LECTURE 20

3. Measurable spaces and measurable maps

In this section we discuss a certain type of maps related to o-algebras.

DEFINITIONS. A measurable space is a pair (X, A) consisting of a (non-empty)
set X and a o-algebra A on X.

Given two measurable spaces (X, A) and (Y, B), a measurable map T : (X, A) —
(Y, B) is simply a map T': X — Y, with the property

(1) T Y(B)€ A, VBeB.

REMARK 3.1. In terms of the constructions outlined in Section 2, measurability
for maps can be characterized as follows. Given measurable spaces (X, A) and
(Y,B), and a map T : X — 'Y, the following are equivalent:

(i) T: (X, A) — (Y,B) is measurable;
(ii) T*B C A;
(iii) T,.A D B.
Recall
T*B={T""(B) : B€ B};
T.A={BCY :T7'(B)e A}

With these equalities, everything is immediate.
The following summarizes some useful properties of measurable maps.
PROPOSITION 3.1. Let (X, A) be a measurable space.
(i) If A’ is any o-algebra, with A" C A, then the identity map Idx : (X, A) —

(X, A") is measurable.

(ii) For any subset M C X, the inclusion map ¢ : (M,A|M) — (X, A) is
measurable.

(iii) If (Y,B) and (Z,C) are measurable spaces, and if (X, A) AN (Y, B) 5,
(Z,€) are measurable maps, then the composition SoT : (X,A) — (Z,C)
s again a measurable map.

PRrROOF. (i). This is trivial, since (Idx)*A’ = A’ C A.

(ii). This is again trivial, since (*A = A|M.

(iii). Start with some set C' € €, and let us prove that (SoT)~1(C) € A. We
know that (SoT)~! =T~1(571(C)). Since S is measurable, we have S~1(C) € B,
and since T is measurable, we have T!(S71(C)) € A. O

Often, one would like to check the measurability condition (1) on a small col-
lection of B’s. Such a criterion is the following.
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LEMMA 3.1. Let (X,A) and (Y,B) be masurable spaces. Assume B = X(E),
for some collection of sets € C P(Y). For a map T : X — Y, the following are
equivalent:

(i) T:(X,A) — (Y,B) is measurable;
(i) T-Y(E) € A, VE € €.

PROOF. The implication (i) = (i%) is trivial.
To prove the implication (i7) = (i), assume (ii) holds. We first observe that
condition (ii) reads f*€ C A. Since A is a o-algebra, we get the inclusion

Y(frE) C A.
Using the Generating Theorem 2.2, we have
F*B = frE(€) = B(f*€) C A,
and, by the preceding remark, we are done. (Il

COROLLARY 3.1. Let (X, A) be a measurable space, let Y be a topological Haus-
dorff space which is second countable, and let 8 be a sub-base for the topology of Y.
For a map T : X — Y, the following are equivalent:

(i) T: (X, A) — (Y,Bor(Y)) is a measurable map;
(ii) T71(S) e A, VS €.

PROOF. Immediate from the above Lemma, and Proposition 2.2, which states
that Bor(Y) = 3(8). O

We know (see Section 19) that the type X is consistent and natural. In par-
ticular, measurability behaves nicely with respect to products and disjoint unions.
More explicitly one has the following.

PROPOSITION 3.2. Let (X;, A;)icr be a collection of measurable spaces. Con-

sider the sets X = [[,c; Xy and Y = | |;c; Xi, and the o-algebras

A=3-X Ai and B =\/ A;.
i€l iel
Let (Z,9) be a measurable space.

(i) If we denote by m; : X — X, i € I, the projection maps, then a map
f:(Z2,9) — (X, A) is measurable, if and only if, all the maps m; o f :
(Z,9) — (Xi,Ay), i € I, are measurable.

(ii) If we denote by €; : X; — Y, i € I, the inclusion maps, then a map
g: (Y,B) — (Z,9) is measurable, if and only if, all the maps goe; o f :
(Xi,A:) — (Z2,9), i € 1, are measurable.

PROOF. (i). By the definition of the product o-algebra, we know that
(2) A=3(JmA).
iel
If we fix some index ¢ € I, then the obvious inclusion 7}A; C A immediately
shows that m; : (X, A) — (X;,A;) is measurable. Therefore, if f: (Z,9) — (X, A)

is measurable, then by Proposition 3.1 it follows that all compositions m; o f :
(Z,9) — (X;,Ai), i € I, are measurable.
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Conversely, assume all the compositions m; o f are measurable, and let us show
that f : (Z,9) — (X, A) is measurable. By Lemma 3.1 and (2), all we need to

prove is the fact that
F(Uma)cs
iel
which is equivalent to
[ (7 A;) C§, Viel
But this is obvious, because f* (ﬂfﬂi) = (m; o f)*A;, and 7; o f is measurable, for
all i € I.
(ii). By the definition of the o-algebra sum, we know that

(3) B =[)einA
iel

If we fix some index i € I, then the obvious inclusion €;,A; D B immediately
shows that €; : (X;,A;) — (Y, B) is measurable. Therefore, if g : (Y,B) — (Z,9)
is measurable, then by Proposition 3.1 it follows that all compositions g o ¢; :
(X, A;) — (Z,9), i € I, are measurable.

Conversely, assume all the compositions g o €; are measurable, and let us show
that g : (Y,B) — (Z,9) is measurable. This is equivalent to the inclusion ¢.B D G.
By (3) we immediately have

i€l iel
We know however that, since g o ¢; are all measurable, we have
G« (ei*Ai) =(go¢)Ai DG, Viel,

so the desired inclusion is an immediate consequence of (4). O

CONVENTIONS. Let (X, A) be a measurable space. An extended real-valued
function f : (X, A) — [—o0, 0] is said to be a measurable function, if it is measur-
able in the above sense as a map f : (X,.A) — ([—o0,00], Bor([—00,0])). If f has
values in R, this is equivalent to the fact that f is a measurable map f: (X, A) —
(]R, Bor(]R)) is measurable. Likewise, a complex valued function f: (X,A) — C is
measurable, if it is measurable as a map f: (X, A) — ((C, Bor((C)). If K is one of
the fields R or C, we define the set

Bk (X, A) {f (X,A) — K : f measurable functlon}

REMARK 3.2. Let (X,.A) be a measurable space. If A C R is a dense subset,
then the results from Section 2, combined with Lemma 2.1, show that the measur-
ability of a function f : (X,A) — [—00,00] is equivalent to any of the following
conditions:

1(((1,00) €A, Vae A;
1([@,00) €A, Va e A;
“H([~o00,a)) € A, Va € A
“H[~o0,a]) €A, Va € A.

DEFINITION. If X and Y are topological Hausdorff spaces, amap T : X — Y

is said to be Borel measurable, if T is measurable as a map

T: (X,Bor(X)) — (Y, Bor(Y)).

e o o o
R
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In the cases when Y = R, C, [—00, 00|, a Borel measurable map will be simply
called a Borel measurable function.
For K =R, C, we define

Bk (X)={f:X — K : f Borel measurable function }.

REMARK 3.3. If X and Y are topological Hausdorff spaces, then any continuous
map T : X — Y is Borel measurable. This follows from Lemma 3.1, from the fact
that

Bor(Y)=%({DCY : D open}),
and the fact that T=1(D) is open, hence in Bor(X), for every open set D C Y.

Measurable maps behave nicely with respect to “measurable countable opera-
tions,” as suggested by the following result.

PROPOSITION 3.3. Let (X, A) and (Z,B) be a measurable spaces, let I be a
set which is at most countable, and let (Y;);cr be a family of topological Hausdorff
spaces, each of which is second countable. Suppose a measurable map T; : (X, A) —
(Y;-,BOT(Y;)) is given, for each i € I. Define the map T : X — [[,.;Yi by

T(x) = (Ti(x))z‘el’ Ve X.

Equip the product space Y = [];c; Yi with the product topology.
For any measurable map g : (Y, BOT(Y)) — (Z,B), the composition go T :
(X,A) — (Z,B) is measurable.

PROOF. We know (see Corollary 2.3) that we have the equality
Bor(Y) = Z-X Bor(Y;).

iel
By Proposition 3.2, the map 7" : (X, A) — (Y, Bor(Y)) is measurable, so by Propo-
sition 3.1, the composition go T : (X, A) — (Z,B) is also measurable. O

The above result has many useful applications.

COROLLARY 3.2. Suppose (X, A) is a measurable space, and K is either R or C.
Then, when equipped with point-wise addition and multiplication, the set B (X, A)
is a unital K-algebra.

PROOF. Clearly the constant function 1 is measurable.

Also, if f € Bg(X,A) and A € K, then the function Af is again measurable,
since it can be written as the composition My o f, where My : K> ar— Aa € K
is obviously continuous.

Finally, let us show that if f1, fo € Bg(X,A), then f1 + f> and f1 - fo again
belong to Bk (X, A). This is however immediate from Proposition 3.3, applied to
the index set I = {1, 2}, the spaces Y1 = Yo = K, and the continuous maps

g1 : K23 (A, A2) — A+ X €K,
QQZKQB(A,A2)|—>A1')\QEK. O
COROLLARY 3.3. If (X, A) is a measurable space, then a complex valued func-

tion f : X — C is measurable, if and only if the real valued functions Re f, Im f :
X — R are measurable.
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PROOF. If f is measurable, the composing f with the continuous maps
p:Coz+——RezeRandy:C3>z+—Imz R,

immediately gives the measurability of Re f = po f and Im f = y o f.

Conversely, if both Re f, Im f : X — R then the measurability of f follows from
Proposition 3.3, applied to Y7 = Y5 = R, the functions f; = Re f and fy = Im f,
and to the continuous function

g:R?> (a,b) —a+bicC. O

COROLLARY 3.4. Let (X, A) be a measurable space, let I be a set which is at
most countable, and let f; : (X, A) — [—00,00|, i € I be collection of measurable
functions. Then the functions g,h : X — [—00, 00|, defined by

g(z) =inf {fi(z) : i € I} and h(z) =sup {f;(z) : i€ I}, Vz € X,
are both measurable.

PROOF. Define the maps m, M : [, ;[—o00, 00] — [~00, 00] by
m(z) =inf{z; : ¢ € I} and M (x) =sup{a; : i € [}, Vo = (x;)ics € H[—oo,oo].

iel
By Proposition 3.3, it suffices to prove the (Borel) measurability of the maps m

and M.
To prove the measurability of m, we are going to show that

m~ ! ([—o00,a)) € Bor(H[—oo, >]), Va€R.
i€l
But this is quite obvious, since a point = (x;);cr belongs to m_l([—oo,a)), if

and only if there exists some j € I with z; < a. In other words, if we define the
projections 7; : [ ], ;[—00, 00] — [~00, 00], then we have

m~ ! ([~o0,a)) = U 7j([—00,a)).

JeI

This shows that in fact m~1! ([—oo7 a)) is open, hence clearly Borel.
To prove the measurability of M, we are going to show that
M~ ((a,00]) € Bor(H[—oo, >]), Va€R.
il
But this is again clear, since, as before, we have the equality
M_l((a7 o)) = U 7 ((a, o0]),

jeI

which shows that in fact M~ ((a, oc]) is open, hence Borel. O

COROLLARY 3.5. Let (X, A) be a measurable space, and let f, : (X, A) —
[—00,00], n € N be sequence of measurable functions. Then the functions g, h :

X — [—o0,00], defined by
g(z) = liminf f,(x) and h(x) = limsup f,(z), Vz € X,

n—oo

are both measurable.
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PROOF. For every n € N, define the functions g, h, : X — [—00, 00| by
gn(x) = inf { fr(z) : k> n} and hy,(z) =sup { fi(z) : k >n}, Yz e X.
By Corollary 3.5, we know that g, and h,, are measurable for all n € N. Since
g(z) =sup {gn(z) : n € N} and h(z) = inf {h,(z) : n € N}, Vo e X,
the fact that both g and h are measurable follows again from Corollary 3.5. (]

COROLLARY 3.6. Let (X, A) be a measurable space, and let
fn (X, A) = [-00,00], n€N

be sequence of measurable functions, with the property that, for each x € X, the
sequence (fn(x))zozl C [—00,00] has a limit. Then the function f: X — [—o00, 0],
defined by

f(z) = lim f,(z), Ve € X,

n—oo

is again measurable.
PRrROOF. Immediate from the above result. O

Ezercise 1. If f, : R — R, n € N, are continuous functions, and if f(z) =
lim,, o0 fn(x) exists, for every € R, then by the above Corollary we know that
f R — [—00, 0] is Borel measurable. Prove that the converse is not true. More
explicitly, prove that there is no sequence (f,,)22; of continuous functions, with

lim f,(x) = »%g(z), Yz €R.

HiNT: Use Baire’s Theorem.

Ezercise 2. Prove that a function f : R — R, which is continuous everywhere,
except for a countable set of points, is Borel measurable. As an application, prove
that any monotone function is Borel measurable.

Corollary 3.6 can be generalized, as follows.

THEOREM 3.1. Let (X,.A) be a measurable space, let Y be a separable metric
space, and let
T, : (X,A) — (Y,Bor(Y)), neN
be a sequence of measurable maps. Assume that, for every x € X, the sequence
(Tn(x))zo:l CY is convergent. Define the map T : X — Y by

T(z) = lim T,(z), Vz € X.
Then T : (X, A) — (Y, Bor(Y)) is a measurable map.
PrROOF. Denote by d the metric on Y. The collection
V={B.(y) : yeY,r>0}

is a base for the topology of Y. Since Y is second countable, it suffices then to
show that

(5) T7'(B,(y) €A, VyeY,r>0.
Claim: For everyy € Y and r > 0 one has the equality

oo

(6) 7' (B.(») = | [ ﬁ Tkl(Br?(y)):|‘

n
m,n=1
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Denote the set in the right hand side simply by A. Start first with some = € A.
There exist some m,n € N such that

ve () T (B,o1),
k=m

which means that

Ti(z) € B,_1(y), Vk=m,

1
that is,
1
d(Tk(:c),y) <r-— - Yk >m.
Pasing to the limit (k — oo) then yields

d(T(x),y) <r-— % <,

which means that T'(z) € B,(y), i.e.  =T'(B,(y)), thus proving the inclusion
ACT((Br(y)).

Conversely, if z € T7(B,(y)), we get T(x) € (Br(y), ie. d(T(z),y) < 7.
Choose an integer n such that

2
(7) d(T(z),y) <r-o.
Since limy_, o0 Tx(z) = T'(z), there exists some m € N such that
2
d(T(z), T(x)) < - VEk>m.

Combining this with (7) then gives
2 1 1
d(Tk(z),y) < d(T(x),y) +d(Tk(z), T(z)) <r— -~ + S=re VEk>m,
which means that

ve () T (Bro1(v),
k=m

hence x indeed belongs to A.
Having proven (6) we now observe that, since the T}’s are measurable, it follows
that

T Y (B,_1(y)) €A, YhkneN, r>0.

Using the fact that A is closed under countable intersections, it follows that
ﬂ T, (B,_1(y)) €A, Vm,n €N, r>0.
k=m

Finally, using the fact that A is closed under countable unions, the desired property
(5) follows. O

Ezercise 3. Let (X, A) be a measurable space, and let (X,,)2; be a sequence
of sets in A, with X = (J2, X,,. Suppose (Y, B) is a measurable space, and

F: X — Y is a map, such that
Fly o (Xn Al ) = (Y, B)

is measurable, for all n € N. Prove that f: (X,A) — (Y, B) is measurable.
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Ezercise 4* Let 1 C R™ be an open set, and let fi,..., f, : Q1 — R be C!
functions, with the property that the matrix

Alp) = [;”(p)}

is invertible, for every point p € €);. Define the map

F:Qy3pr— (fl(p),...,fn(p)) € R".

(i) Prove that the set Qo = F(£21) is open in R"™.
(ii) Although F : ©; — Q9 may fail to be injective, prove that there exists a
Borel measurable map ¢ : Q2 — €, with F o ¢ = Idg,.

HINT: Use the Inverse Function Theorem, combined with Exercises 2 and 3. exercise.

Ezercise 5*. Let P(z) be a non-constant polynomial with complex coefficients.
Prove that there exists a Borel measurable function f : C — C, such that

P(f(2)) =z VzeC.

HINT: Use the preceding exercise, applied to the set Q1 = {z € C : P/(z) # 0}.
The preceding exercise can be generalized:

Ezercise 6% Let Q; C C be a connected open set, and let f : Q1 — C be a
non-constant holomorphic function. By the Open Mapping Theorem we know that
the set Qo = f(£21) is open. Prove that there exists a Borel measurable function
¢ : Qy — O, such that fo¢p= Id]Q2.

HINT: Use Exercise 4, applied to the set Qo = {z € Q1 : f/(2) # 0}. Since f is non-constant,
the set 21 \ Qg is countable.

We continue with a discussion on the role of elementary functions.

PROPOSITION 3.4. Let (X, A) be a measurable space, and let K be one of the
fields R or C. For an elementary function f € Elemg(X), the following are equiv-
alent:

(i) f € A-Elemg(X);
(ii) f: (X, A) — K is measurable.

PROOF. (i) = (ii). We know that A-Elemg = Spang{sx, : A € A}. Since
Bik(X,A) is a vector space, it suffices to show only that », : (X, A) — K is
measurable, for all A € A. But this is trivial, since for every Borel set B C R one
has either 5 ,'(B) = @, or ,'(B) = A, or ,*(B) = X.

(#4) = (i). Assume now f is measurable. List the range of f as

f(X):{)‘lva)‘n}a

with \; # Ag, for all j,k € {1,...,n} with j # k. Since f is measurable, and the
singleton sets {A1}, ..., {\,} are in Bor(K), it follows that the sets A; = f~({\;}),
j=1,...,n are all in A. Since we clearly have

f:/\l;fAl +"’+)‘n%Anv
it follows that f indeed belongs to A-Elemg (X). O
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REMARKS 3.4. A. If (X, A) and (Y, B) are measurable spaces, if T : (X, A) —
(Y, B) is a measurable map, and if f € B-Elemg(Y), then foT € A-Elemg(X).
This follows from the fact that the composition foT : (X, A) — K is measurable,
and elementary.

B. If (X,A) is a measurable space, if f € A-Elemg(X), and if g : f(X) — K is
an arbitrary function, then g o f € A-Elemg(X). This follows from the fact that,
if one considers the finite set Y = f(X), and the o-algebra P(Y) on it, then

(X,4) L (v,2(1)) 2 K

are measurable. So g o f is also measurable, and obviously elementary.

The following is an interesting converse of Corollary 3.6.

THEOREM 3.2. Let (X, A) be a measurable space, and let f : (X, A) — [—00, 0]
be a measurable function. Then there exists a sequence (fn)22, € A-Elemg(X),
such that

e inf{f(y) : ye X} < fulz) <sup{f(z) : z€ X}, Vz e X, n>1;
o lim, o fn(x) = f(z), V2 € X.
Moreover,
(i) ifinf {f(z) : @ € X} > —o0, then the sequence (f,)32, can be chosen to
be non-decreasing, i.e. fn < fn+1, Vn € Ny
(i) if sup{f(z) : @ € X} < oo, then the sequence (f,)32, can be chosen to
be non-increasing, i.e. fn > fny1, Vn €N;
(iii) if inf {f(z) : v € X} > —co and sup{f(z) : © € X} < oo, then the
sequence (fp)52 1 can be chosen eiher non-decreasing, or non-increasing,
and such that it converges uniformly to f, i.e.

n—oo

lim | sup |fn(z) — f(x)‘ =0.
reX

PROOF. We begin with a special case of (iii). Assume X = [0,1], A =
Bor([0,1]), and consider the inclusion F' : [0,1] < [—o00,00]. For each n € N,
define the intervals I7}, Ji', 0 <k < 2" —1 by

I =[h/2, (k4 1)/27), 0 < k< 2" =2 Ty = [(2" = 1)/2",1],

Ji=(k/2", (k+1)2"],if 1 <k <2" - 1; Ji =1[0,1/2"].
We then define, for each n € N, the functions gy, h, : [0,1] — R by
2" —1 2" —1
Gn=27" Z kispn and hy, = 27" Z (k4 1)3 .
k=0 k=0
Remark that
(8) 0<gn(s)<land0< h,(s) <1, Vsel0,1].
Note that, for every n € N, we have
(9) gn(0) = 0; gn(1) = (2" = 1)/2%;
(10) hn(0) = 1/27; hn(1) =1.

Claim 1: The sequence (gn)52, is non-decreasing, and the sequence (hp)$ 4
18 MON-INcreasing.
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Using (9) and (10), we only need to examine the restrictions to the open interval
(0,1). Fix some point s € (0,1). For every integer n > 1, define

s k
pn:max{keZ : 0§27L<3}.
We clearly have p; < 2™ and

— < S

S S 1
(11) Pn oo Pntl
on on

We then have
_ Pn/2" if s # (py, +1)/2" _ Pt
We now estimate g,+1(s) and hp41(s). First of all, using (11), we have

2p7 2p0 + 2
271:1 <z<s 2?1,-&-1 )

which means that either p; ., = 2p;, or p; ,; = 2p;, + 1. This immediately gives

Dpyq +1 2p5 +2  py+1
hni1(s) = 2+n+1 S it T T gn hin(5)-

Note that, if s = (p5 +1)/2", we will have pf ,; = 2p*+1 and s = (p5,, +1)/2"!,
so we get

gn1(s) = (Phya +1)/2"71 = (2p5, +2)/2"F = (9], +1)/2" = gu(s)-
If s # (p;, +1)/2", then

R A
“on T on < o+l < gnt1(8).

Claim 2: For every s € [0,1] one has

gn(s)

lim | sup }gn(s)—s@ = lim [ sup |hn(s) —s|| =0.

n—00 | sg0,1] n—o0 | sef0,1]

To prove this fact we are going to estimate the differences |g,,(s) —s| and |h,(s) —s]|.

If s =0 or s =1, then the equalities (9) and (10) immediately show that

1 1
(13) lgn(s) —s| < on and |hy(s) —s| < on VYneN.
If s € (0,1), then the definitions of g, (s) and h,(s) clearly show that
s, gn(s), hu(s) € [p}/2", (07, +1)/27],

and then we see that we again have the inequalities (13). Since (13) now holds for
all s € [0, 1], the Claim immediately follows.

We proceed now with the proof of the theorem. Define

a=inf{f(z) : € X} and B =sup {f(z) : z € X}.
If @ = 3, there is nothing to prove. Assume o < (3. Depending on the finitude of
« and 3, we define a homeomorphism @ : [«, 5] — [0, 1], as follows.
(a) If @ > —o0 and f < oo, we define
s—«

D(s) = o Vs e |a, ]
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(b) If a > —o0 and 8 = oo, we define
_f Zarctan(s —a) ifs#p
() = { 1 if s =p3
(¢) If a = —o0 and § < oo, we define
_J 14+ 2arctan(s — 3) ifs#a
®(s) = { 0 ifs=a
(d) If « = —o0 and 8 = o0, we define

0 ifs=a
®(s) =< 2+ Larctan(s—p) ifa<sB
1 ifs=0

Notice that ®(a) =0, &(8) =1, and
a<s<t<p=d(s) < D).

After these preparations, we proceed with the proof. We begin with the special
cases (i) (ii) and (iii).

If @ > —00, we define the functions f, = ®~'og, o ®o f. Since ® and ¢~ ' are
increasing, and (g,,)5% ; is non-decreasing, it follows that (f,,)52; is non-decreasing.
Since 0 < gn(s) < 1, Vs € [0,1], we see that @ < f,(z) < 8, Vz € X. In particular,
we have —oo < fp(z) < oo, for all n and z. It it obvious that f, is elementary,
measurable, and since lim, o, gn(s) = s, Vs € [0,1] (by Claim 2), we immediately
get limy, o fn(x) = f(2), Vo € X.

If B < 0o, we define the functions f, = ® 1 o h, o P o f. Since ® and ®~! are
increasing, and (h,)$2 ; is non-increasing, it follows that (f,,)5° ; is non-increasing.
Since 0 < hy,(s) < 1,Vs € [0,1], we see that a < f,(z) < 8, Vo € X. In particular,
we have —oo < fp(x) < oo, for all n and z. It it obvious that f, is elementary,
measurable, and since lim,,_,o A, (s) = s, Vs € [0, 1] (by Claim 2), we immediately
get lim, o fn(x) = f(z), Vo € X.

If & > —o0 and B < oo, then we can take f,, = ® L og,o®o f, Vn, or we can
take f, = ®"1oh, o®o f, Vn. The inequalities (13), combined with the definition
(c) of @, show that

Fule) - <P veeX nen,

with any of the above choices for (f,,)52 .

Having proven the cases (i), (ii) and (iii), we now examine the general situation,
when o = —oc0 and § = oo. Consider the functions f/, f” : X — [—00, 00] defined
by

f(x) = max{f(x),0} and f’(x) = min{f(z),0}, Vz € X.
By Corollary 3.4, both f’ and f” are measurable. Since inf,cx f'(x) > 0, by part
(i), there exists a sequence (f/)>2, € A-Elemg(X), such that lim, . f}(z) =
f'(x), Vo € X. Since sup,cx f”(x) < 0, by part (ii), there exists a sequence
(fiee, € A-Elemg(X), such that lim, . f/(z) = f"(z), Vo € X. Define the
elementary functions f,, = f/ + f//, n € N. Clearly the f,’s are all in A-Elemg(X).

We now check that

(14) nler;Ofn(x) = f(z), Ve € X.

There are two cases to examine: (a) f(z) > 0; (b) f(z) <0.
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In case (a), we have f'(z) = f(x) and f"”(x) =0, so lim,,— f,, () = f(z) and
lim,, o f/(z) = 0.

In case (b), we have f'(z) = 0 and f"(z) = f(z), so lim,— f}(z) = 0 and
lim,, o f/(z) = f(2).

In either case, the equality (14) follows. O

We conclude this section with a discussion on an interesting measurable space,
that appears often in connection with probability theory.

EXAMPLE 3.1. Consider the space T = {0,1}Y°, i.e.
T={a= ()2 : a, €{0,1}, Vn e N}.

n=1

We call T the space of infinite coin flippings, having in mind that an element
of T is the same as the outcome of an infinite sequence of coin flips (think 0
as corresponding to tails, and 1 as corresponding to heads). Equipp T with the
product topology. By Tihonov’s Theorem, T is compact. The product topology on
T is in fact given by a metric d defined by

o | — Bal

d(a,b) = % Va= (), b= (8,2, €T.

n=1

For every number r > 2 we define a map ¢, : T — [0, 1] by

o0
Qn

(ZST(Q) = (7' - 1) Z P Va= (Oén)zozl eT.

n=1

It is pretty clear that
|6r(a) — 60 ()| < (r —1)d(a,b), Ya,beT,

so the maps ¢, : T'— [0, 1], » > 2 are continuous. In particular, the set K, = ¢,.(T)
is a compact subset of [0, 1].
Define

To={a=(oy)nen €T : theset {n € N : o, = 0} is infinite}.
The set T'\. T can be described as:
T\Ty= {(Oln)neN €T : there exists N € N, such that oo, =1, Vn > N}.

The following are well known (see Appendix B, the proof of Proposition B.2).

Facts: 1. The set T\ Ty is countable
2. For any r > 2, and elements a = ()22, b = (8n)52, € To, the
following are equivalent:
e there exists N € N such that ay =1, By =0, and a,, = By, for all
n € N withn < N;
. bula) > O(b).

In particular, the map ¢,.|,, : To — [0, 1] is injective.

P
The above constructions have a ;emarkable feature.
THEOREM 3.3. Use the notations above. For a numberr > 2 and subset A C T,
the following are equivalent:
(i) A € Bor(T);
(ii) ¢-(A) € Bor(K,).
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PRrROOF. Throughout the proof the number r will be fixed. The map ¢, will be
denoted by ¢, and the compact set K, will be denoted by K.

Since ¢ : T'— K is continuous, it is measurable, i.e. we have the implication
(15) B € Bor(K) = ¢~ '(B) € Bor(T).
Before we proceed with the actual proof, we need some preparations. Remark that,
since ¢ : T — K is surjective, we have the equality
(16) (¢~ H(C)) =C, YC CK.

Claim 1: If a subset C' C K 1is at most countable, if and only if the set
¢~ 1(C) C T is at most countable.

Suppose C is at most countable countable. If we take Ay = ¢~1(C) N Ty, and
A; = ¢71(C) \ Ty, then obviously ¢~ 1(C) = Ag U A;. Since A; C T \ Tp, and
T\ T, is countable, it follows that A; is at most countable, so we only need to prove
that Ap is at most countable. But since ¢| 7 is injective, and Ag C Ty, it follows

that qb’AO : Ap — C is injective, and then the fact that C is at most countable,
forces Ag to be at most countable.

Conversely, if $~1(C) is at most countable, then so is ¢(¢~*(C)). By (16) we
are done.

For each subset A C T, we define

(A) = ¢~ (4(4)).
Remark that A C (A), VA C T. Note also that, for any family (A;);c; of subsets
of T, one has the equality

(17) (JA) =0 <¢>( U Az-)) = ¢>-1(U ¢<Ai)) =Jo " (0(4)) = J(4n).

i€l i€l i€l i€l i€l
As an application of Claim 1, to the set C = ¢(T \ Tp), we see that
(*) the set (T \ Tp) is at most countable.

Claim 2: For any subset A C Tjy, one has the inclusion
(AY N A C (T \ Tp).
In particular, the difference (A) \ A is at most countable.

Start with an arbitrary element @ € (A) \ A. This means that = € A, but ¢(x) €
@®(A), which means that there exists some a € A, with ¢(x) = ¢(a). Assume now
x € T\ Ty, which means that x € Ty. But then, the fact that x,a € Ty, combined
with the injectivity of ¢| T will force x = a, which is impossible since a € A.

Claim 3: For any set A C T, the difference (A) \ A is at most countable.
Take Ag = ANTy and A = A~ Agy. Notice that, since A; C T \ Ty, we have

(A1) = ¢ (3(A1)) C o (T \Tp)) = (T \ Tp),
so it follows that (A;) is at most countable. We obviously have A = Ay U A1, so by
(17)
(A) = (Ao) U (Ay).
But now we are done, since
<A> WA= (<A0> @] <A1>) N (Ao @] Al) C (<A0> N Ao) @] <A1>,
and both (Ag) \ Ap (by Claim 2) and (A;) are at most countable.
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Claim 4: For any subset A C T, one has the inclusion
(18) (T~ A) DK~ ¢(A4),
and the difference (T~ A) \ (K \ ¢(A)) is at most countable.
The inclusion (18) is pretty obvious, from the surjectivity of ¢. In order to prove
that the difference
O = 9(T ~ A)~ (K ~ 6(4)) = 6(T ~ A) N6(4)
is countable, by Claim 1, it suffices to prove that ¢~1(C) is countable. We have
¢~ HO) = (AT N A)No(A) = ¢~ (AT~ A)) N~ ($(A)) = (T~ A) N (A).
We can write ¢~1(C) = A; U Ay, where
Ay = (T~ A)N(A) and Ay = [(T\A}\(T\A)] N (A),

so it suffices to prove that both A; and A, are at most countable. But these facts
are immediate from Claim 3, since 47 = (A) \ A, and Az C (T~ A) ~ (T \ A).
We can now proceed with the proof of the theorem. Define

A= {A cT:¢(A)e Bor(K)},

so that what we need to prove is the equality A = Bor(T).

First, remark that, if A € A, then ¢(A) € Bor(K), and the fact that ¢ is Borel
measurable will force (A) = ¢~!(¢(A)) to be a Borel set in T. But since (4) \ A
is countable, hence Borel, it follows that

A= (A)\ ((A) N A4)
is again Borel. Therefore, we have the inclusion A C Bor(T).

Second, remark that if ' C T is a compact subset, then the continuity of ¢
gives the fact that ¢(F) is compact, hence Borel. This then forces F' € A. Therefore
A contains the collection C7 of all compact subsets of T.

Now we have

Crc AC BO’I"(T) = 2(67*),
so all we need to prove is the fact that A is a g-algebra, i.e. we have the properties
(a) Ac A=T~\ Ac A
(b) for any sequence (A4,)5, C A, the union |J,, A4, also belongs to A..

To check (a) start with some set A € A. We know that ¢(A) € Bor(K), and

we want to show that ¢(T \ A) is again Borel. By Claim 4, we know we can write

P(T~A) =[K~o(A)]uC,

for some set C' C K which is at most countable. Since C' and K \ ¢(A) are Borel,
this shows that ¢(T' \ A) is also Borel.
Property (b) is obvious, since ¢(4,), n > 1 are all Borel, and

qS(n[_jl An> = n[_jl o(Ay). O

COROLLARY 3.7. Use the above notations. For a number r > 2 and a subset
B C K., the following are equivalent:
(i) B € Bor(K,);
(ii) ¢, Y(B) € Bor(T).

T
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PRrROOF. The implication (i) = (i) is trivial, since ¢, is continuous, hence
measurable.

Conversely, if the set A = ¢,71(B) is Borel, then by the Theorem, ¢,(A) is
Borel. But since ¢, is surjective, we have B = ¢,.(A). O

COMMENTS. From the above results, we see that ¢, : T — K, “almost pre-
serves Borel structures.” More explicitly, if one considers the maps
O, :P(T)> A— ¢.(A4) € P(K,),
U, P(K,)> Br— ¢;1(B) € P(1),
then
e (0,0V,)(B)=B,forall BC K,;
o (U, 0d,.)(A) D A, and (D, o ¥,.)(A) \ A is at most countable, for all
ACT,;
e B e Bor(K,) < ¥,.(B) € Bor(T);
o Ac Bor(T) < ®,.(A) € Bor(K,).
In the particular case r = 2, we know that Ko = [0, 1], so we can think the mea-
surable space ([0,1], Bor([0,1])) as “approximatively the same” as the measurable
space (T, Bor(T)).
The case r = 3 will be an interesting one, especially for constructing various
counter-examples. The compact set K3 C [0,1] is called the ternary Cantor set.

It turns out that there exists another useful description of the ternary Cantor
set K3, which yields some interesting properties.
NOTATIONS. We keep the notations above. An element a = ()22, € T will
be called finite, if there exists some N € N, such that «,, =0, Vn > 0. We define
Tfin = {a eT :a ﬁnite}.

Remark that T, C Tp. In particular the map ¢3 : Thn — K3 is injective.

For a € Tf, we define its length as |Tﬁn
l(a) =min{N eN: a,=0, Vn>N} -1
With this definition, for every a = ()52, € Thn, we have
(19) Qg =1and a, =0, Vn > {(a).
We define
A={(ka) €ZxTgy : k>{a)}.

Finally, for every pair A = (k,a) € A, we define the open interval

1 2
I = (¢3(a) + Frrr P3(a) + W)

Remark that, using (19) we have
La
2 1
¢3(a) S2Zl3—n:1—w,
with the convention that the sum is 0, if ¢(a) = 0. We then get

1 2
¢)3(G)+3kﬁ§1—w+ﬁ<l—%+3¢§1,
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which gives the inclusion I C (0,1).
The following result is describes an alternative construction of Kj.
THEOREM 3.4. Use the notations above.
(i) The set Ty, is dense in T';
(ii) The system (Ix)aea s pair-wise disjoint.
(iii) Upea = [0,1] N K3.

PRrROOF. The map ¢3 will be simply denoted by ¢, and the Cantor set K3 will
be denoted simply by K.

(i). Fix some element a = (a,)52, € T. For every integer & > 1 define the
element ay, = (ak)2, € T, by

e oan ifn<k
no 0 ifn>k

It is obvious that ar € Tg,, VE € N. The inequality

(07

e
Qo 1 1
d(a,ak): Zﬁg 227:27, VkeN
n==k+1 n=k+1

then immediately shows that limg_,. ar = a.
(ii). Assume A, p € A are such that A # p, and let us prove that [y NI, = @.
Let A = (j,a) and p = (k,b), where a = ()52, and b = ()22, are elements int
Tin, with £(a) < j and £(b) < k. Since A # p, we have one (or both) of the following
cases: (A) a #b,or (B) j #k.
In case (A) we take
m=min{n € N : a, # 6.}

Without any loss of generality, we can assume that «,,, = 0 and 3,, = 1. Note that
k> ¢(b) > m > 1. We are going to prove that Iy NI, = @, by showing that the
right end-point of I is not greater than the left end-point of I, that is,

(20) 8(a) + gy < 0(B) + v

Define the number

OJ“Q

m— m—
YL
Z = Z
with the convention that M = 0, 1f =1. We have.
£(a) £(a)

o7 1 1
pla)=2M+2 > 37§2M+2237:2M+3—m—%;
n=m+1 m+1
o) 5
¢(b)72M+%+2 > —>2M+3—
n=m+1
The inequality (20) then follows immediately from:
2 1 1 2 1 1 1
¢(a) + —= 1 < <2M + — 3 ~ 5i@ T3 << 2M + — 3m 30 T 37 <
1
§2M+3—m<2M+3—m§¢(b)<¢(b)+W.
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In case (B), based on the fact that we have proven case (A), we can assume, without
any loss of generality, that a = b and j < k. In this case we have

2 2 1 1
6(b) + 331 = (@) + g7 < d(@) + 5f < éla) + 37,

which means that the right end-point of I, is not greater than the left end-point of
I, so again we get I\ NI, = @.
For the proof of (iii) we are going to use the space

P={0,1,2}" = {(an)p2; : o, €{0,1,2}, Vn € N}.

Exactly as is the case with T', the product space P is compact with respect to the
product topology, which is given by the metric

alat) =3 1Pl v~ o), b= (B € P

n=1

Then map ¢ : P — [0, 1], defined by

ig—n Va=(apn)ye; € P,

satisfies
[¥(a) — ¥ (b)| < d(a,b), Ya,be P,

hence it is continuous. Note also that 1 is surjective. We can write ¢ = 9 o p,
where

p {0,135 (an)ily — (200)72, € {0,1,2}7.

Note also that p : T'— P is continuous, since we clearly have
d(p(a), p(b)) < 2d(a,b), Va,beT.

We now proceed with the proof of (iii). Denote the open set J,, Ix simply by
D. Since TFy, is dense in T, it follows that ¢(Tfy,) is dense in K = ¢(T'). Therefore,
in order to prove the inclusion K C [0, 1] \ D, using the surjectivity of 1, it suffices
to prove the inclusion

&(Thn) C [0,1] N D.

Using the map 9 : P — [0, 1], the above inclusion is equivalent to

(21) P p(Tn) > 7 1(D).

In order to prove the inclusion [0,1] \ D C K, again using the surjectivity of v, it
suffices to prove the inclusion

(22) ¢~ D) > P\ T H(K).

To prove (21) start with some element a = (a,)%; € ¥~1(D), which means that
there exists some b € Tq,, and an integer & > £(b), such that v (a) € I(xp), i-e.

201 28y 1 261 20k 2
(23) 3 T +3k 3k+1<27<7+ +3T+3k+1

n=1
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We prove that a & p(Ty) by contradiction. Assume a € p(Tjy,), which means that
there exists ¢ = (,,)5%; € Tfin, such that a,, = 27v,, Vn € N. Define the element
b= (ﬂn)zozl € Tﬁn by
B, ifn<k
=4 1 ifn=k+1
0 ifn>k+1
(

With this definition, the inequalities (23) give

(24) 6(b) < 6(0) + sy < B(0) < 6(D).

By Fact 2 above, there exist N, N’ € N such that
e yvw=1, 6y =0, and v, = B,, for all n € N with n < N;
e v =0, By =1, and Yn = B, for all n € N with n < N'.
We will examine three cases: (A) N < N’, (B) N=N',or (¢c) N > N".

Case (B) is clearly impossible. In case (A), the inequality N < N’ forces
Oy =0, vy =1 and By = vn, which means that Gy =1 # On = 0. This clearly
forces N = k 4+ 1 > £(b), which in particular gives f, = B, =0,Vn > N, so we
clearly have 7, > B,, Vn € N, so we get ¢(c) > ¢(b), thus contradicting (24). In
case (C), we have vy = 0, Bys = 1, and since N’ < N, we also have By = yn/ = 0.
As before this would force N’ = k 4+ 1. We then have

00 N'—1 o) k o]
_ Yo Yoo 2N Yo _ Br Yo _
¢(C)*2Z37*QZ37+3N/+2 37*2237+0+22 3 =
n=1 n=1 n=N’'+1 n=1 n=k+2
=ob) +2)_ w<oM)+2) oo =0(0) + 3
n=k+2 n=k+1

again contradicting (24).

To prove (22), we start with some element a € P\ 1)~(K), and we show that
Y(a) € D. The fact that a & ¢ ~!(K) forces the fact that a & p(T). In particular,
this gives the fact that a = («,)2%; € {0,1,2}®° and there exists some n € N such
that a,, = 1. Put

N =min{n e N : o, =1}.
Define the elements b = (3,)>%; € {0,1}%, by
8, = an/2 ifn< N
" 0 ifn>N
Notice that b € Tp,, and £(b) < N — 1. Notice also that 23, = a,, for all n € N
with n < N — 1. In particular, using the equality ay = 1, this gives
(25)

N-1 N 00
1 /677, an (0%%) (679
¢>(b)+3—N:2§ 37+3T\/Z§ 37§§ = Y(a);
n=1 n=1 n=1
(26)
2 N_lfy e 2 N o = 2 =
N
o0+ 3w =2 g taw T =gt 2 2D 5 =@
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Consider the pair A = (N —1,8) € A. We are going to show that ¢(a) € I, i.e.
we have the inequalities

1
(27) $(0) + g5 < ¥(a) <¢(b) +
By (25) and (26) it suffices to prove only that
U(a) £ 0(0) + 5y and () £ 6(0) +
If 1(a) = ¢(b) + 5, then by the inequalities (25), we are forced to have

(28) a, =0, Vn> N..
If ¢(a) = ¢(b) + 3%, then by the inequalities (26), we are forced to have
(29) an=2, ¥n> N..

If (28) holds, we define ¢ = (v,)52, € T, by
an/2 ifn< N

1 ifn>N
and we will have
o Yo N—l "Y %) 1 N—la 1
AL L) — = 4=
z:: 3" g 3" i n:zl\/;»l 3" n=1 " i 3N w(a)’

thus forcing ¢(a) € K, which is impossible.
If (29) holds, we define ¢ = (v,)52, € T, by

an/2 ifn#N

Yn = 1 ifn=N
0 ifn>N
and we will have
2%n - - Qp
CRED SRR S D D B )
n=1 n=N+1 n=1
thus forcing again ¢ (a) € K, which is impossible. O

FEzercise 7. Using the notations above, prove that the set
[0,1] N K3 = U Iy
A€EA
is dense in [0, 1].
HinTs: Define the set
Py = {(an)2; €{0,1,2}%0 : theset {n € N : an = 1} is infinite }.

Prove that Py is dense in P, and prove that ¢(P) C [0,1] ~ K. (Use the arguments employed in
the proof of part (iii).)

REMARKS 3.5. If weset A,, = AN ({n} X P), then we can write the complement
of the ternary Cantor set as

[0,1] \ K5 = UDn,
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where
D,= J I
AEA,
Then the system of open sets (Dy,),>0 is pair-wise disjoint. Morever, each D,, is a
union of 2" disjoint intervals of length 1/37+1,
Since card Ty = ¢, and the map ¢3 |T0 : Ty — K3 is injective, we get card K3 > c.
Since we also have card K3 < card R = ¢, we get in fact the equality

card K3 = c.



