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LECTURES 32-33

1. Construction of the integral

In this section we construct the abstract integral. As a matter of terminology,
we define a measure space as being a triple (X, A, u), where X is some (non-empty)
set, A is a o-algebra on X, and p is a measure on A. The measure space (X, A, u)
is said to be finite, if If u(X) < oo.

DEFINITION. Let (X, A, 1) be a measure space, and let K be one of the fields
R or R. A K-valued elementary p-integrable function on (X, A, u) is an function
f: X — K, with the following properties

e the range f(X) of f is a finite set;
e f71({a}) € A, and pu(f*({a})) < oo, for all a € f(X) ~ {0}
We denote by £H1<7elem(X , A, i) the collection of all such functions.

REMARKS 1.1. Let (X, A, u) be a measure space.

A. Every K-valued elementary p-integrable function f on (X, A),u) is mea-
surable, as a map f : (X,A) — (K, Bor(K). In fact, any such f can be written
as

fZal%Al +...+an%An7
with a € K, Ay € A and u(Ax) < oo, Vk = 1,...,n. Using the notations from
II1.1, we have the inclusion
Sl%(,elem (Xv Aa /u’) C ‘A_ElemK(X)
B. If we consider the collection R = {4 € A : u(A) < oo}, then R is a ring,
and, we have the equality
Lk clem (X, A, 1) = R-Elemg (X).
In particular, it follows that Skelem(X ,A, 1) is a K-vector space.
The following result is the first step in the construction of the integral.

THEOREM 1.1. Let (X, A, 1) be a measure space, and let K be one of the fields
R or C. Then there exists a unique K-linear map I, : 2H1<76lem(X,.A,ﬁL) — K,
such that

(1) L (34) = n(A),
for all A € A, with u(A) < oo.

ProOF. For every f € il]kemn(XN‘l,,u)7 we define

L) = Y a-u(f'{a}),

acf(X)~{0}
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with the convention that, when f(X) = {0} (which is the same as f = 0), we define
I (f) = 0. Tt is obvious that I')  satsifies the equality (1) for all A € A with

H(A) < 0.
One key feature we are going to use is the following.

Claim 1: Whenever we have a finite pairwise disjoint sequence (Ag)i_, C A,
with p(Ag) < oo, Vk=1,...,n, one has the equality

I (i g -t ansy ) =opu(Ar) + -+ app(Ay), You,...,a, €K
It is obvious that we can assume «; # 0,Vj = 1,...,n. To prove the above equality,

we consider the elementary p-integrable function f = a1y, +- - +aycy , and we
observe that f(X)~{0} = {a1}U---U{a,}. It may be the case that some of the «’s

a equal. We list f(X) {0} = {f1,..., 0}, with 8; # Ok, for all j,k € {1,...,p}
with j # k. For each k € {1,...,p}, we define the set

Je={je{l,....n} : o = B}

It is obvious that the sets (Ji)7_, are pairwise disjoint, and we have J;U---U.J, =
{1,...,n}. Moreover, for each k € {1,...,p}, one has the equality

“eh = U 4

JE€Jk
so we get
Bon(f HBY) = B D ml(A)) = Y au(4;), Yk e{l,...,p}
J€Jk JjEJg

By the definition of I we then get

elem

elem Zﬂkﬂ {ﬂk} = Z {

k=1

> asula)] = 3 asula)

J€JK

Claim 2: For every f € £g 1o (X, A, 1), and every A € A with p(A) < oo,
one has the equality

(2) Lo (f +aseg) = 1., (f) + ap(A), Vo eK.
Write f = iy, + -+ ansey , with (A;)7_; C A pairwise disjoint, and u(4;) <
oo, Vj =1,...,n. In order to prove (2), we are going to write the function f +

a4 in a similar way, and we are going to apply Claim 1. Consider the sets
By,By,...,Bay, Bopt1 €A defined by Bopt1 = AN (Al y---u An), and Bop_1 =
Ay NA, By, = A N A, Vk =1,...,n. It is obvious that the sets (Bp)ifl'l are
pairwise disjoint. Moreover, one has the equalities

(3) Bop_1 U By, = Ay, VkG{l,...,n},
as well as the equality

n+1
(4) A= U BQk—L

k=1

Using these equalities, now we have f + ax, = ZQ"H Bpxp,, where Bapi1 = a,
and for, = oy and fop—1 = o +a, Yk € {1,...,n}. Usmg these equalities,
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combined with Claim 1, and (3) and (4), we now get

2n+1
IM

elem( +a%A Z ﬁp:u’

ap(Bant1) + Z [(ek + @) p(Bak—1) + arp(Bay)] =
k=1

[a%M(sz 1} [Zak (Bats) + p(Boy)] | =

n+1

= apu( | Bar-1) +Zaku Bog—1U Bay) =
k=1 k=1

= OZ,UJ(A) + Zakﬂ(Ak) = OA,U,(A) Iglem(f)

k=1

and the Claim is proven.
We now prove that I

elem

elem(f +g) Iglem(f) Iglem(g)7 vf>g € gi,elem(XﬂA7M)

follows from Claim 2, using an obvious inductive argument. The equality

elem(af) - aISlem(f)7 Vae K’ f € ’S]%(,elem(XPA’M)'

is also pretty obvious, from the definition.
The uniqueness is also clear. ([l

is linear. The equality

DEFINITION. With the notations above, the linear map
I“ E]%(,elem(Xv-Aa U) —-K

elem *
is called the elementary p-integral.

In what follows we are going to encounter also situations when certain relations
among measurable functions hold “almost everywhere.” We are going to use the
following.

CONVENTION. Let T be one of the spaces [—00, 0] or C, and let R be some
relation on T (in our case R will be either “=," or “>” or “<,” on [—00,o0]). Given
a measurable space (X, A, p), and two measurable functlons fi,fo: X =T,

JiR f2, p-a.e.

if the set

A={zeX : fi(x)r fo(z)}
belongs to A, and it has p-null complement in X, i.e. u(X ~A) =0. (If R is one of
the relations listed above, the set A automatically belongs to A.) The abreviation
“p-a.e.” stands for “u-almost everywhere.”

REMARK 1.2. Let (X, A, ) be a measure space, let f € A-Elemg(X) be such
that

f=0, pae.
Then f € £k yom (X, A, 1), and I, (f) = 0. Indeed, if we define the set

N={zeX: f(z)#0},



294 LECTURES 32-33

then N € A and pu(N) = 0. Since f~1({a}) C N, Va € f(X)\ {0}, it follows that
w(f~({a})) =0, Va € f(X) ~ {0}, and then by the definition of the elementary
p-integral, we get It (f) =0.
One useful property of elementary integrable functions is the following.
PROPOSITION 1.1. Let (X, A, 1) be a measure space, let f, g € Sﬂl&elem(X,fl, ),
and let h € A-Elemg(X) be such that

f<h<g, pae
Then h € £ (X, A, i), and
ProOF. Consider the sets
A={ze X : f(x) > h(z)} and B={z € X : h(z) > g(x)},
which both belong to A, and have u(A) = p(B) = 0. The set M = AU B
also belongs to A and has pu(M) = 0. Define the functions fo = f(1 — s,,),
go = g(1 — 3¢5,), and hg = h(1 — 5,,). It is clear that fy, go, and ho are all
in A-Elemg(X). Moreover, we have the equalities fo = f, p-a.e., go = g, p-a.e.,
and hg = h, p-a.e., so by Remark 7?7, combined with Theorem 1.1, the functions

Jfo=f+(fo—f)and go = (9o — g) + g both belong to £}(X,A, 1), and we have
the equalities

(6) Liem (fo) = Lo () and I, (90) = 18jen(9)-
Notice now that we have the (absolute) inequality
fo < ho < go.

Let us show that hg is elementary integrable. Start with some a € ho(X) ~ {0}. If
a > 0, then, using the inequality hg < gg, we get

ho'({ad) Cgo ' ((0,00) ¢ 90 '({AD),

A€go(X)~{0}

which proves that u(hal({a})) < o0. Likewise, if o < 0, then, using the inequality
ho > fo, we get

ho'(fad) € fo ' ((=o00))  |J  fo (),

A€ fo(X)~{0}

which proves again that p(hy'({a})) < co.

Having shown that hg is elementary integrable, we now compare the numbers
15 (), 14, (ho), and I*(g). Define the functions f1 = ho— fo, and g1 = go — ho-
By Theorem 1.1, we know that fi,g91 € £H1§7elem(X,A,,u). Since f1,91 > 0, we
have f1(X),¢1(X) C [0,00), so it follows immediately that I}, (fi) > 0 and
I¥ (g1) > 0. Now, again using Theorem 1.1, and (6), we get

elem

I(Zem(ho) = Iglem(fo + fl) = Iﬁlem(fo) + Iglem(fl) > IZem(fO) = Iﬁlem(f);
I(Zem(ho) = Iglem(go - gl) = Iglem(go) - IZem(gl) < IZem(go) = IZem(g)'
Since h = hg, p-a.e., by the above Remark it follows that h € Sﬁg’elem(X,A, w), and
v (k) =1

elem elem

(ho), so the desired inequality (5) follows immediately. O

We now define another type of integral.
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DEFINITION. Let (X, A, ) be a measure space. A measurable function f :
X — [0,00] is said to be p-integrable, if
(a) every h € A-Elemg(X), with 0 < h < f, is elementary p-integrable;
(b) sup {I%,.(h) : h € A-Elemg(X), 0 <h < f} < oc.
If this is the case, the above supremum is denoted by I’/(f). The space of all such
functions is denoted by £1 (X, A, ). The map

IY 2L (X, A, p) — [0,00)
is called the positive p-integral.
The first (legitimate) question is whether there is an overlap between the two
definitions. This is anwered by the following.
PROPOSITION 1.2. Let (X, A, ) be a measure space, and let f € A-Elempg(X)
be a function with f > 0. The following are equivalent
(i) feLL(X A, p);
(ii) f € £D1¥,elem(X7‘Av:u)'
Moreover, if f is as above, then It (f) = I(f).

PROOF. The implication (i) = (i%) is trivial.
To prove the implication (ii) = (i) we start with an arbitrary elementary
h € A-Elemg (X), with 0 < h < f. Using Proposition 1.1, we clearly get
(CL) h e 'QI%K elem(X 'A7 u’)’
(0) Tlyo () < T3, (F)-
Using these two facts, it follows that f € 21 (X, A, 1), as well as the equality

SUP{ rem(R) © h € A-Elemg(X), h < f} _JH

elem )

which gives I (f) = I}, (f)- O

We now examine properties of the positive integral, which are similar to those
of the elementary integral. The following is an analogue of Proposition 1.1.

PROPOSITION 1.3. Let (X, A,p) be a measure space, let f € L1 (X, A, p),
and let g : X — [0,00] be a measurable function, such that g < f, p-a.e., then
g€ L (X, A, p), and I (g) < T (f).

PROOF. Start with some elementary function h € A-Elemg(X), with 0 < h <
g. Consider the sets

M={zeX :h(z)> fx)} and N={x e X : g(z) > f(2)},

which obviously belong to A. Since N C N, and u(N) = 0, we have u(M) = 0. If
we define the elementary function hy = h(l — 5,y), then we have h = hy, p-a.e.,
and 0 < hg < f, so it follows that hy € SR ctem(Xo A 1), and I (ho) < I*(f).
Since h = hg, p-a.e., by Proposition 1.1., it follows that h € ER clom (X5 A, 1),
and I (k) = I, (ho) < I (f). By definition, this gives g € L4 (X, A, ) and
i (g) < TE(S). O

REMARK 1.3. Let (X, A, ) be a measure space, and let f € £ (X, A, p).
Although f is allowed to take the value oo, it turns out that this is inessential.

More precisely one has
p(f1({o0})) =



296 LECTURES 32-33

This is in fact a consequence of the equality

™ Jim (£ ([t.0])) = 0.
Indeed, if we define, for each t € (0,00), the set A, = f~1([t,00]) € A, then we

have 0 < ts,, < f. This forces the functions t4,, t € (0,00) to be elementary
integrable, and
IL(f)

p(Ay) < ;

, Vit € (0,00).

This forces lim;_, o, pu(A¢) = 0.
The next result explains the fact that positive integrability is a “decomposable”
property.
PROPOSITION 1.4. Let (X, A, ) be a measure space. Suppose (Ag)i_, C A
s a pairwise disjoint finite sequence, with Ay U---U A, = X. For a measurable
function f: X — [0,00], the following are equivalent.
(i) f€LL(X, A, p);
(i) frry, € SL(X, A p), YE=1,...,n

Moreover, if [ satisfies these equivalent conditions, one has

= Zli(f%Ak)'
k=1

PrOOF. The implication (i) = (i7) is trivial, since we have 0 < fix, < f, so
we can apply Proposition 1.3.
To prove the implication (i4) = (7), start by assuming that f satisfies condition
(ii). We first observe that every elementary function h € A-Elemg(X), with 0 <
h < f, has the properties:
(a’) h e £]%€,elem(X7A7 ru’)’
(b) Tepem(h) < 32ky T4 (f22a,)-
This is immediate from the fact that we have the equality h = >, hs 4, , and all
function hsc 4, are elementary, and satisfy 0 < hsc 4, < fc,, , and then everything
follows from Theorem 1.1 and the definition of the positive integral which gives
I hacy, ) < T (fry,)

Plem(

Of course, the properties (a) and (b) above prove that f € £ (X, A, p), as well
as the inequality
Z LE(f 4,.)-
k=

To prove that we have in fact equality, we start with some £ > 0, and we choose, for
each k € {1,...,n}, a functlon hi € £8 ciem (X, A, 1), such that 0 < hy, < faey,,
and I')_ (h) Z I{(fs,,) — £. By Theorem 1.1, the function h = hy +--- + hy,
belongs to £]%¥,elem(X7‘A7 u), and has

(8) elem Z Ielem hk Z I f%Ak
We obviously have

:Zh Z A, =
k=1

k=1
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so we get I’}

(h) < I*(f), thus the inequality (8) gives

> (3 I(f=a,)
k=1

Since this inequality holds for all € > 0, we get I*(f) > >, I (fx,, ), and we
are done. 0

REMARK 1.4. Let (X, A, 1) be a measure space, and let S € A. We can
Alg={ANS: AcA}={AecA: AcCS},

so that A|S C A is a g-algebra on S. The restriction of y to A|S will be denoted
by p|s. With these notations, (S,A|S,p|5) is a measure space. It is not hard to
see that for a measurable function f : X — [0, 00], the conditions

o frxg€ Ei(X,.A,M),

o flg € LL(S Alg nlg)

are equivalent. Moreover, in this case one has the equality

I (freg) =15 (f| )

This is a consequence of the fact that these two conditions are equivalent if f is
elementary, combined with the fact that the restriction map h — h| establishes
a bijection between the sets

{h € A-Elemg(X) : 0<h < f%s},
{k € A‘S—ElemR(S) 1 0<k< f’s}

The next result gives an alternative definition of the positive integral, for func-
tions that are dominated by elementary integrable ones.

ProPOSITION 1.5. Let X(,A,un) be a measure space, let f : X — [0,00] be
a measurable function. Assume there exists hg € £ﬂ§7elem(X,A,u), with hg > f.
Then f € £4 (X, A, p), and one has the equality

(9) Ii(f inf {Iu the ’Q’]R elenL(X A N’ h > f}

elem

PROOF. Since hy > 0, by Proposition 1.2, we know that hy € Si_(X,A,u).
The fact that f € £1+(X , A, 1) then follows from Proposition 1.3, combined with
the inequality hy > f. More generally, again by Propositions 1.2 and 1.3, we know
that for any i € £ 1, (X, A, ), with h > f, we have h € £ (X, A, p), as well as
the inequality

IE(f) < TE(h) = Iem (h)-
So, if we denote the right hand side of (9) by J(f), we have I¥(f) < J(f) <
Ielem(ho)

We now prove the other inequality I (f) > J(f). If hy = 0, there is nothing
to prove. Assume hg is not identically zero. Without any loss of generality, we can
assume that hg = G, for some 8 € (0, oo) and B € A with u(B) < co. (If we
define B = hy' ((0,00)) = Uacho(x)~ g0y 2 o ({a}), and if we set 3 = max ho(X),
then we clearly have u(B) < oo, and hy < ﬁ%B )

For every integer n > 1, we define the sets A7,..., A € A by

Z:f71(<@’%])’ Vk = 1,....n
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and we define the elementary functions

n

n
gn:Z(k 1)8 # Ar and h, Z%%AE‘
k=1

The main features of these constructions are collected in the following.

Claim: For every n > 1, the functions g, and h, are elementary integrable,
and satisfy the inequalities 0 < g, < f < hy, < hg, as well as

i) < (o) + 45

To prove this fact, we fix n > 1, and we first remark that the sets (A}})}_, are
pairwise disjoint. Since 0 < f < hg = (g, we have

AU UAL = f71((0,4]) C B.
In particular, if we define A,, = A7 U---U A C B, we have

n n
h, = %%A;g SBZ%AZ:ﬁ%AnSﬁ%B'
k=1 k=1
Let us prove the inequalities g, < f < h,,. Start with some arbitrary point x € X,
and let us show that g, (z) < f(z) < hn(z). If f(x) = 0, there is nothing to prove,
because this forces » 4n(x) = 0, Vk = 1,...,n. Assume now f(z) > 0. Since
f < B3 g, we now that f(x) € (0, 3], so there exists a unique k € {1,...,n}, such
that w < flz) < kﬁ ,i.e. & € A}. We then obviously have

gAx)zW%Ag(m B=D8 < flo) < B2 = 2\ (2) = B (@),

and we are done. Finally, let us observe that since g, < h,, < hg, it follows that g,
and hy, are in £ (X, A, pu), so g, and h,, are elementary integrable. Notice that

n
—gn =0 ) ap = hxa, < Dop,
k=1
ro(B BuB) o usi
so we have It (hy —gn) < IL,, (B3 p) = Z222 so using Theorem 1.1, we get

Iglem(h ) Iglem( ) Iglem(hn - g’ﬂ) < Iﬂ(gn) +

Having proven the Claim, we immediately see that by the definition of the
positive integral, we have

Bu(B)

Bu(B

BB < gy +
Since the inequality J(f) < IZ(f) + @ holds for all n > 1, it will clearly force
J(f) < I{(f). O

Our next goal is to prove an analogue of Theorem 1.1, for the positive integral
(Theorem 1.2 below). We discuss first a weaker version.
LEMMA 1.1. Let (X, A, u) be a measure space.
(i) If f € L (X, A, p) and g € EllR clem (X, A, 1) are such that g+ f > 0, then
g+ f € SL(X A p), and I (g + f) = I4,,,(9) + T} (f).
(ii) If f € £L(X, A, p) and g € SR,elem X, A, u) are such that g— f > 0, then
g_fe'g}i-(XwAay‘)i and]i(g_f _Iglem( )_Ii(f)

T() < T () < T(00) + BB,

— “elem

~— o~ — —
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PROOF. (i). We start with a weaker version.
Claim: If f € £1 (X, A, pn) and g € Sﬂi’elem(X,A,,u), are such that g+ f > 0,
then g+ f € LL(X, A, p), and I (g + f) < I, (9) + I{(f).

What we need to prove is the fact that, for every h € A-Elemg(X), with 0 < h <
g+ f, we have:

(a) he SllR,elem(X7‘Aﬂﬂ);

(0) Ljen(h) < Lep(9) + TE(f)
Consider the elementary function hy = max{h—g,0}. It is obvious that 0 < hy < f,
so by Proposition 1.3, it follows that hy € £ (X, A, p), and I’ (hy) < I)(f). By
Proposition 1.2, this gives h; € £1 (X, A, ), and

R,elem
(10) Lem (h1) = I (hn) < TE(f).
Using the obvious inequality —g < h — g < hq, again by Proposition 1.2, it follows
that b — g € £ 10 (X, A, 1), and
(11) Iglem(h’ - g) < Iétlem<h1)'

Of course, by Theorem 1.1, this gives the fact that h = (h — g) + g is elementary

p-integrable, as well as the equality
Iglem(h‘) = Iglem(h - g) + Iglem(g)

Combining this with (11) and (10) immediately gives

Lo () < T (ha) + 10, (9) < TE(F) + 1L, (9),

elem
and the Claim is proven.

Having proven the above Claim, we now proceed with the proof of (i). If
fegi(X,Ap) and g € Eﬁg,elem(X,.A,,u) are such that g + f > 0, then by the
Claim , we already know that g+ f € £} (X, A, p), and I*(g+f) < 1%, (9)+1%(f).
We apply now again the Claim to the functions f; = g + f and g; = —g, to get

Ifrb(f) = Iﬁ(gl + fl) < Iﬁlem(gl) + [i(fl) = _Ii(g) —+ I+(g + f)7
which gives the other inequality I';  (g) + I{(f) < I!'(g+ f).

(ii). Start with f € €1 (X, A, p) and g € Sﬁ{)elem(X,A,u), with g— f > 0. First
of all, since 0 < g — f < g, by Proposition 1.5, it follows that g — f € £ (X, A, ),
and
(12) (g — f) = inf {1, (k) : k€ £ qjem (X, A 1), k29— [}

Second, remark that, whenever k € £1 (X, A, ) is such that g — f < k, it

R,elem

follows that k+ f > g, so using part (i) combined with Proposition 1.3, we see that
k+ fe£i(X, A, p), and
Liem(9) = I (9) < TY(k + f) = 1o, (K) + TE(S).
This means that we have
ISIem(k) Z Iél‘lem(g) - Ii(f)7
for all k € €1 (X, A, ), with k > g — f, and then by (12), we immediately get

R,elem
(g = f) 2 Lepn(9) = T (F)
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To prove the other inequality, we use the definition of the positive integral, which
gives

(13) g —f)=sup{I,.(h) : h € Ly jorn (X, A ), 0<h < g— f}.

Remark that, whenever h € Sielem(X,.A, ) is such that 0 < h < g — f, it follows
that 0 < h + f < g, so using part (i) combined with Proposition 1.3, we see that
h+ fe£i(X, A, p), and

Liem(9) = T8(g) 2 T (h + f) = I, () + TE(S).

This means that we have

Iglem(h) < ISIem(g) - Ii(f)a
for all h € £1 (X, A, n), with 0 < h < g— f, and then by (13), we immediately

R,elem

get Ii(gff) SIgle'm(g)iji(f) U

We are now in position to prove the following result (compare with Theorem
1.1).
THEOREM 1.2. Let (X, A, ) be a measure space.
(i) If f1,f2 € LL(X, A, pn), then fi + fo € £L(X,A,pn), and one has the
equality I' (f1 + fo) = IY (f1) + I% (f2).
(i) If f € £L(X, A, p), and o € [0,00), then' af € £ (X, A, i), and one has
the equality I (af) = i (f).

PRrROOF. (i). Fix f1, fo € S},_(X,A,,u).
Claim 1: Whenever h € A-Elemg(X) satisfies 0 < h < f; + fa, it follows
that
(a’) he Sﬂlk,elem(XPAvp’)?
(1) Lfjen, (h) < T (f1) + IE(f2)-
Fix an elementary function h € A-Elemg(X), with 0 < h < f; + f2, and let us first
show that h is elementary integrable. Fix some o € h(X)~{0}, and let us prove that
p(h~'({a})) < oo. If we define the sets A; = f; ! ([e/2,00]) € A, j = 1,2, then
the elementary functions h; = %%Aj satisfy 0 < h; < f;, j = 1,2. In particular,
it follows that hj, he € Sﬂulem(X,A,/i), which forces p(A4;) < oo and p(A4sz) < oo.
Notice however that, for every = € h=1({a}), we have fi(z) + fo(z) > h(z) = «,
which forces either fi(z) > § or fa(x) > §. This argument shows tha we have the
inclusion h=!({a}) C Ay U Ay, so it follows that we indeed have (k™1 ({a})) < occ.
Having shown property (a), let us prove property (b). Define the sets

B={zxe€ X : h(zx) > fi(x)} and D = X \ B.

It is obvious that B, D € A are pairwise disjoint, and B U D = X. Define the
elementary functions h' = hspg, and h”/ = h — h' = hscpp. On the one hand, we
have

fixpg < B < fixpg+ farp,
which gives
0<h' — fisxp < foxp.

1 Here we use the convention that when a = 0, we take af = 0.
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By Lemma 1.1.(ii), combined with Proposition 1.4, it follows that ' — fisxp €
LL(X, A, p) and I, (W) — I (fi3cp) = I (W — fixeg) < I (farp), so we get
(14) Lo (W) < I (fisep) + I (f23¢ ).
On the other hand, we have

W' =hsxp < fixp,
which gives

(15) L (W) < T (f15ep) < I (frxp) + I (fasep).
Since h = b’ + h”, with b’/ and h” elementary integrable, using Theorem 1.1 com-
bined with Proposition 1.4, by adding the inequalities (14) and (15) we get
Liem () = Lje (W) + Lo, (h7) <
< I(fizep) + I (faep) + I (fisep) + I (foep) = I (f1) + I (f2),
and the Claim is proven.
Claim 1 obviously implies the fact that f; + fo € E#(X,A,u), as well as the
inequality
I¥(fr+ fo) < IE(f1) + I (fa)-
To prove the other inequality, we use the following.
Claim 2: For every h € A-Elemg(X), with 0 < h < f1, one has the inequal-
ity
I8 (h) < T (f1 + f2) = I (f2).
Indeed, if h is as above, then h is in EL (X, A, i), hence elementary integrable, and
we obviously have 0 < h + fo < f1 + fo. Then by Lemma 1.1.(i), combined with
Proposition 1.3, we get
Iglem(h) + Ii(f2) = Ii(h’+ f2) S Ii(fl + fQ)a
and the Claim follows.
Using Claim 2, and the definition of the positive integral, we get

I (f1) =sup {1, (k) : h € A-Elemg(X), 0 <h < f1} <IV(fi+ f2) — I} (f2),
which then gives

I¥(f1) + I (f2) < IH(fL + fo)-
(ii). This part is obvious. O

DEFINITIONS. Let (X, A, 1) be a measure space. Denote the extended real line
[—00, 00] by R. A measurable function f : X — R is said to be p-integrable, if there
exist functions fi, fo € £1 (X, A, 1), such that

(16) f@) = file) = fa(x), Yo € X N [fi ({oo}) U f3 ({o0})].

By Remark 1.3, we know that the sets fk_l({oo}), k = 1,2, have measure zero. The
equality (16) gives then the fact f = fi; — fa, p-a.e. We define

SD%(X,.A,M) = {f X SR f ,u—integrable}.
We also define the space of “honest” real-valued p-integrable functions, as
Ch(X A, p) ={fe€Li(X, A p) : f—oo< f(z)<oo, Vo€ X}.
Finally, we define the space of complex-valued p-integrable functions as
Le(X, A, ) ={f: X —=C:Ref, Imf e Lp(X, A pn}.
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The next result collects the basic properties of SI%{. Among other things, it
states that it is an “almost” vector space.

THEOREM 1.3. Let (X, A, 1) be a measure space.

(i) For a measurable function f : X — R, the following are equivalent:
((I) f € ’Sﬂ%(XwAa,u):
(b) 1€ 2L(X,Apn). )
(ii) If f,g € Eé(X,A,M), and if h : X — R is a measurable function, such
that
h(l‘) = f(.’L‘) + g(l’), Ve X~ [f_l({_oo? OO}) U g_l({_oov OO})L

then h € LL(X, A, ).
(iii) If f € SD%(X,A, 1), and o € R, and if g : X — R is a measurable function,
such that

g(x) = af(z), Yz € X N f1({—o00,0}),
then g € £ (X, A, ).
(iv) One has the inclusion

Eﬂ%,elem(Xa‘Aaﬂ) U S},'_(X,A,‘LL) C E]}Q(X,‘Anu’)

PrOOF. (i). Consider the functions measurable functions f* : X — [0, oc]
defined as
fT =maz{f,0} and f~ = max{—f,0}.
To prove the impliaction (a) = (b), assume f € EH%(X,A,/;), which means there
exist f1, fo € £} (X, A, p), such that
f@) = fi(x) = folw), Yo e X N [fi ({oo}) U f5 ({oo})]-

Notice that we have the inequalities

(17) Ft<h, e
(18) = < fa, prae.
Indeed, if we put N = f; *({oo}) U f5 1({c0}), then u(N) = 0, and if we start with
some x € X \ N, we either have fi(z) > fo(z) > 0, in which case we get
fH@) = f(2) = fi(z) = f2(2) < fu(2),
(@) =0< fol),
or we have fi(z) < fo(x), in which case we get
@) =0< fil),
f(x) =—f(z) = falz) — fi(z) < fol@).
In other words, we have
fH(x) < fi(z) and f~(2) < fo(z), Vo € X N,

so we indeed get (17) and (18). Using these inequalities, and Proposition 1.3, it
follows that f* € €% (X, A, u), so by Theorem 1.2, it follows that f* + f~ = |f|
also belongs to £ (X, A, p).
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To prove the implication (b) = (a), start by assuming that |f| € £1 (X, A, ).
Then, since we obviously have the inequalities 0 < f* < |f], again by Proposition
1.3, it follows that f* e £ (X, A, p). Since we obviously have

f(l‘) = f+(l‘) - fi(x)a Vee X\ fﬁl({iooa OO})a
it follows that f indeed belongs to f* € LL(X, A, ).
(ii). Assume f, g, and h are as in (ii). By (i), both functions |f| and |g| are in
£ (X, A, ). By Theorem 1.2, it follows that the function k = |f|+ |g| also belongs
to £1 (X, A, ). Notice that we have the equality

F7H({=00,00}) U g™ ({~00,00}) = k7' ({o0}),
so the hypothesis on h reads
h(z) = f(x) + g(x), Vo e X k1 ({oo}),
which then gives
h(z)| = |f(2) + g(2)] < |f(2)] +|g(2)], Vo e X Nk ({oo}).
Of course, since p(k~!({o0})) = 0, this gives
b <k, pae.

and using (i) it follows that h indeed belongs to £3 (X, A, ).

(iii). Assume f, o, and g are as in (iii). Exactly as above, we have |g| = ||| f],
p-a.e., and then by Theorem 1.2 it follows that |g| € £} (X, A, p).

(iv). The inclusion £ (X, A, u) C £1(X, A, p) is trivial. To prove the inclusion
L& crem (X, A, 1) C LE(X, A, 1), we use parts (ii) and (iii) to reduce this to the fact
that s, € £5(X, A, ), for all A € A, with pu(A) < co. But this fact is now obvious,
because any such function belongs to £} (X, A, u) C £5(X, A, ). O

COROLLARY 1.1. Let (X, A, u) be a measure space, and let K be one of the
fields R or C.

(i) For a K-valued measurable function f: X — K, the following are equiva-
lent:
(a) f € Sk(X, A p);
(b) If] € CL(X, A, p).

(ii) When equipped with the pointwise addition and scalar multiplication, the
space L1 (X, A, p) becomes a K-vector space.

PROOF. (i). The case K = R is immediate from Theorem 1.3
In the case when K = C, we use the obvious inequalities

(19) max { [Re f|, [Im f| } <|f| < [Re f|+ [Im f].

If f € £L(X,A,pn), then both Re f and Im f belong to £(X, A, p), so by
Theorem 1.3, both |Re f| and |[Im f| belong to £% (X, A, ). By Theorem 1.2, the
function g = |Re f| + |Im f| belongs to £ (X,A,u), and then using the second
inequality in (19), it follows that |f| belongs to £ (X, A, ).

Conversely, if | f| belongs to £ (X, A, u), then using the first inequality in (19),
it follows that both |Re f| and |[Im f| belong to £} (X, A, u), so by Theorem 1.3,
both Re f and Im f belong to £4(X, A, ), i.e. f belongs to £L(X, A, u).

(ii). This part is pretty clear. If f,g € £L(X,A,p), then by (i) both |f|
and |g| belong to £} (X, A, u), and by Theorem 1.2, the function |f| + |g| will
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also belong to £ (X, A, ). Since |f + g| < |f] + |g], it follows that |f + g| itself
belongs to £ (X, A, ), so using (i) again, it follows that f + g indeed belongs to
LE(X,A,p). If f e £k(X,A,pn) and a € K, then |f| belongs to £ (X, A, u), so
laf| = |a| - |f| again belongs to £ (X,.A,p), which by (i) gives the fact that af
belongs to £L (X, A, p). O

REMARK 1.5. Let (X, A, ) be a measure space. Then one has the equalities

(20) (XA p) = {f € £x(X, A, ) = f(X) C[0,00]};
(21) b ctem (X, A, ) = (X, A, ) N A-Elemg (X).
Indeed, by Theorem 1.3 that we have the inclusion

SL(X, A, ) © {f € SH(X, A, )+ F(X) € [0,00]}.

The inclusion in the other direction follows again from Theorem 1.3, since any
function that belongs to the right hand side of (20) satisfies f = |f|. The inclusion

E%{,elem (X7 'Aa ,U/) - ’SHl((Xv ‘Aa :U/) N ‘A'ElemK(X)

is again contained in Theorem 1.3. To prove the inclusion in the other direction,
it suffices to consider the case K = R. Start with h € £1(X, A, u) N A-Elemg (X),
which gives |h| € £ (X, A, ). The function |h| is obviously in A-Elemg(X), so
we get |h| € £D1Q7elem(X,A,p). Since Sﬁ)elem(X,A, 1) is a vector space, it will also

contain the function —|h|. The fact that h itself belongs to £5 e, (X, A, 1) then
follows from Proposition 1.1, combined with the obvious inequalities

—[h| < h < |h].

The following result deals with the construction of the integral.

THEOREM 1.4. Let (X, A, n) be a measure space. There exists a unique map
Iﬁ—g(X,A,u) — R, with the following properties:

(i) Whenever f,g,h € £1(X, A, p) are such that
h(z) = f(2) + g(z), Yo € X N [f7H({~00,00}) Ug™ ({~00,00})],

it follows that If(h) = IE(f) + I£(g)-
(ii) Whenever f,g € EE(X,A,M) and o € R are such that

g(z) = af(z), Vo € X\ f7({~00,00}),
it follows that It (g) = alg (f).
(i) IE(f) = T4 (f), V f € LL(X, A, ).

PROOF. Let us first show the existence. Start with some f € S]%Q(X,A, i), and
define the functions f* : X — [0,00] by f* = max{f,0} and f~ = max{—f,0} so
that f = f* — f~, and f*, f~ € £1(X, A, ). We then define

IE(f) = TE(T) = ().

It is obvious that I} satisfies condition (iii).
The key fact that we need is contained in the following.
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Claim: Whenever f € Eﬁ(X,A,,u), and fi, f2 € £1(X, A, 1) are such that

_ ~1 -
fl@)=fT@) = (@), Vee X.N [ ({oo}) U f5 ({oe})],
it follows that we have the equality

Ig(f) = I{(fr) = T{(fa)-

Indeed, since we have f = f— f~, it follows immediately that we have the equality
fa(@) + fH (@) = file) + f(2), Yo e Xox [fi ({oo}) Uy ({o0})],

which gives

fot fT=hH+[", pae
By Theorem 1.2, this immediately gives

IE(f2) + IE(fT) = T (f) + TE(F ),
which then gives
IL(f) = I (f2) = TE(FF) = TE(F) = TE ()

Having prove the above Claim, let us show now that I]g has properties (i) and
(ii). Assume f, g and h are as in (i). Notice that if we define h; = f* + g™ and
he = f~ 4 g, then we clearly have 0 < hy <|f|+ |g| and 0 < hy < |f|+ |g], so h1
and hy both belng to £} (X, A, p). By Theorem 1.2, we then have
(22) I (ha) =TH(fT) + I (g") and I (he) = T (f7) + I (g7 ).

Notice also that, because of the equalities
hit({oo}) = f7 ({oc} Ug™ ' ({oo}) and hy ' ({o0}) = f~H ({—o00} U g™ ({—00}),
we have
h=hi(z) — hao(z), Yo € X.\ [hy'({oo}) Uhy ' ({oo})],
so by the above Claim, combined with (22), we get
Ig(h) = I (ha) — I (ha) = T (f7) + I (g ™) — I(f7) = I (g7) = I (f) + Ig(g).
Property (ii) is pretty obvious.

The uniqueness is also obvious. If we start with a map J : EH%(X A, u) — R

with properties (i)-(iii), then for every f € £4(X, A, p), we must have
J(f) =T = J(f7) =L = TE()-
(For the second equality we use condition (iii), combined with the fact that both

fT and f~ belong to £1 (X, A, u).) O

COROLLARY 1.2. Let (X, A, ) be a measure space, and let K be either R or
C. There exists a unique linear map Ik (X, A, n) — K, such that

Ig(f) = L), Vf e LL(X, A, 1) N L (X, A, p).
PROOF. Let us start with the case K = R. In this case, we have the inclusion
Lr(X, A, p) C LL(X, A, p),

so we can define If as the restriction of I]g to £5(X, A, p). The uniqueness is again
clear, because of the equalities

I(f) = Ig(f7) — Ix(f7) = IX(F7) = I (f ).



306 LECTURES 32-33

In the case K = C, we define
Ie(f) = Ig(Re f) + il (Im f).
The linearity is obvious. The uniqueness is also clear, because the restriction of If

to £ (X, A, ) must agree with Ik. O

~ DErINITION. Let (X, A, i1) be a measure space, and let K be one of the symbols
R, R, or C. For any f € £5(X, A, u), the number Ij(f) (which is real, if K = R
or R, and is complex if K = C) will be denoted by

/deu,

and is called the p-integral of f. This notation is unambiguous, because if f €
L (X, A, 1), then we have IL(f) = I£(f) = IE(f).

REMARK 1.6. If (X, A, ) is a measure space, then for every A € A, with
1(A) < oo, using the above Corollary, we get

[ adu= 15 = i),
X

By linearity, if K = R, C, one has then the equality

[ = T (0, V€ B (X A )
X

To make the exposition a bit easier, it will adopt the following.
CONVENTION. If (X, A, ) is a measure space, and if f : X — [0,00] is a
measurable function, which does not belong to £1+ (X, A, 1), then we define

/deu:oo.

REMARKS 1.7. Let (X, A, u) be a measure space.

A. Using the above convention, when h € A-Elemg(X) is a function with
h(X) C [0,00), the condition [, hdu = oo is equivalent to the existence of some
o € h(X) ~ {0}, with u(h~({a})) = oc.

B. Using the above convention, for every measurable function f : X — [0, o0],
one has the equality

/fdu:sup{/ hdu : h € A-Elemg (X), Oghgf}.
X X

C.If f,g: X — [0, 00] are measurable, then one has the equalities

/X(f+g)du=/xfdu+/xgdu7
J@pdu=a [ fdu vaepo),

even in the case when some term is infinite. (We use the convention oo + ¢t = oo,
YVt € [0,00], as well as a- 00 = 00, Var € (0,00), and 0- 00 = 0.)
D. If f,g: X — [0,00] are measurable, and f < g, p-a.e., then (using B) one

has the inequality
/ fdu < / gdp,
X b'e

even if one side (or both) is infinite.
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E. Let K be one of the symbols R, R, or C, and let f : X — K be a measurable
function. Then the function |f]| : X — [0, 00] is measurable. Using the above con-
vention, the condition that f belongs to £i (X, A, 1) is equivalent to the inequality
f X | fdp < o0.

In the remainder of this section we discuss several properties of integration that
are analoguous to those of the positive/elementary integration.

We begin with a useful estimate

PROPOSITION 1.6. Let (X, A, u) be a measure space, and let K be one of the
symbols R, R, or C. For every function f € £i.(X,A, 1), one has the inequality

’/deu é/leldu.

PROOF. Let us first examine the case when K = R, R. In this case we define
T = max{f,0} and f~ = max{—f,0}, so we have f = f* — f~, as well as
|f| = f* + f~. Using the inequalities I*' (f*) > 0, we have

[ sn =) 1) < 2 + 1807 = [ 1l ds
X X

— [ fau=—r s 1) < B0 + 1800 = [ 1w
X X

In other words, we have
i/ fdué/ | f] dp,
X X

and the desired inequality immediately follows.

Let us consider now the case K = C. Consider the number A = [, fdpu, and
let us choose some complex number « € C, with |a| = 1, and aX = [A|. (If A # 0,
we take o = A7Y|\|; otherwise we take o = 1.) Consider the measurable function
g = af. Notice now that

(/ Regd,u)—i—i(/ Imgdu)z/gdu:a/ fdu=aX=]A >0,
b's b's b's b's

so in particular we get

|| :/ Regdp.
X
If we apply the real case, we then get
(23) A< [ IRegld
X

Notice now that, we have the inequality |Re g| < |g| = |f|, which gives

E(Regl) < (7)) = [ 171

so the inequality (23) immediately gives

'/fdu‘ A< [ Il O

CoOROLLARY 1.3. Let (X, A, ) be a measure space, and let K be one of the
symbols R, R, or C. If a measurable function f : X — K satisfies f = 0, u-a.e,
thenfESK(XAu and [y fdp=0.
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PROOF. Consider the measurable function |f| : X — [0,00], which satisfies
|f| = 0, p-a.e. By Proposition 1.3, it follows that |f| € £ (X,A,u), hence f €
LL(X, A ), and [ |f]du = 0. Of course, the last equality forces [, fdu=0. O

COROLLARY 1.4. Let K be either R or C. If (X, A, p) is a finite measure space,
then every bounded measurable function f : X — K belongs to £X(X, A, pn), and
satisfies

[ s < ux) - sup o)
X reX

PrOOF. If we put 8 = sup,cx |f(z)|, then we clearly have |f| < sy, which
shows that |f| € £} (X, A, p), and also gives [y |fldu < [y Baex dp = p(X) - B
Then everything follows from Proposition 1.6. O

CoMMENT. The introduction of the space Eﬁ(X A, 1), of extended real-valued
p-integrable functions, is useful mostly for technical reasons. In effect, everything
can be reduced to the case when only “honest” real-valued functions are involved.
The following result clarifies this matter.

LEMMA 1.2. Let (X, A, u) be a measure space, and let f : X — R be a mea-
surable function. The following ar equivalent
(1) fe}:]]l@(Xv‘Avlj‘);
(ii) there exists g € £L(X, A, ), such that g = f, p-a.e.

Moreover, if [ satisfies these equivalent conditions, then any function g, satisfying

(ii), also has the property
/ fdp= / g dp.
X X

ProOF. Consider the set F'= {z € X : —oo < f(x) < oo}, which belongs to
A. We obviously have the equality X \ F = |f|7!({o0}).

(i) = (ii). Assume f € £L(X,A, p), which means that |f| € £} (X, A, p). In
particular, we get u(X ~\ F') = 0. Define the measurable function g = fs 5. On the
one hand, it is clear, by construction, that we have —oo < g(z) < 0o, V2 € X. On
the other hand, it is clear that g‘F = f|F, so using (X N\ F) = 0, we get the fact
that f = g, p-a.e. Finally, the inequality 0 < |g| < |f], combined with Proposition
1.3, gives |g| € £1 (X, A, p), so g indeed belongs to £§(X, A, ).

(i) = (i). Suppose there exists g € £ (X, A, u), with f = g, p-a.e., and let us
prove that

(a’) VS Sﬂlg(XwAvu);

0) [x fdu= [xgdpu.
The first assertion is clear, because by Proposition 1.3, the equality | f| = |g], p-a.e.,
combined with [g| € £} (X, A, p), forces |f| € L1 (X, A, p), ie. f e LL(X, A, ). To
prove (b), we consider the difference h = f — g, which is a measurable function h :
X — R, and satisfies h = 0, p-a.e. By Corollary 1.3, we know that h € EH%(X,A, ),
and fX hdu = 0. By Theorem 1.3, we get

/fdu:/gdu—i-/hd,u:/gdu. |
X X X P

The following result is an analogue of Proposition 1.1 (see also Proposition 1.3).
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PROPOSITION 1.7. Let (X, A,u), and let fi, fa € S%R(X,A,u). Suppose [ :
X — R is a measurable function, such that fi < f < fo, p-a.e. Then f €
EI%&(X,A,,M), and one has the inequality

/Xfldué/xfduS/szdu~

ProOF. First of all, since f; and fo belong to E]}—%(X,A,,u), it follows that
| f1] and |f2|, hence also |fi| + | fo|, belong tp £} (X, A, 11). Second, since we have
fo <|fol <|fil + |f2l and f1 > —|f1| = —|f1] — | f2] (everyhwere!), the inequalities
< f < fo, prae., give

=Ifil = 1fel < f <Al + | fels prae.,
which reads
LI < [fil + [ fal, prace.
Since |f1| + | f2| € Eﬂr(X,.A,,u), by Proposition 1.3., we get |f| € SL(X,A,M), so f
indeed belongs to £4 (X, A, 11).
To prove the inequality for integrals, we use Lemma 1.2, to find functions

91,92,9 € E]%Q(Xv‘AvM)v such that fl = 01, p-a.e., f2 = g2, p-a.e., and f =g, p-a.e.
Lemma 1.2 also gives the equalities [y f1du = [y g1du, [y fadp = [y g2 dp, and
Jx fdp= [y gdp, so what we need to prove are the inequalities

(24) /gldNS/gdﬂS/SDdﬂ-
X X X

Of course, we have

91 < g < g2, prae.
To prove the first inequality in (24), we consider the function h = g — g1 €
,S]%R(X,fhu)7 and we prove that thd,u > 0. But this is quite clear, because
we have h > 0, p-a.e., which means that h = |h|, p-a.e., so by Lemma 1.2, we get

[ hdu= [ =12 =0
X X

The second inequality in (24) is prove the exact same way. [

The next result is an analogue of Proposition 1.4.

PROPOSITION 1.8. Let (X, A, ) be a measure space, and let K be one of the
symbols R, R, or C. Suppose (Ax)}_, C A is a pairwise disjoint finite sequence,
with Ay U---UA, = X. For a measurable function f: X — K, the following are
equivalent.

(i) f € Lx(X, A, p);
(ii) frey, € (X, A, p), VE=1,...,n.
Moreover, if [ satisfies these equivalent conditions, one has

(25) | i kZ_jl | £a dn.

PROOF. It is fairly obvious that |fs 4, | = |f|s¢4,. Then the equivalence (i) <
(#7) follows from Proposition 1.4 applied to the function |f| : X — [0,00]. In
the cases when K = R,C, the equality (25) follows immediately from linearity,
and the obvious equality f = Y p_, fs 4,- In the case when K = R, we take
g € LL(X, A, ), such that f = g, u-a.e. Then we obviously have fra, =9%4,,
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p-a.e., for all k = 1,...,n, and the equality (25) follows from the corresponding
equality that holds for g. [

REMARK 1.8. The equality (25) also holds for arbitrary measurable functions
f: X — [0,00], if we use the convention that preceded Remarks 1.7. This is an
immediate consequence of Proposition 1.4, because the left hand side is infinite, if
an only if one of the terms in the right hand side is infinite.

The following is an obvious extension of Remark 1.4.

REMARK 1.9. Let K be one of the symbols R, R, or C, let (X, A, u) be a
measure space. For a set S € A, and a measurable function f : X — K, one has
the equivalence

frs € k(XA p) <= f|g € Lk (S, A
If this is the case, one has the equality

(26) [ tsau= [ 1lgauls.

The above equality also holds for arbitrary measurable functions f : X — [0, o0],
again using the convention that preceded Remarks 1.7.

NoTATION. The above remark states that, whenver the quantities in (26) are
defined, they are equal. (This only requires the fact that f | ¢ is measurable, and
cither f|, € £ (S, Alg:n|g), or f(S) C [0,00].) In this case, the equal qunatities
in (26) will be simply denoted by [g f dpu.

Ezercise 1. Let I be some non-empty set. Consider the o-algebra P(I), of all
subsets of I, equipped with the counting measure

Card A if A is finite
i) = {

00 if A is infinite
Prove that £1(1,P(I), u) = £4(I, P(I), p). Prove that, if K is either R or C, then

Lx (I, P(1), 1) = b (1),
the Banach space discussed in II.2 and II.3.

stlg)-

FEzercise 2. There is an instance when the entire theory developped here is
essentially vacuous. Let X be a non-empty set, and let A be a o-algebra on X. For
a measure j on A, prove that the following are equivalent

(i) L(X,A,pn) ={f:X —[0,00] : f measurable, and f =0, p-a.e.};
(ii) for every A € A, one has u(A) € {0,00}.
A measure space (X, A, u), with property (ii), is said to be degenerate.

Ezercise 3°. Let (X, A, 1) be a measure space, and let f : X — [0,00] be a
measurable function, with fX fdu=0. Prove that f =0, u-a.e.

HINT: Define the measurable sets A, = {z € X : f(z) > %}, and analyze the relationship

between f and 4 .



