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STABILITY ESTIMATES IN INVERSE SCATTERING
A. G. Ramm, Mathematics Department,
Kansas State University, Manhattan, KS 66506-2602, USA
Abstract: An algorithm is given for calculating the solution to the 3D inverse scattering problem with
noisy discrete fixed energy data. The error estimates for the calculated solution are derived. The methods
developed are of general nature and can be used in many applications: in nondestructive evaluation and
remote sensing, in geophysical exploration, medical diagnostics and technology.

I. Introduction
Let ¢ € Q :={q:q(z) =0 for |x| > a, z€ R® q(z)=q(x), qe€ L®}, a>0isa constant and
the bar stands for complex conjugate. Consider the equation

low:=[V*+1—q(z)u(r,a) =0in R?®, acS? (1.1)
where S? is the unit sphere in R? and
u(z, o) = exp(ia - ) + 1 Lexp(ir) A(a’, a) + o(r™ 1), r=|z| -o00, o =uzx/r (1.2)

The existence and uniqueness of the solution to (1), (2) are well known and are easy to prove (see e.g. [1,2]).
The coefficient A(a/, ) is called the scattering amplitude at the fixed energy (k* = 1). Its properties are
discussed e.g. in [2], pp. 219-246. The inverse scattering problem (ISP) consists of finding ¢ € @ from the
knowledge of A(a/, ) for all o/, € S?. Uniqueness of the solution to ISP is proved in [3,4], (see also [2])

even in the case when A(o/, ) is known for a € S, o/ € S3, where sz, j = 1,2, are arbitrary small open

sets in S2.
The uniqueness result holds with the same proof as in [4] for the problem

V241 —qo(z) — g(z)]u =0 in R® and (1.2) holds (1.1)

where qo(z) is a known short-range potential, e.g. |qo(z)| < ¢(1+ |2])727%, & > 0 and ¢(x) € Q (this was
noticed by R. Weder, in a preprint, 1991). The aim of this paper is to complete the study of the stability of
the solution to ISP with noisy data which the author carried over in the papers [4-18] and in the monograph
[1]. The statement of this problem (ISPs) is as follows.

Let a function As(a/, ) be given which is not assumed to be a scattering amplitude corresponding to
a potential and let

sup |As(a/;a) — A, a)| <6 (1.3)
a’,aeS?

The inverse scattering problem with noisy data is:
(ISPs): Given As(o/,a) for all o/, o € S find §s(x) such that

sup |¢s — G(A)| <n(d) - 0asd —0 (1.4)
AER3

where
q(A) = /R3 exp(—i\ - x)q(z) dz.

In other words, we want to calculate a stable approximation to §(A) and estimate the rate of decay of n(9)
as 0 — 0. To get such an estimate uniform in ¢ belonging to a compact subset of ) we assume that

q € Be =={q: llallz= + IVqll~ < C} (1.5)
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The ISP; is of considerable practical interest: it is a theoretical basis for many problems in nondestructive
evaluation and remote sensing, including, to mention a few, problems of geophysical exploration, medical
diagnostics, technology, etc. To the author’s knowledge, there were no results concerning three-dimensional
ISPs except those given in the works [1,4-18]

The basic results of this paper are new. They are formulated as Theorems A, B and C in Section
II. Theorem A gives a rigorous inversion procedure for ISP with exact data and an error estimate for this
procedure. Theorem B gives a rigorous contruction of the solution to ISPs, and an estimate for the difference
between this solution and the unknown potential. Theorem B is of practical interest and can be used in
designing a numerical code for solving ISPs. An alternative method is given in Section VII.3. Theorem C
gives an estimate for the difference of the Fourier transforms of two potentials if an estimate for the difference
of the corresponding scattering amplitudes is given at a fixed energy.

There are other new results in this paper. They are formulated as lemmas used in the proof of the
basic results. Although the ideas and the techniques from works [4-18] are used in this paper there are
many improvements, simplifications in the arguments and the paper is essentially self-contained: no prior
knowledge of the author’s work is assumed. The results may be of interest to mathematicians, engineers,
physicists and numerical analysts interested in ISPy.

The paper is organized as follows: Section II contains the statement of the basic results and a number
lemmas. Section III contains auxiliary results and proofs of Theorem A and lemmas 10 through 17. Section
IV contains proofs of lemmas 1 through 9 except lemma 6, which is proved in Section V. In Section VI proofs
of Theorems B and C are given. In Section VII some numerical aspects of the ISPs are discussed and a
summary of the numerical approach is given. In addition, an alternative numerical method for solving ISP
is discussed and an error estimate for this method is proved.

1T Formulation of the results
1. First, assume that the exact data are given:

Ald o) = ZAg(a)Yg(o/), Ag(a) = /A(a/,a)Yg(O/) dao/ (2.1)
£=0 S2
Here and below the summation in ¢ denotes >, an:%, Ag(a) = Apn(a), Yi(a) = Yem(a),

—<m<Y,

Yem(a) =

1 {(zu 1)(¢ — |m])!
Viar (€ + [m])!

where (1, ¢) are the angles in the spherical coordinates determining the unit vector a € S%:

1/2
] Py jm|(cos V) exp(img), (2.2)

a1 = sind cos ¢, g = sin¥sin ¢, a3 = cos (2.3)

Define
M:={0:0€C? 0-0=1}, (2.4)
O-w="01 -w 40 -wy+0s-ws, |0 =(0-0)/3 (2.5)

Ifo<d9<m 0< ¢ < 2m then the vector a = (a1, as,a3) runs through S2. If ¥, ¢ run through the
complex plane C' then the corresponding o runs through M’ C M. The subset M’ contains all the vectors
of M except the ones of the form (vq,vs,1) and (vy,vs, —1), where v := (v1,v2) € C? are vectors with the
property v-v = 0, and v # 0. From (2.2) it follows that Y, («) is defined for all o € M': it is sufficient to
find for & € M’ the corresponding complex numbers ¢ and ¢ such that formulas (2.3) hold and calculate the
right-hand side of (2.2) for these ¥ and ¢. Obviously exp(im¢) is defined for complex ¢, and the function

mld""‘Pg(cosﬁ)

(d cos9)™ (2:6)

Py | (cos¥) = (sind))
is defined for complex . Let
By :={x:x € R®, || <al, Qu:={q:q=q q=0for|z|>a, qecL*B,))}.
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Lemma 1: If ¢ € Q, then

2041

(@) < e (552) o (27)
wege = g0 2+1 :
—L<m<t
Lemma 2: If 6 € M’ then
1 exp(kr)
Y(0)] < —— , r >0, K:=|Im 6 2.8
YO T T el =9
where r > 0 is an arbitrary fixed number and jy(r) is the spherical Bessel function,
Je(r) == [7r/(2r)]1/2J4+%(r), Jyy1(r) s the usual Bessel function.
It is well known that
1 2@;1 1
er
jo(r) = 14+0(1)] asl — o0 2.9
i) = (500) T ol ast— 29)
uniformly in r € [0, a] for any fixed @ > 0. From (2.7)—(2.9) it follows that the series
Al 0) = A(@)Ye(0'), 0'eM, acS? (2.10)
£=0

converges absolutely and uniformly on M x S2, where M C M'is an arbitrary compact subset in M’. Indeed,
choose r > a in (2.8). Then the series (2.10) is majorized by the convergent series

2041

cexp(m‘)i%(%) ’ (2.11)

£=0

Note that given the data A(a/,a) Vo', o € S? one finds the Fourier coefficients A,() by formula (2.1) and
defines A(¢',a) V' € M, o € 5% by formula (2.10).
2. We now pass to the description of the inversion formula for exact data. Define

p(v) := exp(—if - :z:)/u(:z:,oz)u(oz) do —1, 0cM, velL*S? (2.12)
SQ
Consider the variational problem
llo(v)] := inf := d(0) (2.13)

where p(v) is a function of z € R® and 6 € M’,

ol = llpllL2B\B.,): @ <a1 <D (2.14)

and aq,b are arbitrary numbers subject to the restriction (2.14). Note that in the annulus a1 < |z] < b the
scattering solution u(x, ) is defined explicitly through the data. Namely the following simple lemma holds:
Lemma 3: One has

u(z,a) = explia - ) + ZAZ(Q)YZ(Q’)M(T), r>a, r=lz|, o =z/r (2.15)
=0

where hy(r) are the spherical Hankel functions normalized so that hy(r) ~ r~!exp(ir) as r — oo.
Lemma 4: If ¢ € Q, then
d@) < o™, lol>1, geM (2.16)



Here and below ¢ stand for various positive constants which do not depend on 6 and é. These constants
depend on the norm ||q||, := [|q||z2(B,) for ¢ € Q, and for ¢ € B¢ they depend on C where C' is defined in
(1.5). The notation |f| > 1 means that 6 is sufficiently large.

Denote by v(«,f) an arbitrary function in L?(S?) which satisfies the inequality

lp(v(e ) < (e+ D017, 0] — o0 (2.17)

It follows from Lemma 4 that such a function can be calculated by solving problem (2.13). Define for this
v(a, 0) the quantity

Go= —47T/A(9’,04)V(04,9) da, 0.0€M (2.18)
SQ

Fix an arbitrary large number \g > 0, take any A € R3, |A\| < Ao, and pick any ¢’,6 such that

O —0=X) 06,0eM, |0— (2.19)
Lemma 5: For any A € R", n > 3 there exist 0,0’ € M satistying (2.19).

Remark: For n = 2 this is not true as one can easily check. If A3 # +1 then one can find 6,0' € M’
satisfying (2.19). In what follows we may assume without loss of generality that A3 # +1 and use M’
everywhere. Indeed, we can find the Fourier transform of the potential, §(\) for any A with A3 # +1 and
since ¢ is continuous, in fact analytic, with respect to A, the value of ¢ at A = (0,0,+1) is determined
uniquely by the continuity of q.

Let

qA) == | q(z)exp(—iX - x)dx (2.20)
/

3. We are ready to formulate the first theorem.
Theorem A: If g € Q, § is defined by (2.18) and (2.17), (2.19) hold, then

sup [g(A) — g <07, 0] = oo (2.21)
[A1<X0

The constant ¢ in (2.21) can be chosen uniformly in g € B¢ where B¢ is defined in (1.5).
Corollary: The following inversion formula holds

g(\) = —4r |91|im A0, a)v(a, 0) da, O —0=\ 0,0eM (2.22)
S2

Estimate (2.21) is the error estimate for the inversion formula (2.18) for the exact data A(o/, «). Note
that as the data we actually use the coefficients Ay(a), £ > 0. In the proof of Theorem A the following
major lemma is used:

Lemma 6: If p is defined by (2.12) and |0] > 1, 8 € M, then

lella < cCllell + 10171, 1+ lla =11 225 (2.23)

4. We will turn now to the description of the inversion formulas for noisy data As(c/, «) given for all
o, € S2. Tt will become clear later that we actually can use only a discrete subset of noisy data As (o, ap)
for some o, o, € S%. Let [z] denote the integer nearest to the real number z. Define

I
(0) = [1n|1n5|]

(2.24)
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N(5)
As(0',a) == Z Ase()Ye(0)),  Ase(a) = /Ag(a’,a)Yg(a’) do! (2.25)
£=0 S2

N(6)
us(z,a) = exp(io - z) + » _ Aso(a)Yo(a/)h(r) (2.26)
£=0
ps(v) = exp(—if - x) /w(x, a)v(a)da—1, 0 M (2.27)
S2
w(d) = exp[-yN(d)], ~v:=In % >0, (2.28)
a(v) = |[v[[L2(s2) (2.29)
Lemma 7: One has, with x := |Im 6|,
lps ()l < [lp(w)] + ca(v) exp(rb)u(5), (2.30)
eI < llps (W) + ca(v) exp(rb) u(6). (2.31)
Consider the variational problem
0] = sup = 0(0),  llps(v)]| + a(v) exp(kb)u(d) < clo|™", 0 € M (2.32)
where ¢ > 0 is a sufficiently large fixed constant, the supremum is taken over v € L?(S?) and § € M’, § > 0
being fixed.
Lemma 8:

O(0) »0asd—0 (2.33)

See also formula (4.39) for a stronger result.
Let v5(a) € L%(S?) be any function such that

s 0]+ avs) explsbymn (8) < o), 16(3)] > (2.34)

where £ = k(0) := |Im 6(d)|. One can calculate such vs(a) and 6(6) by solving problem (2.32). Find
¢'(8) € M’ such that (2.19) holds with an arbitrary fixed A € R3, || < Ag. Define

G 1= —dn / As(0/(6), a)vs(a) dar (2.35)
5’2

Our main result is an error estimate for the inversion formula (2.35) for noisy data. We assume that (1.3)
holds and g € Q where @ is defined in Section I.
Theorem B: If ¢ € Q and (1.3) holds, then

sup [G(\) — gs| < ¢[6(8)| 7 (2.36)
A<

where G5 and ¢(\) are defined in (2.35) and (2.20),

| 1n d]

10(5) > ([ mo?’

(2.37)
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the constant ¢ in (2.36) does not depend on ¢ and can be chosen uniformly for q € Be.
5. If one applies a quadrature formula to (2.35) one obtains

—47TZA5 ), a)vs(ag)e; (2.38)

where o are the nodes and ¢; are the coefficients of a quadrature formula. Formula (2.38) uses discrete
noisy data. Using the definition (2.25) and applying a quadrature formula again one has

AM 047 ZA(; Ozp,Oéj)Yg( ) p (2.39)

p=1
Combining (2.35), (2.25), (2.38) and (2.39) one gets

N(9) ny

—am > ws(az)e; Y Ye(0'(9) Y As(al, ;) Ye(l)e, (2.39)
j=1 p=1

SN
%

This formula uses the discrete noisy data As (04;, aj), 1 <p<ng, 1< 5 <n. In principle one can estimate

the error of the quadrature formulas (2.37)—(2.39') in terms of some bounds on the derivatives of As(6’(d), )
and vs(a), but we do not go into detail.

6. Let us consider the following question. Suppose ¢; € Q, j = 1,2, A;(¢/, a) is the scattering amplitude
corresponding to the potential ¢;. The question is: how does one estimate p := ¢ — g2 in terms of
A := Ay — As. The following lemma is useful.

Lemma 9: One has

—AmA(d ) = /p(x)ul(x7a)u2(ac, —a')dx (2.40)

B,
where u;(x, o) is the scattering solution corresponding to the potential ¢;(x), j =1, 2.
The answer to the above question is given in the following theorem.
Theorem C: If
sup |A1(e/,a) — As(d,a)| < & (2.41)
o’ ,aeS?

then

B In|lnd
sup [H(V)] < 110l

2.42
A< |1n6| ( )

where c=const> 0 can be chosen uniformly for q € B¢.
ITI. Auxiliary Results and Proofs of Theorem A and Lemmas 10-17
1. In this section we give some auxiliary results which are of independent interest and also help to prove
the results formulated in Theorems A—C.
Let us start with an estimate of the quantity ¢(\). The starting point is the well-known formula

—A7 A0, ) = /exp(—iﬁ’ - z)u(x, a)q(z) do (3.1)
Ba
Multiply (3.1) by v(a) € L?(S?) and integrate over S?. Write the result as
—47T/A a)da = /exp[—i(ﬂ' —0)-z][1+ p(v)]q(x) dx (3.2)
Ba
Here p(v) is defined in (2.12), 8" and 0 satisfy (2.19), and (3.2) can be written as

|—47T/A(9 ajv(a)da —q\)| = / —ix-z)q(2)p(v) dz| < lgllallp(¥)]a (3-3)
S2 B,



where () is defined (2.20) and || - [[a = || - ||2(B,)-
Let us formulate the result:
Lemma 10: If ¢ € Q,, v € L?(5?%) and (2.19) holds then (3.3) holds.
Proof of Theorem A: If one uses (3.3), chooses v = v(a, 6) such that (2.17) holds, and uses (2.23), one
obtains formula (2.21), and (2.22) follows from (2.21). Theorem A is proved.
2. In the proof of Theorem B the following auxiliary results are important.
Lemma 11: One has

|45 — d(N)| < 4[| A5(0",0) — A0, )] 2 2 (V5) + llp(v) lallglla, (3-4)

|As(0', @) — A0, )| 1252y < cexp(rar)u(3) < cexp(rb)u(d), (3.5)
where A5(0', ) is given by (2.25), A(0',a) is given by (2.10), ¢(5) and 6(8) satisfy (2.19),

k= Im 08),  p():=l[-yN()], ~y:=In %1 >0,

a(V(;) = ||V6||L2(Sz)7

G(A\) and §s are defined in (2.20) and (2.35), and N () is defined by (2.24).

We collect proofs at the end of this section.

3. In the proof of Theorems B and C the following results are used. They are of independent interest.
Lemma 12: If ¢ € Q,, 0§ € M, |6| > 1 then there exists ¢ which satisfies the equation

L) =0in R®, 1 =exp(if - x)[1 + R(z,0)], (3.6)

and
IRl L2(py < ¢l0]™",  |0] — oo (3.7)

where D C R? is an arbitrary bounded region, the constant c in (3.7) depends on diam D and on ||q|, =

lallz2(s.,)-
The following estimate holds [6] :

In|g))?
Il < e S (3.7

Let £:={,, Np(¢) :== {w:fw =0 in D, w € H*(D)}, where H™(D) is the usual Sobolev space, D C R?
is an arbitrary bounded region, with a smooth boundary, homeomorphic to a ball.
Lemma 13: Let w € Np(¢) and € > 0 be an arbitrary small number. Then there exists ve(«) such that

oo - / u(r, 0)ve() dal| Ly < € (3.8)
5’2

Here u(z, @) is the scattering solution defined in (1.1), (1.2).
Lemma 14: Suppose w = 1) and (3.8) holds with w =, Im 6 # 0. Then

lin%J Ve (@)]] = oo, (3.9)
lvell > cexp(kd/2), k:=|Im#6|, d=diam D (3.10)
Suppose that
[9(2,0) ~ [ u(z,a)v.(a)dal] < ¢ (3.11)
5’2



where the norm in (3.11) is defined in (2.14). This norm is not to be confused with the norm in L?(S?). It
is clear from the context what norm is meant.
Consider the problem of finding
inf [ (o) | := (=, 0) (3.12)

where the infimum is taken over the functions v.(a) € L?(S?) which satisfy (3.11).
If 6, 6 € M, is arbitrary large fixed, ¢ > 0, and
n(e) = exp{(Inlne " H[1 +o(1)]}, —0 (3.13)

then the following estimate holds.
Lemma 15: One has

n(e)
j(e,0) < cexp(kr) <%> n(e), r>b, k=|Imé| (3.14)

where r > b is arbitrary and ¢ does not depend on € and 0.
Corollary: Minimizing in r > b one obtains

§(e,0) < c(26)"Fn?(e), K =|Im 6| (3.14)

If N(k) is the asymptotic solution to the equation

b\ — kb
<6NH) = ¢y exp(=rb) ), K — 400 (3.15)
K

then, with e(k) := k=1 exp(—£b), the following estimate holds.
Lemma 16: One has
j(e(K),0) < eN3(k)(26)2N W+ k.= |Im 0] — o, (3.16)

and N (k) is of the order k as k — co:
ebk < N (k) < €*bk, K — o0 (3.16")

Thus )
j(e(k),0) < er*(2r)20% < ekt (2k)200%. (3.16")

4. Let g € Be, where Be is defined in (1.5). The scattering solution satisfies the equation

exp(ilz — yl)

o q(y) u(y)dy (3.17)

(I+Tyu=-exp(ia-z), Tyu:= /

a

Consider the operator I + T, as an operator in L?(B,). Note that T,: L?(B,) — L?(B,) is compact.
Lemma 17: The operator I + T, is an isomorphism of L?(B,) onto L?(B,) and

sup [[(I+T,) 7 <e (3.18)
q€Bc

where the constant ¢ depends on C and does not depend on q € B¢ .
5. The following estimate holds (cf. (2.9)):

24+1
2 1

_ _ er
|je(r)| < er Yz (2€+ 1> 20+ 1)172° 0<r<ry, (>0 (3.19)
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where jy(r) is the spherical Bessel function.
6. Let us prove the lemmas of this section.
Proof of Lemma 11. One has, using (2.35),

is = —An / (s (0/(6), ) — A0 (6), )]s (@) dv — 4 / A0 (5), a)vs(a) dar (3.20)
S2 S2

By (3.3) one obtains from (3.20) the estimate

lds — 4N < 4 / |As(0'(8),0) — A(®'(6), )| [vs()] dat
SQ

(3.21)
+llallallo(vs)lla < 4| A5(8(8), @) — A(8'(8), @)l s (@)l + llgllallo(vs) o
This is the estimate (3.4). Let us prove (3.5)
One has
N(8)
145(6'(6), ) — A0 (8), )|l < II Y [Ase(er) — Ae(a)| [Ye(8)] |+

. =0 (3.22)

Yo A Y@ || =L + Iy
(=N(5)+1

Using estimate (2.8) with 7 = a; > a, and (2.9), and taking into account that |[Im 6’| = |Im 0| = & if
0 — 0 =\, X\ € R?, one obtains

2N (§)+1 -1
eay 2 1
I < cdexp(kar)N?(6) [<2N(5)+1) N(‘S)] ) (3.23)

IN@G)+1\ N(§)\NO
= céexp(mal)N5/2(5) (537)14_) < cdexp(ra )N3(0) <ﬁ)
Here we took into account that there are
N(5)

(204+1) = [N(6) +1]2
0

o~
I

spherical harmonics with 0 < ¢ < N(9).
Furthermore, using (2.7), (2.8) and (2.9) one gets

2041

> ea 2 1 exp(kaq) a\ V@
L< > ( ) A < cN'2(5) (> exp(ray) (3.24)

{=N(0)+1 2¢+1 20+1 ( eay 2 1 g
20+1 V20+1

Combining (3.23) and (3.24) one has, with N = N(9), a/a; :=s, 0 < s <1, ea1/2 :=t,

N
I + I, < cexp(kay) {§N3 <¥> + N1/2SN} (3.25)

Consider, for a fixed small § > 0, the minimization problem
N\ N
ON3 <7> + NY/26N — inf (3.26)
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where the infimum is taken over N, N > 1, that is for sufficiently large N. Write (3.26) as
1
dexp(NInN — NInt+3InN) +exp(NIns + 3 In N) = inf (3.27)

To find the infimum in N, let us differentiate (3.27) with respect to N and equate the resulting expression
to zero. This yields

dexp(NInN — NInt+3InN)InN {1+O <1>] +exp(Nlns+ %lnN)[lner i] =0 (3.28)

InN 2N
Thus 1
1 InN|1+0 (%
5 t'=exp(NInN -~ NInt+3InN - Nlns— - InN) " [1 +0 ()] (3.29)
2 —5v +Ins~t
1 ! NInN (1+0 1 N (3.30)
— = — .
S mN )|’ >
1 1 Inln N
Inln—=InN+InlnN — | =(InN) |1 31
nlns=In +1Inln +O(lnN) (In )[—i—O(lnN )] (3.31)
Divide (3.30) by (3.31) to obtain
ln%
N =N(8) := r[l+o()), 6—0 (3.32)
Inln 5

Denote by [i(d) the infimum in (3.27) which is the value of the left-hand side of (3.27) at N = N(§). Then,
using (3.27) and (3.28), one gets, with v := In(s™1),

i(8) = exp{—yN(8)[1 + o(1)]} {1 + 1~ WG - } < cu(d), (3.33)
M N (©)] [140 (57t )]
where 11(9) := exp[—yN(9)].
From (3.32), (3.25) and (3.33) one obtains
I+ I < coxp(san)(d) < cexp(ab)n (0) (3:34)

where 7, := In[a;/(aVv/2)] < v, b > a;. Therefore estimate (3.5) is proved and the proof of Lemma 11 is
complete. o
Proof of Lemma 12. Substitute ¢ of the form (3.6) into the equation (3.6) to get the equation for R:

LR := (V?+2if - V)R = q¢(z)R + ¢(z) in R® (3.35)

Define the operator

4,1 exp(iA - z)f(N) o
L lf.(%):}/ B I i i= (3.36)
R3
where
FO) = / exp(i) - o) f(z) dz (3.37)
R3
Then
Lw = f in R® (3.38)
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In Lemma 12 the existence of ¢ satisfying (3.6) and (3.7) is claimed. Uniqueness of such a 1 is not discussed.
Therefore, Lemma 12 will be proved if one demonstrates the existence of a solution to the equation

R=L'"R+ L 'qin R (3.39)

such that R satisfies (3.7).
Suppose that the following estimate is established

||L_1f||L2(D1) < C|9|_1||f||L2(D), 0e M, |9‘ >1 (3.40)

for any f € L?(R3) vanishing outside of a bounded domain D, D C B, C Dy, D; is an arbitrary bounded
domain in R3, and ¢ depends on D and D; but not on 6 (we will prove estimate (3.40) later: see estimate
(3.47) below). Then equations(3.39) and (3.40) imply, with || - [[o = || - [ L2(B.)»

IRlla < clf] " lgRlla + cl0] lalla < clO]™ Nall oo (5, 1 Rlla + cl0] " llglla (3.41)

Therefore, for |0] > 1 such that c[6] 7! ||g||L=(p,) < 1, one has
IR[la < c116]glla (3.42)

This implies (3.7) under the additional assumption ¢ € L*>(B,,).

To complete the proof of Lemma 12 under this additional assumption it is sufficient to prove (3.40).
This estimate is an immediate consequence of the following result, which can be found in [0, vol. II, pp. 17,
31]: Let P(9) be a partial differential expression with constant coefficients, d := —i grad, D C R®, n > 2, D
is a bounded domain, Go(x) is a regular fundamental solution: P(0)Go = 0(z —y), n(z) € C(R™), n =1
in a neighborhood of the set {x — y}, 2,y € D1, and G1(z — y) = n(x — y)Go(z — y). Then

/Glx— dy—/Gox— (y)dy, D C Dy, xz€D (3.43)
and R
sup P(A)|G1(N)] < o0 (3.44)
)\ER"’
where '
PN = (D [PD N2 (3.45)
[71>0

and j is a multiindex. If P(9) = L := V2 + 2if - V, then L(\) = A2 +2)\ - 0 and

L) = (3 102 +2x-0)D )12 =
131>0 (3.46)
={|IA2 42X - 0% + 4|\ + 0> + 36}1/2 > 2|Im

Therefore

IN

1m0y = [ | / Ga(o = ) f(w) dyf? NEIFO)P
Dy i3 (3.47)

- 1
2 2 2 -2 2
< Ciﬂggg[ﬁ MGz - e £200) <0 fllz2(py

Estimate (3.47) is identical with (3.40). Therefore Lemma 12 is proved under the additional assumption
q € L*°(B,). Without this assumption estimate (3.7) is proved in [6] and in [1]. The argument in [6] is more
complicated. It uses estimate (3.77):

L™ il (y) < cl0 720D 2 | fll 2oy, 16> 1, €M (3.48)
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In place of the estimate (3.41) one uses the estimate
IRl (1) < c(16] 0 16)'2 |l 2 (mo) | Rl o (1) + c(16] [6])'2 [lq]l 25, (3.49)

which implies
IRl (py) < c(0] |02, q€Qa 0€M, [0]>1 (3.50)

Using (3.50) and the first inequality (3.41) one obtains
1Rlla < cl0] IRl Lo (o) lalla + IO lall < ca]0]™ (3.51)

Lemma 12 is proved. o
Proof of Lemma 13. Suppose that w # 0 and (3.8) is false. Then w is orthogonal in L?(S?) to all functions
of the form

u(z, a)v(a) da,

S2
that is
/ / a)dadz for all v € L?(S?) (3.52)
Thus
/ u(z,a)dz for all a € S? (3.53)
D
It is proved in [3, p. 46] that
G0 = I o0, 0) 4 ofly ) as ol — o0, L= -a (3.5)
dmly| lyl
where G(z,y) is the resolvent kernel for £,: £,G = —§(x — y) in R3, G satisfies the radiation condition, ¢ is
defined in (1.1). Therefore (3.53) implies
= /w(x G(z,y)dr == h(y) forally € D’ (3.55)
D
The function h(y) satisfies the equations
lh = —w(z) in R? (3.56)
Since h € HY , it follows from (3.55) that
h=hy=0ondD (3.57)

Multiply (3.56) by w(z), integrate over D and then by parts, using (3.57) and the equation {,w = 0 in D,
to get

0= / w2 de (3.58)
D

Therefore w = 0. This contradiction proves Lemma 13. o
Proof of Lemma 14. Suppose (3.9) is false. Then

lve(@)]] < cfor all € € (0,e9), €0 >0 (3.59)
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Choose a weakly convergent in L?(S?) subsequence and denote it v.(«a) again, ¢ — 0. Pass to the limit
e — 0in (3.8) with w = 1(z,0) and this subsequence v.(a), v.(a) — v(a) weakly in L?(S?). The result is

W(x,0) = /u(m,a)u(a) dain D, Im@+#0 (3.60)
SQ

Since both sides in (3.60) solve the elliptic equation
(=0 in R (%)

they are identical in R® by the unique continuation property for the solution to (). This is a contradiction
since ¥ (x, ) grows exponentially as |x| — oo in some directions, while the integral

| / u(z, a)v(a) do| < clv|
SQ

is bounded. Here we used the well known estimate

sup  Ju(z,a)| <c (3.61)
rER3,acS?

Estimate (3.9) is proved. In order to prove (3.10) one deduces from (3.8) with w = v (z, §) that

I /u(x7a)1/€(a,9) dol|r2py > ]| L2(py — € > cexp(kd/2), K = |Im 6 (3.62)
S2

where d =diam D. Assume that for some € > 0 the estimate (3.10) is false. Then there is a sequence 6,, € M,
|6,,] — oo, such that
lvell exp(—knd/2) — 0 (3.63)

This contradicts inequality (3.62). Indeed, from (3.62) it follows that

0 < c<exp(—k,d/2) ]| /u(x, a)ve(a, 0n) da) || 12Dy < 1 exp(—rnd/2)||ve(a, 0n) | L2 (s2) (3.64)
SQ

where ¢; > 0 does not depend on ¢ or 6,, it depends on max,cps qes? |u(z, )| (see (3.61)) and on
(meas D)'/2. Since (3.64) contradicts (3.63), Lemma 14 is proved. o
We will use Lemma 17 in the proof of Lemmas 15 and 16. Therefore let us first prove Lemma 17.

Proof of Lemma 17: First, let us prove that N(I 4+ T,) = {0}, where N(A) is the null space of a linear
operator A. It is easy to see that, for ¢ € @, the operator T, in (3.17) is a linear compact operator on
L?*(B,). Therefore (I+1T,)~" exists and is bounded by the Fredholm alternative if N(I+7,) = {0}. Suppose
w+ Tyw = 0 in B,. Define w(x) to be —T,w for any = € R®. Then w + T,w = 0 in R3. Therefore w solves
the problem:

ow
0|z
It is well known [19] that (3.65) implies w = 0. Therefore N{I + T,} = {0} and the operator (I + T,)~!

exists and is bounded in L?(B,). Let us prove (3.18). Assume that (3.18) is false. Then there is a sequence
gn € Be such that

V2 41— q(z)]w=0in R?, || < - zw) -0, |z|— o0 (3.65)

||(I+Tn)_1H >n, T,:=T,. (%)

We prove that this is impossible. Indeed, since B¢ is a compact set in L?(B,), one can select a convergent
in L?(B,) subsequence which we denote again by ¢, [|¢, — q|la — 0 as n — oco. One can check that

1Tq, = To, Il < cllar — a2lla (3.66)
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Indeed
1 lgn — g2
I, £ =T FI < g (B/ o [ ay | 111P < el = ol 21°
a Ba

from which (3.66) follows with ¢ = c(a). Therefore, if ¢, — q in L?(B,) then ||T,, — T|| — 0 as n — oo. One
has, using bounded invertibility of I + T,

I+ D) =T+ T+ Ty = 1) = [T+ T) [+ (T —TYIT+T) ' <e (367)

Here the inequality holds for all sufficiently large n, for example, for such n that |15, — T|| ||(I +T) 7} < 1.
Since (3.67) contradicts (x), Lemma 17 is proved. o
Proof of Lemma 15: Assume that § € M, |0] > 1, is fixed. First, note that one can find v(«) such that
||| is arbitrary large but

I /u(ama)u(a) dol|z2(py <6, (%)
S2
where § > 0 is an arbitrary small number. Indeed, u = Bug, ug := exp(ia-z) and B = (I +T)" ! is a

bounded linear operator in L?(D), ||B|| + ||[B~!|| < ¢ (see Lemma 17). Since ||h|| = |B~!Bh| < [|B7}|
||Bh||, one concludes from (*) that

el [ explia - 2)via)dallsa) <6 (+4)
5’2

where ¢ does not depend on §. Conversely, (xx) implies (%) (with ¢16 in place of §) since B is a bounded
operator. Take vy(a) = ¢/Ye(a), ||V]| = |ce|]. Take |co| — 0o as £ — oo so that |cgje(d)] — 0 as £ — oo where
d =diam D. Such a choice of ¢, is possible since |j;(b)] — 0 as £ — oo (see (3.19)). So, ||v¢(a)|] — oo, and

I /u(m,a)yg(a) dolz () < c| /exp(ia 2)eeYe(@) dal| (o) = ¢leol [je(r) 2oy — 0 as £ — o
52 52
The claim is proved. That is why we are looking for v.(«) which satisfies (3.11) and has minimal norm.
Let us note that v = By, where ¢ solves the equation
Vio+¢=0in R (3.68)

Indeed, since p = B~19 = (I + T)t, one has (V2 + 1) = (V2 + 1) (I + T) = qib — q¢p = 0 as claimed.
Inequality (3.11) implies, as in the passage from (x) to (xx), that

Il — /exp(z'a ‘z)ve(a)da|| < cei=e1, b>a; > aV2, (3.69)
S2
where ¢ does not depend on € and ¢, the norm || - || in this argument is equivalent to the norm | - ||z2(5,),
e )
exp(ilz — y
p=vrTo=vr [ SN a)0,6)dy (3.70)
dm|z —y|

B(l

Since b > a and |0] > 1, ||¢||» is of order of ||1)||p which, in turn, is of order of ||exp(if - )|, as |§] — oc.
Also, ||¢lle, [|%#]]s and || exp(if - x)||» are of order || exp(if - z)|| as |8] — oo, 8 € M, where || - || is defined in
(2.14). Since ¢ solves (3.68) one can write

p(@) = age(r)Ye(e'),  r=lz|, o =z/r. (3.71)
£=0
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Also
exp(ia - x) = Z47Tiejg(’l"))/g(a/)}/g(a), r=lz|, o =uz/r. (3.72)
£=0

Thus (3.69) can be written as

- b
Z lag — 4mitvee b < €2, b = /r2|jg(r)\2dr Veo = (Ve, Yo) 12(52). (3.73)
=0 0

One can write an equation similar to (3.17) for :

(14 T)0 = exp(if-2). Twi= Ty = [ Gloy,O)avdy. (3.74)

Ba

Here G solves the equation

(V24+1)G = —6(z), G =exp(if -2)g, (3.75)
_ 1 exp(iA - )
— 2 . [ — =
Lyi= (V2 42i0-V)g = ~0@). 9= s / e ax (3.76)
R3

The operator (I +T')~! exists and is bounded in L?(B,) if |§] > 1. To prove this, it is sufficient, as in the
proof of Lemma 17, to prove that N(I +TI') = {0}. Suppose w +T'w = 0 in B,. Then w solves equation
(3.65) and satisfies the following condition at infinity: w = exp(if - x)v, where

v=L"'quin R>. (3.77)

and L~ is defined in (3.36). The relation (3.77) plays the role of the condition at infinity. Using estimate
(3.40) one derives from (3.77) restricted to B, that v = 0 provided that |f] > 1, namely, |0| is so large that
1L~ gl L2(B,)—r2(B,) < 1. Thus v = 0, w = 0, and the operator (I +T)~" is bounded in L?*(B,). Since T is
a compact linear integral operator in L?(B,) and I + T is injective, one can write (I +T')~! = I +T'; where
I'; is a compact linear integral operator in L?(B,). Therefore

Y =exp(if - x) + T'1exp(ib - ) = exp(i6 - ) + /I‘l(x, y) exp(if - y) dy, (3.78)
B,
and from (3.70) one obtains
¢ =exp(if - x) + T exp(if - x) + Texp(if - ) + TT1 exp(if - x). (3.79)

It follows from (3.79) that exp(if-x) is the main term of ¢ as |#| — oo in the region |z| > a. Since ¢ = Y +T
and |¢| < cexp(kr) one has |¢| < cexp(kr), r > a. Thus

o0

HQOH%z(Sz) = Z lae|?j2(r) < cexp(267), T >a (3.80)
(=0
and
lae| < cexp(kr)|je(r)|™t, 7> a. (3.81)
Define
Vep := (4mi®)"tay for I < N, v :=0for £ > N. (3.82)
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Then, using (3.80) and (2.9), one gets

i N N oori1
el = el = 3 e < cexp@en) 3 St <
= = = el
- - - , (3.83)
N rop 41\ 2641 ON 41\ 2N+
< 2 20+1)2 < 2 N3
<cexp(2kr) ez:% < " ) (2¢ + 1) < cexp(2kr) < o )

where r > 0 is such that jy(r) # 0 for all £ > 0. Let us fix r > b and estimate by in (3.73), for large ¢, using
(3.19):

b 2041 o0 2041
er 1 et 1p2tt3 (eb)?* eb 1
b7 < — dr < < < —. 84
¢ = /T (2@+ 1) 20+1" = e+ 12201 3) = 20z =€ (2£+ 1) a8
From (3.81), (3.82) and (3.84) one concludes that (3.73) holds if
o0 2041 - 20+1
er 1 eb
D) —
ce;lexp( wr) <2z+1) 20+ 1 (ze+1> e =
=N . (3.85)
oo b 26+ b\ 2N ,
< 2 < 2) <
< cexp(2kr) Z (r> < cexp(2kr) (r> <ef, r>b
(=N+1
Write (3.85) as
p\ N
exp(kr) (;) <ey, ex=c¢e1/Vci=ce, N>1. (3.86)
Since r > b is arbitrary, one can minimize the left-hand side of (3.86) in r and get
b\ br\ ™
inf - = N) | —=
inf lexpmr) (%) ] o) ()
where the infimum is attained at » = N/k. Consider the equality in (3.86) with this r:
ebr) ™ 0 (3.87)
- — — 0. .
N €2, €2
Let us solve (3.87) for N asymptotically as e2 — 0, for a fixed x. Write (3.87) as
_ In(ebk) 1 Inln N
1 — e— =
Inlne; " =InN +Inln N W +0(lnN) (InN) {14—0( v )} (3.88)
Therefore
InN = (Inlney H)[1 4+ 0o(1)], &2 — 0. (3.89)
Thus
N =exp{(Inlne; ")[1 + o(1)]}, g9 = c2e, & — 0. (3.90)

With N = N(e) given by (3.90) formula (3.83) yields an upper estimate for ||v.|| and therefore for j(e, 0) for
arbitrary large fixed 8 € M and € — O:

N
j(e.6) < cexp(sr) (2N * 1) N2, (3.91)
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where N is given by (3.90). Minimize the right-hand size of (3.91) in r, » > b. As above, the minimum is
attained at r = N/k and (3.91) with this r yields

N
2N +1

j(e,0) < c( N+ ;@) N? < ¢(2r)N N2 (3.92)
Since N in (3.90) can be written as n(e) in (3.13), Lemma 15 is proved. =

Proof of Lemma 16: If ¢ = exp(—kb)/k, £ = |Im 6|, then (3.87) takes the form

N
ebk exp(—kb)

—_— =Cco———=. 3.93
() o -

Let N = N(k) solve (3.93) asymptotically as K — 4o00. Denote v.(a, ) corresponding to ¢ = e(k) =
k1 exp(—kb) by v,. The Fourier coefficients of v,, are given by (3.82) with N = N(k). From (3.83) one

derives N ()41
. exp(2kr) (2N (k) +1 " .
je(k),0) < C AN ( . N3(k), r>b. (3.94)

Minimizing in 7 > b the right-hand side of (3.94) one obtains, at r = (2N (k) + 1)/(2k),

2N (k)+1
, < exp[2N (k) + 1] <2N(/{) + 1) 50y _
= gy (e V()
2n (3.95)
%% 2N (k)+1
=cexp[2N (k) + 1] <?) N3(k) = eN3(k)(2k) 2V ()1

Estimate (3.16) is proved. To prove (3.16"), note that if N (k) < ebs or N(x) > e%bk then (3.15) cannot hold
as k — oo. Indeed, as k — oo then (ebrx/N)N > 1 > ¢y exp(—kb)/k for N(k) < ebk and

ebr\ " 9 4 9
A <lz) < exp(—e“bk) < cok ™~ exp(—kb) for N (k) > e“bk.

Lemma 16 is proved. o
IV. Proofs of Lemmas 1-9
Proof of Lemma 1: One has, using (3.72) and the orthonormality of the spherical harmonics

Aim(@)| = 41 [ a@)u(e.a) [ exp(-if-0)Ven(B) ddd] <
Ba

S2

(4.1)
<c |Q(x)j€(r)}/[m(a/)| dz, r= |‘T|7 of = x/r
B,
and c is the constant from (3.61). From (4.1) using (3.19) one obtains
u 1/2
(20+1)/2
(@) < clalla | [PlicrPdr| < e (5 . (12)
- - 20+ 1 2041
0
Lemma 1 is proved. o
Proof of Lemma 2: Using the formula
/exp(i@ car)Yy(a) do = Amit i, (r)Ye(0), 0 e M (4.3)

S2
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where r > 0 is arbitrary, one applies the Cauchy inequality to the integral in (4.3) and obtains

exp(kr 1/2 exp(kr
mi(0)] < 2P viga) 5/ i) = mpé()n (4.4
Lemma, 2 is proved. o
Proof of Lemma 3: The function w, defined by the right-hand side of (2.15), solves the Helmholtz equation

(V24 Dw=0forr>a (4.5)
and has the asymptotics

w = exp(ia - z) + Ao, a)r Lexp(ir) + o(r™1), r—oo, o =uz/r (4.6)

Therefore the function v := w — u(x, &), where u(z, «) is the scattering solution, solves equation (4.5) in the
region 7 > a and
v=o(r 1), T — 00 (4.6)

By the Rellich-type uniqueness lemma (see e.g. [3, p. 24]) one has v =0 for r > a. Lemma 3 is proved. o
Remark: Lemma 3 is well known.
Proof of Lemma 4: One has, with ¢ := [ u(z, @)v(a)de,

SQ

o) := || exp(—i6 - z) / ul(e, a)(a) da — 1)) =

5 (4.7)
=|| exp(—if - z)[p — exp(if - ) — exp(if - z)R(x, 0) + exp(if - ) R(z, 0)]|| <

[ exp(—if - z)[p — Y1 + [ B(z, )]

By Lemma 13, with w = v and v as in Lemma 12, one can find v = v(a, ) such that

exp(—kb

o — vl < PP g (4.9

With this choice of v one has
| exp(—if - ) — ]| < exp(rb)|e — || < r7 (4.9)
Since § € M one has |0|/k — /2 as § — oo. From this, (4.7), (4.8) and (4.9) estimate (2.16) follows. Lemma
4 is proved. o
Proof of Lemma 5: Let us choose the coordinate system so that A = tes, wheret > 0 and e;, j =1,2,3, is
an orthonormal basis of R®. Let 0 := 3tes+v, 6 := —3tes+v, where v-v = 1—t2/4, v3 = 0, [v| — 0o, v € C%
Clearly there are infinitely many such v. If ¢ # 1, then one can choose 6’ and 6 in M’ in the above proof.
Lemma 5 is proved. o

The reader can also consult [4] for another proof.
The proof of Lemma 6 is given in Section V.

Let us prove the remaining lemmas.
Proof of Lemma 7: One has

lps (V)| := || exp(—i6 - z) /Ué(%a)l/(a) da— 1| <
S2
< | exp(—if - x)/u(x,a)u(a) doc— 1)) + || exp(—if - m)/[ug(x,a) —u(m,a)(@)dal < (410)
S2 S2
< 190 + cexplb)atv) sup us(z.) — u(z. )|
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Let us prove that

sup l[us(z; ) —u(z, a)|| < cp(0) (4.11)

where p(9) is defined in (2.28) and N () is defined in (2.24). One has, with N = N(9), r = |z| and o/ = z/r,

N 0o
[us (@, @) = u(z, @)|| < | Y [Ase(e) = Ac(@)]Ye(@ V()| + | D Ac(@)Ye(ahe(r)|| := 1 + 1> (4.12)
£=0 {=N+1

Using Parseval’s equality and the assumption (1.3) one gets

N b b
2 — _ 2 2 2 < 2 2 2 ) .
Ié én%;;mw(a) A(a)] / Plhe(r)? dr < 476° s / 72| hg(r)|? dr (4.13)
- ai ai
Furthermore
o b
B Y AP [ bl ar (4.14)
=N+1 2
Define
b
H; = /r2|h4(r)\2dr (4.15)
ai

The following formula is known:
. 4 [ _
\HO ()2 = = /0 Ko(2rsh(t)) (2! + e 2 dt,

where H, él)(r) is the Hankel function and Ky(r) is the Macdonald function. It follows from this formula
that |Hél)(r)| is a monotonically increasing function of ¢. It is known that r|Hél)(r)\2
decreasing function of 7 > 0 if £ > 1. One can prove (see [5]) that

is a monotonically

Hy<c (2%-;)25 02 ay = % (4.16)
In fact, a stronger estimate holds:

Hy < cai[(2¢+ 1)1 <2i:1 1>2€+1 : (4.16")
This follows from the known asymptotics of Hankel’s functions: hg(r) ~ —i(rf)=%5 (%)HO'5 as { — oo.

From (4.13)—(4.16") and (2.7) one gets

N+1 N
11+12§c[5<2N+1> +(i> ] (4.17)
eaq aq

Minimizing with respect to N the expression in brackets in (4.17) for a small fixed § > 0 one obtains that
the minimum is cpq () with py(0) defined in (2.28) and N = N () defined in (2.24) (cf. [5]). Inequality
(2.30) is proved. Inequality (2.31) can be proved similarly. Lemma 7 is proved. o
Proof of Lemma 8: Use (2.30) to conclude that (2.32) holds if

lp()]l + a(v) exp(kb)u(5) < clf] ™" (4.18)
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Using Lemma 13 with ¢ = || ! exp(xb), x = [Im 0] and D = By, choose v = v(a, ) such that

l = Il < 161" exp(—rb) (4.19)
where
pi= /u(x,a)y(a,e) do (4.20)
S2

Then, using (3.6), (3.7) and (4.19), one gets

6} = Il exp(~i8 - z)o — 1] < [[exp(~i6 - )l — vl + 1Rl < )
< exp(d)|l¢ — 9|l +clf| 7 < [0]7 (e +1) ‘
Choose 0 = 6(9) such that
|0]a(v(a, 0)) exp(rb) = 1/p(5) (4.22)
Note that u=1(§) — oo as § — 0. We claim that
a(v(a,0)) — coas 6] - o0, €M (4.23)
From (4.23) it follows that equation (4.22) has a solution 6(d) such that
|0(8)] = 00 asd —0 (4.24)
To finish the proof, let us check that (4.23) holds. Assume the contrary, that is
a(v(e,0)) < (4.25)

where ¢’ does not depend on . Using (4.25) choose a weakly convergent in L?(S?) subsequence which is
denoted by v(«, 0,):=vy,
v(a,0,) — v(a) weakly in L?(S?) as |0, — oo (4.26)

Pass to the limit in (4.19) to get

[9(2,60,) — (2, 0,)] — 0, n— o0 (4.27)
where
o(x,0,) = /u(x,a)y(a,Gn) da (4.28)
S2

This is a contradiction since ||| < ¢||vn]|(4m)"/? < e (4m)V/? < ¢p, while ||[¢(z,6,)| — co as n — oco. In
this estimate c is the constant from (3.61). Lemma 8 is proved. o
Remark: The rate of growth of a(v(w,6)) as |#] — oo, § € M, can be estimated from below by formula
(3.10) and from above, for some choice of v(«,#), by (3.16)—(3.16”). This allows one to get the following
lower estimate of ©(d) which gives a refinement of (2.33):

o) > 0(6)] > ¢ 20

- (In]lnd|)? (429)

To prove (4.29) let us solve (4.22), asymptotically as § — 0, for |6(5)| using the upper estimate (3.16") for
a(v,0). Equation (4.22) becomes
0] exp(rb)r*(2k)20%% = 1/u(6) (4.30)

Note that in order to obtain a lower estimate for |#(d)| one has to use an upper estimate for a(v) in (4.22).
Since |0|/k — /2 as |0 — oo, § € M, one can write (4.30) as

explkb + 51n k + 20bk In k + 200k In 2] = exp[yN(9)] (4.31)
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where N(§) is given in (2.24). Note that the main term of the asymptotic solution to (4.31) will be the same
for the equation (4.31) with cexp[yN(d)] in place of exp[yN(J)], ¢ =const. From (4.31) one derives

20br(In k) {1 + (ﬁ)] = YN (5) (4.32)

Thus
klnk =y N@O)[1+o1)], 60, ~ = 21% (4.33)
Taking In of (4.33) and denoting v N (d) := n yields
Ink +1Inlnk =1nn+o(1) (4.34)

Let us look for the asymptotic solution to (4.34) of the form

n
m—m(l—i—tL t=o0(1) as n — oo (4.35)

Substitute (4.35) into (4.34) to get

Inlnn +t+ O(?)
Inn

lnnlnlnn+t+0(t2)+1n{(lnn) [1 Hlnn+o(1)

Thus
Inlnn +t + O(t?)

Inn

t+O(t%) — =o(1) (4.36)

Equation (4.36) implies that ¢ = o(1) as n — oo. Therefore formula (4.35) gives an asymptotic solution to
equation (4.33) as § — 0. Let us write this solution for references in terms of |0(8)| = v/2x()[1 + o(1)] as

0—0 /3
271N (9) ke
0(6)| = ————5[1 1 ) 4.
O] = pe s Lol a0 m= (437)
where N(§) = [Ind|/In|lné|. Therefore
V271|In §| V271|In 6|
— — yani—2l - 4.
90) = sl + o) —mmmoy L T M = Tajmepz it HoWl 00 (4.38)
Let us formulate the result:
Lemma 8': One has Y
2791 | 1n |
> _ vaniiol . .
O(5) > 10(0)] (o Ino))2 [14+o0(1)] asd —0 (4.39)
where Infas /al
niay/a
= 4.4
0! 20h = 0 (4.40)
Proof of Lemma 9: The starting point is the standard resolvent identity
Gi(z,y) — Ga(z,y) /G1 x,2)p(2)Ga(z,y) dz (4.41)

where p := ¢ — g2 and G; is the resolvent kernel of the operator ¢; := V?+1—g;(z). Let |y| — oo, y/|y| =
n (4.41). Using (3.54) one gets

uy(x, —03) — ug(x, — /G1 x, 2)p(2)uz(z, —0) dz (4.42)
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Let || — oo, z/|x| = —« in (4.42) and use (1.2) and (3.54) again to get

-1

T ar

Ai(—a,=f) — Ay(—a,—p) /p(z)ul(z7 a)ug(z, —3) dz (4.43)

Ba

By the well known reciprocity property A;(—c«,—f5) = A;(8,a), so (4.43) is identical with (2.40). The
original proof of Lemma 9, given in [9], was a little longer. o
V. Proof of Lemma 6

This proof requires some preparation. Consider the equation

Lp:=(V?*+2i0-V)p=vin R}, pcCZ(B,), 0cM (5.1)
Let 9 5
P&) =€ 4+26-¢, B:=hO h:=10"" (5.3)
B8 =h? 1Bl =1 (5.4)
N:={&P(¢) =0, £€R% (5.5)
Ny :={& €€ R?, dist (€, N) < h} (5.6)
N; := R*\ N, (5.7)

Let 8 =m +iu, m,u € R®. Then
N={&¢l¢+m|=|m|, p-£=0, E€R’} (5-8)
Thus N is a circle. Let P(¢) = Py () + iPy(€), where Py(€) :=Re P(¢). Note that
dPy(£) #0 for £ € N (5.9)

where dP; is the differential of P;. Equation (5.1) can be written as

P(hD)p := [(hD)* + 283 - hD]p = —h*v (5.10)
Define
Fu = a(€) := (2mh)~3/2 /u(x) exp(—i& - xh™ ) dx (5.11)
R3
u(z) = (2rh) =32 / () exp(i€ - xh™1) d¢ (5.12)
RS
ihde,0(€) = T;u (5.13)
Frn{=ihdju(z)} = &;u(§) (5.14)
Let us denote in this section
ol == llpllL2(rs) (5.15)
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lelbhbz = ”p”LQ(BbZ\Bbl)a 0<by <bo

lg(hD)pll := llg(v1+&)p()

First, we need
Lemma 18: Any solution p € C3(B,) to (5.10) satisfies the inequality

h[(D)?pll < c| P(hD)pl| Vh € (0, ho)

where hg > 0 is a fixed sufficiently small number.
Proof: Inequality (5.18) can be written as

R (1 +€)pll < el PE©)a

where the definition (5.17) and Parseval’s equality are used.
Let £ € Nj. Then
h(1 +€2) < el P(¢)]

so that

w [aserira<e [IP©PePRa < /|P () de = ¢ /\PthFda:

N, Ny

If ¢ € N}, then one introduces local coordinates in which the set N has the equations

t:07 51207 t:Pl(g)v

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

the &;-axis being chosen along the vector p defined by the equation 8 = m +iu. These local coordinates can

be introduced because of the condition (5.9). Define

f=Pi(&)p()

Then f =0at t =0 and f € C*(R?). Let us use the inequality

h h
/ 21 f(0) P dt < 4 / () dt
“h “h

proved in Lemma 19 below. This inequality holds for
feCt(=h,h), h = const >0, f(0)=0

Applying (5.24) to (5.23) and integrating (5.24) in the remaining variables £, one gets

[P ds < e [ IveP©pe)? s < e [ IveP©p)? de

Np, Np, R3
Note that the set Nj, is bounded. Therefore

w [l de <an [ 1o ds
Np, Ny,
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Using Parseval’s equality, the assumption supp p C B,;, and the S.Bernstein’s inequality for derivatives of
entire functions of exponential type, one gets

112/|v5 PO de = 72 /|p1 Vo|2dz < 12 /|P ©)p2 dz = r? /|P (hD)p|? dz (5.28)
From (5.26)—(5.28) one obtains
v [+ @PIpor de <o [P ds (5:29)
Np, R3
From (5.21) and (5.29) one gets
v [ @R d < [ 1PuD)fdo (5.30)
Np, R3

This inequality implies (5.18). Lemma 18 is proved.

Lemma 19: Under the assumptions (5.25) inequality (5.24) holds.

Proof: Inequality (5.24) is similar to the well known Hardy’s inequality in which the integration is taken
over (0,00). To prove (5.24) one starts with an obvious inequality in which A is an arbitrary real number:

0< /\f’—At—lf(t)th = AN —AB+C (5.31)
where
h h p
Am /t‘2|f|2dt, B - /t_ldt| FORdt (5.32)
—h ~h
and
h
C:= / |f'|? dt (5.33)
One has .
h)|? —h)|?
B :t—1|f(t)|2|iih+ /t_2|f|2 dt = |f( )‘ +h|f( >| —|—A > A (534)
—h
From (5.31) it follows that
B? <4AC (5.35)
By (5.34) one has B > A and (5.35) implies
A<4C (5.36)
This is inequality (5.24). Lemma 19 is proved. o
We need one more lemma:
Lemma 20: Let
P(hD)p=01in A, (5.37)

where A; is a bounded region with a smooth boundary. Let A C Ay, n(x) € C§°(A1), 0 <n(x) <1,n(z) =1
in A, where A is a strictly inner subdomain of A;. Then

hl|Dplla < cllplla, (5.38)
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where [lplla = o]l z2(a)-
Proof: Multiply (5.37) by np, take the real part and integrate by parts to get

h
h/n\Vp|2d9:: —5/(ﬁVp+pVﬁ)V77dx+2Re i,@’j/pjﬁndx =
Ay Ay Ay

(5.39)
h
=3 / |p|>V?n dx + 2Re en /pjﬁn dx
Al Al
where the summation over the repeated indices is understood. Using the inequalities
L _h _
120,0] < 51psl* +2h7p? (5.40)
V2l <e |8 <1 (5.41)
one obtains from (5.39) the following inequality
h
h/n\Vp|2dx < ch/ |p|? dx + 5 /17|pj|2dx +2n7t /77|p|2 dx (5.42)
Ay Ay A Ay
It follows from (5.42) that
h2/|V,0|2 < clh2/|p|2dx + ¢ /n\dem < 03/|p|2dx (5.43)
A Ay Aq Ay
This inequality implies (5.38). Lemma 20 is proved. o
We are now ready to prove Lemma 6.
Proof of Lemma 6: The equation for the function p defined in (2.12) is
Lp=gp+qin R? (5.44)
where L is defined in (5.1) Write (5.44) as
P(hD)p = —h*(gp+4q), h:=10]"" (5.45)
Let n € C§°(By), 0 < n(z) <1, n(z) =1in B,,. Clearly
P(np) = (Pn—nP)p — h’nlap+q) (5.46)
Applying (5.18) to (5.46) yields
h|[(hD)*(on)l| < ell(Pn —nP)pll + ch®[lqll L= (B.)llplla + ch®[lalla (5.47)
Since n(x) =1 in By, one obtains
hllplla < hII(hD)*(mp)l| < ch?||plla + ch® + ¢ (P —nP)p| (5.48)
Thus
Iplla < ch+ch™||(Pn —nP)p (5.49)
Using the equation
Dn=0in B, (5.50)
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one obtains
[(Pn = nP)p|| = ||p(hD)?n + 2h2Dn - Dp + 2hBp - Dn|| < e(h® + h)||pllay.o + ch® | Dpllay (5.51)

The function p solves equation (5.44) and ¢(z) = 0 in By \ Bg,. Therefore Lemma 20 is applicable and the
estimate (5.38) yields

hHDpHal,b < CHpHalfs,bJre (552)
where € > 0 is an arbitrary small number.

From (5.49), (5.51)and (5.52) one obtains

lplla < ch+cllpllay—cb+e (5.53)

Since £ > 0 is arbitrarily small, one chooses ¢ so small that a < a; — &, where a; > a, and (5.53) implies
(2.23). Lemma 6 is proved. =
The arguments in this section are close to those in [8].
VI. Proof of Theorems B and C
We have already proved Theorem A in Section ITI.1.
Proof of Theorem B: From (2.35) with 6§ = 0(d) and 6’ = 6'(5), where 6(9), 6’'() and vs(«) are defined in
Lemma 8, one has

Gs = —47r/[1215(0’, a) — A0, a)vs(a) da — 47r/A(0', a)vs(a)da =1 + I (6.1)
52 52
The last term in (6.1) is transformed as in (3.2) and (3.3) and one obtains the estimate
|- 47r/A(9’,a)1/5(a) doc = GN)] < llallallp(vs)lla < cl6] ™ (6.2)
S2

where formula (2.32) was used.
The first term is estimated by (3.5) and (2.32):

11| < ca(vs) exp(rb)u(d) < clf] " (6.3)

From (6.2) and (6.3) the estimate (2.36) follows.

Let us prove (2.37). To this end one has to estimate the function ©(d), defined in (2.32), from below.
Such an estimate is given in (4.39) and yields (2.37). Finally, Lemma 17 shows that the constants ¢ in our
estimates can be chosen uniformly for ¢ € Bo. Theorem B is proved. o
Proof of Theorem C: The starting point is formula (2.40). Multiply (2.40) by v1(a, 8) and ve(—a’,8")
and integrate over S% x S? to get

—an [ [ Al a0 0) dade’ = [ pla)on(o.0)pa(a, ) da (6.4)
S2 S2 B,
Here 0,0’ € M, 0] > 1,0 +60 =\ X € R3,
pj(x,0;) = /Uj(ﬂaa)Vj(Oéﬁj)da, i=12,  61:=0, 6:=0¢ (6.5)
SQ
and v; = vj(«, ;) are chosen so that
Il < elbl™,  pvs) = exp(=ib; - x)p; — 1 (6.6)
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where |0 |02]71 — 1, as |[#1] — oo, and the norm is defined in (2.14). Then, using (6.6) and (2.23), one
obtains

[ p@eroads = [ p@)explir- o)1+ p)(1+ pa)dz = 5N + O(6) ) (6.7)
B, B,

Note that for |[A\| < Ay one can choose a constant ¢ independent of A, such that

6
o]~ < clo| ™, % —1las |0 — o0 (6.8)

The left-hand side of (6.4) can be estimated by the Cauchy inequality. Using (2.41) one gets

| — 47r//A(o/,a)1/11/2 dada’| < 167%5a(vy)a(vy) (6.9)
52 §2

From (6.4) and (6.7)—(6.9) one obtains
BV < clda(vr)alvs) +0]7'] (6.10)
Let us estimate a(v;). If one takes e = k™! exp(—£b) in (3.11), then estimates (6.6) hold (see formulas
(4.7)—(4.9)). Therefore, by (3.16"),
a(vj) < ek (26)%%%, K = [Im 6, = |Tm 6y (6.11)

Thus (6.10) and (6.11) yield
[PV < c[0k8(26)40%% 4 k71 (6.12)

For a small fixed ¢ > 0 find the infimum of the right-hand side of (6.12)

ir;%[éng@/{)mb“ + K71 = n(0) (6.13)
One has
Sh(k) + k1 := dexp(40bk In k + 40bk In 2 + 81In k) + k! = inf (6.14)

Taking the derivative with respect to x yields, at the point of minimum,
Sh(k)[40bInk +O(1)] =x72, K>1 (6.15)

Let us solve (6.15) asymptotically, as § — 0, for k = x(J). This allows us to estimate 7(J) as § — 0. Taking
In of (6.15) yields

1
In 5= 2Ink 4+ 40bkInk + 40bk In2 + 81n k + In[40bln k + O(1)] = 40bk(Ink)[1 + o(1)], k—0 (6.16)

This is an equation similar to (4.33). Using the argument given for the proof of Lemma &', one obtains the
asymptotic solution (6.16). The role of N(d) is played by In(1/4), and the role of vo is played by 1/(40b).
Thus, (4.35) yields

E(9) 1 1

= EQ) [1+4 0(1)], where E(§) == —In—, §—0 (6.17)

() a0 e

Equation (6.17) can be written as

1 |Ing|
H( )_4_0bh’l|h’l(5|[ +0(1)]7

§—0 (6.18).
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From (6.13)—(6.15) and (6.18) one obtains

In|Ind|
| |

2(8) = {1 +o(1)] = 40b 1+ o(1)] as 6 — 0 (6.19)

This and (6.12) yield (2.42). The constant ¢ by Lemma 17 can be chosen uniformly for ¢ € B¢. Theorem C
is proved. o
Theorem C is a refinement and an improvement over the result in [14] (see also [31]).
VII. Summary of the Numerical Procedure, Additional Results and Remarks

In this last section we discuss the following items: a) stability of the recovery of ¢(z) given G(A) with
some error, b) discussion of the steps in a possible numerical implementation of the methods for solving the
ISP developed in this paper, and ¢) an alternative to (2.32) optimization problem which leads algorithmically
to a stable approximation of () from the knowledge of noisy data.

1. Suppose ¢s(A) is known such that

sup [gs(A) —q(M)] <6 (7.1)
A< Ao

where A\g > 0 is a large number, ¢(\) is defined in (2.20), and a priori it is assumed that g(x) € @ and

; 3
G\ < a1+ X)) d> 5 A€ R? (7.2)

Given gs()\) for |A| < Ao, and the numbers ¢;,d and &, one wants to estimate g(z) stably as § — 0. Define

wle) = @) [ @) explix-a) (7.3)
[AI<Xo
Then 1 1
w5(0) = oy [ B0 - dWesx -2 dr - ol [ g esplix- o)t
e o (7.4)
) :
+oy [ exp(ir-a) N o= 1 + T+ glo)
RS
One has 1
IRt (7.5)
2| < 477017 Yo / s gy o297 (7.6)
2= 87r3)\ (1+A2)d 1 27r2 212 94— 3 '
0
From (7.4)—(7.6) one gets
A c 1
lg5(2) — q(x) - (7.7)

< 672 ' 272(2d — 3) A28

For a fixed small 6 one can minimize the right-hand side of (7.7) in Ag and find Ag(d) at which the minimum
is attained:

Ao(6) = (%1)7 (7.8)

This equation gives a practical estimate of the region on which gs(\) should be known for a stable recovery
of q(x). With Ao = A\g(d) given in (7.8) one obtains from (7.7) the following estimate

lgs(2) — q(x)] < cod" 2 (7.9)

28



where
co = 1 + _ c% (7.10)
O l6n? T 2n2(2d - 3)) ! '

Let us formulate the result: R
Lemma 21: Let (7.1) and (7.2) hold, the numbers 0, ¢; and d be known, Ag(d) be defined in (7.8), and
gs(z) be given in (7.3). Then the error estimate of the recovery of q(x) by the formula (7.3) is given by (7.9)
and (7.10).

2. Let us discuss the steps in a numerical implementation of the methods for solving the ISPs developed
in this paper.
Step 1: Given As(o/, ) one calculates A5(0',a) by formula (2.25), then us and ps(v) by formulas (2.26),
(2.27) with ¢ and 0 satistying (2.19).
Step 2: One solves the variational problem (2.32) taking 6 of order given in (2.37). This can be done by
minimizing the functional ||ps(v)||. For example, one can look for v of the form

v= Zn: VY () (7.11)
=0

and find the coefficients vy from the linear system which one gets from the condition
lps(v)]| = min (7.12)

If vs (e, 0) is an approximate solution to (7.12), one checks if the inequality (2.32) holds with some constant
¢ independent of 6. This is done by solving several problems with 0, %, %, g in place of 0. If the inequality
(2.32) does not hold, one should increase the number n in (7.11) and try to decrease |0).

One may do numerical experiments with some g(x), for example g(x) = 1 in By, g(x) = 0 outside By,
and get an idea about the values of 0(d) and vs(a) needed for recovery. If formulas (2.38)—(2.39’) are used
then only discrete noisy data Ag(a;, ;) are used for recovery.

3. Let us formulate in conclusion an alternative to (2.32) optimization method for solving the ISP with
noisy data. The alternative method consists of the following steps:

1) First, solve the problem

los@)] = inf, v € L2(5?) (7.13)
Denote by d(9,8) the infimum in (7.13) and find vy 5(c) such that

105 (vo,5)|| < d(5,6) +16]" (7.14)
2) Secondly, solve the problem
H(6,0) :=inf :=w(d), &M (7.15)
where
H(5,0) := |lps(ve,s)|l + a(ve,s) exp(rb)u(), = Tm |6], (7.16)
and find 67 (9) such that
H(é, 91(5)) <w(d)+0 (7.17)
Define ¢15 by the formula
G1s = —47r/fl(9’1 (0), vis(a) da,  vis = vy, (5).5 (7.18)
SZ

where 0 (0) — 01(5) = A. Then the following error estimate holds

s lizs =GOV < @)l + 5+ 166)| ] (7.19)
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Here 6(6) satisfies estimate (2.37) and 6, (4) is calculated numerically (see (7.16) and (7.17)).
Let us prove (7.19). First, note that

llo(1s)|| < c[w(d) + 8], ¢=const >1 (7.20)
Indeed, by (2.31),
1) < los(ns)ll + cavrs) exp(rib)u(d) < clw(@) + 8, ¢=1, ry=[mey|  (7.21)
Secondly, as in (6.1)—(6.3), one gets, using Lemma 6, and (3.4),
ld15 — G| < elllp(vs)lla + a(vis) exp(r1b)u(8)] < clw(8) + 8+ [01(5)| '] (7.22)

Thirdly, let us prove that
w(8) < clo(6)] ! (7.23)

where 6(9) is defined in (2.32) and satisfies (2.37). One has, using (7.14),

w(8) < jf [d(8,6) + 107 + a(vo.5) exp(rb)u(6)] < clo(®)] (7.24)

where 0(9) satisfies (2.37).

From (7.20), (7.22) and (7.23) estimate (7.19) follows with |0(5)| satisfying (2.37). Let us summarize
the result assuming that |61(d)] — oo as & — 0:
Lemma 22: The function (7.18) is a stable approximation of G(A) and the error estimate is given in (7.19)
with |0(9)| satisfying inequality (2.37) and |01(0)| defined by (7.17).

The result of Lemma 22 is an improvement over the result in [18].

4. The methods for solving the ISPs developed in this paper are applicable in many fields. For example,
the applications to geophysical inverse problems are discussed in [1,6,20,26], to Maxwell’s equations in [1],
[21], to hyperbolic equations in [1], [22] [30], to inverse conductivity problem in [1],[23-25], to inverse spectral
problem in [1],[29] and property C , the basis of our theory, was introduced in [27],[6],[28] and [1].

5. Finally, let us point out that for a study of ISP it is necessary to assume that q(x) vanishes outside
some ball. Indeed, if q(z) € L'(R3) then the function

_ Ja@), iffz[>a;
Ga(®) = {O, if |z| < a

contributes to the scattering amplitude
A 0) = —(4n) 7t /exp(—io/ ~x)u(z, a)q(z) dz
R3

the quantity which does not exceed

(4m)~te / lg(z)|dz — 0 as a — oo,

lz|>a

where c¢ is the constant in (3.61). This contribution becomes indistinguishable from the noise when

/ lq(@)| dx < dme™to (7.25)

|z|>a
Thus, one cannot recover g(z) in the region |z| > a, where a is determined by (7.25).
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From (7.25) one can estimate the order of the radius a of the ball in which one can recover the potential

given the noisy data with the noise level 8. For example, if one knows a priori that |¢(z)| < ¢1]z|~%, d' > 3,
|z| > 1, then (7.25) implies a®~¢ < ((d’' — 3)/c1¢), so that a > (d' — 3)(cyc) 161/ (d=3),
Acknowledgements: The author thanks ONR, NSF and USIEF for support, Prof. J. Sjostrand whose
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while the author was a Fulbright Research Professor at the Technion.

[0]

REFERENCES
L. Hérmander, The Analysis of of Linear Partial Differential Operators, Vol. 1-4, Springer-Verlag, New
York, 1983-1985.
A. G. Ramm, Multidemensional Inverse Scattering Problems, Longman, New York, 1992.(Expanded
Russian edition Mir Publishers, Moscow, 1994, pp.1-496).
A. G. Ramm, Random Fields Estimation Theory, Longman, New York, 1990.(Expanded Russian edition
Mir Publishers, Moscow, 1996).
A. G. Ramm, Scattering by Obstacles, D. Reidel, Dordrecht, 1986.
A. G. Ramm, Recovery of the potential from fixed-energy scattering data, Inverse problems 4 (1988),
877-886; 5 (1989), 255.
A. G. Ramm, Stability of the numerical method for solving 3D inverse scattering problem with fixed-
energy data, Inverse Problems 6 (1990), L7-L12; J. fuer die reine und angewandte Math.,414, (1991),1-
21.
A. G. Ramm, Multidimensional inverse problems and completeness of the products of solution to PDE,
J. Math. Anal. Appl. 134 (1988), 251-253; 136 (1988), 568-574; 139 (1989), 302.
A. G. Ramm, Stability of the inversion of 3D fixed-frequency data, J. Math. Anal. Appl. cebf 169
N2,(1992), 329-349.
A. G. Ramm, Stability of the solution to 3D inverse scattering problem, J. Math. Anal. Appl. cebf 170
N1, (1992),1-15.
A. G. Ramm, Completeness of the products of solutions to PDE and inverse problems, Inverse Problems
6 (1990), 635-664.
A. G. Ramm, Property C and inverse problems, ICM-90 Satellite Conference Proceedings, Inverse
Problems in Engineering Sciences, Proc. of a conference held in Osaka 1990, pp. 139-144.
A. G. Ramm, Exact inversion of fixed-energy data, in the book Mathematical and Numerical Aspects of
Wave Propagation Phenomena, SIAM, Philadelphia 1991, pp. 481-486.
A. G. Ramm, Numerical method for solving 3D inverse problems with complete and incomplete data, in
the book Wave Phenomena, Springer-Verlag, New York 1989, pp. 3443 (ed. L. Lam and H. Morris).
A. G. Ramm, An approximation problem, Appl. Math. Lett. 4, N5 (1991), 75-77.
A. G. Ramm, Stability of the solution to the inverse scattering problem with exact data, Appl. Math.
Lett. 5, N1 (1992), 91-94.
A. G. Ramm, Numerical recovery of the 3D potential from fixed-energy incomplete scattering data,
Appl. Math. Lett. 2, N1 (1989), 101-104.
A. G. Ramm, Numerical solution of 3D inverse scattering problems with noisy discrete fixed-energy
data, Appl.Math.Lett., 5,N6 (1992),15-18.
A. G. Ramm, Approximation by the scattering solutions and applications to inverse scattering Math.
and Comp. Modelling, 18, N1 (1993), 47-56.
A. G. Ramm, Inverse scattering with fixed-energy data Appl.Math.Lett.,5,N4 (1992),63-67.
A. G. Ramm, Spectral properties of the Schrodinger operator in some infinite domains, Matem. Sborn.
66 (1965), 321-343.
A. G. Ramm, Numerical method for solving 3D inverse problems of geophysics, J. Math. Anal. Appl.,
136 (1988), 352-356.
A. G. Ramm, An inverse problem for Maxwell’s equations, Phys. Lett. 138 A (1989), 459-462.
A. G. Ramm and Rakesh, Property C and an inverse problem for a hyperbolic equation, J. Math. Appl.
156 (1991), 209-219.
A. G. Ramm, A simple proof of uniqueness theorem in impedance tomography, Appl. Math. Lett. 1
N3 (1988), 381-384.

31



[24] A. G. Ramm, Multidimensional inverse problems and completeness of the products of homogenous PDE,
Zeitschr. f. Angew. Math. u. Mech. 69, N3 (1989), T13-T21.

[25] A. G. Ramm, Finding conductivity from boundary measurements, Comp. and Math. with Appl. 21,
N8 (1991), 85-91.

[26] A. G. Ramm, Uniqueness theorems for geophysical problems with incomplete surface data, Appl. Math.
Lett. 3, N4 (1990), 41-44.

[27] A.G.Ramm, On completeness of the products of harmonic functions, Proc. Amer.Math.Soc., 99, (1986),
253-256.

[28] A.G.Ramm, Necessary and sufficient condition for a PDO to have property C, J. Math. Anal. Appl.
156, (1991),505-509.

[29] A.G.Ramm, Property C and uniqueness theorems for multidimensional inverse spectral problem, Appl.
Math. Lett. 3, (1990),57-60.

[30] A.G.Ramm, J.Sjostrand, An inverse problem for the wave equation,Math.Zeit.,206, (1991), 119-130.

[31] P. Stefanov, Stability of the inverse problem in potential scattering at fixed energy, Ann. Inst. Fourier,
Grenoble 40, N4 (1990), 867-884.

email: ramm@math.ksu.edu

32



