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Abstract. Let A u + w 2 n ( z ) u = - 6 ( x - y ) ,  x = ( x , , x ~ , x ~ ) ,  xj  =z<O. Let x1=(x~,x2,0). 
Assume that u ( x l ,  y ’ ,  w )  is known for all xl, fixed y’ =(O, O,O), and wo > w > 0, where 
wo > 0 is a small fixed number. We find n(z) from these data. 

Let 

Taking the Fourier transform of (1) in XI yields 

AU + w ~ ~ ( z ) u = - ~ ( x )  z = x 3 < 0 ,  w > o .  

6”-A212 +q(z)6=-6(z) q(z) = w2n(z) (2) 

where 

J -  w 

Let 

Then the integral equation 

A 2  > qo = w 2  max n(z). (3) 

is uniquely solvable by iterations and 12 is analytic in 1 in the region Re 1 > qht2. If w 
then (4) implies 

0 

(5) 
exP(-Wl) dz’, 

n(z’) 2A 2 1  

This low frequency limit was used in [ 1,2,3]. Our data are 6(1, O), therefore the function 
f ( O , 1 )  is known. Let 4A2f(0, A)=F(A). Then 

W 

F ( l ) = l w  exp(-211z’l)n(zt) dz’, 

We assume that n(z) = 1 for z > 0 (in air) and n(z) = no = constant for z < -d (deep in 
the earth), where d is a certain depth. Then (6) becomes 
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where 

@(A)=P(A)- j  exp(-2Az) dz-no f exp(-2Alzl) dz 
m - d  

0 * --m 

1 no exp(- 2nd) 
2 1  2 A  I 

=F(A) - - - 

A change of variables, 2 1  = p ,  z = -t, transforms (7) into 

h(t)  = n(-t), v ( P >  = @//(;PI. (9) 

The function h(t) can be found by the method given in [2,4]. Namely, define 

where b > 0 is an arbitrary fixed number, 

where ~2 1 is an arbitrary number. Then IlhN-hll-tO as N +  CO, where the norm is 
L2([0 ,  d])(C([O,d]))normifh~L~([O,d])(C([O,d])), n(z)=h(-z),O>z>-d. 

Assume that n(z)=l  if z>O,  n(z)=no i f z < - d ,  n(z)=nj i f ~ ~ + ~ > z > z ~ ,  I<j<m,  
z1 = -d, z,+ =0, so that one has m homogeneous layers in the region 0 > z > -d. Then 
equation (7) can be written as 

(12) 
exp(- 212 Izj + I I ) - exp(- 2A Izj I) m 

= @(A>. 
j = 1  c *./ 2 1  

One can take m values of A and find n j ,  1 < j <  m, from the resulting linear system for nj. 
Example. Let m = 1 (one layer). Then z1 = - d, z2 = 0, n l  = 2A@(A)[ 1 - exp(- 2Ad)]-’. 

It is natural to assume that we know n(z) for z > 0, n(z) = 1 (in air). If we do not 
assume that n(z)= no for z < - d  then (6) gives the Laplace transform of h(t)  = n(-t), 
t > O :  

1 
2A Lm exp(-2At)h(t) dt=P(A)-- A>O. (13) 

The function h(t) can be found from (13) numerically. If h(co) = no = constant, then 

no = lim (2AF(A) - 1) = -1 + 2 lim AF(A). 
1+0 I - i O  

If a small current loop (a magnetic dipole) is placed on the surface of the earth and p = 
constant, E’ = E + ia/o, E ’  = E’( p ,  z), where p = (2: + z;)”’, z = z3, the dipole is at the origin 
of the coordinate system, p ,  E and CT are the magnetic and dielectric parameters and 
conductivity of the earth, CT = 0 if z > 0, then the electric field is E =  U( p, z)ev, where eq is 
the unit vector of the cylindrical coordinate system. 
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The scalar function U satisfies the equation 

A u - u / p 2  + w'E'pu=-iopJS(p-u)S(z). (15) 
Indeed, 

V x E = i o p H  V x H = - i WE 'E - JS( p - u)d(z) ep, J= m/7cu2 

V H=O V (E'E)=O. 

Here m is the strength of the magnetic dipole, m=constant. We have V x V x E= 
iopJd(p-a)d(z)e, + o ' ~ ' p E .  If E = u ( p ,  z)e,+,, then V E=O and therefore (15) holds. 
Define the Bessel transform T=Bf =ST d p  pJ1(Ap)f(p), where Jp(x) is the Bessel 
function. Taking this transform of equation (15) and assuming that E' does not depend on 
p, one obtains 

d2U" m - + (02e'(z)p-A2)U"=-io,u -~d(z) .  
dz2  27c 

If u(p ,  0, w) is measured, then ;(A, 0, o) is known. These data allow one to find d(z) by the 
method described earlier. Namely 

U" - iwAMg(z, A) 
-4A2 lim exp[-A(lz-z'l+lz'l)]a(z') dz' (17) 

U-o w2pAM 

where M =  pm/2z and g is defined in (4). At z = 0 the left-hand side of (1 7) is known since 
U" is known at z = 0. Take z = 0 in (17) to get the equation of the form (6) for u(z). Since 
a(z) = 0 for z > 0, this equation yields the Laplace transform of u(z), and inverting this 
Laplace transform one finds u(z). If a(z) is found one can find E(z)= Re e'(z) using a 
similar method. 

If E = E(Z, o) then one finds E(Z, 0) = lim,,o&(z, U). 

Equation (1 7) for z = 0 is of the form 

C(A, ~ ) - l i o ~  *O 

0-0 0 2 p M  - -CO -43, lim = \ exp(- 2Alz'l)u(z') dz'. 

The equation for E(Z) is of the form 

lim 42 
0 - 0  i o 3 p M  

U"@, 0) - t iwM + (02pM/4A)  J?w exp(- 2Alzl)a(z) dz - w 

W 

= [ exp(-2A1zfI)e(z') dz'. 
* - W  

wherew := i3w3p2M(8A2)-' l!w exp(-Alzl)o(z) { l!w o(z') exp[-A(lz - z'l+lz'l)] dz') dz. 
Since E(Z) = EO, z > 0, is known, equation (19) yields the Laplace transform of e(z), z < 0. 
Inverting this Laplace transform one finds E(z). 

The problems we discuss are ill-posed and practical implementation of the method 
is not trivial. A discussion of the numerical inversion of the Laplace transform and the 
references on this subject are given in [2]. 

Remark. Equation (6) was derived under the assumption 0 < n(z) < c, - 00 < z < CO, but 
holds under the weaker assumption 

In(z)l <c(l + lzl)" Im n(z) 2 0 - m < z < C O  (20) 

where c and m are arbitrary fixed positive numbers. 
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The derivation of (6) under assumption ( 2 0 )  requires a new idea. First consider 
equation ( 2 ~ ) ,  i.e. ( 2 )  with A:cA2- iE ,  E > O ,  in place of ,I2. If Im n(z)=O, then the 
expression dZ/dz2 - q(z) in ( 2 )  defines a self-adjoint operator in H = L 2 ( -  CO, CO), equation 
( 2 ~ )  is uniquely solvable in H, and if ;(A,, z, o) is its solution then the limit ( 5 )  exists with 
Le in place of ,I, The limit is understood now as the CloC(-co, CO) limit, i.e. uniform 
pointwise convergence on compact sets of the real line. After taking this limit one can pass 
to the limit 8-0 and obtain ( 5 ) .  If Im n(z)>O and ( 2 0 )  holds, an additional argument is 
needed to establish the existence of the solution to (26)  for any E > 0. 

The argument is as follows. Under assumption ( 2 0 )  the operator in equation (2c )  is of 
the form A + iB  where A and B are self-adjoint operators in H and (Bu, u)>c(u ,  U) on 
9 ( A )  fl 9 (B). Here A is defined by the differential expression d2/dz2 - A 2  + o2 Re n(z)  
and B is the operator of multiplication by E + oz Im n ( z ) > & .  The operator A + i B  is 
boundedly invertible in H. Indeed, one can easily check that its range is closed, its null 
space is trivial and the null space of the adjoint operator A -iB is trivial; all these 
conclusions follow from the inequality (Bu, U) > &(U, U). Thus, for any E > 0, the equation 
( 2 ~ )  is uniquely solvable in H under the assumption (20 ) .  The rest of the argument is the 
same as above: first pass to the limit w-0 and then take E + O  to obtain ( 5 ) .  Equation (6) 
follows from ( 5 )  immediately. 

The author thanks ONR for support. 
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