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Abstract, Let N={u: (V2 +kDu=0}, N, = {y: (V2 + k2 —g(x))y=0} in @ C R?, where ¥
is a bounded domain, k =constant >0, g(x) € L*(Z ). Suppose that f€ LP(Z),p> 1, and
[ fuydx=0 for all ue N and y € N,. Then f =0. Results of this type are used to prove
uniqueness theorems in inverse scattering, In particular, we prove that the scattering
amplitude A(6’, 6, k) known at a fixed k>0 for all §’,8c 5* determines the compactly
supported potential g(x) uniquely. We also prove that the surface data u(x, y, k), Vx,y€ P=
{x: x; =0} at a fixed k >0 determine the compactly supported v(x) € L?(2 ) uniquely. Here
[Vi+k?+k0(0)]=—6(x—y)in R}, 2 cR? ={x: x; <O} is a bounded domain.

In [1] the following result is obtained. Let Lu=X 4« aD*u(x), x€RY d>2, az=
constant, & is a multi-index. Let M={z: ze C¥, Xiai<i%e2*=0}. Assume that there exist
two points m;e M, j=1, 2, such that the tangent planes 7; to M at points m; are not
parallel, and that

J S Eu(xw(x) dx=0 Yuw:u, weNg(L)={u: Lu=0in 2} (1)
7
where f € L*(2),p>1and @ is a bounded domain in R?,
Theorem 0. Under the above assumptions f=0.
A generalisation of this result, also given in [1], says that the conclusion /=0 holds if (1)
holds for all ue N(L) and we N(L,) where Liw=2X 4 beD°, and the union of the
basis vectors in T, me€ M, and in T, m € M, (where M, is defined by L, in the same
way as M is defined by L) spans an open set in R%. Sufficient conditions are given in [1] for
this to be true in terms of the rank of the union of the basis vectors in T, and Tp,,.

We first show how to generalise these results for some operators with variable
coefficients. Consider, for example, /u=[V? + kZ—g(x)]u, g(x) € LZ(R?).

Theorem 1. If 9 is a bounded domain and (1) holds for all u, w € Ng (/) then f=0.

Proof. Let (1) hold for all u, w € Ny (I). By proposition 1 (at the end of the paper) one has
| relic+0 AU+ dx=0 |z~ oo @
9
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where z . z=k’=(.{. Let us show that one can choose z+{=pecR> where p runs
through a ball B:|p|<R, R=constant>0. If this is established then (2) implies
f9 S exp(ip « x) dx=0, p € B. Since the integral is an entire function of p which vanishes
in B, it vanishes identically. Therefore f=0. ,

Let us check now that for any p € B there exist z and { € C? such that |{| - oo, |z| > o,
zez=(-{=k’>0.Letz=a+ib, {=a+iB. Then a’—b*=a’—pf*=k% a.b=a =0,
oy +a;=p;, by=F;, j=1,2, 3. We have ten equations for 12 coordinates. Let us show that
these equations can be satisfied and |z| - oo, [{| - co. Eliminate @ and b to get a’— f2=k?,
a-f=0, (p—a)—b*=p*—2p.a+a’—pf=k? thus p*=2p.a, (p—a):B=0 thus
P+ f=0. Choose the third coordinate axis along p, i.e. take p=ye;, and take f=fe;, a=
aze; + apes.

Then p«f=0, a+f=0, al+ a%—ﬂf:kz, y2=2ya3, ie oa3= %y. Thus aj—pi=
k?—1y? (*). Take |az|— o0, |Bi|— oo so that (*) holds. This is possible. Set f=28e,
a=one; + %yeg, b=p, a=ye;—a. Then all ten equations are satisfied. Theorem 1 is
proved.

Let g L®(2), 2 cR® is a bounded domain, 4(6’, 6, k) is the scattering amplitude
corresponding to g(x) (see e.g. [3]),

A, 0,0=—-Gn" [ dxq() exp(~ike' DU 00 [ = @
R3

where  solves the scattering problem: [V?+k?—g(x)]y=0 in R>, y=exp(ikf « x)+v,
fc 8%, the unit sphere in R%, v=g(rnA4(@,8,k)+o(r™") as r=|x|>c0, 8 =xr},
g=r""exp(ikr).

Theorem 2. Let q(x) e L*(@). If A(6’, 6,k) is known at a fixed k>0 for all §, fc §?
then g(x) is uniquely determined.

Progf. Apply proposition 1 to (3): take yy=exp(ikd - x)(1 + r(x, 8)), ||r(x, )| r2(g)=0(1)
as|8|-0,0cC380.6=1,8".60'=1,0" e C>. The function A(8’, 6, k) is analytic in §’, 8
on the subset of C*x C? given by the equations 8’ « 8’=1, 8+ §=1(:+). The values of
A(@',6,k) for real 8,0 define this function on the set (..) uniquely by analytic
continuation. For example, if one takes 8’ =(6}, 8%, (1 — 81— 04%)/%) then 4 is analytic in
(84,84 in a neighbourhood of the origin in C? and is known on R By analytic
continuation it is uniquely determined in a neighbourhood of the origin in C> This means
that 4(8', 6, k) is determined on the set in C® given by equations (- -). We wish to show that
one can choose 6, 8’ € C® on the set (++) so that: i;)|8’| - oo and iy) k(6— 8')=p, where
pC B R®and Bis a ball. Without loss of generality take k=1 and p=7yes. Then

6,=6/ +yes @=a+ib  @'=a+if abaBeR’

a*—b=a’—p*=1 a-b=a-+p=0.

4

One has b=, a,=a, ax=ay, a3=a3+7y. One has ten equations for 12 coordinates,
namely: §.60=6'.8'=1 and 6. 6'=p which is i;) for k=1. Let us show that these
equations can be satisfied under condition {,). Eliminate a and b to get

a*—b*=al+ i+ (s +9) -2 =1=203y +y’=0=>0a3=—1y;

O=a-b=a1f + afr+ (a3 + Y)Bs=yB3=>3=0,
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since y#0. One has two more equations a:f=af +af3=0 and 1=a’—g*=
ol +aj + 3y —pB—pi Take ay=c;, @;=0, B1=0, fy=c;. Then c}+ }y*—c}=1. This
equation can be satisfied and |c,| can be taken to infinity so that i;) holds. Therefore §(p) is
uniquely defined by the values of 4(8’, 6,k) at a fixed k >0 for all §’, 8 S Thus q is
uniquely determined. Theorem 2 is proved. The scattering solution i is representable in the
form (28)—(29) as follows from the integral equation for .

Remark 1. Tt is sufficient to give A(6”, 8, k) at a fixed k >0 for §’, 8 §* x S, where S?is
a solid angle (that is, an open set in S2). By analyticity these data determine 4 on all of
§?% x S% uniquely ([2], p 62).

Next consider the equation

[VZ+ k% + K20 (x)]u(x, y, k)= —(x — y) in R? 5
Assume that ve LY ), 9 cR . ={x:x;<0}, 2 is bounded, and the surface data
u(x, y, k) are given at a fixed k > 0 for all x, y € P={x: x3=0}.

Theorem 3. The above data determine v(x) uniquely.

Remark 2. In [2] it is proved that the surface data known for all 0 < k < k¢, where ko> 0
is arbitrarily small, determine v(x) uniquely.

Proof of theorem 3. The solution to (5) which satisfies the radiation condition solves the
equation:

us(x, y)=u —g=J g(x, Oo(Qu(& y) d& g=4n|x—y|)" exp(ik|x—y|) (6)
where u; is the scattered field. The integral in (6) is known for all x, y € P. We wish to prove

that these data determine v (&) uniquely.

Step 1. If uy(x, y) is known for all x, y € P then the numbers

J. A€ v(E)ttm(EIWmA(E) = Uy are known for all
2

@)
Um€ Ng(Vi+k?) and Wm € No(VE+ k2 + k%(x)).
Step 2. Use proposition 1 to conclude that if v, are known then v3,, are known,
Vmm = g AEVEtm(EVum (&), and Wp(x)=exp(iz + X)(1 +0(1) as |z| >0, z - 2=k If
the numbers vy are known then v is uniquely determined as in theorem 0.
Let us explain step 1 in more detail. Multiply (6) by a ¢ € CF(P) and integrate in x to
get:

Fp,3)= | h@(@u(& ) d¢ ®)
Fis known for all y € P and all ¢ € C3(P). Here

h(E)= JP (%, &) dx (V2 +kDh=0in . ©)
In order to show that % runs through a dense set in Ng(V?2+ k?) when ¢ runs through

C&(P) assume (*): k* is not an eigenvalue of the Dirichlet operator V2 +k%in @ (if k2is
an eigenvalue then take 2,09, 2, R?, such that k? is not an eigenvalue of the
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Dirichlet operator V2 +k? in &, and use the argument below). We will show that k| g
runs through a dense subset of L%(9% ). This implies that /4 runs through a dense set in
Ng(V? + k?) provided that (*) holds. To prove that the set {4} is dense in L2(92 ) assume
that there is a function 7(x) € L(92) such that [,, 7k ds=0 for all & of the form (9).
Then

w(x) = ' g(s, x)n(s)ds=0 VxeP
09

Vi+kHw=0 in  RNZ.
This implies that w=0 outside of 2, w=0 on 82, and, since (*) holds, w=0in . By
the jump relation for [#w/0N s one has #=0. Therefore the set {#} is dense in L2(69).
In a similar way one proves that (6) implies (7).
Let us prove proposition 1 used above. First we need two lemmas.

(10)

Lemma 1. If |z| is sufficiently large and f e LX) where 2 C R is a bounded domain,
then the equation

Lu=(Vi+iz . Vu=f zeC? z.z=k =constant>0, Imz#0 ¢3))
is solvable in Li(R?) and

lullze@) < elzl ™ 2oy z2|>1, Imz#0, z.z=k" (12)
Here and below ¢ denote various constants. The constant in (12) depends on the

domain 7 .

Progf. Let d:=(27z)"j f exp(—iA « x)u(x) dx, f=f go- Then (11) has a distribution
solution u(x)= —f FAGA2+z+ ) exp(id+x)dA. Let z=a+ib, a,beR3 Then
z+z=a*~b*+2a - b=k*>0. Thus

a’—br=k? a+b=0. (13)

Let a=est,, b=eyt, where ¢;, 1< j< 3, are the orthonormal basis vectors in R St=|b>0,
te=la|=@*+k*"*>0. Then

APvz e A=A +idt + A3+ A+ tida=AT +idit + A3 + (Ao + 320° — itk (14)
Function (14) vanishes iff
A1=0 and l§+(lz+%tk)2-%t}%=0. (15)

Equation (15) defines a circle C; in the plane (4,, A3) centred at (0, —%tk, 0) with radius ;.
Consider the torus T's which is obtained by moving a square with the side 2§ centred at the
points of C; and perpendicular to the plane (4, A3). One has

FAOA +z+ A exp(id « x) dA

Ts

lu)l <

+

FAOA+z. )" exp(i,l-x)d}.‘ =|v| + |wl. (16)

R3\T;

Clearly |A% + z « | > 36t if A & T;. Therefore, by Parseval’s equality,

172
Iwllz2@sy= (j LF12A+ 24177 dl) <2607 f 2y (1mn
R3\T5
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Let us estimate v(x):

"o [ o 171
[v(x)| <27zf dy f Lo (R3)
h -8 /26 (At + @AF+ P =D
A2y de 52 u

YOOy
2oysrne it +u )Y

v
<87l flue f di, <ellf @
4]

8 23
% f diy f duAie? +u?)~ (18)
0 -2t 6
where A} +r*—1=u, du=2rdr, we used the inequalities A} % A+ 6*< 146 which
hold if 0 < & < 1 and #, > 2, and we assumed that the last two inequalities are valid.
Let A,¢=p. Then the integral in (18) is not greater than

St 201 +208 .
2! J J dB du(B? +u2y " < er™! J dp<ea 16 <o (19)
0 Yo 0
where c¢=constant >0, polar coordinates were used and we took into account that

=t + k222 for sufficiently large ¢ and a fixed £>0. Combining (18)
and (19) one gets

oG Lo @sy < el fllL2(2) 0. (20)
Thus
”v”L2(9)<C“f”L2(g)5. 21
Combining (16), (17) and (21) one obtains
1
Ilu||L2<9><CI|fHu<9)(37+5)- (22)

Note that one can put any bounded domain 2> 2 in place of & in (22). For a fixed
t> 0 one has ming[(§1)~! + 6] =2¢~2, Therefore

lull 2@y < ell fllzaay ™2 (23)
This is equivalent to (12). Therefore the existence of a solution to (1) with the properties: (i)
ue L{(R?), and (ii) u satisfies the estimate (12), is proved. Uniqueness of this solution
follows from inequality (12) since equation (11) is linear.
Lemma 2. Let g(x)e L*(Z),g=0if x¢ 9 . Consider the equation

[Vit+iz e V—g(X)u=f inR3, (24)

Under the assumptions of lemma 1 equation (24) is solvable in LZ(R®) and the inequality
(12) holds for the solution to (24).

Proof Let us write (24) as
Lu=qu+f. (25)

If u € L}, solves (15) then qu e L¥(R?) since g€ L*(Z ) and is compactly supported. By
lemma 1 one has

-~1/2 - -
Nullza@y < elz) ™21 f 2@y + lqullz@) < el 220 fll 2y + €12 gl Lo @)l ]l 22 -
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Therefore u satisfies the estimate (12). Let us prove that equation (25) is solvable in L2,
provided that |z| is sufficiently large. For any compact domain &, and u € L*(2 ;) one has
1L~ qull 2@,y < el 2] ™I gl| oo oyl ull 22 - (26)

Therefore (25) can be written as u=L ~'qu+ L~ f and if |z| is sufficiently large this
equation is uniquely solvable in L*(Z ) by the contraction mapping principle: according to
estimate (26) the operator L~"g is a contractive mapping in L%(2 ) if | z| > 1. Lemma 2 is
proved.

We can now prove

Proposition 1. Let g(x)e L*(2), & < R*is a bounded domain, g(x)=0 for x ¢ & . Then
the equation

[Vi+k*—q()]u=0 @27
for any fixed k >0 has a solution of the form
u=exp(iz « x)(1 + r(x, z)), (28)

where ze C3, z « z=k? and

I, Dlagy=0(z1"»  aslzl-e  Imz#0, (29)
uniformly in &, running through any bounded domain in R> If g€ L™>(Z) then
17, Dllrm @,y =0(|2|7") as || - co.
Proof. Substitute (28) into (27) and use z - z=k” to get

Vir+2iz « Vr—g(x)r=gq(x) (30)
Apply lemma 2 to equation (30) to get the conclusion of proposition 1.

In a very interesting work [3] a similar result is given for k=0. The argument in [3] is
longer and more complicated.

Remark 3. The conclusions of lemma 2 and proposition 1 remain valid if g € LXZ). The
estimates (12) and (29) hold with |z|™"~? in place of | z|™"/% &> 0 is arbitrarily small, and
with || #|lze @, |7(%, 2)||Lo(a,). In [3] estimate (29) with O(|z|~ 1 is proved for k=0.
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