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Abstract. If an acoustic field is governed by the equation V2u+w?u+w?a; (u+
V - (@2(x)Vu)=—8(x—y) in R* and u is measured on the surface of the earth, i.e. on the plane
x3 =0 for all positions of the source y and receiver x and for all frequencies, then: (i) we show
that the low frequency portion of the data determines a, (x) while the high frequency portion
of the data determines (a; —a,)(1 + a,)~' =p(x). Here a, =p~'Ap is the relative variation of
the density of the inhomogeneity and p(x) depends only on the relative variation of the
velocity in the inhomogeneity; (i) we show how to recover a, from the low frequency data
and how to recover p(x) from the high frequency data; (3) we give a formula for the high
frequency asymptotics of u on the plane x3 =0.

In [1]-[3] an exact solution to some three-dimensional inverse problems of geophysics is
given. The problem we discuss here is the following one. Let u be the acoustic field
generated in an inhomogeneous medium by a point source:

Viu+olu+wla(Du+V - (ax(x)Vu)=—8(x—y)in R>. 6))

Here a; =K'AK, a,=p~'Ap are the relative variations of the bulk modulus and density,
w is the frequency, d(x) is the delta function. Assume that a;(x) and a,(x) are compactly
supported in R2 = {x:x; <0}, and 1 + a, > 0. This means that the inhomogeneity lies in the
lower half-space. The data are the values of u(x,y, w) measured on the plane
P={x:x, =0} for all positions of the source y' =(y,, 3, 0) and the receiver x1=(x1, x2,0)
and for all w > 0. The problem is to recover g;(x), /=1, 2, from the data. We show that the
low frequency portion of the data determines a, and the high frequency portion determines
p(x)=(1+ay) Y(a;—a,). Thus, by comparing two sets of data with the same high
frequency portions of the data one concludes without calculations that the two sets
of the data correspond to the media with different densities. One notes that
p(xX)=—(1+a;3)"%(2as+a?) where a;=v~'Av is the relative change in the velocity,
v=(p'K)"% If the low frequency portions of the data are the same, then one con-
cludes that the difference in the data is due to the variation of the velocity. We give some
methods for finding a,(x) and p(x) separately from the low and high frequency data
respectively and we give an asymptotic formula for u on P for large w.
If w- 0 then the limit equation (1) is of the form

V2Go +V - (a,(x)VGo)=—8(x—y) (2)

and u(x, y, w)— Go(x, y) as w—0. The existence of this limit follows from the results in
[3, § V.4] provided that 1 + a; > 0. Let go =(47n|x —y|)~". Then (2) can be written as

Go=g0+ jgov (@VGo) dz @)
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where the integral is taken over the support of a,. If @, and Va, are small, then one puts
Go=go under the sign of the integral in (3) and after integrating by parts one obtains a
linear equation for a,:

f V.8o(x', 2) - V,80(z, yDas dz= f(x', p') SOty =golx!, ¥ = Golx!, Y. (4)

Equation (4) can be solved analytically for a, by the method given in [1]. One can solve
(4) numerically using a regularisation scheme. E.g., denote the integral operator in (4) by
M, the noisy data by f;, ||/5— f||<J, where 6 >0 is known (|| fl|=||/1lz2 @, w» Where
w(x) is a weight function, e.g. w=(1 + |x'| +[»'])7% a>3, or w=1if |x!|*+ |p!|?*<R?,
w(x)=0if |x'|* + |*|* > R?), and consider the variational problem:

1M — f5l* + al|vlf = min. (5)

Here ||v]f? _fB (lv|> +|Vv|®) dx, Bg={x:|x|<R} contains the support of a,, and a=
a(d)>0is chosen so that a(d)—0, 6’a~'(6)—-0 as 0. Assume that ||a,||; < co. Then
problem (5) is uniquely solvable and its solution v5— a, as - 0.

If w— + oo then (1) can be written as

Viu+ wiu+ op(u=—8(x—y") p)=(1+a) Na,—ay). (6)

Here we have used the equation (1 +ay) 'd(x—y")=d(x—y") which holds since
y' ¢ supp a, (remember that y' € P and P does not intersect supp a;,j=1, 2), and the term
(1 +a,)"'Va, - Vu was dropped since in the following we only use the time of propagation,
and the input of this term to the time of propagation is negligible as will be shown in the
high frequency analysis.

Let us write the high frequency asymptotics of the solution to (6) on the plane P.
Assume that p(x) is » times continuously differentiable, i.e. p(x) € C", but p(x) ¢ C"* ..
Assume that singsupp consists of finitely many smooth surfaces and that the
normal derivative d;*'p jumps across these surfaces. Here v is the unit normal to
singsupp p. Suppose that the straight line joining x and y does not intersect supp p
and there exist finitely many points &Y esingsupp p, 1</ j<m, such that
the vector (Vg(p(é, W+ Veo(x, £))e—sr does not vanish and is orthogonal to singsupp
p at &9 Here o(x,&)>0 is the phase of the asymptotics of u,
u(x, y, w) =~ [exp(iwe(x, »)/4no(x, M]zo(x, ») + O(@™), w— -+, zolx, x)=(1+p(x))"?,
o(x, x)=0, |V,0(x, »)|*=1+p(y). Let {={"(n) be a parametric equation of singsupp p
in a neighbourhood of &9, (P(0)=¢9, 1<i<m. Assume that |det {(0)P(©0)|=1,
where {(0)=8(10)/éna, a, b=1,2. Let yn)=0(x, {O0m) + 9(( ), y). Assume that
det y¥(0)" 0, 1 <i<m. This assumption implies that the point x is not on a caustic of
the rays issued from y and reflected at singsupp p in a neighbourhood of £©.

Theorem 1. Under the above assumptions the following formula holds

expiw|x— A 1
u(x, y, w)= pewlx—yD +—57+ 0l =53 as w— +00 )
4nlx—y| w w
where
i zo(x, E0)zo(ED, y) exp(iwy?(0)) "1

4n(det YD) " o(x, ENE?,») [2(1+pENY cos y]"*?

X [0y (€D +)— 85ty p(E? —)] ®)
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v(&)=V[o ») + ox, O1/IVe[o& ¥} +0(x, O], v is the angle between »(§) and
Ve($, ), and 85, p(EY £)=limei0 8,3y p(E Y £ e (ED)).

The proof of this theorem uses the WKB ansatz

!
u(x, p, w)= ZO @™ Hyjp - m(@@(X, Y)Zn(x, ¥) H,(0=1Qn) it HP @) (9)
me
where HP(¢) is the Hankel function. The functions ¢ and z,, are determined by the eikonal
and transport equations and initial conditions ¢(x, x) =0, zo(x, X) =(1 + p()) ", za(x, y)=
O(1), y—x. In [4] there is a justification of this ansatz and estimates of u —u; as w— o for
a different equation. In [5] an ansatz similar to (9) was used for a formal construction of
the high frequency asymptotics of the point source in an inhomogeneous medium.
We establish the formula

u(xays a)): Z leul(xsya w)’ (10)
m=0
where
Qf=w? f 3 Hip-1(@9(x, )Azi(x, ) f () dy, (11)
JR

the functions H, and z,, were defined above, and
1QillL2®3, 141310y S c™ w>1 a>o,

where c is a positive constant which does not depend on w.

Let us discuss briefly a method for finding p(x) from the measurement of the quantity
oGy +o(x', O =1(y, x1). Here ' =(yy, b, 0), x' =(xy, b, 0), y; <x1, b>0is fixed, { is
the point of reflection of the light ray y, corresponding to the operator Vit w1l +px)
issued from y* and passing through x!,

1y, 1) = f (1 +p(m)"* do (12)
p

where do is the element of the length of y,. Given I(y1, x;) we wish to find p. The quantity
I(y1, x) is the travel time (up to a constant factor which depends on the units chosen).

Since ¥, depends on p(x), let us linearise the inverse problem by assuming first that y,
consists of the straight line issued from y' with the direction (1, 0, —1) reflected at ¢ and
passing through x! with the direction (1, 0, 1). This path let us denote y’, and let

FOrx)= [ (1+p0n) do. (13)
yl
Given /'(y,, x,) one finds p easily.
Lemma 1. We have
12 n (%,
(1p@) 2 =1==2" [ 1 (G—s, G +5, () ds (14)
0

where

!
lylxl -

321’()’% x1, b)
oy19x )
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We use lemma 1 in the iterative inversion procedure which holds for the original
(nonlinear) problem (12). Let S be the mapping assigning to (1 + p)'/? the function I(y,, x;)
given by (12), and T be the mapping assigning to (1 +p)*? the function !’ given by (13).
Formula (14) gives the inverse mapping 7. Consider the iterative process

(1 +pn+1)1/2=(1 +pn)1/2“T_l[S(1 +pn)1/2_l] (15)

where the initial approximation p, is an arbitrary function in L*(B) with support in By
and /=1(x", y') are the data on P. Note that in order to compute S(1 + p,)"* one has to
solve the direct problem for equation (6) with the known coefficient p,(x). If p,— p., then
(15) shows that S(1 +p,)"?=1 Thus p, =p, where p is the desired coefficient which
produces the data f on P. This follows from the injectivity of the mapping p(x)— I(x', yY).

Convergence of the process (15) is difficult to prove in the three-dimensional case.
However, under the assumptions: p=p(x*), pe C% 1 +p(x)>0, p(x;)=0 if x;<—R,
where R >0 is a certain number, one can prove that the iterative process (15) is well
defined and converges at the rate of a geometrical series.

AGR thanks ONR for support and A Weglein who pointed out that p(x) is a function
of as.
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