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An integral equation equivalent to the interface problem is derived. A numerical scheme for its
solution is given. Convergence of the scheme is established.
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1. INTRODUCTION

Consider the scattering problem:

(V24 k2u=0 in 2, ky>0, (1)
(V24 k3 u=0 in &, k>0, (2)
u,=u_ onlrl, (3)
oo - o (4)
c?N oN

u=1uy+u, (5)
J @—zkov ds—0, R—co. (6)
is| =R ar

Here u, is the incident field which satisfies Eq. (1) in the
whole space R*, & is a bounded obstacle with a smooth
surface I', & is the interior domain, N is the exterior unit
normal on I” pointing into 2, the exterior domain, &, (k,) is
the wave number in 2 (Z), p = const > 0, p# 1, the sign +
( — ) denotes the limit value on I" from the interior (exterior)
domain

du ., ___( du )

AN \aN/.,

There is an extensive literature on the exterior boundary val-
ue problem. The integral equation method is usually the tool
of the studies.' The equivalence problem is important in
these studies. For the Dirichlet and Neumann boundary
conditions (corresponding to scattering by acoustically soft
and hard obstacles), the integral equations obtained are not
equivalent to the boundary value problems when k } belongs
to some discrete set (the spectrum of the corresponding inte-
rior problems}. Various ways to modify the integral equa-
tions at these exceptional values of k£ were suggested by
many authors. We will not discuss this question here since
for the problem (1)—(6), the equivalence of the integral equa-
tion and the problem (1)—(6) is easy to establish. In Sec. 2 the
uniqueness theorem is proved. This theorem is known,’ but
we included a very short proof of it for convenience of the
reader. In Sec. 3 existence and uniqueness of the solution to
the integral Eq. (17) and the equivalence of this equation to
the problem (1)—(6) are proved. In Sec. 4 convergence of a
numerical method of solving the integral equation is proved.
This result is connected with the T-matrix approach.? The
integral Eq. (17), which is used in this paper, is of Fredholm’s
type and is convenient for a numerical treatment. One can
derive a boundary integral equation of the type used in the
usual 7T-matrix scheme, but in this equation one has integral
operators with strong singularities, and this fact makes the
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theoretical numerical analysis difficult.

Scattering by a permeable body was discussed recently
in Ref. 3, where different integral equations were suggested.
Numerical solution of these equations (which involve im-
proper integrals) was not discussed. The basic integral equa-
tion in Ref. 3 is of the first kind and its kernel is weakly
singular. Thus this equation presents difficulties from the
numerical analysis viewpoint.

2. UNIQUENESS OF THE SOLUTION

Theorem 1: If u, = 0, then the only solution to problem
{1)~(6) is u=0.

Proof: If u, = 0, then u satisfies the radiation condition
(6) and # solves {1)}~(4). Here and below the bar denotes com-
plex conjugation. From Green’s formula, it follows that

. du _du J'( di _Ou_ )
0= (“ar “ar) A\“an ~%an s)
{7

Applying (4) and Green’s formula again, one obtains

(-t 1 -s5amo.

From Eq. (7) and (8) it follows that
lim (ué-“— _ a?l)ds —o0. 9)
R—o0 J|s| ar or

Condition (6) for 4 and (9) yield

du |?

or

lim { +k§|u|2]ds=0. (10)
R—w Jis| =R

From (1) and (10) it follows that #==0. The last conclusion is a
well-known result. A short proof of this result can be found
in Refs. 4 and 5.

3.BASIC INTEGRAL EQUATION, ITS EQUIVALENCE TO
THE PROBLEM (1)(6). EXISTENCE AND UNIQUENESS
OF ITS SOLUTION

Let us rewrite (2) as
(V2+k2u=xu, x=k2—~k?. 2
From the Green’s formula, it follows that
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f!g(W + k§)u + ublx — y)}dy

=ngudy+u(x)

k27

= lim ( Ou _ u@)d f (g?"_—

R—o Jis =R\ Or or N
8g) J‘( du 3g)

—u_—>]|ds + —F d.
N Aoy T o)

it [ 8

= uglx) + (1 — ,o)frg-(;‘T+ ds, xerl,

__explkolx —y|)

g=—-0"—21, (11)
47|x — y|

This can be written as
u(x) = uylx) — «Tu + (1 — p)Qo, (12)
=4, (13)

ON
Tuzfgu dy, Qa=fgads. (14)
@ r

For any o, any function u which solves (12} solves (1), (2), (3),
(5), and (6). This function will solve (4) iff

0=t - 152 xp— 12~

Ao+ o Aa — 0)
1— ( -
+ (1 —pllp 3 3
or, which is the same,
2k dTu  1—p 2 Jdu,

o= — + Ao+ ———2, 15
p+1 N  1+4p p+ 19N (13

where
Ao=2 f 98155 v,
r JdN,
and the known formulas were used:
(8Qa) =A0ia ' (16)
IN /. 2
It is easy to check that (15} is equivalent to (13) if one takes as

u(x)in (13) the right-hand side of (12). Equations (12) and (15)
can be written as

w=Bw+h, (17)
where
" —«T (1-p)Q
wz(a)’ B=l—2x 96 p 1op,}
p+10N 1+p
U
h={_2_du|. (18)
p+1N
Equation (17) is equivalent to the equation
w= o — T + (1 — QT (19)
470 J. Math. Phys., Vol. 25, No. 3, March 1984

Let us consider B as an operator from H 9 = =H, eaH —12
into H% Here H, = W{(Z), ¢>0is the Sobolev space of
functions which are ¢ times differentiable and their deriva-
tives belong to L X(Z), H, = W(I"). It is known® that the
imbedding H,—H, is continuousifq'>q + } and compact if
q'>q + 1. For g <0 the space H, is dual to the space H,
with respect to H,,. Symbol @& means that any element weH ¢
is umquely representable as an ordered pair (%), where
ueH,, U'EH 1,2» and the inner product in H ¢ is defined as
(w,,wz) = (ul!u2)Hq (Ulvaz)yq it

Lemma I: The operator B:H “—H 9 is compact.

Proof: This follows from the relations: 7 H,—H,  ,is
continuous, Q: H —H, 5 is continuous,

(0/dN)T:H, —»H + 1s continuous, 4 H —»H + 1 is contin-
uous, and from the compactness of the embeddmgs:
H,—H, ifq>q H,—H, ifq>q+}

Lemma 2: Equation (17) and problem (1)—{6) are equiva-
lent.

Proof: 1). (1}-(6)=(17). This was shown above in the
process of deriving Eq. (17). 2). (17)=>(1)—(6). If w satisfies
(17), then (12) and (15) are satisfied. If u satisfies (12), then u
solves (1), (2), (3), (5), and (6). If (15) holds, then o = Ju , /AN
and (4) holds.

Lemma 3: Equation (17) has no more than one solution.

Proof: Equation (17) is equivalent to (1)—(6), and (1)—{6)
has no more than one solution (by Theorem 1).

Theorem 2. If heH 9, then Eq. (1) has a solution in H ¢
and this solution is unique.

Proof: Theorem 2 follows from Lemmas 1 and 3, Fred-
holm’s alternative, and the inclusion AcH “.

4. NUMERICAL SOLUTION

Since Bis compact in H °, the convergence of the projec-
tion method of solving Eq. (17) is easy to establish (Ref. 4, p.
192). Let us describe the projection method for Eq. (17). Let
{#;} be a complete linearly independent system of functions
in H,, and {¢;}] be a similar system in H _, ,,. The union of
the systems

(o)1)

is a complete linearly independent system in H °. Let us take

(%)

As {4;}, let us take the orthonormal system of eigenfunc-

tions of the Dirichlet Laplacian in domain 4, & C4. As A
one can take, e.g., box or a ball, so that {¢,} is given explicit-
ly. The system {¢, } is complete in H,. The system {d¢, /3N }

is complete in H _,,,. Indeed, let
(*)f f—ds =0, Vj

The bar denotes complex conjugation. Let us multiply (*) by
@,(x)/k}, where (V> + k)¢, =0in 4, ¢, =0ond4, and
sum over j. Since Z,4,(x) ¢,(s)/k} = G (xs),

— V3G = 8(x — y)in 4, G = 0 on d4, this yields
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vix) = j&G (x,5) fls)ds =0, xed

and from jump relatxons for the potential of double layer, one
sees that f= 0. Let

m
z o"'g;
j=1

w,, = Zd("" a, | (20)

The projection method consists in finding ¢!™, d ™ from the
linear system

(W, — Bw,, —h7;),0=0, 1<<2m, (21)
where
N = (4:)’), 1gi<m,
0
7, =|94;, |, m+1<j<2m. (22)
AN

The system (21) is a linear system of 2m equations for 2m
unknowns ¢{™,d {™. From the known results [see Refs. 7 and
8 for general theory and Ref. 2(a) and Ref. 4, p. 192 for the
problems similar to (21)], it follows that (21} is uniquely solv-
able for all sufficiently large m and w,,—w in H°, where w
solves (17).

We reduce by half the number of the unknowns if we
use Eq. (15) [the second equation in the vector Eq. (17)) in the
form (13), and set

dim = (23)
In this case, the system (21) takes the form

m

Saydn =, 1<n<m 24
j=1
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where
4y = (6,82) + £(T8,.8,)
(1102 4, 25)
ton = (o), (f,g)z(f,g)ao- (26)

The system (24) one can also obtain by applying the projec-
tion method to Eq. (19). In this case, the proof of the conver-
gence of the projection scheme requires further study. The
reason is that the operator Q (3/dN ) is not compact in H 9.
Remark: If p = 1 [see (4)], then {19) becomes
u = uy, — kTu and the numerical scheme (24) [with the ma-
trix a,,; defined by (25) with p = 1)] converges in H, provided
that uoeH If p = 1, then it follows from (12) that the values
of u in & define u in the whole space. Therefore, if %,, (x) is
the approximate solution defined from (24) by the formula
u,=2"_,c"¢,, then the function uy(x) — xTu,, converges
to the solutlon u(x) of the problem (1)—(6) withp = lin H_, in
€ (2z), where 2, ={x:|x| >R } and & C %,
r={x:|x|<R }.Ifg>2,thenuyx) — kTu,,—u(x)in € (R
as m—co.
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