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Abstract. Let

b

j exp(—pt) f(t) dt = F(p) p>0
0

where b > 0 is a given number. We give a formula for f(¢) in terms of F(p), p > 0.

The object of this Letter is to give a formula for the inverse Laplace transform in which the
data used are given on the semi-axis p > 0 only.

Let
b
[ ewmroa=re  p>o M
where b > 0 is a fixed number. We have (1, formula 4.14.1)
| expeputox) dp =7 4y @
where J; is a Bessel function. It follows from (1) and (2) that
fob de (2 +x3) "V f () =Fi(x) x>0 (3)
where
F9= [ PR dp @
Let 2 =1, x> =& Fi(y/&) = F2(&), 2772 ~f (¥%) =fi(z). Then (3) can be written as
ThOS-ro oo )
Let t=b’s"", E=b2g™", fi(b%s~bs™¥?=f(s), g~ *F(b?q~")=F(q). Then (5) can be
written as
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Let g=cosh z=1}(e* + e ~%). Multiply (6) by cos(zy) and integrate in z over (0, o) to get

f S2(5) j (scos(zy) dz fow F(cosh z) cos(zy) dz=Fy(y) y>0. @)

+coshz)2

Let us use the equation [2, formulae (7.4.1) and (7.4.6)]

J‘w cos(zy) dz _ 1 * cos(zy) dz ®
0

(cosh x + cosh )"~ cosh(ny) J, (cosh x—cosh z)V*’

Formula (8) follows also from the relations used in the theory of Mehler—Fock transforms

[3]:
\/5 * cos(yz)dz
——J‘ (cos

hx—coshz)”?

It follows from (7) and (8), with s=coshx, fi(x)=f(cosh x)sinh x and Fs(y)=
Fy(y) cosh(my), that

cos(yz) dz
h x + cosh z)/*’

2
P_1p.plcosh x)= —\{z—_ cosh(ny)f (oos )
0

® x cos(zy)dz
= F > o = .
[ ese [ et m =R y30. B=RG)eost@).  (10)
Change the order of integration to get
© © Sa(x) dx
d =F. >0 11
J(; z COS(Zy) J; (COSh ¥ —cosh 2)1/2 S(y) yz ( )
Take the inverse cosine transform to obtain
® S3(x) dx
=F >0 12
. (cosh x—cosh z)'/? s() zz (12)
where
2 =]
Fe(2) == f Fs(y) cos(zy) dy. (13)
0

Let coshx=u"", coshz=v"1, u 2 fy(cosh™ u™H(1 —u?) " =fu(w) and
Fs(cosh™ v~ ™2 = F;(v). Then (12) can be written as an Abel equation

° fa(w) du

, (v__u)IT=F7(D) 12v>0. (14)
This equation is solvable in the closed form. Namely, if
v f(u)du
S du =F(v) O<u<l (15)
o (v—wH
then
sin(un) d ¢ Fo)dv
- — | = 16
A n dudy (u—v)'* (16)
see, e.g. [4]. Thus, (14) implies
“ Fa(v dv
filw)= © (7)
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Given f3(u) one finds
Si(cosh™! =y =u"2(1 —u®)?f,(w) f3())=f4(1/cosh x)(cosh x) ~*? sinh x
f>(cosh x)=f;(1/cosh x)(cosh x) ~%? £ =f(1/s)s~¥2

Sib? s =b""s¥2s "2 (1/5)= b~ fi(1/s)
L@ =b" fule/b?)
SO=21£1(t*) =210 (s /b?).

Thus
2071 d  Fi(v)do
H= — . 18
70 o dudy (=) |ucias2 (18)
Here
St (% -1, -1
F,(v)=v p dy cos(y cosh™ v™") cosh(zmy)
o
© «© b
X J dz cos(zy)(cosh z) =2 J dp F(p)J, P——7 (19
o o (cosh 2)

The inversion formula (18) is of interest since it uses only the data F(p) on the real line and
there is no need to continue F(p) analytically onto the Mellin contour, as in the usual
inversion formula.

Our calculations are similar to those in [5], where formula (8) was used and an Abel
equation was also obtained. The inversion formulae (18)—(19) here differ from the
formulae in [5], where some other changes of variables were used. In [6] inversion of the
Laplace transform from a finite segment 0 < p < py is given. In [7] a number of the inverse
geophysical problems are studied. Inversion of the Laplace transform from the real axis is
a part of the solution to these problems.

Example. Let us take b=1 and f=d() in (1), where &(¢) is the delta function. Then
F(p)=1. Since

[s2]
J dpF(p)Jo| p(cosh z)~ ] =(cosh z)1/?
0
and

2 ©
— f dz cos(zy)=48(y)
7 Jo
formula (19) yields F,(v)=v 2. Substitute this in (18) to obtain

T r du

2t d dv 2t do(u)
= — - —
S - duJ; 22 (u— )2 |u o

u=t2



L58 Letter to the Editor

where p(u) =7 if u> 0, p(u)=0 if u < 0. Since dp/du=nd(u), one has f(£)=2t5(t>) = &(¢).
Here one takes into account that

fo " 028 de= [ " W/ dx=y(0)
0

for any continuous function ¥(¢) defined on [0, co) and vanishing at infinity.

Inversion of the Laplace transform has been studied in many papers (see, e.g., [8], [11
and references therein], [9, 10, 12—14]). The problem of the Laplace inversion from the
real axis was studied in [9, p 316], where an inversion formula based on the Mellin
transform was used. However, this formula requires analytic continuation of the Mellin
transform into the complex plane and in this respect is of the same type as the usual
inversion formula, which requires analytic continuation of the Laplace transform from the
real axis onto the Mellin contour. Widder [10] gave an inversion formula which uses the
Laplace transform on the real axis only, but one has to differentiate the data infinitely
many times, so that this inversion is not convenient for practical purposes. In [12] a
numerical inversion based on eigenfunction expansions is suggested. In [13] and [14] some
Post—Widder-type operators and more general operators are studied. The formula given
here is new and our idea is close to the idea in [5], where the inversion was also reduced to
an Abel-type integral equation. Our final inversion formula (18) differs from the formula
given in [5] because the reduction of the inversion problem to the Abel equation is different
in [5]. Examples of the applicability of the inversion formula are not given in [5].

Finally we should emphasise that the inversion of the Laplace transform is a highly ill-
posed problem. Clearly, for the solvability of equation (1) it is necessary that F(p) be an
entire function of p of exponential type b. If one would like to give a necessary and
sufficient condition for the solvability of equation (1), one might say that equation (1) is
solvable in, say, L?(0, b) iff the inversion procedure by formula (18) gives a function
/€ LP(0, b) which vanishes outside (0, b).

The author thanks the referee for useful suggestions and the ONR for support.

References

[1] Erdelyi A et al 1954 Tables of Integral Transforms (New York: McGraw-Hill)
{2] Lebedev N 1972 Special Functions and their Applications (New York: Dover)
{3] Ditkin V and Prudnikov A 1961 Integral Transforms and Operational Calculus (Moscow: Fizmatgiz) (in
Russian)
[4] Gakhov F 1977 Boundary Value Problems (Moscow: Nauka)
[5] Pavel’ev A G 1985 Analytical and numerical solution of the first kind Fredholm equation arising in an
inverse refraction problem J. Comput. Math. Math. Phys. 25 392—-402
[6] Ramm A G 1986 Signal estimation from incomplete data J. Math. Anal. Appl. to appear
{7] Ramm A G 1985 Some inverse scattering problems of geophysics /nverse Problems 1 13372
[8] Ramm A G 1986 Scattering by obstacles (Dordrecht: Reidel) pp 229-33
[9] Titchmarsh E C 1937 Introduction to the Theory of Fourier Integrals (Oxford: Oxford University Press)
[10] Widder D 1946 The Laplace Transform (Princeton: Princeton University Press)
[11] Davies B and Martin B 1979 Numerical inversion of the Laplace transform: a survey and comparison of
methods J. Comput. Phys. 33 1-32



Letter to the Editor L59

[12] McWhirter J G and Pike E R 1978 On the numerical inversion of the Laplace transform and similar
Fredholm integral equations of the first kind J. Phys. A: Math. Gen. 11 1729-45

[13] Jagerman D 1978 An inversion technique for the Laplace transform with application to approximation
Bell Syst. Tech. J. 57 669~-710

[14] Ismail U and May C 1978 On a family of approximation operators J. Math. Anal. Appl. 63 44662



