A FURTHER REFINEMENT OF MORDELL’S BOUND
ON EXPONENTIAL SUMS

TODD COCHRANE, JEREMY COFFELT, AND CHRISTOPHER PINNER

ABSTRACT. For a sparse polynomial f(z) = 3./_, a;z® € Z[z], with p { a;
and 1 < k) < -+ < kr < p — 1 and positive integer m with %7‘ <m<r,we
show that

1

p—1
S i@ /p| < 2% (ky - hon) T p! Tz (7T
xz=1

avoiding the need to include the larger exponents (as in previous bounds of
this type). Analagous results are obtained for Laurent polynomials and for
mixed exponential sums.

1. INTRODUCTION
For a prime p, integer Laurent polynomial
(1.1) f(x):alxkl—l—u-—l—arxkr, ptai, ki€Z,
where the k; are distinct and nonzero mod (p — 1), and multiplicative character xy mod p
we consider the mixed exponential sum

S(Xa f) = Z X(T)Fp(f(T))7

=1

where e,(+) is the additive character ep(-) = €*™ /P on the finite field Z,. For such sums
the classical Weil bound [5] (see [1] or [4] for Laurent f) yields,

(1.2) 1S(x, £)] < dp®,

where d is the degree of f for a polynomial (degree of the numerator when f has both
positive and negative exponents), nontrivial only if d < +/p- Mordell [3] gave a different
type of bound which depended rather on the product of all the exponents k;. In [2] we
obtained the following improvement in Mordell’s bound

. 1 L L _ 1
(1.3) IS(x, F)] < 47 (€aks - £,) 77 p' 727,
where
ki, if k; >0,
(1.4) 0= >
’ r|k,‘|, if k; <0,
non-trivial as long as (ll ---lr) < %p%T. We show here that some of the larger [; can in

fact be omitted from the product (at the cost of a worse dependence on p) once r > 3:
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Theorem 1.1. For any f and x as above and positive integer m with %r <m<r,

3 L — ——=(m—-5r
IS(x, f)| <47 (L1 - bm) ™7 p —=( 2)7

0= k‘i, Zf ki > 0,

"7\ mlki,  ifki <oO.
The theorem thus implies a nontrivial bound on |S(x, f)| as long as (fifz - €m) <
4—mpm—r/2

where

for some %r < m < r. lnequality (1.3) is just the case m = r. One can

in fact save an extra factor of ((k1,...,kr,p— 1)/(k1, 7km))# on the stated bound, as
we explain in Section 3 below. Theorem 1.1 is particularly useful when more than half of
the exponents are small; in particular (for fixed r) if at least R = [%TJ + 1 of the k; are
bounded, I; < B say, then one obtains a uniform bound

1S(x, f)| < (4B)Fp'~*

with § = 1/R2 or 1/2R2 as r is even or odd, irrespective of the size of the remaining [;.
Notice one cannot expect a bound of order p' =% with some § > 0 if only L%rJ of the k;
are bounded as can be seen by the sums [S(x, f)| = %p + O(r\/ﬁ) when

137] '
(15)  f=eaow?®™ 4 3" aie’ =25 () = xo(w) or (‘)

i=1

with e =0 or 1 as r is even or odd.
For monomials and binomials we gain nothing new, but for trinomials

k k k
f=az™ +bx"2 4 cz™?,
we obtain the m = 2 Theorem 1.1 bound
7
8

(1.6) 1S(x, NI < (kika) T p¥,

avoiding entirely the need to involve the largest exponent, in contrast to the Weil bound
and our previous Mordell type bound (m = 3):

. L \ 80 15
[S0¢ )| < maxtky ko ka}p?, S0 D] < {f T (kikaka) Pt

The proof of the theorem is very similar to that of (1.3) and involves bounding the

number of solutions (1, ..., Zm,y1, ..., Ym) in Z;2m to the system of simultaneous equations
(1.7) xlf"—}--n—}-xfgzyfi—}--n—}-yﬁfmodp
fore=1,...,r. We denote the number of such solutions by M,,. For m < r we can merely

use the first m equations (discarding the remaining r — m) and appeal to the bound of
Mordell [3] or Lemma 3.1 in [2] to obtain:

(1.8) My <4™(ly - 1m)(p— 1)

The theorem is then immediate from (1.8) by taking v = w = m in the following Lemma
relating S(x, f) to M,,:
Lemma 1.1. For any f and x as above, and positive integers v, w,

1_1_1

R 1 _r =1
ISOG A< (p=1) TP T wpmw (MyMy) =,
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2. SLIGHT IMPROVEMENTS IN THE BOUND FOR M,

Although it seems wasteful to simply discard the remaining (r — m) equations in (1.7)
there are certainly cases where these equations are redundant. For instance, if the first
m exponents take the form k; =il, 1 = 1,...,m with [|k; for the remaining k; then the @
are merely a permutation of the y! whatever those remaining exponents. Moreover when
m = 2 our [2] bound for the first two equations

kika(p — 1)° if kiks > 0
M, < 1 2(p ) . 1 1k2 > 0,
3|k‘1k‘2|(p—1) if k1ko <07

can be asymptotically sharp; for example for exponents k1 = I, k> = 21, with l|k;, i =
3,..,rand l|(p—1) or ki = l,ks = —1l or 3l and [|k;, 1 = 3,...,r with the k;/l odd and
2l|(p — 1), it is not hard to see that

My =20(p—1)" = (p—1)

My =3%(p—1)°> = 31*(p = 1),
respectively. In certain cases though we can utilize the remaining equations for a slight

saving:

Lemma 2.1. Ifr > 2 and

iy =

kik; if kik; > 0,
3|kikj| if kik; <0,

then for m = 2 we have

. . L; .
My < (k17k2,...,kr,p—1)l<m<1§1< " ]: )(p_])2.
SIS Ry Ry

Thus for example in the trinomial case (1.6) can be slightly refined to

kl,kg,kg,p— 1)

R e LR

of use if k; and k share a common factor not shared with k3. More generally a slight modi-
fication of the proof of Lemma 3.1 in [2] allows a similar saving of a factor (k1, k2, ..., k., p—
1)/(k1,k2,...,km) on the previous bound (1.8):

Lemma 2.2. [fr > 3, then for any 3 < m <r and choice of m exponents ky,...,km,

M,, < e [2m (kl’k2""’k”p_1)(11...zm)(p_r)m.
(k1 ka,

“m2\m e km)

3. Proor oF LEMMA 1.1
For i = (u1,...,u,) € Zy, and positive integer m, we define

m

l\fm(l_j) = #{(xl, ,.’L‘m) € Z;m : Z.’L‘fj =u;, 3=1, ...,T},

i=1
and observe that

(3.1) S Nw(@)=(p-1)", Y Np(i) = M.

1€Zy TET]
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For any multiplicative character xy and positive integer m, the simple observation that
Zuezp ep(au) = pif a =0 (mod p) and zero otherwise, gives

(3.2)

p—1
Z Z X(x)ep(mumkl 4ot arurxk')

2m

ﬂel; z=1
T
-1 -1 kj k kj k
= E X(xl"'mnzyl ...ym) E €p E ajuj(mlj_lr-..._i_lj"‘z_ylj..._y"{)
L1y Tm q4EeZr =
Y1, Ym €7, ?

=p" > x(@1amyr " ym') < p Mo,

where }_* denotes a sum over the 1, ..., Tm, Y1, ..., ym in Zy satisfying Z;’;l :cf’ = Z;’;l yfl
(mod p) for 1 <i < r.
Writing S = S(x, f), we have

(p—1)8" = Z (Z X(mx)ep(al(mx)kl + -4 ar(mx)k’"))

m=1 =1

YoxUm) Y x(ml---xw)ep(Zajmkj(xfw--ﬂiﬂ))

.'1;1,“”:51,_,62; J=1

I
(]
=
E
;
e
M

p—1
“(m)ep (Za m J +$ﬁzj)> )

11,...711”62; m=1

and so

(3:3) (p=DIS|" < Y~ Nu(d)

iGZ;

Z x"(m)ep (Z aJUJka) ‘ .

m=1 g=1
Applying Holder’s inequality twice, the second time splitting
(3.4) N, (@) 75T = N, (i )zu N, ()7,
and using (3.1) and (3.2) gives

2v—1

2v p—1 2v
DS (Z N"f(”)zﬁl> SO A m)ep(arum* + -+ ayu,mt)
[’ 2 |m=1
2v—1
2v—2 1 o
Zu—1 2v—1 .
< (Z Nw(ﬁ)) (Z Ni(ﬁ)) (Mop")
wy =L 1 yw(l—1y = 1
(3.5) = ((p— 1)) (M) 3 (Myp")37 = (p— 1) 700 p35 (M, M)
Hence
IS| < (p—1)'"v " wpzw (M, M,)?%. 0
4. PrROOF oF LEMMA 2.1
Write My = 5 C(ﬁ)2 where

iGZ;
Clur,uz,...,u) = #{(z,y) EZ;2: F — yFi =y fori = 1,2,...,r}
=d#{z € Z;: dy e Z; satisfying i — yki =u;fori=1,2,...,r},
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and d = (k1, ka2, ..., ky,p—1) (since for each z with a solution yo there will be d solutions
y satisfying ylFkaskr) — y(()kl"'€2 """ kr)). Note the trivial bound C(#&) < d(p — 1).

If 0 < k1 < k2 and (ul7 UQ) #* (0,0) then any z in the latter set must be a root of the
non-zero polynomial

f= (xh _ ul)kz/(khkz) _ (:Ck2 _ u2)k1/(k1,k2)

which has degree at most ki(k2/(k1,k2) — 1), and so

dkq k2
(kl ) k2)

On the other hand, if k&1 < 0 < k2 and (u1,u2) # (0,0) then z will be a root of the
non-zero polynomial

o) <

— dki.

f= (mkz _ u2)|k1|/(k1,k2)(1 _ ulmlkll)kz/(h’kz) _ plFulkz/ (k1 k2)

of degree at most 2|k1|k2/(k1,k2), and so

d

C(a 22—
(M) <2

|kt | s

Now for (u1,us) = (0,0), we will evaluate the sum Z( C(d). Since gk = yF

(k1,k2) (k1,k2)

uq,ug)=(0,0)

and 2 = y*2 imply = =y , we have

Z (i) = Z 4 {(m7y) €722 glhika) — y(uka) ok ko for | 172}

(u1,u2)=(0,0) (uy,u2)=(0,0)
=# {(lv y) € 22 gk = y(kl,kz)}
= (ki k2, p—1)(p—1)

Finally, since Zﬂtelr C(ad)=(p— 1)27 we have for 0 < k1 < ko,
P

My= Y c@i+ >, ca?

(u1,u2)#(0,0) (u1,u2)=(0,0)
dki k .
g( 2 —dk1> C(d@) +d(p — 1) C(i)
(k1 k2)
(u1,u2)#(0,0) (u1,u2)=(0,0)
dk ko . - . ( dki ko )
= — —d(k1 — (k1,k2,p—1 — 1) = (k1,ka,p— 1 - — dk -1
(ke s — (b kop = 1)) (=1 = (k1 koo =) (2 — ) (o= 1)
kiko 2
_(p—1)%,
(k17k2)(p )
and for k1 < 0 < ko,
My= Y c@’+ c(a)?
(u1,u2)#(0,0) (u1,u2)=(0,0)
d . _ .
S2m|k1|k‘2 > C@) +dp-1) 2 C(d)
(u1,u2)#(0,0) (u1,u2)=(0,0)
—(zLu@ Vs + (ks k —1)>( 1P =2 (ke ke p— D)l ko (p — 1)
= (kth) 1|K2 1,82, P D (kukz) 1,RK2,p 1|R2(p
d 2
< 3———|ki|ka(p — 1)°.
(k17k2)| 1| 2(p )

Since the proof holds when the k;’s are interchanged, we have the desired result. O
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5. PROOF OF LEMMA 2.2

The proof is almost identical to that of Lemma 3.1 in [2]. Simply ignore the (r — m)
remaining equations for all of the proof except for the instance where Wooley’s result [6]
was applied to bound the number of solutions to

ulfj -I-ul;j -I-----I-ufj =a;fory=1,...,¢

for some 1 < ¢t < m with D,(#) # 0. Instead of bounding the number of solutions to the
above system, bound instead the number of solutions to

XPlpxBl X =g for j =1, 0
where d = (k1,k2, ..., km) and X; = u?. By the previously mentioned result of Wooley, we
know that the number of solutions to the second system is no more than (k, /d)(k2/d) -+ (ki /d).
However, for a given value of X; there are at most (d, p—1) values for u; such that uf = X,
After fixing values for all but one of the u;, say u;, the values u’fl, ety ulf’ are all deter-
mined, so that the number of choices for ui is at most (ki,k2,...,kr,p —1). This gives
no more than

(bt Koy ey p = 1)y p = 1) by fd) (ke ) - (ke ) < ErK2r P = 1)

d 1/~2 t

solutions, improving on the previous bound of k1k2 -« k; (given by the direct application
of Wooley’s result on only the first ¢ equations) by the desired factor. O

REFERENCES

[1] F. N. Castro & C. J. Moreno, Mized ezponential sums over finite fields, Proc. Amer. Math.
Soc. 128, no. 9 (2000)7 2529-2537.

[2] T. Cochrane & C. Pinner, An improved Mordell type bound for ezponential sums, Proc. Amer.
Math. Soc. to appear.

[3] L. J. Mordell, On a sum analagous to a Gauss’s sum, Quart. J. Math. 3 (1932), 161-167.

[4] G. 1. Perel'muter, Estimate of a sum along an algebraic curve, Mat. Zametki 5 (1969), 373-
380.

[5] A. Weil, On some exzponential sums, Proc. Nat. Acad. Sci. U.S.A. 34 (1948), 204-207.

[6] T. Wooley, A note on simultaneous congruences, J. Number Theory 58 (1996), no. 2, 288-297.

DEPARTMENT OF MATHEMATICS, KANSAS STATE UNIVERSITY, MANHATTAN, KS 66506
FE-mail address: cochrane@math .ksu.edu

DEPARTMENT OF MATHEMATICS, KANSAS STATE UNIVERSITY, MANHATTAN, KS 66506
FE-mail address: jcoffelt@math.ksu.edu

DEPARTMENT OF MATHEMATICS, KANSAS STATE UNIVERSITY, MANHATTAN, KS 66506
E-mail address: pinner@math.ksu.edu



