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Abstract. Let N =  (U:  (V2 + k2)u=O), N ,  = {@: (V2 + k2 -q(x))@=O) in 9 c R 3 ,  where 9 
is a bounded domain, k=constant>O, q ( x ) E L m ( 9 ) .  Suppose that f € L P @ ) , p )  1, and 
J f u @ d x = O  for all U E  N and @ E  N I .  Then f = O .  Results of this type are used to prove 
uniqueness theorems in inverse scattering. In particular, we prove that the scattering 
amplitude A@' ,  0, k) known at a fixed k > 0 for all e', 0 E S2 determines the compactly 
supported potential q(x) uniquely. We also prove that the surface data u(x, y, k), V x, y E P= 
( x :  x3 = 0 )  at a fixed k > 0 determine the compactly supported u(x)  E Lz (9 ) uniquely. Here 
[V2+k2+k2u(x)]=-6(x-y)inR3, 9 c R ! = ( x : x 3  (0)isaboundeddomain. 

In [ l ]  the following result is obtained. Let LU=C~~~<,U,D"U(X),  X E  Rd, d>2, ua= 
constant, 01 is a multi-index. Let M =  {z: z E Cd, Zla l~~uaza=O} .  Assume that there exist 
two points mj E M ,  j =  1,2, such that the tangent planes Ti to M at points mj are not 
parallel, and that 

\J U, w: u, w E N&)= {U: Lu=O in .9 } (1) 

where f E Lp( 9 ), p > 1 and 9 is a bounded domain in Rd. 

Theorem 0. Under the above assumptions f = 0. 

A generalisation of this result, also given in [ 13, says that the conclusion f 0 holds if (1) 
holds for all U E N(L) and W E  N(L1) where Llw=ClOlc,, baD"w, and the union of the 
basis vectors in Tmy m E M ,  and in Tm,, m E M I  (where M I  is defined by L I in the same 
way as M is defined by L )  spans an open set in Rd. Sufficient conditions are given in [ 13 for 
this to be true in terms of the rank of the union of the basis vectors in Tm and Tm, . 

We first show how to generalise these results for some operators with variable 
coefficients. Consider, for example, lu = [V2 + k2-q(x)]u, q(x) E Lg(Rd). 

Theorem 1.  If 9 is a bounded domain and (1) holds for all U, w E Ng ( I )  then f = 0. 

Proof. Let (1) hold for all U, w E Ng (1). By proposition 1 (at the end of the paper) one has 
I. 

f exp[i(z+C) .x](l +o(l))dx=O I z I + a  l C l + a  (2) 
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where z z = k2 = t; t;. Let us show that one can choose z + t;=p E R  3, where p runs 
through a ball B: IpJ <R, R =constant > 0. If this is established then (2) implies 
j9 f exp(ip 9 x )  dx=O, p E B.  Since the integral is an entire function o f p  which vanishes 
in B, it vanishes identically. Therefore f 0. 

Let us check now that for any p E B there exist z and t; E C such that I Cl + CO, Iz I + CO, 

aj + aj=pj, bj=pj, j =  1,2,3. We have ten equations for 12 coordinates. Let us show that 
these equations can be satisfied and I z I + CO, I t;l + CO . Eliminate a and b to get a -p2= k ’, 
a.P=O, (p-a)  -b  =p - 2 p - a + a  -p  =k thus p 2 = 2 p - a ,  (p-a)*/3=0 thus 
p p=O. Choose the third coordinate axis alongp, i.e. takep= ye3, and take p=plel, a=  
a3 e3 + a2 4 .  

Then p*p=O, a*/3=0, a:+ai-/?:=k2, y2=2ya3, i.e. a3=4y. Thus a:-/3:= 
k2-iy2 (*). Take la21+w, Ip11+03 so that ( * )  holds. This is possible. Set /3=plel, 
a=a2e2 + $ye3, b=P, a=ye3 -a.  Then all ten equations are satisfied. Theorem 1 is 
proved. 

z * z = t ; *  t;=k 2 >0.Letz=a+ib , t ;=a+ip .Thena2-b2=a2-P2=k2,a*  b=a-/?=O, 

2 2 2  2 2 2  

Let q E L m ( 9 ) ,  9 c R 3  is a bounded domain, A(@’, 8, k) is the scattering amplitude 
corresponding to q(x) (see e.g. [ 3]), 

. .  
A(&, 8, k)=-(44-’ dx q(x) exp(-ik8’ . x ) ~ x ,  e, k) i = JR3 (3) J 
where @ solves the scattering problem: [ V 2 +  k2-q(x)]@=0 in R 3 ,  @=exp(ikO x )  +v, 
8 E S 2 ,  the unit sphere in R 3 ,  v=g(r)A(&,O,k)+o(r-’) as r=IxI+co, O’=xr-l, 
g=r- l  exp(ikr). 

Theorem 2. Let q(x) E L m ( 9 ) .  If A(&, 8, k) is known at a fixed k > 0 for all e’, 8 E S 2  
then q(x) is uniquely determined. 

Proof. Apply proposition 1 to (3): take @=exp(ik8 x)(l + r(x, e)), IIr(x, 8)llL2(g)=o(1) 
as l8l+co, 8 E  C3, 8 8= 1,8’ 8‘= 1,B’E C3. The functionA(8’, 8, k)is analytic in e’, 8 
on the subset of C3 x C3 given by the equations 8’ 8’= 1, 8 8= 1(- a). The values of 
A(&, 8, k) for real 8’, 8 define this function on the set (* *) uniquely by analytic 
continuation. For example, if one takes 8’ =(e!, 81, (1 - 8{ - 8i2) ‘I2) then A is analytic in 
(e{, 8j) in a neighbourhood of the origin in C 2  and is known on R2.  By analytic 
continuation it is uniquely determined in a neighbourhood of the origin in C2. This means 
that A (e’, 8, k) is determined on the set in C given by equations (- 0 ) .  We wish to show that 
one can choose 8,8’E C 3  on the set ( 0 0 )  so that: il)18’[+m and i2) k(B-O‘)=p, where 
p c B c R3 and B is a ball. Without loss of generality take k = 1 andp= ye3. Then 

8,=8/+ye3 8:=a+ib  8‘ :=a+ip  a , b , a , / 3 e R 3  
a 2 2  -b  =a2-p2=1  

(4) 

One has b=P, a l = a l ,  a2=a2, a 3 = a 3 + y .  One has ten equations for 12 coordinates, 
namely: 8 8=8’ 8’= 1 and 8 8’=p which is i 2 )  for k =  1. Let us show that these 
equations can be satisfied under condition il). Eliminate a and b to get 

a b=a -/3=0. 

2 2 2 2  1 a - b = a1 + a2 + (a3 + y)’-p2= 1 + 2asy + y 2 =  O=>a3=-5y; 

0 = a b = a& + a& + (a3 + y)p3 = yp3 +/I3 = 0, 
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since y # O .  One has two more equations a -/3=al/31+a&=0 and 1=a2-p2= 

equation can be satisfied and lczl can be taken to infinity so that i l )  holds. Therefore 4 ( p )  is 
uniquely defined by the values of A(@’,  0, k) at a fixed k > 0 for all e‘, 0 E S2. Thus q is 
uniquely determined. Theorem 2 is proved. The scattering solution 9 is representable in the 
form (28)-(29) as follows from the integral equation for 9. 

Remark 1 .  It is sufficient to give A(&, 6, k) at a fixed k > 0 for e’, 0E s 2 x  s2, where s 2 i s  
a solid angle (that is, an open set in S’). By analyticity these data determine A on all of 
S2 x S2 uniquely ( [ 2 ] ,  p 62). 

al+a2+ay 2 1 2  -/3:-/3;. Take a l=c l ,  a2=0, B1=0, pz=cz. Then c:+~y2-c$=1. This 2 

Next consider the equation 

[V2 + k2 + k 2 ~ ( x ) ] ~ ( x , y ,  k)= - S ( X - ~ )  in R 3  

Assume that D E L 2 ( 9 ) ,  9 c RL = ( x :  x3 < 0}, 9 is bounded, and the surface data 
u(x, y, k) are given at a fixed k > 0 for all x,  y E P =  { x :  x 3  = 0). 

Theorem 3. The above data determine v(x) uniquely. 

Remark 2 .  In [ 2 ]  it is proved that the surface data known for all 0 < k < ko ,  where k o >  0 
is arbitrarily small, determine u(x) uniquely. 

Proof of theorem 3. The solution to ( 5 )  which satisfies the radiation condition solves the 
equation: 

Us(x,y):=U-g= g(x, r>v(r)4rYY> d r  g = ( 4 x 1 ~  -y  I )-I exp(i klx -y 1 )  (6 )  J’ 
where U, is the scattered field. The integral in (6)  is known for all x ,  y E P.  We wish to prove 
that these data determine v(Q uniquely. 

Step 1 .  If u,(x, y) is known for all x ,  y E P then the numbers 

1’ d r  D(r)Um(r)Wm~(r):=Dmm~ are known for all 
J 9  

Um E N9(VZ + k 2 )  and W,!EN~(V’+ k 2 +  k2v(x)). 
(7) 

Step 2. Use proposition 1 to conclude that if vmml are known then V i m 1  are known, 
D i m ’ : = J g  drD(<)Um(()u,f(r)y and wmf(x)=exp(iz *x)(l +0(1)) as ~ z ~ + o o ,  z * Z=k2. If 
the numbers V i m 1  are known then D is uniquely determined as in theorem 0. 

Let us explain step 1 in more detail. Multiply (6)  by a v, E C,”(P) and integrate in x to 
get: 

F(v,Y U):= J’ h(r)~(r)u(rY d r  (8) 

F is known for ally E P and all p E C,”(P). Here 

In order to show that h runs through a dense set in N g ( V 2  + k 2 )  when v, runs through 
C,”(P) assume (*): k2 is not an eigenvalue of the Dirichlet operator V 2  + k 2  in 9 (if k 2  is 
an eigenvalue then take 9 2 9 , 9 c R Y ,  such that k2 is not an eigenvalue of the 
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Dirichlet operator V 2  + k2 in g1 and use the argument below). We will show that hl ag 

runs through a dense subset of L 2 ( a 9 ) .  This implies that h runs through a dense set in 
N g ( V 2  + k2)  provided that ( * )  holds. To prove that the set {h} is dense in L 2 ( a 9 )  assume 
that there is a function y(x) E L 2 ( a 9 )  such that sag y h  ds=O for all h of the form (9). 
Then 

w(x):= f g(s, x)w(s) ds = 0 V X E P  
Jag 

(V2 + k2)w=0 in R3\89. 

This implies that w = 0 outside of 9, w = 0 on a 9  , and, since ( * ) holds, w = 0 in 9. By 
the jump relation for [aw/aN]ag one has y=O. Therefore the set { h }  is dense in L2(i39)). 
In a similar way one proves that (6) implies (7). 

Let us prove proposition 1 used above. First we need two lemmas. 

Lemma 1. If IzI is suflciently large and f E L 2 ( 9 )  where 9 c R is a bounded domain, 
then the equation 

L U : = ( V ~  + iz V ) u = f  z e C 3 ,  z.z=k2=constant>0, Imzf .0  (1 1) 

IIuIILw,< c Iz I - ' /~ I I~ I ILw)  IzI>l, Imzf .0 ,  z * z = k 2 .  (12) 

is solvable in Lk,(R 3, and 

Here and below c denote various constants. The constant in (12) depends on the 
domain 9. 

Proof. Let U":=(~Z)) -~  l exp(-il x)u(x) dx, { = s R 3 .  Then (1 1) has a distribution 
solution u(x) = - .&)(A2 + z A)-' exp(iA x) dA. Let z = a + ib, a, b E R '. Then 
z z=a2-b2  + 2ia b=k2  >O. Thus 

a b=O. (13) a 2 -b2=k2 

Let a=e3tk, b=elt, where ej, 1 < j <  3, are the orthonormal basis vectors in R ', t= Ibl> 0, 
t k  = la1 = ( t 2  + k2)'/' > 0. Then 

+ z A=A: + iAlt +A: +A: + z ~ A ~ = A :  + iAlt+Ai + ( 1 2  + itk)'- at,$. (14) 

Function (14) vanishes iff 

l l = O  and A i + < 1 2 + i t k ) ' - 4 t $ = O .  

Equation (15) defines a circle Ck in the plane (A2,  A,) centred at (0, -ilk, 0) with radius itk. 
Consider the torus TJ which is obtained by moving a square with the side 26 centred at the 
points of Ck and perpendicular to the plane (A2, A3). One has 

lu(x)l< (i, .&I)(A2 + z A)-' exp(i1 x) dA 

Clearly 1A2 + z AI > $2 if 1 d TJ. Therefore, by Parseval's equality, 



Letter to the Editor L8 1 

Let us estimate u(x): 

2 1/2 Qcllf l lL2(9,* 
dP 1: + t k 6 + S 2  

Q ~ ~ I l f l l L 1 ( 9 )  6 dAl J - -  
1 t k 6 + @  (Aft2+p ) 

x dAl J:It16 dp(A:t2 +p2)-1/2 (18) 

where A: + r2 - st; =p,  dp = 2r dry we used the inequalities A:< d2, A: + d2< tkd which 
hold if 0 < 6 < 1 and t k  2 2, and we assumed that the last two inequalities are valid. 

Let A l t  =p. Then the integral in (18) is not greater than 

where c = constant > 0, polar coordinates were used and we took into account that 
t - l tk=t - l ( t2  + k2) ' l2<2 for sufficiently large t and a fixed k > 0 .  Combining (18) 
and (1 9) one gets 

IlV(x)llL=~(R3) 4 c l l f l lL2(9)d .  (20) 

Thus 

lI~llL~co,<~llfllL2(9)d. 
Combining (1 6),  (1 7) and (2 1) one obtains 

Note that one can put any bounded domain 9 1 3  9 in place of 9 in (22). For a fixed 
t > 0 one has min6[(&)-' + 61 = 2t-1/2. Therefore 

IlUllL2(9)Q cllf11L.2(9)t-1/2. (23) 
This is equivalent to (12). Therefore the existence of a solution to (1) with the properties: (i) 
u€L&(R3) ,  and (ii) U satisfies the estimate (12), is proved. Uniqueness of this solution 
follows from inequality (12) since equation (1 1) is linear. 

Lemma 2. Let q(x) E L ), q = 0 if x 9 .  Consider the equation 

[V2+iz v-q(x)]u=f in R3.  (24) 
Under the assumptions of lemma 1 equation (24) is solvable in L&(R 3, and the inequality 
(1 2) holds for the solution to (24). 

Proof Let us write (24) as 

Lu=qu +$ (25) 
If U E L& solves (15) then qu E L '(R 3, since q E L m ( 9  ) and is compactly supported. By 
lemma 1 one has 

II 24 I h 9  ) Q c I z I --1/2( ll f l h 9  ) + I I  qu II L2 (9 )) Q c I z I -II21 If1 I L2 (9) + c I z I -1/21 I4 I I Lm (9 )I I I I Iz (9 ). 
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Therefore U satisfies the estimate (12). Let us prove that equation (25) is solvable in L& 
provided that Iz( is sufficiently large. For any compact domain 9 and U E L z ( 9  J one has 

I I ~ - ’ ~ U I I ~ ~ ( ~ ~ ) ~ C I Z I - ’ ’ ~ I I ~ I I ~ ~ ( ~ ~ ) I I U I I ~ ~ ~ ~ ~  ). (26) 
Therefore (25) can be written as U = L -‘qu + L-’f and if IzI is sufficiently large this 
equation is uniquely solvable in L Z ( g I )  by the contraction mapping principle: according to 
estimate (26) the operator L-’q is a contractive mapping in L 2 ( 9  ,) if I z I s 1. Lemma 2 is 
proved. 

We can now prove 

Proposition 1. Let q(x) E L m(9 ), 9 c R is a bounded domain, q(x )  = 0 for x d 9 . Then 
the equation 

[Vz + k2-q(x)]u=0 (27) 

for any fixed k 2 0 has a solution of the form 

U = exp(iz x)( 1 + r(x, z)), 

where z E C3, z z =  k2 and 

IIr(x, Z)llL2(9]) = O(l z 1-9 as Iz( + CO Im zf  0, (29) 

uniformly in 9’ running through any bounded domain in R 3 .  If q E  L m * m ( 9 )  then 
IIr(x, z)I/~m(~l)=O(lzl-”z) as IzI+ CO. 

ProoJ: Substitute (28) into (27) and use z z = k2 to get 

V 2 r  + 2iz V r  - q(x)r = q(x) (30) 
Apply lemma 2 to equation (30) to get the conclusion of proposition 1. 

In a very interesting work [3] a similar result is given for k = 0. The argument in [ 31 is 
longer and more complicated. 

Remark 3. The conclusions of lemma 2 and proposition 1 remain valid if q E L ’( 9 ). The 
estimates (12) and (29) hold with I z I-(’-’) in place of I z I-’”, E > 0 is arbitrarily small, and 
with I I u I I L ~ ( ; ~ , ) ,  Ilr(x, z)lltm(g,p In [3] estimate (29) with O(lzl-’) is proved for k=O. 

The author thanks ONR for support and Professor M Idemen for hospitality during the 
author’s visit at the Research Institute for Basic Sciences in Gebze. 
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