Inverse Problems 4 (1988) L.7-L10. Printed in the UK

LETTER TO THE EDITOR

A uniqueness theorem for two-parameter inversion

A G Ramm
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Abstract. A uniqueness theorem for two-parameter inversion is proved within the
framework of exact theory.

Let
Viu+ku+ ka(x)u+V - (a,(x)Vu) = - 6(x - y) in R, 1)

Assume that:
(i) u(x,y,k)isknownforallx,yeP:={xx;=0tand k=k;, j=1,2, 5;>0, k| #ky;
(ii) aye L*(D), a;e W2*(D), 1 +ay(x) >0, a(x)=0 outside D, j=1,2, Dc R} =
{x:x;<0}, D is a bounded domain.

Theorem. Under these assumptions a,(x), j=1, 2, are uniquely determined.

The result in this theorem was proved in [1] in the Born approximation. Here a proof
is given within the framework of exact theory. The Born approximation is not used.
The method used is developed in [2-6].

Write equation (1) as

V - (by(x)Vu) + Kb, (x)u=—6(x — y) bj=1+a;, j=1, 2. )
Let y € P and u= b5 "w. Then (2) becomes
Aw+Kw—q(x)w+ kp(x)w=—(x — y) (3)

where A is the Laplacian, and
q(x): = by "*(x)Ab}*(x) px):=b\(x)b7'(x) - 1. 4)

We have used the equation 8(x —y)b;"*(x)=06(x~y) which holds if yeP since
a,(y) =0. Note that g(x) and p(x) vanish outside D.

The idea of the proof is as follows.

Step 1. The values w on P at k= k; determine — g(x) + k}p(x) uniquely.

Step 2. The values of —q(x)+kip(x), j=1, 2, k,#k,, determine g(x) and p(x)
uniquely.

Step 3. Given gq(x), find b,(x) and then b,(x).
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Note that u=w on P so that w on P is known. Step 2 is trivial. Step 3 amounts to
solving the equation

Av—qx)v=0 in R® %)

v=1 outside D v:=b"(x) (6)
or, since v: =14d(x), d(x)=0 outside D,
Ad—q(x)d=q(x) in R® d=0 outside D. @)

Problem (7) has a unique solution, since the corresponding homogeneous problem has
only the trivial solution because of the uniqueness of the solution to the Cauchy
problem for elliptic equations (or due to the unique continuation property for elliptic
equations: if Ad—g(x)d =0 and d =0 on an open set then d=0; the assumptions on g;
imply ge L”(D) and this is sufficient for the validity of the unique continuation
property).

The basic step 1 is based on the following lemma.

Lemma 1. Let a(x)e L*(D), D<= R’ is a bounded domain, k=0 is fixed,
Aw+kw—a(x)w=—-06(x—y) in R’ ye P={x:x;=0}. (8)

The values of w(x, y) for all x, y € P determine a(x) uniquely.

Proof. Let us write (8) as

wix, y)=g(x, y)+f g(x, z)a(z)w(z, y)dz J'=J’ 9)

where

g:=(4nlx —y[)™" exp(iklx—yl). (10)
Let x, y € Pin (9). The function f(x, y): =w —g is known on P, so (9) can be written as

J' 8(x, z)a(z)w(z, y)dz=f(x, y) x, yeP. (11
Multiply (11) by an arbitrary ¢(x) € Cy(P) and integrate over P. The function

f P(x)g(x, z)dx:=m(z) (12)
runs through a dense set (in L*(D)) in the set Np(A+ &7): ={m: = (A + k*)m=0in D}

when ¢ runs through C7(P). This statement is proved below as lemma 2. Assuming
this, we see that (11) implies

j m(z)a(z)w(z, y)dl=f fx, y)p(x)dx. (13)

Similarly, (11) implies

f m(2)a(zn(z)dz = a(m, n):= f f fr Vewindedy  (14)
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where ¢, e Ci(P), meNy(A+Kk?), n(z)e Np(A+k*—a(x))={n:An+k’n—an=0
in D}. Therefore the set of integrals is known:

f a(z)m(z)n(z)dz: = a(m, n) meNp(A+Kk), neNp(A+k>—a(x)). (15)

This and lemma 3 below imply that the Fourier transform of a(z) is uniquely
determined and therefore a(z) is uniquely determined. Lemma 1 is proved. Let us
now prove lemmas 2 and 3.

Lemma 2. The set of functions (12) is dense in L*(D) in Np(A +k?).

Without loss of generality assume that &* is not an eigenvalue of the Dirichlet
Laplacian in D. If it is, then take D;> D, D, = R? such that kis not an eigenvalue of
the Dirichlet Laplacian in D, and apply the argument below.

Proof. Tt is sufficient to prove that the set of m|r_,p is dense in L*T). Suppose it is
not. Then there is an h e L*(T'), h#0, such that

J ds h f @(x)g(x, s)dx=0 Ve Cy(P). (16)

This implies that

u(x): =J’ ds h(s)g(x, s)=0 VxeP. a7

Since (A+kHu=0 in R, ={x:x;>0}, u(*)=0 and (17) holds, one concludes that
u=0in R.. By the unique continuation property for elliptic equations =0 in R*\ D.
Thus u=0o0nT. Since (A +k*)u=0in D, u=00nT, and k*is not an eigenvalue of the
Dirichlet Laplacian in D, one concludes that u=0 in D. Therefore h=0, being the
jump of the normal derivative of u across I'. Thus, the set {m(s)}, seT, is dense in
L*(T) and the set {m(z)} is dense in Np(A +k?).

In a similar way one proves that the set {n(z)} is dense in Np(A+k*—a(x)).
Lemma 2 is proved.

Lemma 3. The knowledge of integrals (15) determines a(z) uniquely.

Proof. We need two facts which are proved in [3]. The first is an algebraic lemma:
there exist a, B€C® such that a-a=8-8=k* a+B=p, |aj>=, |f|—>=. Here
a-B=a,f + B+ asBs, |a|=(a -&)"?, where the bar stands for complex conjugate,
and p € R* is an arbitrary given vector. The second fact is an analytic lemma: there is a
solution to the equation

Aw+k*w—a(x)w=0 a(x)e L*(D) (18)
of the form

w(x, a)=exp(ia - x)(1+R(x, a)) a-a=k? aeC (19)
where

IRCx, allzpon=<e(l+]a))™ Im a#0, |al->x. (20)
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Here D, is an arbitrary bounded domain in R*, ¢=c(D,) = constant >0 and ¢ does not
depend on a. Using these two facts, take in (15) m=exp(ia-z), a-a=k* and
n=exp(if-z)(1+R(z, B)), B-B=0, a+B=p, |B|— . Passing to the limit |a|— o,
|Bl— o in (14) and using (20) one obtains on the left-hand side of (14) the integral

j a(z) exp(ip - z)dz: = A(p). (21)

Since the right-hand side of (14) is known, one knows the Fourier transform of a(z).
Thus, a(z) is uniquely recovered.
This completes the proof of lemma 3. The theorem is proved.

Remark. Knowledge of u(x, y, k) for all x, y e P and a single £ >0 is not sufficient for
the recovery of both a;, j=1, 2, because knowledge of — g(x) + k’p(x) is not sufficient
for the recovery of both g(x) and p(x).

In [7] the results of the theorem are proved for a, € LYD), a,e W*X(D), 1+ a,>0.

The author thanks ONR for support,
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