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Obstacle scattering

Let D ⊂ R3 be a bounded domain with boundary S. A large literature, going back
to mid-thirties deals with wave scattering by obstacles when S is smooth, for example, a
C1,λ surface, 0 < λ ≤ 1. (See [3], [9], [2].)

The obstacle scattering problem consists of finding the solution to the equation:

(∇2 + k2)u = 0 in D′ := R3\D, k > 0, (1)

Γu = 0 on S, (2)

u = eikα·x + v, lim
r→∞

∫
|s|=r

∣∣∣∣ ∂v

∂|x|
− ikv

∣∣∣∣2 ds = 0. (3)

Here Γu = u ( the Dirichlet condition), or Γu = uN (the Neumann condition), or
Γu = uN + h(s)u (the Robin condition), where N is the unit normal to S pointing into
D′, and h(s) is a continuous function. Condition (3) is the radiation condition which
selects a unique solution to problem (1)-(3). In (3), α ∈ S2 is a given unit vector, the
direction of the incident plane wave eikα·x, and k > 0 is the wave number.

The scattering problem (1)-(3) has a solution and the solution is unique.
This basic result was proved originally by the integral equations method [3].
There are many different types of integral equations which allow one to study problem

(1)-(3) (see [9], where most of these equations are derived).
The scattering field v in (3) has the following asymptotics

v(x, α, k) =
eikr

r
A(α′, α, k) + o

(
1

r

)
, r := |x| → ∞, α′ :=

x

r
. (4)

The function A(α′, α, k) is called the scattering amplitude. This function has the
following properties [9]:

i) reality: A(α′, α,−k) = A(α′, α,−k), k > 0, the bar stands for complex conjugate,
ii) reciprocity: A(α′, α, k) = A(−α,−α′, k),

iii) unitarity: A(α′,α,k)−A(α,α′,k)
2i

= k
4π

∫
s2 f(α′, β, k)f(α, β, k)dβ, and its consequence,

which is called the optical theorem:

ImA(α, α, k) =
k

4π

∫
S2

|f(α, β, k)|2dβ :=
kσ(α)

4π



where σ(α) :=
∫

S2 |f(α, β, k)|2dβ is called the cross-section.
The function A(α′, α, k) is analytic with respect to k in C+ := {k : Imk ≥ 0} and

meromorphic in C, and is analytic with respect to α′ and α on the variety M := {θ : θ ∈
C3, θ · θ = 1}, where θ · w :=

∑3
j=1 θjwj, see [9], [10].

Necessary and sufficient condition for a scatterer to be spherically summetric is:
A(α′, α, k) = A(α′ · α, k), where α′ · α is the dot product [10], [16].

The solution u(x, α, k) to (1)-(3) is called the scattering solution. Any f(x) ∈ L2(D′)
can be expanded with respect to scattering solutions:f(x) = 1

(2π)
3
2

∫
R3 f̂(ξ)u(x, ξ)dξ, ξ := kα

f̂(ξ) = 1

(2π)
3
2

∫
D′ f(x)u(x, ξ)dx := Ff

The operator F : L2(D′) → L2(R3) is unitary: ‖ Ff ‖L2(R3)=‖ f ‖L2(D′), F∗ = F−1,
see [9].

The above results hold in Rn with odd n. In Rn with even n the scattering amplitude
A(α′, α, k) as a function of complex k has a logarithmic branch point at k = 0.

The scattering problem with minimal assumptions on the smoothness of the boundary
S is studied in [22]. If Γu = u, then existence and uniqueness of the scattering solution
is proved without any assumption on the smoothness of the boundary S of a bounded
domain D. In this case a weak formulation of problem (1)-(3) is considered and the
limiting absorption principle is proved.

If Γu = uN , then again a weak formulation of (1)-(3) is considered and the only
assumption on the smoothness of the boundary S is the compactness of the embedding
H1(D′

R) into L2(D′
R), where D′

R := D′ ∩ BR, and BR = {x : |x| ≤ R} is a ball which
contains D. Existence and uniqueness of the scattering solution are proved and the
limiting absorption principle is established. Finally, if Γu = uN + hu, then the same
results are obtained under the assumptions of the compactness of the embeddings i1 :
H1(D′

R) → L2(D′
R) and i2 : H1(D′

R) → L2(S), where S is equipped with (n − 1)-
dimensional Hausdorff measure and H1(D′

R) is the Sobolev space.
For example, the embedding i1 is compact for C-domains, that is, domains whose

boundary can be covered by a finitely many open in R3 sets and on each of these sets in
a local coordinate system the equation of S can be written as x3 = f(x′), x′ = (x1, x2),
where f(x′) is a continuous function.

The scattering problem for one obstacle, small in comparison with the wavelength
(ka << 1, where a is the diameter of the small obstacle), for many such bodies (the
number J of bodies of order 20), and in a medium consisting of many such bodies
randomly distributed in the space has been studied in [7] and later in [8]. Formulas
for the scattering amplitude for acoustic and electromagnetic wave scattering by small
bodies of arbitrary shapes are derived in [8].

These formulas for acoustic wave scattering on a single small body, which contains
the origin, are

A(α′, α, k) ≡ − C

4π
, if Γu = u, ka << 1,
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where C is the electrical capacitance of the body D;

A(α′, α, k) ≈ −k2V

4π
(1 + βpqαqα

′
p) if Γu = uN , ka << 1,

where over the repeated indices one sums up from 1 to 3, v is the volume of D and
βpq = βqp is the magnetic polarizability tensor;

A(α′, α, k) ≈ − h|S|
4π(1 + h|S|C−1)

if Γu = uN + hu, ka << 1, h = const,

where |S| is the area of the boundary S.
The S-matrix for the electromagnetic wave scattering by a small homogeneous body

of arbitrary shape is:

S =
k2V

4π

(
µ0β11 + α22 cos θ − α32 sin θ α21 cos θ − α31 sin θ − µ0β12

α12 − µ0β21 cos θ + µ0β31 sin θ α11 + µ0β22 cos θ − µ0β32 sin θ

)
,

where βij and αij are tensors of magnetic and electic polarizability and θ is the angle
between the direction e3 of the incident field and the direction of the scattered field, µ0

is the magnetic permeability of the medium in which the small body is emedded.
Formulas for the tensors αij and βij are derived in [7] and [8].
One can derive an equation for the average field in the medium which consists of

many small obstacles (particles) randomly distributed in a region. This done in [8] and
[6].

Scattering by random surfaces is studied in [1].
Inverse obstacle scattering problems are of interest:
ISP1: given A(α′, α0, k) for all α′ ∈ S2 and all k > 0, α0 ∈ S2 is fixed, find S and the

boundary condition on S.
ISP2: given A(α′, α, k0) for all α′, α ∈ S2, k0 > 0 is fixed, find S and the boundary

condition on S.
ISP3: given A(α′, α0, k0) for all α′ ∈ S2, α0 ∈ S2 and k0 > 0 are fixed, find S.
Uniqueness of the solution to ISP1 (for Γu = 0) is first proved by M. Schiffer (1964)

whose argument is given in [9].
Uniqueness of the solution to ISP2 is first proved by A.G. Ramm (1985) and his proof

is given in [9].
Uniqueness theorem for ISP3 is not yet proved: it is an open problem to prove (or

disprove) such a theorem.
One can consider inverse obstacle scattering for penetrable obstacles [23].
The Schiffer’s proof of the uniqueness theorem is based on the result which says that

the spectrum of the Dirichlet Laplacian in any bounded domain is discrete. This result

follows from the compactness of the embedding i :
◦
H 1(D) → L2(D) for any bounded

domain (without any assumptions on the smoothness of its boundary S),
◦
H 1(D) is

the Sobolev space which is the closure in H1(D) of C∞
0 (D). It is known [5] that i :
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H1(D) → L2(D) is not compact for rough domains (it is compact for Lipschitz domains,
for domains satisfying cone condition, for C-domains, for E-domains, that is domains for
which a bounded extension operator from H1(D) into H1(R3) exists, see [5]).

Therefore the spectrum of a Neumann Laplacian in such a rough domain that the
imbedding i : H1(D) → L2(D) is not compact is not discrete. One way out is given in
[21] and another one in [18].

Suppose that A1(α
′, α, k0) and A2(α

′, α, k0) are scattering amplitudes at a fixed k =
k0 > 0 for two obstacles and, supα′,α∈S2|A1 − A2| < δ.

Let us assume that the boundaries of the two obstacles are C2,λ, 0 < λ ≤ 1, that is, in
local coordinates these boundaries Sm, m = 1, 2, have equations x3 = fm(x1, x2), where
f ∈ C2,λ, m = 1, 2, ‖ fm ‖C2,λ≤ c0 = const > 0.

Let ρ denote the Hausdorff distance between S1 and S2 : ρ = supx∈S1
infy∈S2 |x− y|.

The basic stability result [20] is : ρ ≤ c1

(
ln | ln δ|
| ln δ|

)c2
, where c1 and c2 are positive

constants.
In [20] an open problem is formulated: derive an inversion formula for finding S given

the data A(α′, α) := A(α′, α, k0)∀α′, α ∈ S2.
Existence of such a formula is proved in [20]: if χ(x) := χD(x) is the characteristic

function of D and χ̃(ξ) is its Fourier transform, then there exists a function vε(α, θ) ∈
L2(S2) such that

χ̃(ξ) =
8π

ξ2
lim
ε↓0

∫
S2

A(θ′, α)vε(α, θ)dα,

where θ, θ′εM , θ′ − θ = ξ, ξ ∈ R3 is an arbitrary vector. A formula for calculation
of A(θ′, α), θ′ ∈ M , given A(α′, α)∀α′, α ∈ S2, is derived in [20]. The problem is to
construct vε(α, θ) from the data A(α′, α) algoritmically. For inverse potential scattering
this is done in [17].
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