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Abstract. Necessary and sufficient conditions for a given function A(#, 8, k) to be the
scattering amplitude corresponding to a reflecting obstacle are given.

Let DcR® be a finite domain (obstacle) with a smooth boundary I'. Consider the
scattering problem

(VE+ kDY@, k, x)=0 in Q=RD k>0 (1)
=0 on T Y=o +v Yo=exp(ikd - x) 2)
v=gAr@',6,k)+o(r™) r=|x|—=0, @=xr"', g=r"'exp(ikr).(3)

Here 8,8’ € S, the unit sphere in R®, the function Ar(#, 6, k) is called the scattering
amplitude corresponding to the obstacle with boundary I'.
It is well known [1] that

Ar =A@, 0, k)= —(4n)™! J ds exp(—ik6'-5)2y(8, k. 5)/ON, “
r
where N is the outer unit normal. This function satisfies the following equations [1]:
A@', 6, ~k)=A4(0",0,k) kreal (realness) (%)
A@,0,k)=A(—6, -0, k) (reciprocity) (6)

A", 6, K)— A, 6, — k) =ik(2m)"! J A0",6,k) A", 6, —k)de”  (7)
52

(optical theorem), which are necessary conditions for 4(¢’, 6, k) to be a scattering
amplitude corresponding to an obstacle. The bar in (5) denotes the complex conjugate.

The inverse problem consists of finding I' from knowledge of 4(&', 8, k). This problem
is discussed in [1] where references are given. The basic uniqueness theorem can be found
in [1].

Lemma 1. If A=Ay is known for an infinite sequence 8, 6, 6 for j#’, which has a
limit point, for all 8’ € §?, where §? is a solid angle, and for a fixed k>0 then T is

determined uniquely.
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Formulae for practical recovery of I' from A(#’, 6, k) known at one large k (large in the
sense ka > 1, where a =diam D) are given in [1].

Conditions for the set {4 (8", 6, k)} to be dense in L2(S?) when k > 0 is fixed and 4 runs
through S? (or the boundary data run through a dense set in L(I")) are given in [2].

In this Letter we give a characterisation of the class of scattering amplitudes, i.e. we
give necessary and sufficient conditions for a given function A(¢", 6, k), 8, 6 §%, k>0
and fixed, to be the scattering amplitude corresponding to a reflecting obstacle.

Our characterisation is obtained by the method first given in [3]. The starting point is
the equation in L*(S?):

V. =Sy S=I+ik(2n)'4 A¢/==J' A", 6, )y (9)d8" (8)
where ¥, =y and y_ =y(—06, —k, x). Let us write (8) as *
0.0, k,x)=0v,(—0, —k,x) +ikQn) " 'dv, (-6, —k, x) + vg VxeR? )

vo:=1k(27) "1 Ay(8, k, x).
Here '
v, (8, k, x)=y. (0, k, x)—exp(ikf.x).

Note that if A(8’, 8, k)=Ar(', 0, k), that is, if A is the scattering amplitude corresponding
to T, then
equation (9) has a solution v, (6, k, x) such that the function
U=y +v, satisfies equations (1)—-(3). (10)
In particular, I’ can be defined as the closed surface of zeros of the function ¥
constructed in (10), and (10) is a necessary condition for 4(6’, 6, k) to be the scattering

amplitude corresponding to a reflecting obstacle with the boundary I'. We will write 4 € ¥
if A is a scattering amplitude corresponding to a reflecting obstacle. The result is as follows.

Theorem 1. A € & iff (10) holds. Equation (9) has at most one solution with the properties
(10), and the function Ar in condition (3) for the solution of (9) is equal to the kernel
A(@’, 6, k) in equation (9).

Remark 1. Theorem 1 gives a characterisation of the class of scattering amplitudes and a
theoretical method to solve the inverse problem. This method consists of finding all the
solutions to (9) and checking for each of them whether conditions (1)—(3) hold. If there is
no solution for which (1)—(3) hold then A(#', 6, k) ¢ &. If there is a solution to (9) for
which (1)=(3) hold then this solution is unique, 4 € ¥, moreover 4 =Ar, where Ar is the
coefficient in condition (3), and T can be found as (the unique) closed surface of zeros of
Y=o +v_, where v, is the solution to (9) with properties (10). Uniqueness of I' follows
from lemma 1.

Proof of theorem 1. Necessity of (10): A € ¥=-(10). This implication is known and was
discussed above.

Sufficiency of (10): (10)=>A € ¥. Assume that (9) has a solution with properties (10).
Claim 1. This solution is unique. Suppose there are two (or more) solutons vy, j=1, 2,
with properties (10). Then w:=v; — v, solves the homogeneous equation

w(B, k, x)=w(—8, —k, x) +ik(2n) " 'Aw(—8, —k, x) ¥ xeR>. 99
Using condition (3) one obtains from (9’) that

gd—A)=gB +o(r™") as r=|x|= oo (1
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where the bar denotes the complex conjugate and the value of B is not important, and
where 4;=Ar, is the coefficient in (3) corresponding to v;. It follows from (11) that 4, =
A,. This and lemma 1 imply that I'; =T, Thus vy =v; as claimed. Let us denote v:=v,=
Uy, I':=F1 =F2 and Ar==A1 =A2.

Claim 2. Ar = A, where A is the kernel in equation (9). Indeed, the solution v to equation
(9) with properties (1)—(3) also satisfies equation (9) with 4Ar in place of 4. These two
equations can be written as

V. =8Sy_ =Sry. where  Spi=I +ik(27) '4r. (12)
Thus (S—Sr)v_ =0, or
do'[4(', 6, k)—Ar(8', 6, K)y_(8', k, x)=0 VxeR’ (13)
§2

The desired conclusion, 4 =Ar, follows from lemma 2, which is formulated and proved
below. Theorem 1 is proved.

Lemma 2. Let f € L*(S?) and
dé f(Ow-(6, k,x)=0 ¥V x € Qgr:={x:|x] >R} (14)
§2

where R >0 is an arbitrary large fixed number. Then f=0.

Proof. If (14) holds with v, in place of . then one concludes that f=0. Indeed, let
uo(x)==fsz S (B (6, k, x)df. Then uq solves equation (1) in R* and uo=0 in Q. By the
unique continuation theorem for elliptic equations uo=~0 in R *. By the uniqueness theorem
for the Fourier transform of distributions one concludes that £ (8)=0.

If (14) holds then denote by u:=u(x, k) the integral in (14), note that (V> +k%)u=0in
Q and u=0 in Q. By the unique continuation property for elliptic equations, #=0 in Q.
Multiply (14) by an arbitrary h € L*(Q) and integrate over Q to get

0= J d6 f(O)H(®, k) H= J " dxy_ (8, k RO, (15)
S2 [

The mapping h—H is a bijection of L¥Q) onto L(R*) [1]. Therefore, H(f, k) runs
through all of L*(R*) when 4 runs through all of L%(Q).

If k>0 is fixed and H(8, k) runs the set of smooth rapidly decaying functions then the
set of H(8, k), k = constant > 0, is dense in L%(S?) and (15) implies that f =0. For example,
one can take H(6,k)=p(@)(1+k*)~", n>2, and p(f)e L*(S?) is arbitrary. These
H(6, k) e L*(R?) are admissible. Lemma 2 is proved.

We will now give another characterisation of the scattering data. Let us derive an
analogue of the Marchenko equation in the 3D inverse potential scattering. Let y:==y/q t

Equation (8) can be written as
y+(93 k, x)=y+("03 —k, X)

+ik(2n)-‘f A(8', 8, k) explik(0' —8) + X][y.(— 8", —k, x)— 1] d8’
52

+ik(2m)! J A", 8, K) exp[ik(6" — 8) + x]d6". (16)

S2
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Denote

n(6, @, x)=(2n)"" J'w [74, & x)— 1] exp(—ika) dk 17)

-

M@, 6, a, x)=27) "% J'w kexp(—ika)(J‘ A0, 6, k) exp[ik(6' — 6) - x] de’)dk (18)
§2

— 0

1m0, a, x):=(2m) "> J.w exp(—ika) (ik ‘ A(', 6, k) exp[ik(' —6) « x] dﬁ’) dk.  (19)
© S2

Fourier transform (16) to get

ﬂ(g,d,x)=’7(—9,—a,x)+M’7+770(9,a,x) —0<a<w (20)

where

Mn==j J M(—8,8,0+a)n(0', o/, x) 46’ dar'. Q1)
o V82

For o> 0 one has #(—68, —a, x)=0 because y(f, k, x)— 1 is analytic in Imk > 0. Thus
(20) implies

n=Mn+n, a>0. (22)

This equation is analogous to the Marchenko equation derived in [4].
One can give another characterisation of the class of scattering amplitudes using
equation (22).

Theorem 2. A € ¥ iff the following conditions (C) hold:

(i) there exists a solution to (20) such that #=0 for a < 0.

(i) the function y:=p[1 + f;o exp(ika)n(f, a, x) dat] satisfies conditions (1)—(3). (C)
There is exactly one solution to equation (20) with the properties (i;) and (i,). Iff 4 € ¥
equation (22) has a solution # such that if # is defined for @ <0 by the equation #=0 for
a < 0 then this # solves equation (20) and satisfies conditions (C).

Proof. Necessity: A € ¥ =(C). This part has been derived above.

Sufficiency: (C)=A € &.
Claim 1. If (C) hold then (20) has exactly one solution with properties (i;), (i;). Indeed, one
solution 7, exists by the assumption (i;). Suppose there is another one, #,. The difference of
the solutions, #7; — 7, :=#n satisfies the homogeneous equation (20), and its inverse Fourier
transform, y, satisfies the equation

Yoy(8, k, X)=oy(— 0,— k, x) +1k(2m) ™! J A, 0, (-0, —k,x)do¢’ (23)
J82
or
v(8, k, x)=v(—0, —k, x)+ik(2n)~ ‘J A, 6, kv(—86',—k, x)do’ vxeR? (24)
§2

where v =y — ¥y and Y=y y. When |x| - oo equation (24) takes the form (11) and yields
the same conclusions: 4} =A4;:=Ar, v =v, and ', =T5:=T",
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Claim 2. A=A, where A=A(@, 8, k) is the kernel in equation (20). The proof of this
claim is analogous to the proof in theorem 1 and is therefore omitted. Theorem 2 is proved.

Example. Let us find whether the function A(6’, 6, k):=a(k) € . Here a(—k)=a(k)
and Ima=kla(k)|* for k real so that conditions (5)—(7) are satisfied. For example,
a(k)=i(k +1)~". Equation (9) for this A takes the form

v(B, k, x)=v(—0, —k, x) +ik(2n) " a(k) (2 —iB) + ik(2n) ~La(k)4njo(kr) (25)
where

a—if= j o(—6, —k, x) df a+iﬁ=f v(6, k, x) db.
Jg2 §2

The reader can check that equation (25) does not have solutions which satisfy all the
conditions (1)—(3). Therefore by theorem 1 the function A4(#’, 6, k)=a(k) is not the
scattering amplitude corresponding to an obstacle.

Note that the necessary conditions (5)—(7) for 4 € ¥ are satisfied by 4 =i(k +i)~}, and
this 4 can be continued meromorphically on the complex plane £ and is analytic in the
upper half-plane, as scattering amplitudes 4 € & should be. Therefore, it is not obvious
that a(k) ¢ ¥ if one does not use theorem 1 or some additional considerations.
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