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Abstract

A study of the low frequency behavior of solutions to dissipative Maxwell's equations with
discontinuous coe cients is given.

1 Introduction

Let z € R? w >0,
curl B = iwu(x)H (1.1)

curl H = —iwe(z)E + o(x)E + j(z,w). (1.2)

Let us assume thate , © and o are symmetric-matrix-valued functions such that
the following de niteness assumptions are satis ed:

o(x)>0,>0 in D, o(x)=0 in R*\D (1.3)



e(x) >ec1 >0, plx)>ce >0, ¢j=const>0 (1.4)

where D is a bounded domain with the strict cone property. The entries of the
matrix o are in L., and those ofe and p are in C,. Moreover we assume

ex)=¢e,id , plx)=p,id for |z|> R, (1.5)

where R, is an arbitrary large xed number. The function o(z) is discontinuous
acrossT' := 9D. Maxwell's equations (1.1) , (1.2) describe a dissipative system
sinceo # 0. Let us assume thatE and H satisfy the radiation condition at in nity:

exp(iwk,T)

Bz) = Fﬂ@+ﬁ<1),7uaw 0-Fp0)=0  (L6)

r r

wherer := |z|, 0 =ar"", K, = (¢op1,)"/%. The function Fy is called the radiation
pattern for the electric eld and a similar radiation condition holds for the magnetic
eld. The radiation condition for the magnetic eld is a consequence of (1.6) and
the formula
o\ 12
H= (;) Ox E4o(r '), r— oo a.7)
where x stands for vector product.

Finally, let us assume that
D C Qg, and suppj(z,w) C Qp, \ D (1.8)
where Qg := {z: |z|< R} and
J(@,w) = jo(x) + iwji (z,w) (1.9)
De ning I, := j, and J,, := ji(-,w) we assume
divi, =0 (1.10)

and suppose that.J,, is continuous from w € [0,1] to (Ly(R3))3. In practice one
wants to be able to take j(z,w) to be, for example, a loop of current (a magnetic
dipole). The boundary conditions acrossl” are:

NxE, NxH, uH-N and (o(z) —iwe(z)) E- N are continuous acrosd" (1.11)

where N is the normal to T.

The problem we are interested in is the following one: What is the behavior off/
and H asw — 07? In the exterior of a perfect conductor and foro = 0 this problem
has been discussed in [21, 22] (for homogeneous and isotropic media) and for more
general media in [10]. In this case(1.1),(1.2) can be treated as a problem for a
selfadjoint operator in a suitable Hilbert space. The cases # 0 leads to a non-
selfadjoint operator and was studied in [15]. The discontinuity andsemide niteness

of o bring additional di culty. For unbounded domains this case has not been
studied in the literature. For bounded domains we refer to [20]. (The results of [20]
will be used intensively in the convergence proof.)

The low frequency behavior of solutions to scalar elliptic equations of the second
order has been studied in [2, 3, 4, 12, 13, 23, 24]. Electromagnetic wave scattering
by small bodies was studied in [14]. Properties of solutions to elliptic and parabolic
equations with discontinuous coe cients are discussed in [6, 8, 18].



The di culty in the study of the low frequency behavior of solutions to (1.1), (1.2),
(1.6) and (1.11) is that the problem (1.1), (1.2) at w = 0 is uncoupled: formally one
has

curl E,=0, curl H,=0FE,+ j, (1.12)
where £, = E(z,w = 0), H, = H(z,w = 0), and one needs additional conditions
in order to get unique E, and H, and to obtain a physically correct formulation of
the static problem at w = 0. This fomulation is:

E, = H, = 0 in the region D whereo > 0, (1.12) holds in R*\ D, N x E, =0 on
T", and the body D is electroneutral, that is

/5E0~Nds:0
r

Finally, E, and H, vanish at in nity.

Having introduced some standard notation in section 2 we outline the approach
and formulate the result in section 3. In sections 4 and 5 proofs are given. The
assumptions about D, e(z), u(z), o(z) and j(x,w) will not be repeated and are
assumed to hold unless otherwise stated. The numeration of formulas is autonomous
in each of the sections. References to the formulas from other sections contain the
number of this section. References to the formulas of the same section do not contain
the number of the section.

2 Preliminaries

The following function spaces are common in electromagnetic theory. We use the
notations from [7] and let G be a domain inR:

R(G) = {E € L5(G)*: curl E € L5(G)° in the sense of distributions}
R(G) :={EeR(G): (curl E, H)=(FE,curl H) forall H < R(G)}
Ro(G) == {E€ R(Q): curll E=0}, R.(G) = R (G)NR(G)

D(G) := {E € L3(G)*: div E € L5(G) in the sense of distributions}
D(G) == {Ee€DG): (dvE,u)=—(E,Vu) forall ueHi(G)}
D,(G) == {EeD(@): dvE =0}, D,(G) :=D(G)ND,(G)

D.(G) = {E € L3(G)*: eE € D(Q)} = e 'D(G), D.o(G) := e 'D,(G)
Du(G) = 4u'D (G). DyolG) == ' Dol(G).

We write
1El(G)

(Jg | B()|? da)/?

Jo E(z) - F(x)dx

(B, F)(G)

for the norm and scalar product in

L2(G)? = {E: G — C? (measurable): || E| < oo}

(The speci cation '(G)’ may sometimes be omitted.) For G unbounded we shall



needweightedspaces of this kind (cf. [9, 17]) like e.qg.
Ly ={E € (LY(R?))*: [pa(l+ |2])7? | E(2)]* dz < oo}

R~ :={FeLy: curl Ec ,CQ(R?’)B}

HY = {E € L3 9,Em € L2(R?)*}

We shall frequently use certain direct decompositions of£2(G)3 and their corre-
sponding projections (c.f. [7, Thm. 8.3]):

Denition 1 By P. and 655 := id— P., id : the identity, we denote the projections
of £5(G)? onto D. ,(G) and V?Oﬁ(G) according to the decomposition

£5(G)® = D..(G) & VH1(G). 2.1)
Then the adjoints P and CS: correspond to the decomposition
L5(G)® = Dy(G) @ eVHL(G). 2.2)

By Pgﬂand Qu = 1id — POM we denote the projections ofL,(G)” onto ZIODW(G) and
VH; (G) according to the decomposition

Lo(G)? = D,o(G) @ VH(G). (2.3)

Then the adjoints P; and @;, correspond to the decomposition

Lo(G)* = Do(G) & pVHL(G). (2.4)

Lemma 1 There exists a constanty depending only on the sup-norms of , e~ !, u,
and p~! such that

)  Pre=¢P., Qe =eQ., Pip=pP, and Q) n = pQ,..
iy AT PE|| < ||PqE| <A|P-E|
i) AYTHQLE| < QuE| < AQLE|

iv) If G has the segment property then in De nition 1 the closuresvﬂl(G) and

~

VH1(G) may be replaced bWﬁ(l(G) resp. VH;(G) if G is bounded and bywoi1 (@)
and VH7'(G) if G is unbounded.

Proof: i) follows by straightforward computation. For ii) consider
E = ¢'F+@
EFE = F,+G,
where F,, F € D,(G) and G,,G € V?ih(G). These imply
(Fo, Fy=(c"'F, F)



whence
e F|| = [|P-E| < Y| Fo|l = v||PuE|l

The other half of ii) and iii) are proved similarly. iv) is a result of R.Picard [9], see
also [7]. g.e.d.

In the sequel B always denotes a xedboundedopen set containing§2g, . The follo-
wing sets will be convenient occasionally (cf(??) ):

Q = QR
A =Ar:= Q\D
B = B\ D
Q = Q\D (2.5)
We also de ne .
, 10
g =+ — (2.6)
w

3 Formulation of the Result

Firstly let us give a rigorous de nition of the expected static limiting elds (E,, H,)
. We have

Theorem 1 Consider I, , J, eA£2(R3)3 such that
suppl, , J, C Qg, \ D and div I, = 0 . There exists uniquely(E,, H,) € R~ x R"™
such that

curl £, =0 (3.1)

E,|p=0 (3.2)

(¢eE, —J,, Vw) =0 for any w er, = {w € Hy': Vw =01in D}  (3.3)
curl H, =1, (3.4)

div (uH,) = 0 (3.5)

We shall refer to (E,, H,) as 'the solution to the static problem'.

Remark: Generalized solutions in the sense of3.1) (3.5) are introduced and dis-
cussed in [20] in the case of a bounded domai@ (instead of R?). It is shown there
that (3.1) (3.5) are indeed correct generalizations of1.11),(1.12).

Theorem 1 may be proved by observing that it is just a special case of [9]. How-
ever results for more general static problems in the case dioundeddomains are
obtained in [20]. These can be carried over to the present 'unbounded’ situation
if (following [9]) we make appropiate replacements like2 — R?*, A — R3\ D,
H1(Q) — HY | Hi(A) — Ty (A), L2(Q)° — Lo(R?)® ete. Note also that the usu-
al Poincaré inequality has to be replaced by 'Poincaré's inequality IV' [7, p.62].

For further reference let us note



Lemma 2 The solutions (E,, H,) to the static problem belong tQCQ(R3)3. In fact
they satisfy (with a constantC' independent of/,,J, and R > R,) :

) |E|[(R?) < Ol ||
i) || H,|(R?) < C||L||
iii) sup{| E,(z)|: |z|= R} < CR?||J,|
iv) sup{| H,(z)|: |z|= R} < CR™2||L,|

Proof: For |z|> R, , E, is a harmonic vector eld and hence satisesAFE, = 0
and has an expansion in spherical harmonics:

[e'e) . x
Eo(x) =Y [z 5"(m)
(The S,, are vector-valued function with spherical harmonics of degree: as com-
ponents. Note that £, € £5 implies that only decaying components are present.)
From

n=0

divE, =Y div [z Sn(—‘zl)} =0
X
n=0
we get
div (|z]~" S,(—=)) =0
(|| (\xl))

since the sum is uniformly convergent and its terms are homogeneous of distinct
degrees. ButS,(...) = a wherea is a constant vector and

div (Jz[ " a) = — 2| (2, a) =0
implies a = 0 . Hence

. n x
E,(z) =|x|™? Z Elnas Sn(m)
n=1
Noting that the sup-norm of the sum may be estimated by || E,||(£5) we get iii)
and hence i). The same argument proves iv) and ii). g.e.d.

Theorem 2 Let suppj(-, w) C Qg, \ D. There exists a unique solution
(E,, H,) € RI°°(R3) x R*¢(R3) of (I.1), (1.2), (I.6). This solution belongs to R~ x
R™.

We shall refer to this solution as the solution of the time harmonic problem

Remarks: Sincee(x), pu(x) are constant multiples of the unit matrix for |z| > R,,
E, and H, are smooth there. Hence it makes sense to formulate the radiation
condition as in (1.6). The generalized analogues of the transmission conditiond.11)
are contained in the distributional formulation of the problem.

The proof of this theorem will be given in section 4 by limiting absorption. For
exterior boundary value problems with ¢ = 0 such a proof is carried out in [7]. In
our case some adjustments must be made due to the presence of the conductivity
and the fact that we do not supposej(-, w) € D(R?) . See also [15].



Theorem 3
(Bu, Hy) — (Eo, H,) in (£IO°(R?))?

More precisely for any bounded domainB C R? :

i) If j1(-,w) is bounded inLy(R3)” then

|E, — Eo|(D) < Cuw'/?
|Hy — Ho|(B) < Cuw'/10
|E.I(B) < C

ii) If in addition J, — J, in £5(R3)” then E, — E, in £3(R3)®. Namely

| Ew — EOH(B) < Clij - jOH + 02“)1/2

Theorem 3 will be proved in section 5.

4 Proof of existence and uniqueness for xed fre-
guency

In this section w > 0 is xed. Moreover if in the notations of various spaces, norms,
and scalar products no domain is indicated, it is assumed that they refer to whole
R3.

1. Proof of uniqueness:  Let (£, H) denote a solution of the homogeneous time
harmonic equation. Multiply (1.1) by H (the bar stands for complex conjugate),
the complex conjugate of(1.2) by F, subtract the second of the resulting equations
from the rst, integrate over the ball .., apply Gauss' theorem to the left side and
obtain

0-FE x Hds = m/ (u|H|? —e|E]?) dz — / o|E|*dx 4.1)

ST Q, Q.

where S, = {x: |z|=r}. Use(1.7) and (1.8) to get

0-ExH=|E?—0-E*+o0(r 2. (4.2)

Substitute (4.2) into (4.1) and take real part of (4.1) to get

Re{/sr (IE> =10 E*)ds + 0(1)} = _/DU|E\2dx, oo 4.3)

Since|E|? — |6 - E|?> >0, and o0 > 0, it follows from (4.3) that the integral on the
right side of (4.3) vanishes. Sinces > 0 in D one concludes thatE = 0 in D, and
hence(E, H) can be considered as a solution to

curl E —iwpH =0
curl H + iweE =0

in R? which vanishes in D. Therefore (E, H) = 0 by the principle of unique conti-
nuation ([7]).



2. Proof of existence: The existence proof is carried out in three steps.

Step 1: In the rst step it is shown that for any n > 0 and j € £3 there exists a
unique solution in R x R to the problem of nding E,, H, such that

curl By —iwypuH, = 0 (4.4)
curl H, +iw,e'E, = j (4.5)
with wy = wHin.

As in [20] we eliminate E,, from the system and see that(4.4),(4.5) is equivalent
with the problem of nding H, such that for all ® € R

<a’_1 curl H,, curl @) — wf,(an, D) = (a’_ljn, curl @). (4.6)
Then E, is given by
E, =& (curl H, - j) 4.7)
Wn

We shall write B, for the left hand side of (4.6) and consider it as a continuous
sesquilinear form onR. B,, is strongly coercive onR, namely for ® € R

—Im B, (®,®) > @]
Re B, (®,®) > ollcurl @[ — 3@ (4.8)

hold where ~1, v2, v3 do not depend onn. By the Lax Milgram theorem the rst
step is done.

Step 2: Consider a family (j’?)ne(o 1] of right hand sides in £3 with supp j, C Qpg,
and converging toj in £3 asn tends to 0. With somea € (4, 1] we introduce

Lo:={U € (L)’ |Ulla:= (1 +7)"* U]l < oo}
Under the assumption

Sup (”EnHa + ”HnHa) <c<oo. (4.9)
0<n<1

it is proved in this step that E, and H,, converge inL, to limits E and H respectively
and that this pair (E, H) is the solution of the time harmonic problem with right
hand side ;.
If (4.9) holds then there exists a sequence,, — 0 such that
H,=H, ~H, E,=E, ~E n—oox (4.10)
where — denotes weak convergence i, It follows from (4.4) that
div (uH,) =0 (4.11)
and that curl H, is bounded in £,. Hence for any bounded domainD, C R?
| Ho || (D2)+ || div uH,, || (Da)+ || curl H, || (D2) < (4.12)
with some ¢ depending onD, but not on n. This and the inequality
| Hallyg,(py) < oDy D2) Il Ha |l (D2)+ || div (uH,) || (D2)
+ | curl H, || (D2)} (4.13)



imply that by Rellich's imbedding theorem one has
H, — H in (L£¥)3. (4.14)

Inequality (??) holds if Dy C D, is a strictly inner subdomain of Dy and pu is
Lipschitz continuous and positive de nite as can be seen from [16]. However, con-
vergence in(£5¢)? could also be derived directly from inequality (4.13), since by
[11] the inclusion of R(D3) N D, (D7) into Lo(D1)? is compact, provided that 1 is
uniformly positive de nite, bounded, and measurable.

Denote by x € 500 a nonnegative cut-o function which is identically 1 in some
bounded domain D;. With some positive constant v and for any n,m € N

yleurl H, —curl H,,|*(D;)
< Re(¢ ‘curl H, — ' 'curl H,, , ycurl (H, — Hy,))
= Re|(¢' ‘curl H,, curl (x(H, — Hp)))

— (' eurl Hy,, curl (x(H, — Hy)) >}
—(e'teurl (H, — Hy), Vx % (H, — Hp)) (4.15)

holds. Then because of4.6) (with & := x(H, — Hy,)) also curl H,, and by (4.4),
(4.5) E, and curl E, converge in(£)3. The limits E, H are in R'¢ and satisfy
(1.1),(1.2) .

Since for |z| > R, the components of E,, and H,, are £? solutions of the damped
Helmholtz equation
Au+k2u=0, ky=uw,, ko (4.16)

one may use the Green formula to represent,, and H,, in R®*\ Q, , » > R, and
obtains, for example:

E,(z) :/; {En(s)agn(x’s) fgn(x,s)aE" ds

N o |45 7> Ro (4.17)

T

where (ih| )
exp(iky|x —
gn(,y) = 2 eI (4.18)
Ar|z -y
and N is the normal to S, pointing into R?\ €2,.. Because of the well known elliptic
estimates for the solutions of(4.16) E,, and 0E, /ON converge toE and 0E/ON

uniformly on ...

Hence from (4.17) it follows that F satis es the radiation condition and (E, H) is
a solution of the time harmonic problem with right hand side j.

Moreover (4.17) and similar representations for E,,, H and H,, show that

|E,—E |+ || Ho—Hl|.—0 as n— occ. (4.19)

The uniqueness of the constructed solution(E, H) guarantees that any subsequence
(Ey,,Hy,) converges to the samgFE; H) in L,. Thus E, — E, H, — H in L, as
n — 0.



Step 3: In order to complete the proof one has to show(4.9) . Assume that (4.9)
is not true. Then there is a sequence),, — 0 such that

|| E”]n ||CL + || H n ||CL:: (679 >n.

Divide equation (4.5) by «,, and let

1 1

(EmHn) = (OTE%’ OTHW")’ ”En”a + HHnHa =L (4-20)

Apply to (E,, H,) the above argument and obtain that
H E,—FE Ha + H H,-H Ha_’ 0 (4.21)

where (E, H) is the unique solution of the time harmonic equation with right hand
side lim,, 00 ai”j,," = 0. Hence E and H vanish. This, (4.20) and (4.21) lead to a
contradiction which proves (4.9) .

5 Proof of convergence

Let us start with a rough explanation of the basic ideas. In [20] corresponding boun-
dary value problems in a bounded domain are studied using coercivity estimates for
the magneticcomponent uniform with respect to w. Using re ned Poincaré inequali-
ties these estimates can be carried over to domair@r where R increases moderately
while w decreases. The re nement comes from balancing optimally the following two
e ects: Poincaré inequalities improve when lower parts of the spectrum are exclu-
ded. On the other hand, lower eigenfunctions satisfy sharper regularity estimates
(see(5.8), (5.9) below) and the Poincaré constant insmall subdomains improves.

Depending onw we consider
Q:=Qr:={z: |z|<R:=RW):=q '}

with xed ¢ (to be described later) and recall the de nitions for ¢/ and for the sets
D,B, A, ... (see(1.8), (2.5) and (2.6)). For nonnegative functions f,,, g, and num-
bersa,,, b, which depend on the frequencyw we shall use the shorthand notations

folr) =< gu(z) forzes (resp. a, =< b,)

which are to be read as follows:
There exist ¢, w, € RT such that

folz) <cgy(x) forall zeS (resp. a, <cb, )

for w € (0, w,).

Our analysis will be based on two re ned Poincaré type estimates:

Lemma 3 The following estimates hold uniformly with respect to
® € DLo(2) NR(N) and with respect to® € D, ,(Q) NR (Q) :

10



) woIPf(B) +wl|@(4) < feurl /()
i) [|2(Q) < w2/5|curl @|(B) +w|ourl @[/(A)

Proof: Transform Qg into Q; by 2 — R~ 'z .Let B, :== R !B, A, := R~'A and
observe
meagB;) < (5.1)
The function spacesf)W(QR) NR(NQr) and 5%0(93) are transformed into
Y :=Duo(1) NR()
X = Du,o(Ql)

which we equip with the scalar products

(®,¥)y = (curl &, curl T)(Q)

<(I)7\IJ>X = </’[’(I)a\1/>(91)
and the corresponding norms.{ , )y is a scalar product because (cf. [9])
Ap o= inf{|jcurl @|12(Q): @€Y, (P, d)x =1} > 0. (5.2)

Y, X are Hilbert spaces andY is compactly imbedded in X . Therefore by standard
results of functional analysis we get a sequence

O< M <...< A — 00
and a complete orthonormal system
{U): ke N}
in X such that

(curl Uy, curl @) = A\ (ply, @) fordeY (5.3)

In particular with A« := curl curl ¢ — grad div (u)) (note: Uy elo)w):
(U, Vi )y = Alw (5.4)

For A € [1,00) we de ne
U :=Up :=span{¥;: A\ <A}

which is a nite-dimensional subspace of bothX and Y . Note that

XoU =span{¥;: \; > A} (closure in X)

Vi= YeU =span{¥U;: A\, > A} (closureinY)

]2 > Aljv]|3 forveV (5.6)

11



On the other hand for « € U we get (with a bound C for the eigenvalues ofu(x))
[ Aul|(©1) < CY2AJullx (5.7)
and therefore by regularity theory [19]

[ullre@y < Allullx (5.8)

Using an interpolated version of Sobolev's imbedding theorem [1, Lemma 13.1] we
obtain

. 1/4 3/4
sip{[u() s w € Bi} < |ullx + [ul ¥ ul}so,, < A¥'ulx  (5.9)

and using (1)
lull(Br) = w¥2A 4 ullx < WAy (5.10)

Take ® € Y , write
d=u+v uelU,veV

and combine (5.6) and (5.10) to obtain
[@[(B) < l[ul(By) +[lv][(B1)
< WA ully + ATV fu]ly

Observing , ) ,
lully + [[olly = 12l (5.11)

we get for A := w=6/5
[@)1(B1) < w*?|®|ly

Combine this with (5.2) and transform back to Qr . In this transformation each
of the integrals in i) gets a common factor by change of variables whereas the
integral on the right hand side gets an extra factorw=! by the chain rule . This
proves i).

For ii) we de ne 3
A :=curl p~*curl — grad div

and note that (5.5) implies
Acurl U, = M\eurl Uy, (5.12)

We recall the argument that led to (10), replacew € U by curl v and A by A and
use (5.12) instead of (5.5) . We obtain analogously

leurl ul[(By) < w*2A3|curl u||() (5.13)
With some small (but xed) c, € R* let us put now
A= cow™5/°

With this A (5.13) implies

leurl w||(By) < w®®|curl u (A1) (5.14)

12



and

lel% = Julk + %

IN

AL (leurl wl|*(B1) + [leurl ul|*(Ax))
+A"(|leurl v[[*(By) + |eurl v||*(A1))
< leurl ul|*(Ay) + |leurl v||*(Ay) + A eurl v||*(By)
= S (5.15)
(5.16)
Observing that by (5.4)
(curl w, curl v)(A;) = —(curl u, curl v)(By) foruelU,veV
we nd

S < lcurl ®||2(A1) + 2 |(curl u, curl v)(By)| +A" | curl v||*(B;)
< lcurl ®%(A1) + Aljcurl u||*(By) + A~ ||curl v||?(B;)

< lcurl ®|2(A1) + collcurl ul|*(A;y) + A~ Ycurl v||*(B;)

Recalling the de nition of S we see that the second term on the right may be
omitted if ¢, is chosen small enough. Thus summing up we get

1e1% =< lleurl @]*(A1) +w®?|leurl @|*(B1)

Transforming back to Qr as above we obtain ii). The result forD, ,(2) N R (Q)is
proved in exactly the same way. g.e.d.

Using Lemma 3 and recalling® = {x: |z|< qw™!} we can show as in [20] :

Lemma 4 Let X := i’)mo(m NR(Q). For small ¢ the sesquilinear forms

b, : XxX — C
(H,®) —— (& teurl H,curl ®) —w?(uH, ®)

are strongly coercive in the following sense:
wlicurl ®|12(D) + |leurl ®|2(Q) < |b (P, P)]

uniformly w.r.t. ¢ € X.

>From now on ¢ is a xed positive number such that Lemma 4 is applicable. We
recall a representation formula for radiating solutions of homogeneous isotropic
Maxwell equations:

13



Lemma 5 Let (B, H) e (£2190)3 x (£210C)3 satisfy the radiation condition (1.6,7)
and
curl ¥ — iwpu,H=F (5.17)

curl H + iwe, B =G (5.18)
where F, G € EQ(R?’)?’ and supp ', supp G C B . Then for x ¢ B :

. 1
B@) = [ (wnGate.s) + F0) x V,9(.9) + 5= Dol )Gy
where )
g(z,y) = mexp(lw Ko |2 —y|)
and

0 0
2 -
D7g(x,y) := {ayk 8yl9($ay)}

denotes the matrix of second derivatives.

We are now ready for the
Proof (of Theorem 3): Recalling R = qw~' we see that we have fory ¢ B and
T € LR = QR\QR,1

|050)g(x,y)| < w'TRHH (5.19)

forx € Zg :=Qr\ Qr_; andy € B . Using (5.19) we nd (uniformly with respect
to radiating solutions of (5.17), (5.18) )

sup{|0°E(z)|: x € Zr} < w2+|“‘(||F|| +|1G]) (5.20)
IEN(Zr) + lleurt (xrE)[(Zr) < w([|F]+[GI]) (5.21)
eurt El|(Zr) =< &*(IF]+[G]) (5-22)
We just used cut-0 functions xgr de ned by
xr(x) == X(lz| —R)
X (xed) € C>(R}Y)
0=sx=1 7 Xl(—oo, 1170 & Xl[0, 00)=1

Let us introduce
F:=F, =iw(p—po)H,
G:=G, =0E,—iw(e—¢)E,+ 1, +iwdJ,

It is then clear that (FE,, H,) and (F,,G,) satisfy the assumptions of Lemma 5.
Therefore using (5.20) (5.22):

sup{| E,(z)| : € Zr} < W (|F.]+ Gl (5.23)
IEN(ZR) + leurl (xgEL)l < w(|[Foll+ G (5.24)
leurl E,[(Zr) < @*(|FL] + Gl (5.25)

After these preparations let us introduce in Q (cf. Lemmata 2, 1)



~ ]

(E,H) € R (Q) x (ﬁu,o(Q) NR(N)) satis es the following Maxwell system
in Q:

cul B — iwpll = PiK (5.26)
curl H + iwe'E=J (5.27)
where
K =K, :=—curl (xgE,) +iwpH, (5.28)
Ji=J, =iwd, —iwe,xrF. (5.29)

>From (5.26),(5.27) we obtain by partial integration

bo(H,H) = ('J,curl H) —iw(P:K, H)
= (¢"'J,curl H) —iw(K, H)

Noting that supp J C 2 we get from Lemma 4 and Lemma 3ii :

[curl H|*(Q) + wllcurl H||*(D)
< JN(82) - [|eurt I?II(Q) +w[|K[() - [ H]I(%)
< JI(K2) - [[eurl H][(£2)
+ K1) |w*?lcurl H|(D) + ||curl HII(Q)}

This implies
w'Zleurl H|[(D) + fleurl H|[(Q) < [JI(Q) + [K[(Q) = « (5.30)
and (by Lemma 3) }
|H|(B) =< w Y% (5.31)
IH|(Q) < wla (5.32)
We use (5.27) to estimate E,, |p=F |p :
|EL(D) < w Y2 (5.33)
|ELI(B) < wla (5.34)
It remains to estimate Vu := Q,(H, — H,). We have
pteurl E—iw(H, — H,) =iwH, — " ‘curl (xgE)
and therefore
1 _
Qu(Hy — Ho) = —QuH, + EQ#N ‘eurl (xE) (5.35)
Vu is characterized by
(uVu, Vo) = (uV, Vo) for all ¢ € H1(Q)
(5.36)

where V:=—H, + ;=p ‘eurl (xgE)

Using the seminorm
[uli:= [ Vull
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and the corresponding quotient space
H1(Q2)/{constants} = {u € H;(Q): / u(z)dz = 0} =: H1(Q)
Q

we see that(5.36) has a continuous solution operator. Since di{pV) = 0 we nd
from (5.36) :

(pV, Vo) = / wOVeo(s)ds S :=00xg
S
Using Lemma 2 and (21) we nd :

(uV Vo) < |élleacs) (meags))? sup{|u,V (s) | : s € S}

< ellcas@ F I+ Gl + 1) (5.37)

Transforming back to the standard domain €2; and using the trace theorem and a
standard version of Poincaré's inequality [7, p.27 'Poincaré's estimate 11l we get

8oy < w Y2|Ve[(Q)
uniformly w.rt. ¢ € H,(Q) (5.38)

Combining (5.37) and (5.38) we get

1QuHo — Ho)| < W 2(IF|| + 1G]] + [IL]) (5:39)

Let us now recall the de nitions of J, K, F and G :

a:=JI+IKI < wlldol +wlxrEl
+wl|uHo | + [lourl xrE.||
< wlloll + L) +«ET +1G1) (5.40)

g=AFI+lGH < wlHB) + [|Ell(D) +
Wl Boll(B) + o]l + wll Lo |
< wlH, = H|(B) + [ Eull(D)
| Boll(B) + | Lol + wll Lo (5.41)

Combining (5.40),(5.41) with the estimates (5.31), (5.32),(5.33),(5.34) and (5.39)
we nd

WOy~ Ho|(B) < wla+ w36+ ||L])

<l Il + 5

< Mol + 1|l + w|| Hy — Hol|(B)
FEL (D) + wl|Eu[[(B) =: v (5.42)
[Ho — Hol(Q) < wla+wP@+LI < v (543)
1H[|(€2) < 5 (cf. Lemma 2) (5.44)
W P|E(D) < wla <y (5.45)
IELNB) <  wla < v (5.46)
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Adding (41)-(45) and recalling the de nition of ~ we nd

|Ho — Hol(B) < Cw (| L[| + || .]) (5.47)
IEI(D) < Co2(| L)+ [1.1D) (5.48)
IELI(B) < CUIL| +1Jul) (5.49)

v o= el Il =4 (5.50)
B=IF|+IGI < |l+w 2Ll < 4 (5.51)

Up to now we have shown that H,, and E, |p approach the asserted limits with
the rate w'/1° resp. w'/2 provided .J,, remains bounded in£,(9)* asw — 0 . We
have also shown thatE,, |; remains bounded in this limit process. Thus Theorem
3 i) is proved.

Using compactness arguments in the usual way we could show that,, |5 approa-
ches the asserted limit in,/Jg(B)3 provided jw — jo in L, since we have existence and
uniqueness for the limit problem. However we can show directly thatE, |5 — E, |5
in £2 - even with a rate if .J, — .J, with a rate.

So let us rede ne E, J, K by

E:=(1-xgr)(E,—E,) (5.52)
K :=(1—-xgr)iwpH, — Vxr x (B, — E,) (5.53)
J=iw (jw — jo) —iw(eE, — jo) —iweoxr(E, — Ey) (5.54)
to obtain 3
curl E=K (5.55)
curl (H, — H,) +iweE —cE=J (5.56)
(B, H, — H,) € R (Q) x R(Q) (5.57)

Replacing £ by P.E € R () ND.,(Q) (cf. (5.57)) does not change (54) . Therefore
(by (5.44), (5.21),(5.49),(5.51) )

leurl (P-E)| < wlHoll + 1E(ZR) + | Eoll(Zr) < wi (5.58)

Using Lemma 3i we nd ~
IP-EI(B) < w4 (5.59)

It remains to estimate QSEE . By formula (4.20) of [20] ciE can be estimated by

IQ-Ell < w QI + | EII(D) + || P-E||(D) (5.60)
where Q denotes the orthogonal projection of£2(9)3 onto
Y (Q), H (Q) == {u e Hi(Q): Vu=0in D).
By (3.3) and (5.58)
wTHQINE) < IIJ}J - J:oll +1Eull(Zr) + [ Eol|(ZR)
< e = Tl + wA. (5.61)
Insertion of (5.61),(5.45) and (5.59) into (5.60) then yields
IQEI < o= ol +w'/?4
g.e.d.
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Note added in proof

In proof reading the authors realized that the proof of Lemma 3 holds true in the
case of constant coe cients ¢, . only. This is because there is no uniform control
of the constant appearing in the regularity estimate. To obtain the result for non-
constant coe cients we may without loss of generality assume that o = 1 and

u=1id in R3\ B. We decomposed € R(Q2) N 5M,O(Q) as

P=ULVY , VeROQ)ND(Q) , e HY(Q).

Then the estimates (i) and (ii) of Lemma 3 hold for ¥, and since curl &' = curl ®

we may replace¥ by curl ® on the right hand sides. By ® € YODM,O(Q) we have for
Vi
(uVp, Vi )(Q) = = (p¥, Vip)(Q) = ((id — p) ¥, Vip)(Q) .

But id — u is supported in B, whence
IV91[(9) < el ¥[(B) < w™/%|eurl @[(2) .

This and a similar argument in the case of the electric boundary condition(® €
R () N D..,(Q) proves the Lemma.
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