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3. Banach spaces of integrable functions I: the LP spaces

In this section we discuss an important construction, which is extremely useful
in virtually all branches of Analysis. In Section 1, we have already introduced the
space £'. The first construction deals with a generalization of this space.

DEFINITIONS. Let (X, A, u) be a measure space, and let K be one of the fields
R or C.
A. For a number p € (1,00), we define the space

LE(X,A,p) ={f: X — K : f measurable, and / |f|P € dp < oo}
p's

Here we use the convention introduced in Section 1, which defines f  hdp = oo,
for those measurable functions h : X — [0, cc], that are not integrable.

Of course, in this definition we can allow also the value p = 1, and in this case
we get the familiar definition of £ (XA, ).

B. For p € [1,0), we define the map Q, : £&(X, A, ) — [0,00) by

Qulf) = /X 1P dp, Y f € Sh(X, A ).

REMARK 3.1. The space £ (X, A, ) was studied earlier (see Section 1). Tt
has the following features:
(i) £L(X,A,p) is a K-vector space.
(ii) The map Q1 : £&(X, A, u) — [0,00) is a seminorm, i.e.
(a) Qi(f+9) <Qi(f) +Qi(9), V.9 € Li(X, A, n);
(b) Ql(af) = |O‘| : Ql(f)v Vfe 'Sng(Xv‘Ahu)v ackK
(ii)) | [x fdu] <Qi(f), V[ e Ly(X, A, n).
Property (b) is clear. Property (a) immediately follows from the inequality |f+g| <
|f] + |g|, which after integration gives

/X|f+9|du§/x[\fl+Igl]du:/X|f\du+/X|g|du.

In what follows, we aim at proving similar features for the spaces £ (X, A, i)
and Qp, 1 < p < 0.
The following will help us prove that £ is a vector space.

Erercise 1°. Let p € (1,00). Then one has the inequality
(s + )P <2071 (sP 4 #P), Vs,t € [0,00).
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HINT: The inequality is trivial, when s = ¢ = 0. If s +¢ > 0, reduce the problem to the case
t 4+ s = 1, and prove, using elementary calculus techniques that

in [tP + (1 —t)P] =21 P,
(in [#7+ (1= 1)7]

PROPOSITION 3.1. Let (X, A, ) be a measure space, let K be one of the fields
R or C, and let p € (1,00). When equipped with pointwise addition and scalar
multiplication, £ (X, A, p) is a K-vector space.

PROOF. It f,g € £ (X, A, 1), then by Exercise 1 we have

/X|f+g|f’dus/X(|f+|g|)”dus2P—1[/X|fpdu+/x|g|wu] < 0,

so f + g indeed belongb to L& (X, A, p).
It fe (X, A, u), and « € K, then the equalities

/ o f P du = / of? - £ dja = | - / PP du

clearly prove that af also belongs to £5 (X, A, u). O

Our next task will be to prove that @, is a seminorm, for all p > 1. In this
direction, the following is a key result. (The above mentioned convention will be
used throughout this entire section.)

THEOREM 3.1 (Holder’s Inequality for integrals). Let (X, A, u) be a measure
space, let f,g : X — [0,00] be measurable functions, and let p,q € (1,00) be such
that % + % = 1. Then one has the inequality*

(1) /ngdué {/X f”du} Up- [/ng du} Uq-

PROOF. If either [, fPdp = oo, or [y g” du = oo, then the inequality (1) is
trivial, because in this case, the right hand side is co. For the remainder of the
proof we will assume that [y f?dy < oo and [y g?dp < oo.

Use Corollary 2.1 to find two sequences (¢n)nZ 1, (¥n)pzy C L& erem (X5 A, 1),
such that

e 0<p1 <pa<...and 0 < <4hy <
o lim, oo on(x) = f(x)P and lim,, o Pp(z) = g(x)?, V2 € X.
By the Lebesgue Dominated Convergence Theorem, we will also get the equalities

(2) / fPdp = lim / @n dp and / g?dp = lim / U dp.
Remark that the functions f, = 1/ P gnwl/ % n > 1 are also elementary (because

they obviously have finite range). It is obvious that we have

e 0<fi<fo<...,and0<g1 <g2<...;

o lim, .o fn(z) = f(x), and lim,, o0 gn(2)] = g(z), V2 € X.
With these notations, the equalities (2) read
(3) / fPdp= lim [ (fn)?dup and / g9dp = lim [ (g,)%dp.

X
Of course, the products f,g,, n > 1 are again elementary, and satisfy

L Here we use the convention col/P = 00l/4 = oo.



CAHPTER IV: INTEGRATION THEORY 327

e 0< fig1 < faga < ..
o lim, ,oo[fn(z)gn(z)] = f(z)g9(x), V2 € X.

Using the General Lebesgue Monotone Convergence Theorem, we then get

/waﬂm/n%m
X n—o Jx

Using (3) we now see that, in order to prove (1), it suffices to prove the inequalities

/angndu < [/X(fn)pdu} " [/X(gn)qdu] Y a1

In other words, it suffices to prove (1), under the extra assumption that both f and
g are elementary integrable.

Suppose f and g are elementary integrable. Then (see III.1) there exist pair-
wise disjoint sets (D)7, C A, with u(D;) < oo, Vj = 1,...,m, and numbers
a1, 81y« s Qmy B € [0,00), such that

f=oauxp + - +amxp
g=pbixp, + -+ Bmxp,
Notice that we have
fo=ai1bixp + -+ ambmp,,,
so the left hand side of (1) is the given by

/ fgdp =" a;B;n(D;).
X =

Define the numbers z; = a;u(D;)Y/P, y; = Bju(D;)9, j =1,...,m. Using these
numbers, combined with % + % =1, we clearly have

@ [ s9dn=3 ().

At this point we are going to use the Holder inequality for finite sequences (Lemma
I1.2.3), which gives

m m 1/p m 1/q
D (@) < [Z(ﬂ?j)p} : [Z(yj)q] :
J=1 Jj=1 j=1
so the equality (4) continues with
rm 1/p m 1/q
[ tatn< [ @] [ Swr| -
L3

r m

= Z(%)”M(Dj)] ) {Z(ﬁj)"u(Dj)] e

Lj=1

| fora] " [fea] " :
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COROLLARY 3.1. Let (X, A,u) be a measure space, let K be one of the fields
R or C, and let p,q € (1,00) be such that % + é = 1. For any two functions

e Lh(X, A, u) and g € LL(X, A, ), the product fg belongs to £k (X, A, ) and
one has the inequality

[ raau] < @ Qo
Proor. By Hoélder’s inequality, applied to |f| and |g|, we get

/X Faldu < Qu(f) - Qulg) < oo,

so |fg| belongs to £ (X, A, ), i.e. fg belongs to £k (X, A, n). The desired inequal-
ity then follows from the inequality | [y fgdu| < [y |fgl du. O

NOTATION. Suppose (X, A, i) is a measure space, K is one of the fields R or C,
and p, g € (1,00) are such that %+% = 1. For any pair of functions f € £& (X, A, u),

g € £L(X, A, 1), we shall denote the number [, fgdu € K simply by (f,g). With
this notation, Corollary 3.1 reads:

[(f,9)] < Qu(f)-Qq(9),V f € LE(X, A, p), g € LL(X, A, ).

The following result gives an alternative description of the maps Q,, p € (1,00).

PROPOSITION 3.2. Let (X, A, u) be a measure space, let K be one of the fields
R or C, let p,q € (1,00) be such that ]% +% =1. and let f € £ (X, A, u). Then
one has the equality

PROOF. Let us denote the right hand side of (5) simply by P(f). By Corollary
3.1, we clearly have the inequality

P(f) < Qu(f).

To prove the other inequality, let us first observe that in the case when Q,(f) =0,
there is nothing to prove, because the above inequality already forces P(f) = 0.
Assume then Q,(f) > 0, and define the function h : x — K by

[f () ”

0 if f(z)=0

if f(x) #0

It is obvious that h is measurable. Moreover, one has the equality |h| = |f[P~!,
which using the equality gp = p + ¢ gives |h|? = |f|%?~% = |f|P. This proves that
h e £k (X, A, pn), as well as the equality

Qq(h) = [/X |h|qdu} T [/X |fpdu} e Qu(f)P/1.

If we define the number o = Qp(f)*p/q, then the function g = ah has Qq(g9) =1,

so we get
P(f)Z‘/ngdu‘: /thdu‘-

bt
Qp(f)r/a
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Notice that fh = |f|P, so the above inequality can be continued with

o p g _ Q)
P(f) > Qp(f),,/q/Xﬂ =GR E = Q). O

COROLLARY 3.2. Let (X, A, ) be a measure space, let K be one of the fields
R or C, and let p € (1,00). Then the Q, is a seminorm on £ (X, A, p), i.e.

(a) Qp(fi + f2) < Qp(f1) + Qp(f2), ¥V f1, f2 € Eg(X, A, )
(b) Qplaf) =lal-Qp(f), Vf € Lg(X, A p), a € K.

PRrOOF. (a). Take ¢ = £y, so that % + % = 1. Start with some arbitrary

g € LL(X, A, pn), with Q,(g) < 1. Then the functions f1g and fog belong to
£+(X, A, ), and so f1g + fag also belongs to £L (X, A, ). We then get

[(f1+ f2, 9)| = ‘/X(fngrfzg)du‘ = ’/Xflgdwr/xfzgdu

[ figa /fzgdu’=|<f1,g>!+|<fz,g>|~
X X
Using Proposition 3.2, the above inequality gives

[(f1+ f2, 9)] < Qp(f1) + Qp(f2).

Since the above inequality holds for all g € £ (X, A, i), with Q4(g) < 1, again by
Proposition 3.2, we get

<

< +

Qp(fl + f2) < Qp(fl) + Qp(f2)-
Property (b) is obvious. O

REMARKS 3.2. Let (X, A, 1) be a measure space, and K be one of the fields R
or C, and let p € [1,0).
A If f e &8(X, A, pu) and if g : X — K is a measurable function, with g = f,
p-a.e., then g € £f (z, A, u), and Q,(9) = Qp(f).
B. If we define the space
Ne (X, A, pn) = {f : X — K : f measurable, f =0, ,u-a.e.},
then Mg (X, A, i) is a linear subspace of £ (X, A, i). In fact one has the equality

N (X, A, p) = {f € Sﬁ(X»‘AvM) : Qp(f) = 0}'

The inclusion “C” is trivial. Conversely, f € £k (X, A, u) has Q,(f) = 0, then the
measurable function g : X — [0,00) defined by g = |f|P will have fX gdp = 0. By
Exercise 2.3 this forces g = 0, p-a.e., which clearly gives f = 0, p-a.e.

DEFINITION. Let (X, A, 1) be a measure space, let K be one of the fields R or
C, and let p € [1,00). We define

LV(X, A, p) = 8(X, A, 1)/ Nk (X, A, ).

In other words, LE (X, A, i) is the collection of equivalence classes associated with
the relation “=, p-a.e.” For a function f € £5(X,A,u) we denote by [f] its
equivalence class in L (X, A, ). So the equality [f] = [g] is equivalent to f = g,
p-a.e. By the above Remark, there exists a (unique) map ||. |, : LE(X, A, pn) —
[0,00), such that
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By the above Remark, it follows that || .||, is a norm on LE (X, A, u). When K = C
the subscript C will be ommitted.

CONVENTIONS. Let (X, A, u), K, and p be as above We are going to abuse a
bit the notation, by writing
feLg(X, A, ),
if f belongs to £& (X, A, 1). (We will always have in mind the fact that this notation
signifies that f is almost uniquely determined.) Likewise, we are going to replace

Qp(f) with [|fl,-

Given p,q € (1,00), with %—i—% = 1, we use the same notation for the (correctly
defined) map
(o0)  LE(X, A, 1) x LE(X, A, 1) — K.
REMARK 3.3. Let (X, A, ) be a measure space, let K be either R or C, and
let p,q € (1,00) be such that %—&—% = 1. Given f € L (X, A, pt), we define the map

Ap: Lg(X, A 1) > g— (f,9) €K

According to Proposition 3.2, the map Ay is linear, continuous, and has norm
|Afll = || f]lp- If we denote by L (X, A, 1)* the Banach space of all linear continu-
ous maps L (X, A, 1) — K, then we have a correspondence
(6) LE(X, A, p) 2 f— Ay € LL(X, A, p)*
which is linear and isometric. This correspondence will be analyzed later in Section
5.

NOTATION. Given a sequence (f,)5, and a function f, in L{ (X, A, ), we
are going to write

f=LP- lim f,,
n—oo

if (fn)5%; converges to f in the norm topology, i.e. lim, . ||fn — fllp = 0.

The following technical result is very useful in the study of L? spaces.

THEOREM 3.2 (LP Dominated Convergence Theorem). Let (X, A, u) be a mea-
sure space, let K be one of the fields R or C, let p € [1,00) and let ()52, be a
sequence in L (X, A, pn). Assume f: X — K is a measurable function, such that

(i) f=prae-limy oo fn;
(ii) there exists some function g € L (X, A, ), such that

|fnl <lgl, p-a.e., ¥Yn>1.
Then f € Ly (X,A,u), and one has the equality
f=LP- lim f,.
PRrOOF. Consider the functions ¢, = |f,|?, n > 1, and ¢ = |f|P, and ¢ = |g|P.

Notice that

o © = pra.e.-lim, .o ©n;

o lonl <, prae., Y > 1

o e Ll (X, A p).
We can apply the Lebsgue Dominated Convergence Theorem, so we get the fact that
¢ € LL(X, A, p), which gives the fact that f € LE (X, A, u). Now if we consider
the functions n, = |f, — f|P, and n = 2P~ (|g|" + | f|?), then we have (use Exercise
1):

o 0= pra.e-limy,_ o0 Nn;
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o || <m, prae, Vo > 1
e ne (X, A, p).
Again using the Lebesgue Dominated Convergence Theorem, we get

lim M dpe = 0,
X

which means that
lim |f, — f|” du,
which reads lim, o (|| fn — fllp)” =0, so we clearly have f = LP-lim, oo fn. O

Our main goal is to prove that the LP spaces are Banach spaces. The key result
which gives this, but also has some other interesting consequences, is the following.

THEOREM 3.3. Let (X, A, p) be a measure space, let K be one of the fields R
or C, let p € [1,00) and let (f)52, be a sequence in LY (X, A, ), such that

o0
Dl fklly < oo
k=1

Consider the sequence (g,)22; C L (X, A, pn) of partial sums:

n
gn:ka; n 2> 1.

k=1
Then there exists a function g € L (X, A, p), such that
(Cl) g = p-a.ce.- hmn—)oo 9n;
(b) g=LP-lim,— o0 gn-

PROOF. Denote the sum Y 7o, || full, simply by S. For each integer n > 1,
define the function h, : X — [0, c0], by

hn(x) =Y | fal@)], Vo € X.
k=1

It is clear that h,, € L (X, A, 1), and we also have

n

(7) hnlly <3 Ially < S0 Yo >1.

k=1
Notice also that 0 < hy < hg < .... Define then the function h : X — [0, 00| by
h(z) = lim h,(z), Vo € X.

Claim: h € LL(X, A, p).

To prove this fact, we define the functions ¢ = h? and ¢, = (h,)?, n > 1. Notice
that, we have

0<p1<pa<...

Pn € Lp(X, A, p), V0 > 1

lim, o0 on(z) = p(z), Vo € X;

sup{ [y endp : n > 1} < MP.
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Using the Lebesgue Monotone Convergence Theorem, it then follows that h? = ¢ €
L (X, A, u), so h indeed belongs to LE (X, A, u).(7) gives

Let us consider now the set N = {z € X : h(z) = co}. On the one hand, since
we also have

N={zxeX : p(x) < oo},
and ¢ is integrable, it follows that N € A, and p(N) = 0. On the other hand, since

Z|fn )| = h(z) < oo, Vo € X N,

it follows that, for each z € X \ N, the series > =, fi(z) is convergent. Let us
define then g : X — K by

It is obvious that g is measurable, and we have
g = pra.e.- lim g,.
n—oo
Since we have

_Z\fk | =hy, <h, ¥Yn>1,

using the Claim, and Theorem 3.2, it follows that ¢ indeed belongs to L (X, A, p1)
and we also have the equality ¢ = LP-lim,, .o gn- ([l

lgn| =

COROLLARY 3.3. Let (X, A, u) be a measure space, and let K be one of the
fields R or C. Then LY (X, A, p) is a Banach space, for each p € [1,00).

PROOF. This is immediate from the above result, combined with the complete-
ness criterion given by Remark II1.3.1. ]

Another interesting consequence of Theorem 3.3 is the following.

COROLLARY 3.4. Let (X, A, ) be a measure space, let K be one of the fields
R or C, let p € [1,00), and let f € LE(X,A,pn). Any sequence (fn)s>, Ce
LV(X, A, p), with f = LP-lim, .o fn, has a subsequence (fn, )7, such that f =
p-a.e-limy oo fr, -

PrOOF. Without any loss of generality, we can assume that f = 0, so that we
have

n—oo
Choose then integers 1 < n; < ng < ..., such that
1
Hf"k”p < ok Vk>1.

If we define the functions

m
9m = anka
k=1

then by Theorem 3.3, it follows that there exists some g € L{ (X, A, p), such that
g = pra.e- lim gp,.
m—0oQ
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This measn that there exists some N € A, with u(N) = 0, such that
lim g,(z) =g(z), Vz € X < N.

In other words, for each x € X \ N, the series Y po | fn,. () is convergent (to some
number g(x) € K). In particular, it follows that

klim fe() =0, Vo € X \ N,
so we indeed have 0 = p-a.e.-limg_.o0 fr, - [l

The following result collects some properties of LP spaces in the case when the
undelrying measure space is finite.
PROPOSITION 3.3. Suppose (X, A, p) is a finite measure space, and K is one
of the fields R or C.
(i) If f: X — K is a bounded measurable function, then f € LE (X, A, pn),
Vp € [1,00).
(i) For any p,q € [1,00), with p < g, one has the inclusion £ (X, A, ) C
L8 (X, A, ). So taking quotients by Nk (X, A, 1), one gets an inclusion of
vector spaces

®) LE(X A ) — L(X, A, ).
Moreover the above inclusion is a continuous linear map.

PROOF. The key property that we are going to use here is the fact that the
constant function 1 = s y is p-integrable (being elementary u-integrable).

(i). This part is pretty clear, because if we start with a bounded measurable
function f : X — K and we take M = sup,cx |f(x)], then the inequality |f|P <
MP -1, combined with the integrability of 1, will force the inetgrability of |f|?, i.e.
f e Lg(X, A, p).

(ii). Fix 1 < p < ¢ < o0, as well as a function f € £ (X, A, ). Consider the
number 7 = % > 1, and s = -5, so that we have %—F% = 1. Since f € £L(X, A, p),
the function g = |f|? belongs to £} (X, A, u). If we define then the function h = | f|?,
then we obviously have g = A", so we get the fact that h belongs to £ (X, A, u).
Using part (i), we get the fact that 1 € £5 (X, A, ), so by Corollary 3.1, it follows
that h = 1- h belongs to £ (X, A, i), and moreover, one has the inequality

1/r

Jsvau= [ ndp <. pa, - [/deu]l/s[/xmu} -

1/r
— (X)) [ /. f|qd4 = 1OV (£l

On the one hand, this inequality proves that f € £8 (X, A, 1). On the other hand,
this also gives the inequality

(1£15)" < w1 F1la) ™" = w5 - (1£1)"
which yields

1_

1£llp < 1(X)7 77 - [|f]lg-

This proves that the linear map (8) is continuous (and has norm no greater than
1 1

u(X)F ), O
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Ezercise 2. Give an example of a sequence of continuous functions f, : [0,1] —
[0,00), n > 1, such that LP-lim, .o f, = 0, Vp € [1,00), but for which it
is not true that 0 = p-a.e.-lim, o f,. (Here we work on the measure space
([07 1]a m)\([()? 1])’ )‘))

Erercise 3. Let © C R™ be an open set. Prove that CX(Q2) is dense in
LE(Q, 95 (), \), for every p € [1,00). (Here A denotes the n-dimensional Lebesgue
measure, and 9, (Q) denotes the collection of all Lebesgue measurable subsets of

NotaTIONS. Let (X, A, 1) be a measure space, let K be one of the fields R or
C. We define the space

m]K,elem(Xv 'Aa ‘U,) = ’Q]%(@lem (X7 Aa :u) N m]K(Xv 'A7 M)?
and we define the quotient space
L]%ﬁ,elem (X7 ‘A’ u) = Siﬁ,elem (Xv‘A’ M) / mK,elem(X; *Av M)
In other words, if one considers the quotient map
I - ’Q]%((Xa'Av .u) - L]%((Xa'Av .u)a

then L3 (X, A, p) =11, (Ekelem(X,fl,,u)). Notice that we have the obvious

K,elem
inclusion

Lk ctem (X, A, 1) C LE(X, A, ), Vp € [1,00),
so we we consider the quotient map
I, : S5(X, A, 1) — LE(X, A, p),
we can also define the subspace

L%,elem(X“A?p“) = Hp(gi,elem(X“A’M))? Vp € [1700)

P

Remark that, as vector spaces, the spaces Ly ;..

Kerll, = Ng(z,A, 1), Vp € [1,00).
With these notations we have the following fact.

PrROPOSITION 3.4. L%elem(X,A,,u) is dense in LY (X,A,n), for each p €
[1,00).

(X, A, ) are identical, since

PROOF. Fix p € [1,00), and start with some f € LE(X,A,pn). What we
need to prove is the existence of a sequence ()52, C E]}{yelem(X,A, 1), such that
f = LP-lim, . fr. Taking real and imaginary parts (in the case K = C), it
suffieces to consider the case when f is real valued. Since |f| also belongs to L?,
it follows that f* = max{f,0} = %(|f| + f), and f~ = max{—f,0} = 1(|f| — f)
both belong to L?, so in fact we can assume that f is non-negative. Consider the
function g = fP € Si_ (X, A, p). Use the definition of the integral, to find a sequence

(gn)2, C £§7elem(X,A,u), such that

e 0<g,<g, Vn>1;

o lim, .o [y gndp= [y gdpu.
This gives the fact that ¢ = L'-lim,_,o g. Using Corollary 3.4, after replacing
(gn)52, with a subsequence, we can also assume that g = p-a.e.-lim, o gn. If we
put f, = (g2)"/?, Vn > 1, we now have

e 0L f, < f,¥n>1;

o [ = prae-lim, o fr.
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Obviously, the f,,’s are still elementary integrable, and by the LP Dominated Con-
vergence Theorem, we indeed get f = LP-lim,, .o fn. ([

COMMENTS. A. The above result gives us the fact that Ly (X, A, u) is the com-
pletion of L .. (X, A, p). This allows for the following alternative construction
of the £P spaces.

B. For a measurable function f : X — K, by the (proof of the) above result,
it follows that the condition f € LI (X,A,u) is equivalent to the equality f =
p-a.e.-lim, o f,, for some sequence (f,)5; of elementary integrable functions,
which is Cauchy in the LP norm, i.e.

(c) for every e > 0, there exists N, such that
Hfm - fn”p <& Vm,n > N..
One key feature, which will be heavily exploited in the next section, deals with
the Banach space p = 2, for which we have the following.

PROPOSITION 3.5. Let (X, A, 1) be a measure space, and let K be one of the
fields R or C.

(i) The map (.].): LE(X, A, p) x LE(X, A, pn) — K, given by
(f|9)=<f,g>=/ fgdp, ¥ f,9€ LE(X, A, ),
X

defines an inner product on L% (X, A, ).
(ii) One has the equality

£l =V (f1f), Vfe€LR(X, A p).

Consequently , L% (X, A, i) is a Hilbert space.

PROOF. The properties of the inner product are immediate, from the properties
of integration. The second property is also clear. [l

REMARK 3.4. The main biproduct of the above feature is the fact that the
correspondence (6) is an isometric isomorphism, in the case p = ¢ = 2. This
follows from Riesz Theorem (only the surjectivity is the issue here; the rest has
been discussed in Remark 3.3). If ¢ : LZ(X, A, u) — K is a linear continuous map,
then there exists some h € LZ(X, A, i), such that

¢(9) = (hlg), Vg€ Lg(X, A, p).
If we put f = h, then the above equality gives

¢(9) = (f.9), Vg€ Lg(X, A, p).
ie. gb = Af.

CoOMMENTS. Eventually (see Section 5) we shall prove that the correspondence
(6) is surjective also in the general case.

The correspondence (6) also has a version for ¢ = 1. This would require the
definition of an LP space for the case p = co. We shall postpone this until we reach
Section 5. The next exercise hints towards such a construction.

Ezercise 4. Let (X, A, 1) be a measure space, let K be one of the fields R or C,
and let f : X — K be a bounded measurable function. Define M = sup,cx |f(2)].
Prove the following.
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(i) Whenever g € L (X, A, u), it follows that the function fg also belongs to
L& (X, A, 1), and one has the inequality
1fglln <M -]l
(ii) The map

As (XA 39— [ foducK
X

is linear and continuous. Moreover, one has the inequality [|Af|| < M.

REMARK 3.5. If we apply the above Exercise to the constant function f =1,
we get the (already known) fact that the integration map

) AlzLﬂi(X,A,u)agH/gdueK
X

is linear and continuous, and has norm ||A;]| < 1. The follwing exercise gives the
exact value of the norm.

Ezercise 5. With the notations above, prove that the following are equivalent:

(i) the measure space (X, A, n) is non-degenerate, i.e. there exists A € A
with 0 < p(A) < oo;

(i) LL(X, A4, 1) # {0);

(i) the integration map (9) has norm [|A4] = 1.



