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Summary. Applying numerical quadrature to singular integrals in a straightfor-
ward way leads to uncontrolled instability with respect to data errors. In this
paper we describe how to control this instability.

Subject Classifications: AMS(MOS): 65D32; CR: G1.4.

1 Introduction

Hadamard Finite Part Tntegrals (HFP integrals, for short), denoted as

$ g(x)dx (1)

may be defined in a few different, but equivalent ways (cf. [1, p- 309], [3, book I1I,
Ch.I];cf. [2,Ch. I, §§ 1.7,2.2, 3.3, 4.2] for still other ways of regularizing divergent
integrals). For our purposes the following definition is appropriate: for x non-
integer, u>1, fe C®[0,b], k>pu~1,5>0

b

J{x) mbf(x)—fj‘(}c) ko FIg)p Rt
F o des] T dx+i§)m

2

0 0

k

with fo(x)=} f@(0)x¥i!; for integer u=1 and feC**1[0, 4], kzu—1, the
i=0 k ’

term with —p+i+1=01in Y should be replaced by £ (0)ln(d)/i!.

=9
For general a and 4 the HFP integral is defined from (2) using translation and
reflexion. :
We note that the definition does not depend on the particular choice of k& when
there is any choice.
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Obviously, when the integral in the right-hand side is approximated by
numerical quadrature, stability problems should be expected because of the small
numbers now occurring in the denominator,

We shall first show that, indeed, errors in the data will always give mise to
unbounded errors in the quadrature result if we use a sequence of numerical
quadratures which, in the absence of data errors, converges (o the true integral.
Subsequently we will show in a fairly general setting how HFP integrals may be
computed in a stable way.

In the existing literature on the numerical evaluation of HFP integrals little or no
attention is given to this stability issue (cf,, e.g., [4,5,6,7,8,12]). We mention in
passing that in [5] and [6], where the stability problem is at least mentioned, the
erroneous advice is given to add the positive and negative terms separately and then
to perform a single subtraction (it is better to add them in such a way as to keep the
partial sums as small as possible).

To conclude this introduction we note that our considerations may also be
]

useful for integrals | g—((%)l dx with a regular integrand (as is the case for the integral
in the right-hand side of (2)) where f and g vanish at the same point of the interval.
In the sequel we restrict ourselves Lo the case that u is non-integer. The other

case is quite similar.

2 Unstable Computation

Let instead of the true values f(x) values f,(x)= f{x)+&(x) be available with
16(x)| S 8. Let a convergent family of quadrature formulae (Q,), 2 for the interval
[0, 5] be given, i.e. a family of functionals such that

Qng =Z wnjg(xnj) (3)

and J A _

him Qng=} g(x)dx for all ge C[0,b]. 4
[}

[ e ¢}

Note that (4} implies lim x, =0.

Now suppose we apply this family (Q,) to the integral in the right-hand side of
(2). With ()= [/ ()= fil)]x"* and @,(x)=[f.(x)— fulx)]x"* we define

ﬁn(é)ﬁymaxﬁ 1@n(e0.) — Culo)l &)

e{x} =

(i.e., we only consider the effects of the noise on f, we disregard possible noise in the
£®(0)). Then we make the following observation:
lim #,(8)=co0. (6)

H—+go

In order to see that this is true, choose a number a&(0,b], define e(x)=4¢ for
a<x<b, e(x)=05(x/a)* for 0 < x Za. Then the function xi—e¢ (x)x~* s continuous,
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b
hence lim ), w,us(x,u)x,u"—j e(x)x " "dx>da~"*!, and the right-hand side can be

n=a
made arbltrJanIy large by takmg a small enough, which proves (6).

Thus, as we proceed with the family of quadrature formulae, the effect of data
errors blows up.

Now, of course, if § is known, we might assess the effect of the data errors during
the process of numerical quadrature, and stop when the combined effect of data
errors and quadrature errors no longer decreases. In order to get reasonable results,
however, this requires a rather careful choice of quadrature formulae, which should
have no nodes unduly close to 0 {e.g., in the class of quadrature formulae

n—1
é Z S1G+0)b/n}, 0= 0= 1, it would be bad to take 8 small). But as yet there is no

i=
theory for this. Moreover there should be a rather sharp error estimate for the

quadrature result.

Similar observations can be made if, instead of applying numerical quadrature
to the integral in the right-hand side of (2), the left-hand side of (2) is considered asa
case for product integration (as, e.g., is done in [5} and [6]), i.e. a family (0, Inzis
Q.f= ZW,; f (X,;), 1s constructed such that

: L IW g,y %)

If this is done in such a way that lim §, /= {= f(x)x " *dx for any fe C®[Q, 5],

k>p—1, we would also have lim @, f= jf(x)x'“dx for any feC®{0,5] for

H—+c0

which the integral exists in the ordinary sense. Now choosing &(x)=x*/(a*+ x*},

ae(0, bl we have lim ¢ __j £{x)x "~ *dx which again can be made arbitrarily large

Ao
by taking ¢ small enough.
In the next section we discuss another way for optimizing the error.

3 Stabilized Computation

We will now show that HFP integrals may be computed with an error O(6%) for
50, o a given number <1, provided f is sufficiently smooth and a bound for a
relevant derivative is known.

Moreover we will not assume the necessary values of f%(0) to be known but
assume them to be computed by numerical differentiation from noisy data.

We first discuss the numerical differentiation formulae for f7(0),..., f*(0) for
given k. We assume these formulae to have the form

fO0= Z 1 f ) (8)

with / a (stepsize-) parameter, and we assume them to have polynomial degree of
accuracy K=k (i.c. they give the true value of the derivative if f is a polynomial of
degree = K).
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Then there are numbers ,; such that for any interval {c, d] and any hg such that all
hy;elc,d] for h<hy and any fe CX*{¢, d] there holds

T Fhy) = FOO)| S k"~ man | F €40 ©)
T h / le,4 ]

Now let [c,d] and h, be as ‘we just said, let feCE*V[c, d] let
Mz max | S EH (), Tet 5>0 be (as before) the noise level on f and let £, denote
[e.d

the n01sy f-values.
Then we have the following lemma.

Lemma. For any given constants §; and h;= B,6Y5* 1 we haye

SOO =Y. 5 flhyy) =0 F+ 51K if 550, (10
Proof. t
Fe) - Z f (yy )| S MhX* 1~ ‘+6Z|a.,,|/h' ] (11)

Remark 1. In any concrete situation where one has an a priori estimate for M one
may determine the value of §; which minimizes the right-hand side of (11) and
get an estimate for the constant hidden in the O-term. This has been done in
[9,10,11]. O

Now suppose the derivatives f0(0),i=1,2,..., k, to be computed with (8) using
noisy f~values and A, as gwen in the lemma. Let the resulting values be denoted by

S#(0) and define f, ,(x)= Z FEO)xi .

For any ael0,b] let (Q,, a5zt denote a convergent family of pesitive
quadrature formulae for the interval [a, ] with the nodes in [a, ] (positive meaning
that all the weights are positive, as is, e.g., the case for Gaussian formulae). Now
suppose we approximate the HFP integral (1) by

J()—fi . (x) FEOYbrHIH
Q"'“"’(_Hx"_)J’, y - atit Dy

ot~

(12)

for an appropriate value of a. Then we have the following theorem for the quahty of
this approximation:

Theorem. Assume k>u—1, fe CETV(0,b]U(e, d]), [c,d] as above. Then for any
B>0 and a=ps"'**Y there is an ny=ny(3, p, k, f, B) such that

0 arg,,, (HOft0)
[¢3) —u+i+l
- _—?r(_(—o,)ub+“i+])h=O(é(kﬂﬂmﬂ)): (13)

i=0 *t-

for 60 and n2n,.
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Proof. Using (2) we write the left-hand side of (13) as A+ B+ C+ D with
A =_[ f(X) _#ﬁ((x) dx
o x

pof LO=A@ o (L =2
o x x
6= 0,0s(180 400)
. X
_ S )= LGN & D0~ £00))p i+t
D‘Q"’ﬂ"’(_x—ﬂ"”_)ﬁ:zo T —
Then
M<m — L with M'=max | £®+1) ()|
T R+DNk+2—p) 0,a]
B—-0 forn—w
~utl
C1S6 %, 255 [xtdxsgs — forn—co

u 1 i i —p+i b‘ﬂ+i+1
D=3 5 U0~ 190)] [Q,,,a,,,oc )‘—T+F+TJ

for n—oc.

k 1 a—u+i+1

— [£90) — £
—‘iZ,O i![f’ 0) -] i1
All these estimates are O(6%+2~#/%+1)) and this completes the proof. O

Remark 2. Using the optimal §, from Remark 1 one may determine the value of #
which minimizes the sum of the estimates for 4, C and D given in the proof, and get
an estimate for the constant hidden in-the O-term. A simpler situation arises, how-
ever, if K>k or if the /(0) are known exactly or with a noise level proportional to
0. In the expression for lim D the terms with ;>0 will then be of higher order

than the term with =0, and the latter may be bounded by da™**!/(u— 1. Hence in
this case the optimal choice for § may be determined from this bound and the
bounds for 4 and C. This gives §=[2((k +1) D/M %D and for the hidden con-

stant we now get 28 7F Tk +1)/[(k+2 - w(u—~1)]. O

Remark 3. Note that it is now no longer necessary to have a very sharp error
estimate for the quadrature result, and that one may now take n as large as one
pleases.

Remark 4. The requirement that the family (Q, . )., be positive is virtually

necessary for optimal results, Indeed (cf. the proof of the theorem), 4, lim B and
A=

im D do not depend on the quadrature formulae. Now suppose we drop the

|an|

xb.

positivity requirement. Then X is an upper bound for |C| which is attained for
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suitable functions x+—>&(x). We note that li:%'g z w—f with equality only if all
xnj nj
b
w,;>0, and that lim 3 jx *dx and lim Zw,;=b—a for any choice of a
n-+on H_, a =0 '

convergent family of quadrature formulae. Hence limsup max |C| has its
minimum value only if lim (Z|w,;[/Zw,;)=1. e ()24

Remark 5. Since p was assumed fo be non-integer, the integrand in the term B in the
proof of the theorem has unbounded derivatives at 0, and therefore the convergence
of the quadrature for n— oo will be slow for the usual quadrature rules which are
based on polynomial approximation. Likewise the limits in the estimates for C and
D will be approximated rather slowly. However if, as often is the case, ytis a rational
number, u = p/q say, with integer p and ¢, the substitution x=y*in the integral in the
right-hand side of (2) will speed up the convergence considerably. This virtually
amounts to replacing the polynomial-type quadrature formulae @, , , by

Qn,a,b : Qn,a,btp(x) = Qﬂ, ah, b”"(qxq_lq’(xq)) . (14)

The family (0, , ,) will then converge for all continuous functions ¢ and be positive
if this is the case for the Q, , ,, and thus for this procedure our theorem is still valid.

Conclusion

Straightforward application of numerical quadrature to (2) leads to uncontrolled
instability. A stable process is obtained by applying numerical quadrature to the
integral in the right-hand side of (2) after deleting a suitable neighbourhood of 0
from the integration interval and using suitable numerical differentiation formulae
for approximating the necessary derivatives of f at 0.

Nevertheless the process is still ill-conditioned in the sense that the error is of
lower order than the data errors, and it necessarily should be since numerical
differentiation is involved (cf,, e.g., [11]). However, these orders can be arbitrarily
close provided sufficient information is provided.
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