

00�(1� s1)1�s1ss11 ��U �(1� s2)1�s2ss22 �1��U ; s1 = �U
0�U ; s2 = (1� �U )
01� �U :(5.18)Here c > 0 is some constant which does not depend on M . From (5.18) one hasln r = �UH(s1) + (1� �U )H(s2)�H(�Us1 + (1� �U )s2); (5.19)where H(s) = �s ln s� (1� s) ln(1� s) is the entropy [9, pp. 49{53]. In (5.19) weused the identity 
0 = �Us1+(1��U)s2. Since �H(s) is a strictly convex function,one has r = 1 if and only if s1 = s2 (�U 6= 0; �U 6= 1, because U was chosen to be aproper nonempty subset of B�R (~xj)). In all other cases r < 1. From (5.18) one seesthat the condition s1 = s2 is equivalent to the condition �U = �U . This, togetherwith (5.17), almost immediately yieldsLemma 2. Fix an arbitrary � > 0 and consider an arbitrary nonempty open setU � B�R (~xj). Then one hasP (����NUN � V ol(U)V ol�B�R (~xj)� ���� > �)! 0 as M !1; (5.20)where V ol(A) is the volume of A.Note that Lemma 2 guarantees the asymptotically uniform distribution of themisclassi�ed points over the corresponding halfball B�R (~xj) or B+R (~xj). Hence thedistribution of correctly classi�ed points is also asymptotically uniform.Proof of Theorem 1. Let M be su�ciently large and consider the misclassi�edpoints from the set fxikg2Mk=M+1, i.e. the points which lie in B�R (~xj). Let N bethe number of such points and K = fk1; : : : ; kNg be the set of the subindicescorresponding to them. By Lemma 1, N=M ! 
0 < 1=2, and, by Lemma 2, thesepoints are uniformly distributed over B�R (~xj). Similarly, the number of correctlyclassi�ed pointsM�N satis�es (M�N)=M ! 1�
0 > 1=2, and they are uniformlydistributed over B+R(~xj), therefore the vector ~xj � x+j must have only one nonzerocomponent, which is perpendicular to � at ~xj . Hence the distance between ~xj and



12 A.I. KATSEVICH, A.G. RAMMthe centroid x+j (with M !1) can be calculated as followsj~xj � x+j j = ����������� Pk2K�x(1)ik � ~x(1)j �+ MPk=1k=2K�x(1)ik � ~x(1)j �M �����������!�����������
0 Pk2K�x(1)ik � ~x(1)j �hMN + (1� 
0) MPk=1k=2K�x(1)ik � ~x(1)j � hMM�NhM �����������!������������
0
Rx2BR(~xj)x(1)�~x(1)j �x(1) � ~x(1)j �dx̂+ (1� 
0) Rx2BR(~xj)x(1)�~x(1)j �x(1) � ~x(1)j �dx̂V ol(BR(~xj)) ������������ =
0 R 0�R t!p�1(R2 � t2) p�12 dt+ (1� 
0) R R0 t!p�1(R2 � t2) p�12 dtR R0 !p�1(R2 � t2) p�12 dt =(1� 2
0)R 10 t(1� t2) p�12 dtR 10 (1� t2) p�12 dt R = (1� 2
0) 2(p+ 1)B�p+12 ; 12�R > 0 (5.21)since 
0 < 1=2, where h = h1 � : : : � hp; dx̂ := dx(1) : : : dx(p); B(a; b) is the beta-function and !p�1 = �(p�1)=2=�((p+ 1)=2) is the volume of the unit ball in Rp�1 .The third line in (5.21) follows from the second one by observing that the elementaryvolume per point in B�R (~xj) is hM=N , while in B+R (~xj) it is hM=(M � N). In(5.21) we assumed that the axis x(1) is perpendicular to �. At the same time, since
0 ! 1=2 for arbitrary ~xk , such that BR(~xk) \ � = ;, one has jx+k � ~xkj ! 0as M ! 1. Thus A0 (the treshold value determined in Step 0) goes to zero asM !1. This and (5.21) yield the �rst assertion of Theorem 1.The second assertion of Theorem 1 follows immediately from Lemma 2 and(5.21), because if the distributions of the misclassi�ed and correctly classi�ed pointsare uniform, the line through ~xj and the centroid x+j is perpendicular to �.6. Justification of the algorithm for thin line detectionLet us call the points from fxikg2Mk=2M�M0+1�fxikg2M�M0k=1 � which belong toBR(~xj)nU �BR(~xj)\U�; ~xj 2 �0 "the misclassi�ed points". Here U is the domainbetween �1 and �2. Denote V1 := V ol(BR(~xj) \ U); V2 := V ol(BR(~xj) n U) =V ol(BR(~xj))� V1; �0 := V2=V ol(BR(~xj)) and let N be the number of the misclas-si�ed points. Let us assume for simplicity that for each pair of neighboring points(x1; x2); x1 2 �1; x2 2 �2, one has D(x1) = D(x2), where D(xi) is the jumpmagnitude at the point xi. Two points x1 2 �1; x2 2 �2 are called neighboring ifx2 � x1 ? �1; x2 � x1 ? �2. Following the argument used in the proof of Lemma1, one can prove



ALGORITHM FOR FINDING DISCONTINUITIES 13Lemma 3. Fix an arbitrary � > 0. If ~xj 2 �0, there exists 
0; 0 � 
0 < �0, suchthat P��� NM0 � 
0�� > ��! 0 as max(h1; : : : ; hp)! 0 (M !1): (6.1)If BR(~xj) \ U = ;, divide BR(~xj) arbitrarily into two parts U 0 and BR(~xj) n U 0having M0 and 2M �M0 grid points correspondingly (V ol(U 0) = V1). Let N be thenumber of points from fxikg2Mk=2M�M0+1 lying in BR(~xj) n U 0. Then one hasP��� NM0 � �0�� > ��! 0 as max(h1; : : : ; hp)! 0 (M !1): (6.2)Recall that � is the probability of "false alarm", which is used in Step 00.Theorem 2. Fix any pair of neighboring points (x1; x2); x1 2 �1; x2 2 �2; �; � > 0and consider ~xj = (x1; x2) \ �0. Then, for any D(x1) = D(x2) = D > 0, one has:a)the probability of the decision "~xj =2 �0" goes to zero as M !1;b)the probability of an angular error larger than � in determining the orientationof �0 at the point ~xj (by the algorithm described in Steps 10 and 20) goes to zero asM !1.Proof. In what follows we assume that M is su�ciently large and max(h1; : : : ;hp) � R. Without loss of generality one can make the following assumptions:�1 = fx : x(1) = �dg; �2 = fx : x(1) = +dg; ~xj = 0. Hence �0 = fx : x(1) = 0g.Let � = (�(1); : : : ; �(p)) and recall that dx̂ = dx(1) : : : dx(p). Using Lemmas 2 and 3and replacing the sum in (3.3) by the integral, one obtainsh 2MXk=2M�M0+1hxik � ~xj ; �i2 =(1� 
0) ZBR(~xj)\U hx � ~xj ; �i2dx̂+
0V1V2 ZBR(~xj)nU hx� ~xj ; �i2dx̂ =(1� 
0) Zjxj�Rjx(1)j�d� pXi=1 x(i)�(i)�2dx̂+
0V1V2 Zjxj�Rjx(1)j>d� pXi=1 x(i)�(i)�2dx̂ =pXi=1��(i)�2�(1� 
0) Zjxj�Rjx(1)j�d �x(i)�2dx̂+ 
0 V1V2 Zjxj�Rjx(1)j>d �x(i)�2dx̂� =pXi=1��(i)�2�(1� 
0 � 
0V1V2 ) Zjxj�Rjx(1)j�d �x(i)�2dx̂�+ 
0V1V2 Zjxj�R hx; �i2dx̂; (6.3)where we have used several times that the integrals of the terms proportional tox(i)x(j); i 6= j, vanish because of the symmetry. Clearly, the second integral in(6.3) does not depend on �. Since j�j = 1 and 
0 < �0 = V2=(V1 + V2) (as it isstated in Lemma 3), it can be easily seen that the right-hand side of (6.3) attains



14 A.I. KATSEVICH, A.G. RAMMminimum when � = �0 := (1; 0; : : : ; 0), that is, when �0 ? �0. This proves thesecond assertion of Theorem 2. Furthermore, one sees that to prove the �rst as-sertion of this theorem it is su�cient to show that ��fxikg2Mk=2M�M0+1���
=
0 <��fxikg2Mk=2M�M0+1���
=�0 , i.e.(1� 
0) Zjxj�Rjx(1)j�d �x(1)�2dx̂+ 
0V1V2 Zjxj�Rjx(1)j>d �x(1)�2dx̂ < V1V1 + V2 Zjxj�R �x(1)�2dx̂:(6.4)Denoting U1 := Zjxj�Rjx(1)j�d �x(1)�2dx̂; U2 := Zjxj�Rjx(1)j>d �x(1)�2dx̂; (6.5)one gets that (6.4) is equivalent to(1� 
0)U1V1 + 
0U2V2 < U1 + U2V1 + V2 :Rewrite the last inequality as�V2(1� 
0)� V1
0� U2V1 � U1V2V1V2(V1 + V2) > 0:Since 
0 < V2=(V1+V2), it is su�cient to prove that U2V1�U1V2 > 0 for 0 < d < R.Similar to (5.21), one hasV1 = 2 dZ0 !p�1(R2 � t2) p�12 dt; V2 = 2 RZd !p�1(R2 � t2) p�12 dt: (6.6)Using (6.5) and (6.6), introduce the function'(d) := U2V1 � U1V2 = 2 RZd t2!p�1(R2 � t2) p�12 dt � 2 dZ0 !p�1(R2 � t2) p�12 dt�2 dZ0 t2!p�1(R2 � t2) p�12 dt � 2 RZd !p�1(R2 � t2) p�12 dt; (6.7)where we simpli�ed (6.5) by taking the integral over the variables x(2); : : : ; x(p).One has'0(d) = 4!2p�1(R2 � d2) p�12 � RZ0 t2(R2 � t2) p�12 dt� d2 RZ0 (R2 � t2) p�12 dt�: (6.8)From (6.8) it follows that there exists d�; 0 < d� < R, such that'0(d) > 0 for 0 � d < d�; '0(d) � 0 for d� � d � R:This, together with '(0) = '(R) = 0, shows that '(d) > 0 for 0 < d < R. Theorem2 is proved.



ALGORITHM FOR FINDING DISCONTINUITIES 157. Justification of the general schemeThe general scheme described in Section 4 can be justi�ed using the argumentssimilar to that of Sections 5 and 6. Let us suppose that for each ~xj 2 �0 thefunction s(x) is approximately constant inside BR(~xj) \ U and BR(~xj) n U :si � s(x); x 2 BR(~xj) \ U and so � s(x); x 2 BR(~xj) n Uwith D := si � so being the jump magnitude in the neighborhood of ~xj .Theorem 3. Fix any � > 0 and consider ~xj 2 �0. If properties 1 { 3 and (4.1) {(4.3) are satis�ed, the probability of the decision ~xj =2 �0 goes to zero as M ! 1for any D > 0.Proof. Let us note that Lemma 3 holds for arbitrary shape of the set U , providedthat properties 1 { 3 from Section 4 are satis�ed. Consider the case BR(~xj)\U = ;.Using (4.2) and (6.2), one getsP�����fxikg2Mk=2M�M0+1; ~xj�� �̂(�0; ~xj)�� > �	! 0 as M !1 (7.1)for any �xed � > 0. According to the choice of the threshold � (see Step 000), oneobtains from (7.1) P����� �̂(�0; ~xj)�� > �	! 0 as M !1: (7.2)Now consider the case ~xj 2 �0. Using (4.2) and (6.1), one obtainsP�����fxikg2Mk=2M�M0+1; ~xj�� �̂(
0; ~xj)�� > �	! 0 as M !1: (7.3)Since 
0 < �0, one proves Theorem 3 using (4.3), (7.2), (7.3) and the triangleinequality. 8. Numerical experimentsFigure 1a represents a synthetic image of square and circle edges with the jumpmagnitude D = 1:5 speci�ed at a square 101� 101 grid with the step size h0 alongeach direction. The image is corrupted by noise with the uniform distribution on theinterval [�p3=2;p3=2] (thus the variance is �2 = 0:25). The radius of the windowhas been chosen R = 3:5h0, the probability of false alarm has been � = 0:002.Figure 1b represents the image of detected edges of Fig. 1a.To test the algorithm on a natural image we used the black and white photoof a woman's head, which has been scanned with the grey level range 0 { 255(a value of 0 means black, a value of 255 means white). Figure 2a shows the248� 230 image corrupted by discrete noise which takes values 0;�1; : : : ;�10 withequal probability. The image of detected edges of Fig. 2a is presented in Figure2b. White pixels correspond to "no edge" area, grey pixels correspond to placeswhere the edges have been detected. The intensity of grey level at each point isproportional to the estimated jump value at this point. The radius of the windowhas been also R = 3:5h0, the probability of false alarm has been � = 0:001.Figure 3a represents a synthetic image of thin line edges with the jump magnitudeD = 1:5 speci�ed at a square 101� 101 grid. The line edges are two node thick.
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Figure 1a. A 101�101 synthetic image of square and circle step edgescorrupted by noise.The image is corrupted by the noise with the same parameters as in the �rst model.The parameters R; � also are the same as in the �rst model. Figure 3b representsthe image of detected edges of Fig. 3a.Note that to supress spurious edge elements in the above examples we used thefollowing general approach [11]: if a detected edge element does not have a singleedge element in its neighborhood, it is likely to be a false one. In our case thismeans that if the decision "~xj 2 �" (or "~xj 2 �0") has been made, but there areno other edge points in the ball BR(~xj), we assume that ~xj =2 � (~xj =2 �0).In conclusion let us discuss the recommendations for the choice of R in numericalexperiments. From the theory developed in Sections 5{7 it follows that R shouldnot be to small, so that there would be enough grid points for the asymptoticstatistical properties (Lemmas 1{3, Theorems 1{3) to be satis�ed with su�cientaccuracy. Thus, one can write R � Rmin, where the particular value Rmin dependson the allowable level of deviation from the limiting values of the statistics. Thebehavior of those statistics for small R (and, hence, for small M) is di�cult tostudy theoretically and such study requires extensive numerical experiments. Thelimitation on R from above R � Rmax comes from the following assumptions:1)the signal does not change much within balls with radius R not intersecting �,more precisely: maxBR(~xj) s(x) �minBR(~xj) s(x) � �; BR(~xj) \ � = ;, where � isthe standard deviation of noise, and 2)the discontinuity surface � can be accurately
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Figure 1b. Detected step edges of Fig. 1a.approximated by a tangent plane within the balls BR(~xj); ~xj 2 �. Thus, the upperbound Rmax depends on the particular problem under consideration and should bespeci�ed by the researcher. AppendixLet us denote pM
=(1� 
) := tM ; pM(1� 
)=
 := qM ; qM=�
(1� 
)� :=�M . Then, using the inequalities 0 � �(t) � 1 and1Za exp(�x2)dx � 1Za exp(�ax)dx = a�1 exp(�a2); a > 0; (A.1)one gets���� 1ZtM ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy���� � 2tM exp(� t2M2 );���� �qMZ�1 ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy���� � 2qM exp(�q2M2 ):(A.2)
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Figure 2a. A natural 248� 230 image corrupted by noise.Furthermore, using (A.1) again, one obtains with 0 < t < min(tM ; qM ):tMZ�qM ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy =tZ�t ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy +O�t�1 exp�� t22 ��:(A.3)On the interval (�t; t) one has, with 1 � 
 < �1 < 1 � 
 + y��1M , �0 < �2 <�0 + y��1M =f(�1) and �0 = F�1(1� 
)�D,���M�F �F�1�1� 
 + y��1M ��D�� 
�� = ���M�F��0 + y��1M =f(�1)�� 
��= ���M�F (�0)� 
 + �y��1M =f(�1)�f(�2)��: (A.4)Thus, with b := F (�0)�
 and �M := �y��1M =f(�1)�f(�2); �t � y � t, (A.1) implies�������M�b+ �M	���(b)���� � 2��1M exp(��2M=2): (A.5)
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Figure 2b. Detected step edges of Fig. 2a.Estimate (A.5) holds if t = t(M), where t(M)��1M ! 0 as M ! 1, since in thiscase �0 + y��1M =f(�1)! �0 and 1� 
 + y��1M ! 1� 
. Thus1p2� t(M)Z�t(M) ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy =1p2� t(M)Z�t(M) ��(F (�0)� 
) +O���1M exp(��2M=2)�� exp(�y2=2)dy =�(F (�0)� 
) +O���1M exp(��2M=2)	+O�exp(�t2(M)=2)=t(M)	: (A.6)Select arbitrarily �; 0 < � < 1=2, and let t(M) =M�. ThenO���1M exp(��2M=2)	+O�exp(�t2(M)=2)=t(M)	 = O�M�� exp(�M2�=2)	:(A.7)Also� �t(M)Z�qM + tMZt(M) ����M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy �2 max(tM ;qM )Zt(M) exp(�y2=2)dy = O�exp(�t2(M)=2)=t(M)	 =
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Figure 3a. A 101� 101 synthetic image of two node thick square andcircle line edges corrupted by noise. = O�M�� exp(�M2�=2)	:(A.8)Since �; 0 < � < 1=2, was arbitrary, one obtains from (A.6) { (A.8)���� tMZ�qM ���M�F �F�1�1� 
 + y��1M ��D�� 
�� exp(�y2=2)dy � �(F (�0)� 
�����= o�M�� exp(�M2�=2)	 for any �; 0 < � < 1=2:References1. L. S. Davis, A survey of edge detection techniques, Comput. Graphics Image Processing 4(1975), 248{270.2. G. Englund, Remainder term estimates for the asymptotic normality of order statistics,Scand. J. Stat. 7 (1980), 197{202.3. J. Galambos, Order statistics, Handbook of Statistics, vol.4. Nonparametric methods (P. R.Krishnaiah and P.K. Sen, eds.), North-Holland, Amsterdam, 1984, pp. 359-382.4. R. M. Haralick and J. Lee, Context dependent edge detector, Proc. of CVPR-88, 1988, pp. 223{228, Ann Arbor, Michigan.5. M. H. Kalos and P. A. Whitlock, Monte Carlo methods. Volume I: Basics, Wiley, New York,1986.
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