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My primary research interests lie in two distinct branches of number theory. I explore
decompositions of Jacobian varieties of curves and related arithmetic geometry problems. I
also study questions about the parity of kth powers of residues in Z/pZ for primes p and
related topics on exponential sum bounds and finite Fourier series. Brief overviews of both of
these areas may be found immediately below and greater detail about each may be found in
subsequent sections.

1 Brief Overview

Arithmetic geometry is a field of mathematics sitting at the cusp of number theory and algebraic
geometry. As in algebraic geometry, we primarily study varieties (solutions to systems of
polynomial equations) but while algebraic geometers tend to ask questions about varieties over
the complex numbers, we are interested in varieties over rings that are in the purview of number
theory: Z, Q, and number fields (finite extensions of Q). Traditionally much of the work focused
on elliptic curves with stunning results (Fermat’s Last Theorem being perhaps the best known
example).

Points on elliptic curves have a natural group structure which is integral to the success in
understanding elliptic curves and using them to solve open problems. One generalization of
elliptic curves is higher genus curves. Unfortunately, higher genus curves do not have a natural
group structure on their points so a variety associated to the curve which does have such a
group structure is defined. This variety is called the Jacobian variety of the curve and we can
ask many of the same questions which have been asked about elliptic curves.

Like other mathematical objects, one fruitful way to study Jacobian varieties is to try to
factor them into smaller abelian varieties and use knowledge about these smaller pieces to study
the Jacobian. The core of my research in this area focuses on understanding decompositions
of Jacobian varieties of higher genus curves. I discuss my past and future work on this area in
Sections 2 and 4.

During my postdoc I have had the opportunity to collaborate with Bourgain, Cochrane,
and Pinner. Our work has focused on several questions about the parity of images of elements
in Z/pZ under certain permutations. We began by working on the following problem. Given an
odd prime p, and integers A and d with gcd(d, p− 1) = 1 and p - A, determine when the map
x 7→ Axd permutes the even residues E := {0, 2, 4, . . . , p− 1} in Z/pZ. If p = 5 and A = d = 3,
for instance, then the map does permute the even residues. There are five other examples of this
for p ≤ 13. It was first conjectured by Goresky and Klapper [12] that for primes greater than
13 the map above does not permute the even residues. In our work, we prove this conjecture is
true for sufficiently large primes.

This conjecture was motivated by an equivalent conjecture concerning binary `-sequences
based on p: sequences a = {ai}i of zeros and ones where ai := (2−i mod p) (mod 2). These
sequences come from the study of pseudo-random binary sequences. The conjecture of Goresky
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and Klapper would imply that these `-sequences give large families of cyclically distinct se-
quences with ideal arithmetic cross-correlation.

The problem above is related to a question D.H. Lehmer posed [14]: given a prime p,
determine the number N−1 of even residues in Z/pZ with odd multiplicative inverse. Intuitively,
one expects about one quarter of all residues in Z/pZ will satisfy this and, in fact, Zhang [24]
proved N−1 ∼ p/4. This question may be restated as asking about the parity of the image of
the map x 7→ x−1. In the work discussed above, we proved that Nd := #{x ∈ E | Axd ∈ O}
is non-zero for sufficiently large p (where O denotes the odd resides {1, 3, 5, . . . , p − 2}). In a
sequel, we consider the more general problem of determining Nd. In this more general setting, it
is not always true that Nd ∼ p/4. These results use methods of finite Fourier series and bounds
for exponential sums. More details may be found in Section 3.

2 Jacobian Variety Decompositions

Decomposable Jacobian varieties have many interesting applications. Decompositions of Ja-
cobians of genus 2 curves have been well studied and curves whose Jacobians decompose into
two elliptic curves have special properties. As one example, Howe, Leprévost, and Poonen [15]
construct genus 2 and 3 curves with large torsion subgroups. Their construction specifically
relies on the curves having split Jacobians.

In the other direction, the elliptic curves that appear in these decompositions are better
understood because of their presence as a factor of a certain Jacobian. As an example, Q-curves
(elliptic curves defined over a number field which are isogenous to their Galois conjugates) of
degree 2 and 3 are precisely the elliptic factors of certain families of genus 2 curves [4]. Little
is known beyond the genus 2 case. The success in genus 2 suggests a better understanding of
Jacobian decompositions in higher genus is warranted.

Much of my past research involved working towards answering the following question.

Question 1. For a fixed genus g, what is the largest positive integer t such that there is some
curve X of that genus whose Jacobian JX is isogenous to the product of t copies of an elliptic
curve E and some other abelian variety A, denoted JX ∼ Et ×A.

The largest t could be is g, the genus of the curve. Ekedahl and Serre [6] find examples of
curves X of many genera up to 1297 with Jacobian JX ∼ E1 × · · · × Eg where Ei are elliptic
curves but which are not necessarily isogenous.

The Mordell-Weil theorem says that the points of an elliptic curve over a number field form
a finitely generated group. The maximal number of Z-linearly independent points is called the
rank of the curve. Rank is still a quite mysterious object. Over the rationals, for instance, it
is conjectured that there are curves of arbitrarily large rank but so far the largest known rank
is of a curve with at least 28 linearly independent points, hence of rank at least 28. There are
several major open conjectures about rank such as the Birch and Swinnerton-Dyer conjecture
and the Parity conjecture. Rubin and Silverberg have a nice survey paper about rank and
related questions [22].

Answers to Question 1 have consequences for questions of ranks of elliptic curves and their
twists. If there is some curve X such that JX ∼ Et × A then there is a map φ : X → Et. If
X has a point P over some field k then φ sends P to P1 × P2 × · · · × Pt where the Pi ∈ E.
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If we are able to show the Pi are Z-linearly independent then E would have rank at least t over k.

To find partial answers to the question posed above, in my thesis I developed a technique to
decompose Jacobian varieties of a curve using a result of Kani and Rosen [16] which connects
idempotent relations in the group ring Q[G] (where G is the automorphism group of the curve)
to isogeny relations among the Jacobian and images of the Jacobian under endomorphisms.
Then I use representation theory to determine if the factors in the decomposition are isogenous
elliptic curves. Some results are summarized in Table 1. The automorphism group of a curve
is given by its number in the table of small groups from the computer algebra package GAP
[9]. The first of these number is the order of the group.

Automorphism Jacobian Automorphism Jacobian
Genus Group Decomposition Genus Group Decomposition

3 S4 × C2 JX ∼ E3 7 (504, 156) JX ∼ E7

4 (72, 40) JX ∼ E4 8 (336, 208) JX ∼ E8

5 (160, 234) JX ∼ E5 9 (192, 955) JX ∼ E3
1 × E6

2

6 (72, 15) JX ∼ E6 10 (360, 118) JX ∼ E10

Table 1: Examples for Bounds on t

What follows is a sketch of the ideas of this technique to decompose Jacobian varieties.
Throughout k will be an algebraically closed field of characteristic 0. The technique works
generally for any field but it relies on knowing the automorphism group of the curve which is
dependent on the field we work over. Also ζk will denote a primitive kth root of unity and Dn

and Cn are the dihedral and cyclic groups of order n, respectively.
Given a curve X of genus g over a field k, the automorphism group G of X is the automor-

phism group of the field extension k(X) over k, where k(X) is the function field of X. This
group will always be finite for g ≥ 2.

Kani and Rosen prove a result tying idempotent relations in End0(JX) := End(JX)⊗Z Q to
isogenies among images of JX under endomorphisms. If ε1 and ε2 are idempotents in End0(JX)
then ε1 ∼ ε2 if χ(ε1) = χ(ε2) for all characters χ in End0(JX).

Theorem 1. (Theorem A, [16]) Let ε1, . . . , εn, ε′1, . . . , ε
′
m ∈ End0(JX) be idempotents. Then

the idempotent relation
ε1 + · · ·+ εn ∼ ε′1 + · · ·+ ε′m

holds in End0(JX) if and only if we have the isogeny relation

ε1(JX)× · · · × εn(JX) ∼ ε′1(JX)× · · · × ε′m(JX).

There is a natural Q-algebra homomorphism e from Q[G] to End0(JX). It is a well known
result of Wedderburn that any group ring of the form Q[G] has a decomposition into the direct
sum of matrix rings over division rings ∆i:

Q[G] =
⊕
i

Mni(∆i). (1)
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Define πi,j to be the idempotent in Q[G] which is the zero matrix for all components except the
ith component where it is the matrix with a 1 in the (j, j) position and zeros elsewhere. The
following equation is an idempotent relation in Q[G]:

1Q[G] =
⊕
i,j

πi,j .

Applying the map e and Theorem 1 to it gives

JX ∼
⊕
i,j

e(πi,j)JX . (2)

The primary goal in my thesis was to study isogenous elliptic curves that appear in the
decomposition above. In order to identify which summands in (2) have dimension 1, we use
work in [7] to compute the dimensions of these factors.

If χi is the irreducible Q-character associated to the ith component from (1), then the
dimensions of the summands in (2) are

dim e(πi,j)JX =
1
2

dimQ πi,jV =
1
2
〈χi, χV 〉 (3)

where χV is the character of a special representation of G called the Hurwitz representation. χV
may be computed from the monodromy of the cover X over Y = X/G and induced characters.

Hence given an automorphism group G of a curve X and monodromy for the cover X over
Y, to compute these dimensions we first determine the degrees of the irreducible Q-characters
of G, which will be the ni values in (1). Next we compute the Hurwitz character for this group
and covering, and finally compute the inner product of the irreducible Q-characters with the
Hurwitz character as in (3).

We are particularly interested in isogenous factors. The following proposition gives us a
condition for the factors to be isogenous.

Proposition 1. [20] With notation as above, e(πi,j1)JX ∼ e(πi,j2)JX for any j1, j2.

Suppose a curve of genus g has automorphism group with group ring decomposition as in
(1) with at least one matrix ring of degree close to g (so one ni value close to g – call it nj). If
the computations of dimensions of abelian variety factors outlined above lead to a dimension
1 variety in the place corresponding to that matrix ring (the jth place), Proposition 1 implies
that the Jacobian variety decomposition consists of nj isogenous elliptic curves.

Maagard, Shaska, Shpectorov, and Völklein [18] compute automorphism groups and mon-
odromy for many curves up to genus 10. We applied the technique above to their data and
were able to find the curves listed in Table 1. The genus 3 case in that table was already in
the literature, although it was found using a different technique [17]. The genus 7 example is a
Hurwitz curve called the MacBeath curve. Work of MacBeath, Jennifer Whitworth (a student
of MacBeath), and Barry and Tretkoff showed, using special properties of this particular curve,
that the Jacobian was isogenous to 7 copies of an elliptic curve [25]. The rest of the results in
the table are new and the first known results of this kind.

Except for the genus 3 curve in Table 1 none of the curves are hyperelliptic (curves which
are defined by an equation of the form y2 = f(x) where f(x) ∈ k[x]). Recall that one of the
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Table 2: Jacobian Variety Decompositions

Auto. Jacobian Auto. Jacobian
Genus Group Dim. Decomposition Genus Group Dim. Decomposition

4 SL2(3) 0 E2
1 × E2

2 8 SL2(3) 1 A2
2,1 ×A2

2,2

5 A4 × C2 1 A2 × E3 W3 0 A2
2 × E4

W2 0 E2
1 × E3

2 9 A4 × C2 1 A3
2 × E3

A5 × C2 0 E5 W2 0 E1 × E2
2 ×A3

2

6 GL2(3) 0 E2
1 × E4

2 A5 × C2 0 E4
1 × E5

2

7 A4 × C2 1 E ×A3
2 10 SL2(3) 1 A2

2 ×A2
3

motivations for the question posed at the beginning of this section was to find elliptic curves
with large rank. If X were a hyperelliptic curve with JX ∼ Et × A then there is an infinite
number of quadratic extensions where X has a point (for any s ∈ Q square-free, if k = Q(

√
f(s))

then the point (s,
√
f(s)) will be on the curve over k) and so there is the potential for an elliptic

curve of rank at least t over an infinite family of quadratic fields. It would be helpful to have
results similar to those in Table 1 for hyperelliptic curves.

More recently (and with a better understanding of some results from representation theory),
I have applied the technique above to several families of hyperelliptic curves. These results
may be found in Table 2, where W2 and W3 are groups of order 48 defined by the relations:
W2 = 〈u, v | u4, v3, vu2v−1u2, (uv)4〉 and W3 = 〈u, v | u4, v3, u2(uv)4, (uv)8〉 (we use notation
for these groups as in [23]). The dimension is the dimension of the family of curves of that
genus with prescribed automorphism group inside the module space of all curves of that genus.

In particular, we find a genus 5 hyperelliptic curve with Jacobian isogenous to E5 which is
the first example of a hyperelliptic curve of genus 5 with such a decomposition.

3 Parity of Residues modulo p

Let p be an odd prime, E := {0, 2, 4, . . . , p− 1} and O := {1, 3, 5, . . . , p− 2} the set of even and
odd residues, respectively in Z/pZ. Goresky and Klapper [12] conjectured the following:

Conjecture (Generalized G-K). Given a prime p > 13 and integers d and A such that
gcd(d, p− 1) = 1 and p - A, the map on Z/pZ sending x to Axd does not fix the even residues
unless it is the identity map (A ≡ 1 mod p, d ≡ 1 mod p− 1).

As was mentioned in the introduction, this conjecture has implications to sequences with
ideal arithmetic cross-correlation. An exhaustive computer search of primes less than 2 million
has proven the conjecture for these cases as well [13]. Bourgain, Cochrane, Pinner, and I prove
this conjecture for sufficiently large primes.

Theorem 2. [3] For any prime p > 2.26 × 1055 and integers d,A with gcd(d, p − 1) = 1 and
p - A, the map x 7→ Axd does not permute the even residues modulo p unless it is the identity
map.
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In a sequel, we improve the theorem above by removing the gcd condition on d.
Given M := #{x1, x2, x3, x4 ∈ Z/pZ | x1 + x2 = x3 + x4, x

d
1 + xd2 = xd3 + xd4}, the main

idea of the proof is to show that if M < .000823p3, then the conjecture above is true. To prove
this we show there is a solution (x, y) to A(2x)d = 2y − 1 over Z/pZ with (x, y) ∈ I1 × I2 with
I1 = {0, 1, 2, . . . , p−1

2 } and I2 = I1 − {0}. We define a function α(x, y) which is the convolution
of characteristic functions of subintervals of the intervals I1 and I2 such that α is supported
on I1 × I2. Special properties of the function’s Fourier coefficients are then used to prove that
when M is bounded

∑
A(2x)d=2y−1

α(x, y) > 0.

One problem is that this bound for M is not true if d1 := gcd(d−1, p−1) < .18(p−1)16/23.
(See Cochrane and Pinner [5] for more details.) To rectify this, we use a different technique
(utilizing multiplicative characters) to prove that if d1 > 10

√
p and p > 2.1 × 107, then the

Generalized G-K Conjecture is true. Combining these two results gives Theorem 2.

Suppose now for any integer k we define Nk = Nk(A) := #{x ∈ E | Axk ∈ O}. The work
above shows that if gcd(k, p − 1) = 1 then Nk 6= 0. For k = −1, Zhang [24] proved that
N−1 ∼ p/4. For general k, this asymptotic result is not necessarily true and depends on several
special values: d := gcd(k, p− 1), d1 := gcd(k − 1, p− 1), as well as s := p−1

d and t := p−1
d1
.

For instance, if t and |A| are both small odd numbers, we show Nk ∼
(
1− 1

At

) p
4 , and

thus there is some bias. There are, however, a number of situations where Nk ∼ p/4. Let

ep(·) := e2πi·/p and let Φ(k) := max
a∈Z/pZ
a6=0

∣∣∣∣∣∑x 6=0

ep(axk)

∣∣∣∣∣ .
Theorem 3. [2] Let k, A be any integers with p - A.

(a) If k is odd, and t is even then∣∣∣Nk −
p

4

∣∣∣� p89/92 log2 p.

(b) If k is odd and t is odd then∣∣∣Nk −
p

4

∣∣∣� d1 +
p

log p
.

(c) If k is even then for c > 1∣∣∣Nk −
p

4

∣∣∣� Φ(k) log
(

cp

Φ(k)

)
.

Thus, when k is odd and d1 = o(p), or when k is even and Φ(k) = o(p), we get Nk ∼ p/4. There
has been much recent interest in bounding exponential sums, and the best estimates for Φ(k)
are from work of Bourgain and Tao using breakthroughs in additive combinatorics.

The proof of Theorem 3 patches together several smaller theorems each contingent on the
values of d1, s, and t. These smaller theorems utilize a variety of results. We use estimates for
monomial and binomial exponential sums (in particular bounds on M as discussed above) and
the Polya, Landau, Schur bound for incomplete character sums. Also, let {C1, . . . , Ct} be the
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set of nonzero (k− 1)-st powers and for any C ∈ Z with p - C, let F (C) :=
∑
x
χE(x)χO(Cx) be

the number of even residues x such that Cx is odd. We prove a bound on
∣∣∣∣Nk − 1

t

t∑
i=1

F (ACi)
∣∣∣∣ .

On average F (C) will be p/4 so we study δC = F (C) − p
4 to determine any discrepancy. This

value δC depends on the distribution of points in the lattice {(x, y) ∈ Z × Z | y ≡ Cx mod p}
and we are able to estimate |δC |.

4 Current and Future Research

Broadly, my future research plans in arithmetic geometry involve understanding how Jacobian
varieties of curves decompose. The technique from my thesis has not been exhausted yet so
there is still work to be done in that direction. But, a complete understanding of Jacobian
decompositions will not come out of that work alone and thus there are several other directions
my research is heading as well.

I. In results obtained in my thesis and subsequent work on hyperelliptic curves, I prove that
Jacobians of certain curves decompose into many isogenous elliptic curves but I do not yet
know what these elliptic curves actually are. I am currently working to find equations for these
curves. Once I have those, I will be able to study the arithmetic of these elliptic curves and
ask various questions about them. Are they Q-curves? What is their torsion? Are families
of elliptic curves with certain properties identifiable in these factors? Can I prove interesting
results about their rank or rank of twists, as in the motivational example in Section 2.

For several special families of automorphism groups of hyperelliptic curves I was able to
prove decomposition results for any genus which has a curve of that automorphism group [19].
In general however, trying to answer the question in the beginning of Section 2 completely for
higher genus will require alternative techniques. The moduli space of curves of a fixed genus
may be a good place to start. In genus 2 studying how the families with fixed automorphism
groups sit in the moduli space of curves of that genus led to complete classification of Jacobian
decompositions based on automorphism groups [10] as well as results on Q-curves [4]. Similarly,
Pries and Glass answered questions about p-torsion in characteristic p by studying the moduli
space of curves of a given genus [11].

II. Suppose that instead of fixing a genus and asking for many elliptic curves in the decompo-
sition of the Jacobian of some curve of that genus, we fix an elliptic curve E over the field of
complex numbers. Can we determine (or at least bound) the set of r such that Er is isogenous
to some Jacobian? Or, if we are also given a positive integer t, can we find the smallest genus
such that Et is a factor in the decomposition of the Jacobian of some curve of that genus? These
questions lead us to special cases of the Schottky problem, that is we need to decide if certain
principally polarized abelian varieties, obtained as the product of elliptic curves, correspond to
the Jacobian of a curve.

Howe, Leprévost and Poonen [15] produce genus 3 curves with large torsion subgroups by
finding elliptic curves with large torsion subgroups and proving that their product may be
recognized as the Jacobian of a genus 3 curve. This method of starting with elliptic curves with
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a desired property and showing their product is the Jacobian of a curve has been utilized with
some limited success. It is, however, quite hard in general to determine if an abelian variety
is actually a Jacobian. Starting with my results which give products of elliptic curves that are
already known to be factors of Jacobians provides an alternative way to prove some of these
results.

For example, Ford and Shparlinki [8] prove a lower bound for the largest order of elements
in the Jacobian of a curve over the finite field with q = pr elements for all but o(π(x)) prime
powers q < x for a fixed x. In genus 1 and 2 they show their bound is sharp. I am currently
working to find examples in genus 3, and perhaps higher genus, which attain this bound. The
goal is to search for families of genus 3 curves whose Jacobians are known, by my work, to split
into three elliptic curves which themselves attain the bound for elliptic curves.

III. It is not just the elliptic factors of Jacobian varieties which are interesting. Given a covering
of curves X → C then JX ∼ JC × P where P is called a Prym variety. Information about P
may provide us with information about X or might help us decompose JX . For instance, let
X be the genus 3 curve y2 = x(x6 + ax3 + 1) for some a in k (which has automorphism group
D12) and Y be y2 = (x2 − 4)(x3 − 3x + a), the quotient of X by one order two element of
its automorphism group. Our techniques cannot be used to decompose JY (since Y had no
extra automorphisms) but we can use the techniques in two different ways to conclude that the
Jacobian of X is isogenous to both JY × E2 and E1 × E2

2 , which means JY ∼ E1 × E2. This
is a very simple example but this idea may be useful in high genus. I will explore this idea
further with families of higher genus curves which have no extra automorphisms in the hopes
of understanding the decompositions of their Jacobians better.

Also, are the abelian varieties which are non-elliptic factors even Jacobian varieties of some
lower genus curve? In [1] Achter is interested in the following property a curve X might have:
if X → C is a finite cover, then C has genus zero. If JX is simple then X will have this
property. The question is whether the converse of this statement is also true. For genus up to 6
the converse is true since most principally polarized abelian varieties are Jacobians. For higher
genus it is unknown whether the converse is true and is one motivation for studying whether
factors of Jacobians could be abelian varieties which are not Jacobian varieties.
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