EXPLICIT BOUNDS ON MONOMIAL AND BINOMIAL
EXPONENTIAL SUMS

TODD COCHRANE AND CHRISTOPHER PINNER

ABSTRACT. Let p be a prime and e, (-) = €27/, First, we make explicit the
monomial sum bounds of Heath-Brown and Konyagin:

‘Zg;i ep(aa:d)’ < min{\ d®/8p>/8 X d3/8p3/4},
where A = 2/+v/3 = 1.51967. ... Second, letting d = (k,[,p — 1), we obtain the
explicit binomial sum bound

‘Zi;% ep(axh + bxl)’ < (k=1,p—1)+2.292 d'3/46p89/92
for any nonconstant binomial az® + bz! on Zp, by sharpening the estimate
for the number of solutions of the system x’f + :1:’2C = :p§ + :pfj, :pll + 3312 =
xé +xf1. Finally, we apply the latter estimate to establish the Goresky-Klapper
conjecture on the decimation of ¢-sequences for p > 4.92 - 1034,

1. INTRODUCTION

For prime p and polynomial f(x) over Z, let S(f) denote the exponential sum,

S(f) = ep(f(x)),

where e,(-) = e?™/? is the additive character on Zy,. The need for precise numeric
estimates for such sums has become apparent in many areas of mathematics. For
instance, to quantify the distribution of k-th powers (mod p) one needs estimates
for the monomial sum S(z*) and the binomial sum S(x* +bz). Such estimates were
used by Bourgain, Paulhus and the authors [7], to resolve the Goresky-Klapper con-
jecture on the decimation of [-sequences for all sufficiently large primes, a problem
of interest to computer scientists; see Section 7. In that paper we were able to
establish the validity of the conjecture for p > 2.26 - 10%°. A computer has verified
the conjecture for p < 2-10°. In order to close this gap it is useful to have more
precise estimates for a binomial sum. In this paper we obtain numeric estimates
for S(f) in the cases where f is a monomial or binomial. In particular the bounds
obtained allow us to establish the Goresky-Klapper conjecture for p > 4.92 - 1034,

First we make explicit the monomial exponential sum bounds of Heath-Brown
and Konyagin [14].

Theorem 1.1. For any prime p, multiplicative subgroup A of Z;, and integer a
with p{ a, we have, with A = 2/v/3 = 1.51967...,

p'/2, |A| > 1p*/3
D eplax)| < SN APSPYA pl/2 < A < $pPR
weA X AP/EPE 3 ptE <Al < p!/2,
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Equivalently, letting A C Z; be the subgroup of d-th powers we have

Theorem 1.2. Let p be a prime and d a positive integer with d|(p — 1). Then for
any integer a with p 1 a,

p—1
Z ep(az?)
x=1

with A = i = 1.51967... .

Each of the bounds in Theorems 1.1 and 1.2 is valid for arbitrary d. We have
indicated to the right the interval where the bound is optimal. The first bound in
each of these theorems is just the classical bound for a Gauss sum. For |A| < 3pt/3,
or equivalently d > % p2/3 all of these bounds are trivial. Konyagin [15] has obtained

(d—1)p'/? 41, d<3p'/3,
<< A d5/8p5/8, 3 p1/3 <d< p1/2,
A d3/8p3/4, p1/2 <d< % p2/3’

nontrivial bounds for |A| > piTe that can be made explicit, but he (and we)
have not computed the constants. Bourgain and Garaev [4] also have the bound
|3 e aep(az)] < |A|0999981 for any A with |A| > p'/4, but the implied constant
has not been computed. Bourgain and Konyagin [6], and Bourgain, Glibichuck and
Konyagin [5] obtained estimates valid for |A| > p¢. More recently Bourgain [3] has

proved that
Z ep(az)
T€EA

for some absolute (undetermined) constant C' > 1. For example, to save a factor
e~ VI8P on the trivial bound one needs only log|A| > 2Clog p/ loglog p.

Next, we turn to binomial sums. Let a, b, k,[ be integers and f(x) = az® + ba'.
We shall only insist that f be nonconstant on Z,. Thus, it is allowed to collapse to
a nonconstant monomial. Set

< p~o®(=Crzthr) | 4

d=(k,1,p—1).
In [8, Corollary 1.1] the authors established the upper bound
p—1
Z ep(axk + b:El) < (k —lp— 1) + d3/13p51/52,
=1

for any nonconstant binomial f(z) on Z,, a bound that is nontrivial for d < pt/12,

Here we establish a stronger (and explicit) bound, that remains nontrivial for d <
3/26
p°/ =0,

Theorem 1.3. For any nonconstant binomial f(x) on Z, we have

< (k—1,p—1)+2.292 q'3/46p%9/92,

p—1
Z ep(az® + bat)
=1

The first term can be removed if —ba is not a (k —1)-th power in Z,.

The term d* := (k — I,p — 1) cannot be removed from the right-hand side
when —ba is a d*-th power. Indeed, in this case we see that S(f) ~ d* if d* >
min{d'/?p3/4, d®/13p10/13} by estimate (29) and the bounds in Theorem 1.2. In
Theorem 4.1 we give a slightly stronger upper bound, nontrivial for d < p'/3 but
requiring (k,p—1) or (I,p—1) to be sufficiently large. By the work of Bourgain [2],
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it is known that if d < p'~¢ and d* < p'~¢, then |S(f)| < p*~% for some & = §(¢);
see [11].

Crucial for our binomial bounds will be estimates for M (k,1), the number of
solutions in (Z;‘,)4 of the system of simultaneous equations

:z:’f + xlg = xlg + xlj
asll +:cl2 :xé+xi.
For example when the exponents 1 <1 < k have (kl,p—1)=1and (kFl,p—1) <
1.68 (p — 1)16/23 we obtain the bound (see Theorem 7.1)
M (k,£l) < 27.57p5%¢/23.

The special case I = 1 of this will be used in Corollary 7.1 when verifying the
Goresky-Klapper conjecture, 27.57 replacing the 13658 in Theorem 3 of our earlier
paper [7]. Good bounds for M (k,!) translate immediately into good bounds for the
corresponding binomial exponential sum via

p—1

Z ep(az® + batl)

=1

< M(k,£0)4pt/4,

We should remark that the various inequalities above in fact hold for the more
general mixed exponential sum Zi: x(x)ep(f(z)), where x is a multiplicative
character mod p and f is a monomial or binomial.

2. PROOFS OF THEOREMS 1.1 AND 1.2

Define
N(A) = |{(x1ax27y17y2) € A4 1T+ T = Y1 +y2}‘7
and for any a € F, let
N(A,a) = |{(z1,22) € A* : 21 + x5 = a}|.

In order to pass from the estimate of N(A) to the estimate of the monomial expo-
nential sum, we use

Lemma 2.1. [14] For any subgroup A of Z,

e (az N(A)F|A]75pt,
; pla)) < {N(A) ps.

N

If |A| > p?/? then Theorem 1.1 follows from the classical estimate for a Gauss
sum, |[Y  c4ep(ax)| < /p. For [A] < p?/3 it is an immediate consequence of
Lemma 2.1 and

Theorem 2.1. For any multiplicative subgroup A of Z, with |A| < /3 we have
N(A) < 1814p/2.

The classical estimate of Hua, Vandiver and Weil for the number of solutions
of the homogeneous equation z¢ + 2§ = 2¢ + 2 can be stated in the manner
IN(A) — AL < p|A|. Thus for |A| > p*/3 one has |N(A)| < A5 4 |42, One also
sees that the hypothesis |A| < p2/3 in the theorem cannot be relaxed. To obtain
the constant 16/3 in the theorem, we make use of the following lemma of Mattarei

17], for counting the number of solutions of the Fermat equation % + y¢ = 2% over
) g q Y
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a finite field. It is a refinement of a result of Garcia and Voloch [12]. A similar
upper bound is also given in [16] with an undetermined constant.

Lemma 2.2. For any nonzero a € Z, and multiplicative subgroup A of Z, with
|A| < (1/4)Y4(p — 1)*/*, we have N(A,a) < 3-272/3|A|?/3,

The result of [17] has an extra hypothesis that d > 4, where d = (p — 1)/|A|,
but one can check that the lemma holds trivially for d < 4. Indeed, for d = 3,
N(A,a) < |A] < 3-27%/3|A)?/3 provided that |A| < 6. If |[A] > 7 then since
p = 3|A| +1 > 22 we have |[A| = (p —1)/3 > (1/4)Y4(p — 1)3/4, contrary to
assumption. A similar argument applies when d = 1 or 2. In [12] the upper bound
4|AJ?/3 is obtained for [A| < (p —1)/((p — 1)/* +1).

Let A be a multiplicative subgroup of Z,, with ¢t = |A|. We start by writing
A+ A as a disjoint union of cosets of A,

A+ A=Ax,UAzy---U Az, U{0},

where {0} is omitted if —1 ¢ A.
For any coset Ax; let

Ni=H{zeA:z+1€ Az} ={(z,y) e AxA:x+y=u1x,}.
We assume the sets Ax; have been ordered so that
Ni >Ny > N3 > > Ny.
Now for any z € A, x # —1, x + 1 € Az, for some j and so

(1) S ONj=t—4,
j=1

where

syl if-lea
o, if-1¢ A,

and
(2) N(A)=6t>+t) N7
j=1
The next lemma is extracted from the proof of [16, Lemma 3.2].

Lemma 2.3. Let a,b,d, s be positive integers such that s < n, sad + %sd(d -1 <
ab?, ab < t, tb < p, where t = |A|. Then

SN < a—1+2t(b-1)
; d
J=1

Proof. The lower case a, b, d in the lemma correspond to the upper case A, B, D in
[16]. In equation (3.11) of [16] one actually has sad+ 3sd(d— 1) < ab?® by summing
over k in the preceding line of their proof. O

Apply the lemma with
b=[(4st)'3)+1, a=[t/b], d=2a.
Then

1 4t
sad + o sd(d — 1) < 4a®s = da(as) < 4 (as) < ab?,
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and so if tb < p then we deduce

tb—1) 1 tb-1) 1 ,1—1%
— < — = — .
(3) ZJ_Q 2a+ a _2+% +b

If we assume further that b < t we get from (3),
¢ 1

4 N; < = 402

(4) ;;J_2+

If b2 >t then the same bound holds trivially by (1). Since the left-hand side is an
integer the % can be dropped, thus establishing

Lemma 2.4. For any positive integer s < n such that bt < p,
ZN < ([(4ts)/3) +1)2.

Sections 5 and 8 will require us to asymptotically evaluate sums of the form
> j<sJ ¢ Hence for 0 < ¢ <1 we define

(5) Ye(s) = < 4 c/ {z}z~ ' "dx.
1—c 1
In §5 we will need estimates for the quantity
914/3 6
©) ) = = S greralo) + (247 ) 1),
and in §8
8
(7) Ki(s) = *’72/5(5) - ’74/5(3)~
3
Lemma 2.5. For0<c<1 and s in N
(8) d = —e(5)-

j<s

The functions ro(s) and k1(s) are increasing for s in N with

(9) Ko(s) < —2.083,

and

(10) ki(s) < —14

for all s in N, with
20

(1) ) =-2.

Proof. Partial summation gives (8). Claims (9) and (10) follow from

25/3 = {z} 7
- /3\p1/3 _
mols) = mo(00) = o |55 ((9 127/ 16) dz,

k1 (s) = k1 (00) — 5/ ij/}f) <3z2/5 )d:c,

(checking numerically that ko(1) < ko(2)) and numerical computation xg(c0) <
—2.083 and y(00) < —1.4.
(]
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3. PROOF OF THEOREM 2.1

Suppose t < p?/3. Since N(A) < t* < 13—6t5/2 for t < 28 we may assume that
t >29 and p > 157. Hence t < p*/3 < 0.7(p—1)*/%, and by (2) and (1) and Lemma
2.2 we have

i 1
N(A) <62 +tNy Y Nj =682 +tNy(t—6) <2 +3- 27331 —1) < 365’/2

j=1

for t < 485. Hence we assume that ¢ > 486 and, setting

=i
that J > 5. We define
27/3 2/3.-1/3
m]’:?t/j_/a wj:Nj_mj7 C(S):Zw]

From Lemma 2.2
2/3 —2/3 27/3 1/3
C(s):ZNj—ijgt 3-2 S—TZ_] ,
Jj<s Jj<s j<s
giving
(12) C(1) < 0.2106%/3, C(2) < 0.767t%/3,  C(3) < 1.492t%/3.

Forsﬁ]—lﬁitl/z—lwehave

1 1/3 2
b < (41/3751/3 <4t1/2 — 1) + 1) <t

bt < t3/2 < p, and Lemma 2.4 gives d<s Nj < ([22/3¢1/3s1/3] + 1)2. Hence, using
the notation (5) and Lemma 2.5, for s < J —1

C(s) < ([22/3#/331/3} n 1)2 B ig/?’tz/:a Zj_ug

J<s

27/3 3
< (22/3t1/351/3 + 1)2 - (232/3 - 71/3(5)> £/
o7/3 27/3
(13) - T%/g(s)t% DL VEIRVE T%/g(J — 1)¥/3 4 241/2,

and by Lemma 2.4

([22/3151/351/3} + 1)2
. .

(14) N, < st ZNZ» <
=1
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Using (1) and (2) we write
At = Z N? + 6t

SZN}JFNJZNJ-JH%

j<J §>J
:ZNj(Nj—NJ)+NJ(t—5)+5t
i<J
<> mi(N; = Nyp)+ > wi(Nj = Nyj) + Ny(t—1) +t
j<J j<dJ
=> mI+ Y wi(N; =Ny + Y mjw;+ Ny [t=1= m; | +t
i<J i<J i<J i<J

=M, +F1+ Ey+ E3+1t,

where
=S m2= 214/3 #3208
N j<J 79 j<Jj
214/3
t4/3( _1 1/3_72/3((]_1))
4/3 14/3 1/3
136 e 2 g 2/a(d = DEV %t‘*“ ((f) — (] — 1)/
and

Ey=Ny(t—1-) m;
i<J

27/3 3
=Ny (t —1- T752/3 (2(J —1)2/3 — yy5(J - 1)))

97/3 f o (VI ,
=Ny <3’71/3(J — 1)t¥/3 4 24/342/3 ((4> — (=13 —1].

Using partial summation (eg Hardy & Wright Theorem 421), (13) and N; < 3 -
2——2/3t2/3’

Ey =Y wj(N;—=Nj)=C(J = 1)(N;joa =Ny + Y. CU(N; = Njja)

i<J 1<5<J-2
27/3
< <371/3(J_ 1)t*/3 + 2t1/2) Z (Nj — Nj41)
1<j<J-1
27/3
= (3’}/1/3(J — 1)t2/3 + 2t1/2) (N1 — NJ)

27/3
< 258 5 (J — )P 4 3.2 /347/6 — N, (Smu -1 2t1/2) :
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Similarly, using the bounds (12) on C(j) for j < 3 and (13) for j > 4,

27/3 .
E2 = Zm]w] = th/g ij]_l/?’

i<J i<J
27/3
el KU N Ve SRR ) (i R )
1<j<J-2
27/3
< Tt“/?’ (0.210(1 —27Y3) 40.767(27 /% — 371/3) 4 1.492(371/% — 4—1/3))
27/323 27/3 2/3 1/2 1/3 1/3 1/3
+Tt/ <3V1/3(J_1)t/ + 2t /> J-1 > G-+
1< T2
16 28/3
< (971/3(J 1)+ 0.361> 43 4 Ttm'
Hence

1
N(At ! < §6t3/2 + 43 (B4 + E5)

where, with ko(J — 1) as defined in (6),
Ey = ro(J — 1) +0.361 + 5.897t /6 4 ¢=1/3,

and

2/3 14/ 1/3
Es =N, <24/3 ((*f) (J1)2/3> t2/32t5/6t4/3>2;/3 <(\f) (J1)1/3>.

Also, from (14),
([22/3(] — 1)1/341/3] 4 1)
(/=1
For t < 2704 one checks numerically that E, + F5 < —0.4743, whence N(A)t~1 <
1643/2,
3
For t > 2704 we have J > 13. The bounds
(223(J —)35 4 1) (223 4127327047132 0 26214273
Ny < < ;
(J—-1) (J—1)1/3 (J —1)1/3

N;y<N;_; <

IN

1/3

(15) (F) ~w-s

_ 1\-2/3
. (] —1)723,

W Do

and, using (15),

() o= (27 ()
(-G (2

1/3
< 2.056 ((f) —(J - 1)1/3> (J — 1)1/37

2/3 1/3

—(J - 1)1/3>

1/3

- (J - 1)1/3>
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give

14/3 1/3
Bs < (2.621 L9173 9,056 — 2 ) ((ﬁ) —(J - 1)1/3> — 26212t /5(J —1)"1/3

3 4

2/3

J—1

8 2/3 8 1/3
< 340944+ —— — 5242 (44 —— /3
(s (s 525) s (1 55) )
14 2/3 14 1/3
< (3.409 (3) — 5.242 (3) =13 <0760t /3,

From Lemma 2.5 we have ro(J — 1) < —2.083. Hence for ¢ > 2704 we have
Ey+ E5 < —1.722+ 5.897t~1/¢ + 1.760t71/3 < 0, and N(A)t~1 < 35¢3/2,

< 3.409(J —1)72/3 —5.242t7Y/0( ] —1)7/3 = (3.409 ( Vi )

4. ANOTHER BINOMIAL SUM BouND

The following theorem is needed in the proof of Theorem 1.3, but it has indepen-
dent interest. It yields a nontrivial bound on any binomial exponential sum with
d < p'/3 and either (k,p—1) >d or (I,p—1) > d, where d = (k,1,p — 1).

Theorem 4.1. For any nonconstant binomial f(z) = az® +bx', and constant \ as
in Theorem 1.2, we have the bound

d 1/2 '
IS(H)I <p ((k - 1)) +m1n{)\8/11 d15/88p21/22, \2/3 d1/8p23/24}.

The proof uses averaging methods similar to what is found in Akulinicev [1], Yu
[20] and the author’s work [10], together with the bounds for a monomial sum given
in Theorem 1.2. For any integer k, set

(16) ®(k) = max

p—1
Z ep(axk)
r=1

Lemma 4.1. For any binomial f(z) = ax® + bz, we have |S(f)| < ® (Z(zj))).

In particular, with A as in Theorem 1.2,

3/2q 1
D 2/3
1 < = —-1 z
(7) S0 € gy (Lp=1) > 3,
A p5/4d5/8 1 )
PO _ Zdn2/3
Y p9/8d3/8
< E = - .

The inequality in (18) is a generalization of Yu [20, Theorem 2]. His theorem
required I|[p—1 and d = 1. From this he deduced the uniform bound |S(f)| < p*/?4
under the same constraints.

Vit
—5.242 (J—l

1/3
) )tug
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Proof. Set m = (lf’p%ll). Then

p—1p—1 p—1p—1
(P = DS =D Y el flay™) =D D eplaa*y*™ + ba')
y=1z=1 rz=1y=1
and so,
p—1|p—1
1S()I < ep(azy™™)
p z=1 |y=1
The first result follows from the observation that (km,p — 1) = T p_ll)d The
remaining inequalities are an immediate consequence of Theorem 1.2. O

In [10, Lemma 3.1] the authors proved

d 1/2
SHI<p|— + /D ®((L,p—1))V2.
SO0 (o) + VBB 1D)
We deduce from Theorem 1.2,
Lemma 4.2. For any nonconstant binomial f(x) = ax* + bx' on Ly,
(20)
d 1/2 3/4 1/2 /3,
S <p(gy) +P740p—DY% (Lp—1) <3p
(21)
1/2
| ( )| = (m) + /\1/2 p13/16(l7p - 1)5/16a 3p1/3 < (l7p - 1) < p1/27
(22)

1/2 1
ISl <p (Wﬂl)) + AP p = 1)1, 2 < (p = 1) < 2p?P

with A as in Theorem 1.2.

Proof of Theorem 4.1. We treat a number of separate cases which may be of in-
dependent interest. The theorem itself just needs the argument presented in cases
(iv) and (v).

1). ¥l,p-1)> 1dp2/3 then by (17), |S(f)| < 3p®/6.

(ii). If d\/p < (I,p — 1) < £dp*/? then by (18), [S(f)| < Ap'®/1°.

(iii). If (I,p—1) < 3p!/3 then by (20), [S(f)| < A+p*/*(3p!/3)1/2 < A4/3p'1/12,
where A is the first term in the theorem.

(iv). Suppose next that 3p'/3 < (I,p—1) < vp- I (l,p—1) > AS/1Lp5/1Lg6/11 e
use (19) to get [S(f)] < AS/1LG15/88p21/22 " If (1, p — 1) < A8/11pd/11g6/11 then we
use (21) to get the same bound with A added.

(v). Suppose that /p < (I,p—1) < %p2/3. If (I,p — 1) > A83/9d%/3p*/? then use
(19) to get |S(f)] < N2/3a/8p?3/24 If (I,p — 1) < X3/9d?/3p*/? | then we use (22) to
get the same with A added. |
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5. LEMMAS FOR THEOREM 1.3

For any integers k,1 let M (k,l) denote the number of solutions in (Z%)* of the
system

x’f—i—x’;:xlg—l—xlj
xll—l—xé:xé—&—mfl,
and put M,y (k,l) = M(k,0) for 1 <l < k <p—1, M_(k,1) = M(k,—1) for
1<i<k,k+1l<p—1. Let
p—1
(23) Sy(k,1) =Y ep(az® +bal), ptab, 1<I<k<p-—1,
=1
and

p—1
(24)  S_(k,1)=> eplar® +ba7"), ptab, 1<I<k, (k+1)<p-1.
=1

In [8] we established the Mordell type bound
(25) S (k, )] < p/* M (kD)2
and the elementary bounds ([8, Lemma 3.2])

My (k1) <kllp—1)%, forl<li<k<p-—1,
(26) M_(k,1) <3kl(p—1)?, for 1<I<k/l+k<p-—1,
from which we immediately deduce
Lemma 5.1. For any k,I,

|54 (k. D] < (R4, 1S (K, 1)] < (3kD)M4p*/".

Set
d=(k,l,p—1), dy=(k), d"=d.=(kFlp-1)
B B (k1) (k+1)
b=t lo=2, =" §=o

In [7, Lemma 3] we proved that if k < 55(p — 1)§d1%li, then

My (k1) < d*(p—1)° +2k%1(p — 1) + (p — 1)
where

j = max{768 - 523kl 037 *d/dy, 55764 d}.

In the next section we prove a version with substantially improved constants.
Theorem 5.1. If
(27) (k +1)702 < 21 (ki /dy)(p — 1)
then

My (k1) < d*(p—1)* +2k°Le(p = 1) + (p = 1)°n
with

1/6
27 ()"
71/2 *

o (ki) = 3 (&) 047,
503/T0 (871) d+d, if (kli/dy) < % &

(50 ) v 51/3'
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1 11
Note that condition (27) certainly holds if k < 3 (1.05)° (p — 1)5d%15. From
Theorem 5.1 we readily obtain an effective form of Theorem 1.1 and Lemma 1.1 in
[7].

Corollary 5.1. If
(28) E< 5o — 17,
then

M. (k,1) < 19.74 max {1, liAf/?’} k(p — 1)2
and

S (k1) < 2.11 max {1,liA;1/3}1/4 J/4p3/4,
where AL = (k F1)/d.

Proof. The bound for Sy (k,1) follows at once from the bound on My (k,1) by (25),
so it suffices to prove the latter. We may assume that (k F1) > (19.74/1.5)3d,
else the bound is trivial by (26). By (28) we certainly have (p — 1)%/3d'/3 > 2k >
(kF1) > (19.74/1.5)3d, so (p — 1) > (19.74/1.5)%/2d. Hence

d%;;/g- 2 d5/3(1;l$ 1)L/3 . d5/32/3 ; ( 1.5 >2d ~ 0,006,
KA (p - 1)2 + (k¥ 1)2/31 19.74 ) 1
and
22, (p—1)  2k(kF1Y? - 24/3A/3
koA P p—1)2  d3(p-1) ~ d/3(p-1)
24/3(%(19— 1)2/3d1/3)4/3 _ 419 _ < 1.5 )1/2 = 076
- dt/3(p—1) (p—1)1/9 = \19.74 o

Tf (kle/dy) < 2 ()" 64/ then
L3 (TN (RFNY 8 (TN g (BT
kE— 2\50 k214 dy — 2\50 2 dy

3 7\ 1 3 /7\Y? 1 0.009
< 92/3 \ £ 1/31.2/3 < 92/3 \ £ 273 < )
22/3 \ 50 d1/3k2/ 22/3 \ 50 d1/3 (%(19.74/1.5)3d) / d

and bed(p—12  (k+l) d !
+ p—l +
= — <1+ - < 1.009.
o 1) PR + 2 < 1.009

Hence from Theorem 5.1
Mo (k,1) < (0.006 + 0.276)kl+ AT (p — 1) + max {19.456kziA;1/3(p —1)%,16.569 - 1.009k(p — 1)2}

< 19.74 max {kliAf/S(p 1), k(p — 1)2} .
O
Finally, we need the following
Lemma 5.2. With A as in Theorem 1.1,
S5 (k, 1) < d* + \(d/d*)>/8p°/*.

Moreover, if —ba is not a d* power, then the term d* may be removed.
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Proof. We use the technique of Akulinichev [1] to average over the d*-th roots of
unity.

p—1p—1

(p—1)84(k,1) = Zzep( a(zy ) + b(ay d*>)ﬂ)

y=1z=1

p—1p—1

R (o )

z=1y=1

If az® + ba®! # 0 then the bound of Theorem 1.2 gives

piep ((aa + bty )| < @ (l(pd—* 1)> s (d(pd: 1))
<A (d/d)*® (p— 1)5/3pE,

y=1

If —ba is not a d*-th power, then this bound hold for all nonzero z and so,
1S5 (k, 1)| < A(d/d*)>/8p°/2.

If —ba is a d*-th power in Z; then we also have the d* values of x with az® +
bzt = 0, each contributing p — 1 to the sum, and we obtain

g (dlp—1 .
(29) | (k, 1) —d*| < B2 c1>< (pd* )> < Nd/d*)*/8p°/4,

6. PROOF OF THEOREM 5.1
We follow the proof of Corollary 3.1 of [8]. For u = (us,usz) € Z%? define
Ci(u)=#{z€Z, : 2F — 1 =wuy®, 2 — 1 = uyy™ for some y € Zy}.

From (2.1) of [8] we have

N
(30) My (k1) < d*(p—1)° +2k%1e(p— 1) +d(p— 1)) CE(w),
i=1
where uy, ..., uy represent the IV distinct non-empty sets of x being counted as u
varies, ordered so that

(31) Ci(uy) > Cyx(ug) > -+ > Cx(uy) > 0.
Observe the trivial bounds (see (2.2) and §3 of [8])
N
(32) Z (W) <(p-1),
and
(33) C+(u;) < min {(pl_l) (/fzi/dl)} .

We begin with a more precise version of Lemma 3.1 of [8]. Define

7/2 3/2
34 r-ml n=2(3) EE -,
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Lemma 6.1. For
(35) (k+1)°6% < 2.1 (Kl /dy)(p — 1)*s
and s <T

S Co () < (21)110y75 @G/ s

1/5
i<s 5/

Proof. We follow the proof of Lemma 3.1 of [8] but with an adjusted selection of
parameters

1/5 1/5 1/5 _1 1/5(52/5
@6 c=p=lc), ci=(2) ()7 (2) Uk
14 9 6)  (klajdy)/3s1/5

WU\ (9N 16\ (kiy/dy)¥/565/°s2/5
9 5 -1

8
38) A=T[Ai], A=~ (2 o8N 16\ (p— 1)¥55y/ 052/
11 1 3 14 9 5 (kli/d1)3/5 .

We leave the fractions unsimplified to show the dependence on (46). Analogous to
restrictions (3.4) to (3.9) of [8] we require our choice to satisfy

(37) B—wm<&_<

(39) A,B,C>1,

(40) Clk+1)<(p—-1),

(41) BC? < 6,

(42) Ady < (p—1),

(43) D <02 +CD + ;DQ) s < ABC?.

Since we have (C' + r)? equations and
D—1 1
> (CHr)’ = 2D 420+ S(D-1)D+ (D 1)D(2D—-1)< D <02 +CD + 3D2)
r=0
we may replace (3.9) by (43). Restriction (3.8) was not required for the construction
(only simplification of the final algebra). The slightly weaker restriction (40) can
replace (3.5).

From (32) and (33) we have the trivial bounds

(44) Zci w;) < (kly/dy)s,

and, applying Cauchy—Schwartz

(45) Zci (w;) < (Klw/dy) WZci Y2 < (ke /d)) Y2 (p — 1)1/251/2,

=1
So from (32) we may certainly assume that

(0 —1)*/6,°
( > (2.)Y10/15 s3/° = A > V/56s > 7.48s,

kly/dy)3/5
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from (44) that

kl d 2/551/5 2/5 7 1/2
( :t/( 1) 1)275 LA 21071015 = B, >3 <2> > 5.61,
D—

and from (45) that
(p—1)'/567°
(KL /1) 55175
So A>8, B>5,C > 15 and (39) holds; moreover

> (2.1)Y°15 = € > 15.

15 5 9
46 C>-—-C,, B>-=-B;, A<-A.
( ) =16 1, =% 1, =g 1

Restriction (35) ensures (40):

10)1/5 51/5(29_1)1/5 _1)
( .

= <
21 ko 7517 = (P

Since BC? < B1C? = 6+ we plainly have (41).
For (42) observe that

9 7 7 9N\35 r9\2/> s\ 20 (n— 1)3/553!532/5
Aby < A6 =< (= = = <@(-1
=gty (14) (8) (5) (kle /dy )35 = (b=1),

as long as s < T7.
Since C' = D restriction (43) amounts to #C's < AB and we have

LT O
3B° "~ 3(5B1/6)

Clk+1) < Cy(k+1) = (k—H)(

=A; <A

Hence as in Lemma 3.1 of [8] we can deduce that

- A(kle/dy) + (B=1)(p—1) +Ck + Cl
Zcﬂui) < 5

A(kls/dy) + B(p— 1)

- C
gAl(kli/dl) + Bl(p — 1)

< i7e)

(@) <%>2/5 (&) (1 + ) (0= 20 )57

LEE )Y oL°

_ 8\ (p— 1)¥/5(kly/dy)>/?s3/°

2 13/5 (3) 61/5 .

Note that 2.13/% (8) = 4.1619... < 4.1712... = (2.1)!/10/15.

Theorem 5.1 will follow at once from (30) and the following lemma:

Lemma 6.2. For

(47) (k4+1)°6% < 2.1 (kls/dy)(p — 1)*

15
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we have
1/6 (kly /da _ » 4 3
o ) 1/3
i<N 50\[/10 (%) 5i(P— 1), if (kly/dy) < 2 () / 51/3‘

Proof. Setting

B = (2.0)/10y75 P VP (kLe/d)¥"

§y/°
Lemma 6.1 implies that for any 1 < s < T
(48) Z Cy(u;) < Bs®/°.
i<s
So, putting
Ci(u;) = glﬁ’id/5 + w, sz,

for s < T we have, by (48) and Lemma 2.5,

(49) W(s) =Y Culuy) - gBZr% < Bs*/® — BZ 2% = vz/o( 5)B.

i<s i<s i<s

Thus for any J > 2 with J — 1 <T we have

ZC’i u;) <ZCi u;) —i—Ci uy) ZCi (u;)

i<J i>J
< Z Ci(;) (Cx(w;) — Cx(uy)) + Cxr(uy)(p—1)
i<t

=> gBi_z/s (Ca(wy) = Ca(ug)) + Y wi (Ce(wi) = C(uy)) + Ca(uy)(p —

i<J i<J
=M +E +E + Es,

where

9 5 9
:EjgﬂyzM5:§y¥(aJ—1V“—vudJ—1»,
i<J

3 -—2/5
EligBZ’wﬂ 2/,

i<J

By =) wi (Ci(w;) — Ci(uy)),

i<J

= Ci(uy) ( 1= 32/5> = C4(uy) (p—l—B<J—1>3/5+§672/5<J—1>>.

i<J
By (49) we have

3 (w-1) N 1
B=5B ((J_l)z/s)* 2. W (32/5_(.7‘|'1)2/5>) < 5B/~ )

1<j<J -2

By (49) and (31)

1)
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By =W(J=1)(Cs(uy1) = Cx(up) + > W) (Ce(uy) — Ci(u;i1))

1<<J—2

< ZByays(J — 1) (Ci () = Cauy).

Observing from (48) that Cy(u;) < B we then get

3 3
E; < 532V2/5(J -1)- 53’72/5@ - 1)Cx(uy).

Hence, with x1(J — 1) as defined in (7),

N
;Ci(ui)Q < %BQ (5(J — )Y ki (J - 1)) + Ci(uy) (p —1-B(J - 1)3/5> 7

From Lemma 2.5 we have k1(J—1) < —1.4 forany J > 2 ;soforany 2 < J <T+1
N

(50) 3 Cu(u) < 32( 1)Y3 — 050482 + C.y (uy) (p— 1 - B(J - 1)3/5) ,
=1

where the 0.504 can be replaced by 0.8 when J = 2 using x1(1) = —20/9. We note
from (33) the trivial bounds

N N
(51) > Ca(u)’ <(p-1)3 Calw) < (p-1)%
and
N
(52) Zci w)? < (Kl /di) 3 Ce(wi) < (klae /i) (p = 1):

We consider two cases. s
Case 1: Suppose first that (kly/di) > 3 (&) / (51/3. Equivalently

p—1\"? 1 /50 5y/® -1 < (° 2\"/? (kli/d1)3/2(_1):T
B T1\T7 (kli/dl) P==1\7)\3 &2 P 1'
In this situation we take
J= {(1)_1)5/3—‘
B .

If J = 1 then ““’;//;11) > &= (70)1/6 (p—1) and the bound claimed is at least 2 (p—1)?
+

and trivial. Hence we may assume that 2 < J < T+ 1. By (48) we have Cy(uy) <
Ci(uy_1) < B/(J —1)?/5 and, using that 2%/°> — ([z] — 1)3/° < 3([2] - 1)=2/5,

) 53 3/5
ci<uJ><<p—1>—B<J—1>3/5>s(J_Bl)2/5(((plgl) ) —(J—1>3/5)

3 B - 0.682 if J =2,
5(J—1)%5 = 10.3458% if J > 3.

IN
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Hence from (50)

o Chlw)? < JBT - 1)Y
i=1
/3
9 of(p—1 !
< Z -
<3 (%)

T\ (ki /dy)
=27 (50) 751/3 (p—1).

4/3 5/3

Case 2: Suppose now that (kly/di) < 3 (%)1/6 04" (that is (%) >Ty).
From (52) we can assume that (kls/d;) > 16.5685+ and from (47) that (ki/dy)/*(p—
1) > (2% (k4 1)5/451/2. So

kel /d:)3/2 kly/di)V/4
T, > 0.1728%@ — 1) > 0.1728 (16.568)°/* %(1& -1)
+ 5:i:
1/4
> 0.1728 (16.568)%/1 — Flx/d1) 73 (0 —1)
((k+1)/d1)>/45y

10 1/4
> 0.1728 (16.568)"/* (21> a3t > 47943,

and T >4 and T > %Tl.
We take

J=T+1,
where T3/° < T13/5 < (p—1)/B. Hence, with Cy(ur) < B/T?/> from (48), (50)
gives

N

9
> Ca(w)® < B°TS —0.5048° +
i=1

B

9 B , 4B s
= -7 (p — 1) — 0.5048 —gm(quBT/)
9 B
<5T2/5(p_ )
9 B VT (81
< gw@— 1) = 503710 <4> ox(p—1).

7. DECIMATIONS AND A BOUND ON My (k,1)

Of independent interest and as a byproduct of the proof of Theorem 1.3 we also
prove the following bound on My (k,1):

Theorem 7.1. Let ¢ = 0.59349. If

p—1)1/2
d )

(53) d*=(kFlp-1)<c! (
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654) pn < (9
and

(55) Lp—1)<c (19;1)7/23 ,
then

My (k1) <27.57 d26/23(p _ 1)66/23.

The theorem has a direct application to a conjecture of Goresky and Klapper
[13] on the decimation of ¢-sequences.

Let E = {2,4,6,...,p — 1} be the set of (non-zero) even residues in Z, and
0 ={1,3,5,...,p— 2} the set of odd residues. If (k,p—1) =1 and pt A then the
mapping © — Az* is a permutation of Z,. Our interest is in determining when it
is a permutation of E. The conjecture is essentially equivalent to the following.

GK-conjecture: For p > 13, if the mapping z — Axz* is a nontrivial permutation
of Z, then there exists an = € E such that Az € O.

In [7] Bourgain, Paulhus and the authors established the conjecture for p > 2.26 -
1055, Here we obtain,

Corollary 7.1. The GK-conjecture holds for p > 4.92 x 1034,

Proof. By [7] Theorem 1 we know that the GK-conjecture holds as long as M =
M, (k,1) < 0.000823p>. If d* < 1.62p'%/?3 then (d = 1 and (k,p — 1) = 1) by
Theorem 7.1 we have M < 27.57(p — 1)%9/23 and the conjecture holds for p larger

than )
97 23/3
25T <4.92 x 10**.
0.000823
If p > 2.1 x 107 and d* > 1.62p'%/?® then d* > 10,/p and the result follows from
Theorem 4b of [7]. O

8. PROOF OF THEOREMS 1.3 AND 7.1
For Theorem 1.3 we need to show that
1S4 (k, 1)| < d* + 27.571/413/46,,89/92
and for Theorem 7.1 that (subject to restrictions (53), (54),(55))
M (k1) < 27.57 d?0/%3(p — 1)56/23,

Observing the trivial bounds |S4 (k,1)| < p, and My (k,1) < d(p — 1) we may
certainly assume that

(56) p > 27.57%3/3426/3
for Theorem 1.3 and
(57) p—1>27.57%3/3q

for Theorem 7.1.
Make a change of variables  — ™ with m chosen so that

(58) mk=a mod (p—1), tmli=F mod (p—1),
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(plus sign for Sy (k,1) or My (k,1) and minus for S_(k,1) or M_(k,1)) with
1
(59) 0<a< E(157/23(;9 —1)/23 18] < ed'/B(p— 1)/, ¢ =0.59349,

(a, B) # (0,0). Such a pair («, ) exists since the set of all (a, B) satisfying (58) is
a lattice of volume d(p — 1) (or one can apply Dirichlet’s box principle.) Set

A=(a,B,p—1), A= (a,p).

and

g - 18] it B3>0, (a—p) _Jo ifp>0,
)28 if <o, A 5. ifp<O0.

Suppose first that a, 8 # 0, a # 3. We will establish that for the pair (a, 5) we
have

(60) Mo, 8) < 27.57 d?6/23,56/23,
From Lemma 1 of [7] we know that
M:I:(kv l) < M(aa /6)

and Theorem 7.1 is clear.
Suppose that (m,p — 1) = v and write Zy /(Zy)™ = {w1, ..., w, } so that

v p—1
(61) St (k1) = % ZSi(a,ﬂ), Si(a, B) = Z ep (awlz® + bwiﬂxﬂ) .
i=1 r=1

Since a, 8 # 0, o # O the inner sum S;(«, 3) in (61) is a genuine binomial sum.
Thus by (25) and (60)

1S; (i, B)| < 27.57Y/4 d3sapssips < 27.571/4 ¢13/46,89/92

and [Sx(k,1)| < 27.57Y/4 q'3/46p89/92 proving Theorem 1.3.
We consider separately the three cases:

Case 1: a < 100004,

Case 2: a > 10000|3| and (a + |3))°61 > 2.1 (af' /M) (p — 1)*,

Case 3: a > 10000|8| and (a + |3))%61 < 2.1 (af'/\1)(p — 1),

Case 1: From (26), (59) and (57) or (56)

M(ev, 3) < 3alB|(p — 1) < 30000|6%|(p — 1)* < 30000cd**/3 (p — 1)60/23

30000¢ 26/23 66/23 30000 26/23 66/23 26/23 66/23
(27)
In Cases 2 to 4 we have o > 10000|3| and
« «o « «
0.9999 — < 6§, < — — < 6_ <1.0001—.
A1 t= )\1’ AT - A1

Case 2: In this case we have

1 (a+8))°\ , _ 100017  af

< <
=33 alp — 1) %< 53 (p— 14\’
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and, using that d | Ay,

3 3 1.00017 a’
M <Zaf(p—-12%<=.
(0.0) < 3ol b =1 < 5“5 e
3 1.00017
< 2. d26/23
-2 21c7

Case 3: Here we can apply Theorem 5.1 to obtain
M(a,5) <XN(p—1)*+22°6'(p = 1) + (p = 1)°n,

(p _ 1)66/23 < 27561d26/23(p _ 1)66/23.

where
D\
4 < max {19.456((151/31))\, 16.569 5i)\} .
5y
Since
g 28]

53 7 (a/a)VE
and A < A\ < |f], we have

0 A
19.456%/\ < 19.456 - 2a2/3|ﬁ|2—/3 < 19.456 - 2273|343
04 AL

< 19.456 - 2¢%/3d%5/%3 (p — 1)20/23 < 27.4806d%6/%3 (p — 1)20/23

while using (57)
3/23(p — 1)20/23

16,5696\ < 16,560 - 1.0001ar < 16569 - 1.0001¢™d™/23(p — 1)16/23 = 16,569 - 1.0001¢ (=)
o

d
< 16.569 - 1.0001¢™ 27.5774/3d%/33 (p — 1)20/2% < 0.34d%/3 (p — 1)20/2,

So (p — 1)2p < 27.4806 d?0/23(p — 1)06/23,
From the lower bound (57)

2
C
/\2(p _ 1)2 < \ﬁQ\(p _ 1)2 < 02d32/23(p _ 1)60/23 — —T d26/23(p _ 1)66/23
(7)
< — d26/23 (p — 1)86/23 < 0.00047d26/23 (p — 1)56/23,
and
4 . 4 . )
20°0'(p— 1) < 4a?|B|(p — 1) < ~d™/B(p — 1) = 2 (p — )%/
c _
c(®.7°)
4 26/23 66/23 26/23 66/23
Hence

M(a, 3) < (27.4806-+0.0004740.08093)d?%/23 (p—1)9%/23 < 27.562d%6/3 (p—1)%6/23,
It remains to consider « = f or a =0 or 5= 0.
If & = B then mk = +ml mod (p — 1). So Z=Y|m and 2=Y|8. In particular
d d

% < 18] < ed'/?(p — 1)7/2 and d* > ¢! (%)16/23
Theorem 7.1 by (53).

. This is ruled out in
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For Theorem 1.3 we use Lemma 5.2, with d < (27.57)~23/26p3/26 from (56), to
get

d 5/8
Aﬁ%Jﬂsw+Lm(&) P

< d* +1.5265/8(1 — p~1)~10/237195/184,,75/92
< dF + 1.1413/464143/184,,75/92

143/184

< d* 4+ 1.1413/46 Ps/% 75/92
= ‘ 97.5723/26 P

1.1
—Jf 4 J13/46,,333/368
T ersnyst P
< d* +0.12d13/46p89/9271/16'

If « = 0 then (p—1)|mk. Hence 7(1(71]:1%]1) |m and 7(1()”:1%;) <|B| < ed"6/?3(p—1)7/23,
and so (p— 1,k) > ¢t (%)16/23. This is ruled out in Theorem 7.1 by (54). For
Theorem 1.3 we have by the Weil bound for exponential sums,

152 (k,1)] < |BIVD < cd16/2337/16 _ cd13/46(d/p3/26)19/46p1019/1196
¢ 13/46,.1019/1196 13/46, 89/92—3/26
< 27.5719/52d D < 0.18d D .

Similarly if 8 = 0 then (p — 1)|ml. So (;p_zl’l)) |m and (;p_}l’;) |, and so (;pjll,;) <

a < ¢ 172 (p—1)19/23, Hence (p—1,1) > ¢ (%)7/23; again ruled out in Theorem
7.1 by (55). For Theorem 1.3 we have, from Theorem 4.1 with A = 1.51967...,

d 1/2 / /
Sk D <pl—— 1.36415/8821/22
i(a)_P<@p_”> + P
- 1
= 01/2(1 _ l/p)7/46

_ 713/46,.89/92 (d/P3/26)17/46 1.36
= (13/4689/ <1.30 1713 + o

A15/2339/46 | 1 36 J15/88,,21/22 < 1 3() g15/2339/46 | 1 36 (15/88,21/22

—17/52 1.36
13/46,89/92 (27.57) : 13/46, 89/92
<d D <1.30 (27.57)5 7 + (27.57) 57152 < 1.02d D .
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