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Inverse scattering, full line case

Let g(z) € L1y :={q: [°_(1+ |z])|¢(z)|dz < o00,q = G}, the bar stands for complex
conjugate. Consider the (direct) scattering problem:

lu_ —Ku_ = (—u"+q(x) —kF)u_ =0, z€R:=(—00,00), (1)
etk + T._(k>e—ikx7 T — —00,
_(k)e™®, T — 400.

The coefficients (k) and ¢(k) are called the reflection and transmission coefficients. One
can prove that ¢_(k) is analytic in C; := {k : Imk > 0} except at a finite number of
points tk;, 1 < j < J, k;j > 0, which are simple poles of (k).

Problem (1) — (2) describes scattering by a plane wave e** falling from —oo and
scattered by the potential ¢(x).

One can also consider the scattering of the plane wave falling from +oc0:

EU_;'_ — k2U+ = 0, x € R, (3)
ty(k)e~ike, T — 400
e +rye™, r — —oo.

One proves that t_(k) = t, (k) = t(k), t(—k) = t(k), k € R, the bar stands for
t(k) r_(k) ) :
= S(k) is called the
re) o)) =W
S-matrix. The energy conservation implies [t(k)[* + |r(k)]? = 1.
Let f(z,k) and g(x, k) be the solutions to (1) satisfying the conditions:

complex conjugate, 7y (—k) = r5 (k). The matrix (

flz, k) =e* +0o(1), z—o00, g(z,k)=e* +0o(1), 22— ——oc0.
Then -
fat) =4 [ Az,

T
x

gwm=JM+/ A_ (. y)e vy,

—00

where A (z,y) are the kernels which define the transformation operators. One has

[, k) = b(k)g(x, k) + a(k)g(x, —k),



where

a(—k) = a(k), b(=k) =0b(k), |a(k)]* =1+ [b(k)*,
b(—k) 1
k)=———, tk)= .
T+( ) CL(I{?) ) ( ) CL(]{})
The function a(k) is analytic in C; := {k : Imk > 0} and has finitely many simple
zeros all of which are at the points ik;, 1 < j < J, a(ik;) = 0, a(ik;) # 0, a := %. If
k = ik;, then f(z,ik;) € L*(R),

_f”<x7ikj) + Q("L‘)f(xﬂkj) + k‘?f(l‘,lk]) =0,

/oo |f (2, ik;)|*dx = (m;r)_2

/ 9(z, iky)Pda = (7)™

The numbers —k7 are the eigenvalues of the operator —% +¢(z) in L*(R). They are
called the bound states.
The scattering data are the values

S = {ry(k),ik;, (mf)?, Vk>0, 1<j<J}

The inverse scattering problem (ISP) consists of finding ¢(z) € Ly, from S.
The ISP has at most one solution in the class L; ;. This solution can be calculated
by the following Marchenko method:

Step 1. Define
—k;x 1 > ikx
Fulo) = Yo e o [ rietan (5)
and solve the Marchenko equation for A, (z,y):

Aslay) 4 Felot )+ [ A@OF.()d =0, y2a

If the data {r(k), ik;, (m])? 1 < j < J} correspond to a g € Ly, then equation
(5) is uniquely solvable in L'(z, o) for every x > —oo.

dA4 (z,x)

Step 2. If A, (z,y) is found, then ¢(z) = -2

The main result [7] is the characterization property for the scattering data:

In order that S := {ry(k), ik;, (m])? 1 <j < J, k; >0, m] >0, k> 0} be the
scattering data corresponding to a ¢(z) € Ly ;(R), it is necessary and sufficient that the
following conditions hold:



i) r(—k) =r(k) for k > 0; the function r(k) for k # 0 is continuous,

Ir (k)] < 1—ck?(1+ k%)L, ¢ = const > 0, r,.(k) = O(%) as k — Fo0;

ii) The function Ry (z) := 5= [* ry(k)e’*dk is absolutely continuous and

/ |R, (2)|(1 + |z|)dz < 0o for every s> —o0.

iii) Denote

T L[ (1= |ry (k)]
_1;[ —l—zk _2_m/ k—=z dk}.

The function za(z) is continuous in C; and
limg_oka(k)[r (k) +1] =0

iv) The function
1 [ a(—k)
e

is absolutely continuous and

/ (1+ |z|)|R (z)|dz < 0o for every s> —o0.

A similar result holds for the data {r_(k),ik;, (m;)?* 1 < j < J, Vk > 0} and the

potential ¢(x), can obtained by the Marchenko method, ¢(x) = —2“;—5:’:”).

In [4] the above theory is generalized to the case when ¢(z) tends to a different
constants as * — 400 and r — —o0.

In [5] a different approach to solving ISP is described for ¢ € Lo := {q : ¢ =
7, [7 (1 + 2?)|g(z)|dz < oo}

The approach in [5] is based on a trace formula.

If g(x) = 0 for z < xg < oo, then the reflection coefficient {r, (k), ¥k > 0} alone,
without the knowledge of ik; and (m))?, determines g(x) uniquely. A simple proof of
this and similar statements, based on propertv C for ODE, is given in [10].

An inverse scattering problem for an inhomogeneous Schrédinger equation is studied
in [5].

Inverse scattering method is a tool for solving many nonlinear evolution equations
and soliton theory [7], [1], [2], [6].

Methods for adding and removing bound states are described in [5]. They are based
on the Darboux-Crum transformations and commutation formulas.

A large bibliography is in [3].
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