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Abstract. This paper deals with the following inverse problem. A time-harmonic magnetic
dipole is moved along the surface of the Earth; inside the Earth there is a bounded regular
region of inhomogeneity where the electromagnetic parameters ¢ u and ¢ (permittivity,
permeability and conductivity) vary; outside this region they are assumed to be constants.
The scattered electric or magnetic field is then measured everywhere on the surface of the
Earth with low transmitter frequencies. The problem is to find the parameters describing
the inhomogeneity from these measurements. An exact analytic inversion formula is given
in the special case when u and o are positive constants and ¢ is allowed to vary. The
general case is treated in this work approximately by using a version of the Born inversion.

1. Introduction

In this work we consider the following electromagnetic inverse problem arising, for
example, in geophysical exploration. An electromagnetic point source is moved along
the surface of the Earth, modelled as a half space. The Earth is assumed to contain
a bounded regular region of inhomogeneity where the electromagnetic parameters e,
u and o (permittivity, permeability and conductivity) vary; outside this region they
are assumed to be constants. The scattered electric or magnetic field is then measured
everywhere on the surface of the Earth with low transmitter frequencies. The problem
is to find the parameters describing the inhomogeneity from these measurements.

We shall give a complete solution to the above problem in the special case when
u« and o are constants and ¢ is allowed to vary (section 3), whereas the general case is
solved in this work approximately. In the special case an exact analytical solution is
found. The key observation is that under these restrictions the low-frequency limit of
the electromagnetic fields yields a linear integral equation from which ¢ is found. In the
general case when also y and o vary the linearity is lost. However, the low-frequency
asymptotics of the fields makes it possible to treat the general problem approximately.
In section 4 we give an approximate method for solving the electromagnetic parameters
from low-frequency data. Our method is a version of the Born inversion widely used
in various inverse problems.

The general idea of using low-frequency limits for exact inversion from near-field
measurements was used originally in {1} and [2] (see also [3, 4]). As a general reference,
see [5].
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2. Low-frequency limits

We shall start by considering the low-frequency behaviour of the electromagnetic
field. Assume that the time dependence of the field is harmonic, proportional to
the factor e, where w is the transmitter frequency. Let the permeability x and
dielectric parameter ¢ = ¢ + io/w be in C2(R%), ie. u and ¢ are twice continuously
differentiable, and assume that u > 0 and ¢ > 0. Regarding the conductivity o, it
is assumed that either ¢ > O everywhere or ¢ vanishes identically. Furthermore, we
shall assume that there are constants y, and &, = ¢, +ig;/w and a bounded regular
domain G = R® = {(x,,x;,x;) € R | x; < 0} such that & = g, and u = y, outside
G. The complex amplitudes of the electric and magnetic fields (E, H) satisfy Maxwell’s
equations

Vx H-+iwe'E =j
VXxE—iwuH =0
V(E) =V j/iw
V- (uH)=0.

(2.1)

Here j is the external current. We shall consider the case when j corresponds to a
magnetic dipole at y outside G pointing towards the positive x; direction. Explicitly j
is obtained by shrinking a current loop in the (x,,x,) plane to a single point keeping
the magnetic moment of the loop fixed. If the current density of the loop with radius
a > 0 and current [ is in cylindrical coordinates x — y = (p, ¢, z) given by

Jo(, ¥y =16(p —a)o(2)e,,
¢, being the azimuthal unit vector, then it is easy to verify with Stokes’ formula that
letting a go to zero with na’l = 1, j, approaches in the distributional sense the density
J(x,y) =V x (8(x = y)ey)

where e, is the unit vector along the x; axis. Note that especially V- j = 0. To specify
the solution of the system (2.1) uniquely, we shall assume that the solutions E and H
satisfy the radiation condition at infinity. Denoting k* = w?puyey, 0 < argk < 7, we
assume that for w > 0

1
wpgx® x H+kE =0 | —
[xf?

(2.2)

1
weyx® x E—kH =0 (W)

where x° = x/|x|. It is well known that equations (2.2) imply

ym=o(ﬁ) |m=o<§> 2.3)

as |x| — oc.
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To get an integral representation for the fields we write E = E,+E, H = H;+ H,
where the incident fields E; and H, satisfy equations (2.1) with & = ¢ and p' = p,.
Explicitly,

Ei(x,y,0) = —iopV x (e38(x — y, w))
2.4)
Hi(x,y,a))=Vx(Vx(e3g(x—y,co))) x:,éy

where V= V_ and
eiklxl
4r|x|’
Writing Ji = p — uy, ¥ = ¢ — g, equations (2.1) give
VX{(VXxE)=VXx(VXE)-Vx(VXE)
=iV x (iH) +iou )V x H —iouyV x H;
=10V x (iH) + 0’y 7' E + k*E,

g(x’ Cl)) =

On the other hand,
Vx{(VxE.)=V(V-E,) —AE_

=V <V: ) —AE,.

(A+K)HE, =~V (V; E) — 0’ ¥ E —iwV x (LH)

Therefore,

and after partial integrations E is found to satisfy

E(x,y,0) = E{(x,y,0) + E.(x,y, )

= E{x,y,o0 +f< Ve o) “E(z,y,0)Vg{x — z,w)

'(z, w)
+ 0ugE (2, 0)E (2, 3, 0)g (x — 2,0) + i0k)H (2, y,0) x Vg(x — 2, w))dz

(2.5a)

where the differentiations are taken with respect to z. Similarly,

A%
H{x,y,w) = H(x, y,0) + L(~ ,:E.(zz)) “H(z,y,w)Vg(x — z, )

+ 0y (2)H(z, y, 0)g(x — z,w) — i0¥ (z, 0)E(z, y, ) x Vg(x -z, co))dz.

(2.5b)

It is known (see [6]) that equations (2.5a,b) have a unique solution (E, H), which is
continuous outside {y} and that this pair of equations is equivalent to the system (2.1)
with radiation condition.

The solution to the class of inverse problems under consideration is based on the
low-frequency behaviour of the electromagnetic fields. The proof of the following
proposition follows the lines of [7] (see also section V.4 of [5]).
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Proposition 2.1. The solution (E, H) of equations (2.5a, b) has a low-frequency limit

BL%(E(-X! Vs Cl)), H(X, Vs Cl))) = (0’ HO(X, y))

in H2 (R*\ {y}), and H, satisfies the equations
Vx Hy=j V- (uHy) =0 (2.6)

with the asymptotic behaviour

1
weoft)

Proof. Obviously, as  tends to zero, (E;, H;) converges to (0, H;) in H2 (R®\ {y}),
where

H(x, ) = V x (V x (e38,(x — y)))

and

golx) = 4r|x|’

Hence, we have to prove the convergence for the scattered field (E
by L2, § € R, the weighted L? space

L = {f € L | Iflls = (/ P+ [ dX)I/Z < 00} f = fRS.

Since the scattered field satisfies the estimate (2.3), we have

H). Let us denote

sc?

N(w) = (IE I} + 1H13)"? < o0

for each & > 0 and & > 1 fixed. Here we have suppressed the y dependence of the
fields. Assume for a moment that

sup N(w)? <o (2.83)

O<w=<wy

for some w, > 0. We shall show that this already implies proposition 2.1.
Let By = {x | |x| < R} with R > O arbitrary. Since (E, H, ) satisfies the system

V x H, = —iwdE, — 0¥ E;
V x E =iwuH +iwjiH;
V- (€E.) =—-V (E)

V- (uHy) = =V (RH)

(2.9)

as can be easily checked, we have by (2.8)

f (IV x E, (x, @) + 1V x Hy(x,0)|?) dx < C(R)
Br
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and
(V- E (x,0)]* + |V Hy(x,0)|?) dx < C(R)

for some C(R) independent of w, 0 < w < w,. These estimates imply that E and
H,, are in the Sobolev space H'(Bg) with norms bounded uniformly with respect to
w, 0 < w < w, Indeed, if ¢ € C*, supp ¢ < Bg,,, ¢lz, = 1, we have V x (pE) €
L?(Bg,1), V' (pE,) € L*(Bg,,), and using the well known representation of a vector

field in terms of its divergence and curl we get for x € By
E (x,0) = 9(x)Ey(x, 0)

= f V (@(2)Ey (2, w))Vgo{x — z) dx
+ f V x (9(2)E(z,w)) x Vgy(x —z)dz (2.10)

where the integral operators are smoothing by one index. The H field is treated
similarly.

Hence by the compact embedding theorem for Sobolev spaces we can find a
sequence w, — 0 such that

(Esc(x’ CUn),HSC(x, wn)) - (EO(X),HO(X)) (211)

in L} .. By (2.9) and (2.10) the convergence takes place also in HZ_, and the limit

(Ey, Hy) satisfies (2.9) with o =0, i.e.

V x Hy=0E,
VxE;=0 212)
V- (7Eg) =0

V- (uHy) = -V~ (ﬁHi,o)-

Here y = ¢ if ¢ # 0 and y = ¢ if ¢ = 0 identically. Note that by the assumptions, y is
strictly positive in both cases.

We shall show first that E, = 0. Since V x E; = 0, E, can be written as E, = Vg,
and V-(yVe¢) = 0. By the integral equation (2.5a) it is clear that ¢ = O(1/|x]).
Since ¢ is harmonic near infinity, we have by Green’s representation formula that
(Vo| = O(1/}x[?). Therefore,

f 2(%)| V()2 dx = f V- (@070 Vo (x) dx
BR BR
= [ e e ase
2Bg v

by the divergence theorem. Here d¢/dv denotes the outer normal derivative at the
boundary. As R — oc, the right-hand side vanishes implying E, = Vg = 0.
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To show that the limit H, is independent of the choice of the sequence (w,) it is
enough to notice that if H, satisfies

VxHy,=0 V- (uHy) =0
with the asymptotic behaviour (2.3) at infinity, the same argument as above implies

Finally, we have to prove the estimate (2.8). Assuming the contrary that, for some
w, =0, N(w,) > n for each n, define

1
(E,(x), H (x)) = m (Eg (x,w,), H (%, 0,))

whence

N, = (IE, |} + |H,I5)"* = 1. (2.14)

By the above argument, (E,, H,) — (E,H) in HZ . and (E, H) solves the system (2.12)
with (E;o, H;y) = 0, implying that (E, H) = 0. On the other hand, if R > 0 is chosen
large enough, Green’s formula gives

_ og OE,
E (x) = j;BR <En(z) ) (x—2z,w,)—g{x— z,a)n)m(z)> dS(z)

and similarly for H,(x). Due to the convergence of E, in H, 2

o the above formula implies
that

IE, (x)] € —
X]

for some ¢ > 0 independent of n, as |x| > R + 1. Therefore we have

lim N> =0
n~—CC
contradicting (2.14). The proposition is thus proved. O

3. Exact inversion: a special case

In this section we shall consider the general low-frequency inverse problem in a
restricted class of functions ¢ and u. We shall prove the following result.

Theorem 3.1.  Assume that u = g, > 0 and ¢ = 0, > 0 everywhere in R®. Then
the inhomogenity &x) = &(x) — &, x € G, can be analytically computed from the
low-frequency data {H(x,y,w) | 0 < w < wg, X,y € P,x # y}, where P = {(x;,%,,x;) €
R’ | x; =0}

The proof is based on the following application of the low-frequency limit proved
in the previous section.



Electromagnetic inverse problems 1113

Lemma 3.2. Under the assumptions on the functions u and ¢ given above,

1 5
lim — (H(3,0) = i 3,0)) = =y [ 3V % (exgolz = 1) x Vol =2) dz
the convergence taking place in HZ .

Proof of lemma 3.2. Denoting by K the dyadic kernel

Ve(z)

m — wi(z)g(x —z,w)I

K(X,Z,CU) = Vg(x—Z,(D)

0 < w < w, and I being the unit matrix in R’ E satisfies the integral equation

E(xsy, )_ xy’ fKXZ(U zya )d
=Ei(xay, )+0)9{E(X,y, )

Obviously, " is a mapping from L% _ to HJ._  with norm locally bounded uniformly
with respect to w, 0 < w < w,. Therefore,

1 1
lim —E = lim —E;
lim —E(x, y, ) = im = E;(x,y, )
=~V X (e380(x — )
in H_. Since H satisfies the equation

H(x,y,w) = Hi(x, y, )—1wL 2(2)E(z,y,w) x Vg(x — z,w) dz

the claim follows immediately, since the operator from HL, to HZ. with the kernel
Vg(x —z,w) x I tends to the one with Vgy(x —z) x I as w — 0. O

Proof of theorem 3.1. By the previous lemma it suffices to show that & can be uniquely
and analytically recovered from the integral

I(x,y) = j;E(ZW X (e380(z — ¥)) x Vgo(x —z)dz 3.1

as x,y € P. We shall denote x = (x,0), y = (),0) and z = (z', z), where x, ',z € R
Using the identity

o 1 _ 2z
S exptix &)= v = S explie ) exp(felzs) (.2

¢ e R? (see eg. [5, p 220] or [8, p 91]), we see that the Fourier transform of I along
P x P can be written as

femy= [ ax [ dy explite' £+ I (.00, /,0)

1, /
= —Z(ln°+(ﬂ°'€°)eg)fS(Z)GXP[ (& +n) -z ]exp[(IE] + Inl)z;] dz
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where 7% = /||, &% = ¢/[¢|.

We introduce new variables in this integral. Let p=¢ +n € R%, r = |¢] + |y] € R,.
Considering #° as a fixed parameter, the change of variables (|n|,&) — (r,p) is non—
singular, since the Jacobian is

0.0
51, 9) S

2, p) 1=

#+0 unless &% = #°.
Indeed, we have the inverse mapping
il =r—=lp=rm°PRr—p )"
E=p—r’+n’lp—m P20 —p-n°)~
as &% = 7% In terms of (p,r) we have

2
50 - &0

(i£®—ey) I = f &z)explip-z' + rx;) dz.
G

Since this integral is known for all p € R% » € R, and #° € S' can be an arbitrary
unit vector, the function  can be recovered analytically in a unique way. O

4. Approximate solution in the general case

It is easy to see why the procedure of the previous section fails to work in the general
case: the low-frequency limits of the E and H fields depend in general on the unknown
functions p and o, thus yielding a non-linear integral equation instead of the linear
one (3.1). To get an approximate but linear equation for solving the functions ¢ and p
in the general case one can try to use a version of the Born approximation as is often
done in various inverse problems.

We shall start with equation (2.5b). Rearranging the terms according to the
asymptotic behaviour at low frequencies we have

\%
H(x,y,a)) =Hi(x9ysw)_L ‘ul;iz))

‘H(ZJ:CU)Vg(X"Z:CO)dZ
+iw(00 f z)H(z,y,w)g(x — z,w) dz

G

L E(zy,0)
+fGa(z)T><Vg(x—z,w)dz>
2 f~ _

+w (80 .u(Z)H(Zay’w)g(x Z,(l)) dz

G

+fG§(z)M x Vg(x — z,w) dz)

1w

= H(x,y,0) — Io(x, y,0) + il (x,y,0) + 0*L(x, y, o). (4.1)
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As o tends to zero, the integrals have finite limits in HZ_. The proof is similar to
that of lemma 3.2. The approximate linearisation is now done by using the Born
approximations

lim H(x, y, ) = im H;(x, y, ) = V x (V x (e385(x = y)))
4.2)

o1 .1
lim = E(x, y, @) > lim - E;(x, y, ) = =gV % (e380(x — y))
in HZ_.. These approximations are justified if Vo /o, Vu/u as well as & [i and & are
small.

Using these approximations, we get approximate formulae for the Taylor coeflicients
of H,(x,y,») at @ =0, namely

lim I,(x, y, ) = I8(x,y)
w-—0

o f Viu(z) AV % (V % (e3gy(z — y))) Vo (x — 2) dz (4.3a)
¢ Mz)

lim I, (x. y, 0) = I (x.y)
=0, fG ()Y x (V x (e3g(z — Y))g(x — 2) dz

— Uy j; &(2)(V x (e385(z — y)) x Vgo(x —z)dz (4.3b)
and

(lui_rgl2(x>y’a)) =~ I?(xsy)
=2 fc A(Z)V X (V % (e3g0(z — )g(x — 2) dz
— i f B(2)(V x (e380(z — ¥)) x Vgyo(x —z) dz. (4.3¢)
G

Theorem 4.1. The Born approximations I]-B(x, ¥, =012 x,y € P, of the Taylor
coefficients of H(x,y,w) at @ = 0 determine the functions & & and i uniquely.

Proof. As in the proof of theorem 3.1, a straightforward application of formula (3.2)
gives for the Fourier transform (x,y") = (¢,7) € R* x R? of I3(x, y)

Iy =So%ﬁﬂo-i-%)fcﬁ(Z)eXp[i(éwLﬂ)'Z'*-(lél+1’H)Z3] dz

1
+togn° + €0 nles) [ 3 expli€ +n) 2 + (21 + nzs] d.

Since (i + Inles) - (in + lnles) = 0 and (i° + e3) - (in° + (7° - &%e;) = O, by choosing &°
and 7° so that &0 £ 40 we get
41¢|

T e e = [ @ explie £ + (el + bzl dz
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4 . S . /
00 4 ey PB(E ) = fG 8(z) expli(é + 1) 2 + (1] + Inz] dz.

The same change of variables as in the proof of theorem 3.1 shows that [ and & can
be retrieved from I3(¢, %) uniquely.
Similarly, we have

e n = l17—‘—(1'707“63)fGﬂ(Z)‘SXP[i(é+'7)'Z'+(|§|+l77|)23]dz

1
g+ (2 1%es) [ 26 xplite + 1) 2+ (121 + Inzs] d

Since the first integral is now known, we get

Ho

il

4 R
. (z?<c,n)—a 1L G0 4 0 fG ﬂ(Z)GXp[i(é+n)-z/+(|éi+|11!)23]d2)

C4i¢]

- fc (z) expli(¢ +n) -2 + (1] + nl)z3) dz

and & is finally recovered. O

Some general remarks about the validity of the Born approximation for solving
inverse problems are given in [9] and in the appendix of [10].
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