
Lecture 19

2. Constructing (σ-)rings and (σ-)algebras

In this section we outline three methods of constructing (σ-)rings and
(σ-)algebras. It turns out that one can devise some general procedures, which
work for all the types of set collections considered, so it will be natural to begin
with some very general considerations.

Definition. Suppose one has a type Θ of set collections. In other words, for
any set X, one defines what it means for a collection C ⊂ P(X) to be of type Θ. The
type Θ is said to be consistent, if for every set X, one has the following conditions:

• the collection P(X), of all subsets of X, is of type Θ;
• if Ci, i ∈ I are collections of type Θ, then the intersection

⋂
i∈I Ci is again

of type Θ.
Examples 2.1. The following types are consistent:
• The type R of rings;
• The type A of algebras;
• The type S of σ-rings;
• The type Σ of σ-algebras;
• The type M of monotone classes.

The reason for the consistency is simply the fact that each of these types is defined
by means of set operations.

Definition. Let Θ be a consistent type, let X be a set, and let E ⊂ P(X) be
an arbitrary collection of sets. Define

FΘ(E, X) =
{
C ⊂ P(X) : C ⊃ E, and C is of type Θ on X

}
.

Notice that the family FΘ(E, X) is non-empty, since it contains at leas the collection
P(X). The collection

ΘX(E) =
⋂

C∈FΘ(E,X)

C

is of type Θ on X, and is called the type Θ class generated by E. When there is no
danger of confusion, the ambient set X will be ommitted.

Comment. In the above setting, the class Θ(E) is the smallest collection of
type Θ on X, which contains E. In other words, if C is a collection of type Θ on X,
with C ⊃ E, then C ⊃ Θ(E). This follows immediately from the fact that C belongs
to FΘ(E, X).

Examples 2.2. Let X be a (non-empty) set, and let E be an arbitrary collection
of subsets of X. According to the previous list of consistent types R, A, S, Σ, and
M, one can construct the following collections.

(i) R(E), the ring generated by E; this is the smallest ring that contains E.
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(ii) A(E), the algebra generated by E; this is the smallest algebra that contains
E.

(iii) S(E), the σ-ring generated by E; this is the smallest σ-ring that contains
E.

(iv) Σ(E), the σ-algebra generated by E; this is the smallest σ-algebra that
contains E.

(v) M(E), the monotone class generated by E; this is the smallest monotone
class that contains E.

Comment. Assume Θ is a consistent type. Suppose E is an arbitrary collection
of subsets of some fixed non-empty set X. There are instances when we would like
to decide whether a class C ⊃ E coincides with Θ(E). The following is a useful test:

(i) check that C is of type Θ;
(ii) check the inclusion C ⊂ Θ(E).

By (i) we must have C ⊃ Θ(E), so by (ii) we will indeed hav equality.
A simple illustration of the above technique allows one to describe the ring and

the algebra generated by a collection of sets.
Proposition 2.1. Let X be a non-empty set, and let E be an arbitrary collec-

tion of subsets of X.
A. For a set A ⊂ X, the following are equivalent:

(i) A ∈ R(E);
(ii) There exist sets A1, A2, . . . , An such that A = A14A24 . . .4An, and each

Ak, k = 1, . . . , n is a finite intersection of sets in E.
B. The algebra generated by E is

A(E) = R(E) ∪
{
X r A : A ∈ R(E)

}
= R

(
E ∪ {X}

)
.

Proof. A. Define R to be the class of all subsets A ⊂ X, which satisfy property
(ii), so that what we have to prove is the equality

R = R(E).

It is clear that E ⊂ R. Since every finite intersection of sets in E belongs to R(E),
and the latter is a ring, it follows that R ⊂ R(E). So in order to prove the desired
equality, all we have to do is to prove that R is a ring. But this is pretty clear, if
we think 4 as the sum operation, and ∩ as the product operation. More explicitly,
let us take Π(E) to be the collection of all finite intersections of sets in E, so that

(1) A ∩B ∈ Π(E), ∀A,B ∈ Π(E).

Now if we start with two sets A,B ∈ R, written as A = A14 . . .4Am and B =
B14 . . .4Bn, with A1, . . . , Am, B1, . . . , Bn ∈ Π(E), then the equality

A ∩B =
[
(A1 ∩B1)4 . . .4(Am ∩B1)

]
4

[
(A1 ∩B2)4 . . .4(Am ∩B2)

]
4 . . .

. . .4
[
(A1 ∩Bn)4 . . .4(Am ∩Bn)

]
,

combined with (1) proves that A ∩B ∈ R, while the equality

A4B = A14 . . .4Am4B14 . . .4Bn

proves that A4B also belongs to R.
B. Define

A = R(E) ∪
{
X r A : A ∈ R(E)

}
.
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Since we clearly have E ⊂ A ⊂ A(E), all we need to prove is the fact that A is an
algebra. It is clear that, whenever A ∈ A, it follows that X r A ∈ A. Therefore
(see Section III.1), we only need to show that

A,B ∈ A ⇒ A ∪B ∈ A.

There are four cases to examine: (i) A,B ∈ R(E); (ii) A ∈ R(E) and X rB ∈ R(E);
(iii) X r A ∈ R(E) and B ∈ R(E); (iv) X r A ∈ R(E) and X r B ∈ R(E).

Case (i) is clear, since it will force A ∪B ∈ R(E).
In case (ii), we use

X r (A ∪B) = (X r A) ∩ (X r B) = (X r B) r A,

which proves that X r (A ∪B) ∈ R(E).
Case (iii) is proven exactly as case (ii).
In case (iv) we use

X r (A ∪B) = (X r A) ∩ (X r B),

which proves that X r (A ∪B) ∈ R(E).
The equality A(E) = R

(
E ∪ {X}

)
is trivial. �

Comment. Unfortunately, for σ-rings and σ-algebras, no easy constructive
description is avaialable. There is an analogue of Proposition 2.1 uses transfinite
induction. In order to formulate such a statement, we introduce the following
notations. For every collection C of subsets of X, we define

C∗ =
{ ∞⋃

n=1

(An r Bn) : An, Bn ∈ C ∪ {∅}, ∀n ≥ 1
}
.

Notice that

(2) C ∪ {∅} ⊂ C∗ ⊂ S(C).

Theorem 2.1. Let X be a non-empty set, and let E be an arbitrary collection
of subsets of X. For every ordinal number η define the set

Pη = {α : α ordinal number with α < η}.

Let Ω denote the smallest uncountable ordinal number, and define the classes Eα,
α ∈ PΩ recursively by E0 = E, and

Eα =
( ⋃

β∈Pα

Eβ

)∗
, ∀α ∈ PΩ r {0}.

Then the σ-ring generated by E is

S(E) =
⋃

α∈PΩ

Eα.

Proof. Denote the union
⋃

α∈PΩ
Eα simply by U. It is obvious that E ⊂ U.

Let us prove that U ⊂ S(E). We do this by showing that Eα ⊂ S(E), ∀α ∈ PΩ.
We use transfinite induction. The case α = 0 is clear. Assume α ∈ PΩ has the
property that Eβ ⊂ S(E), for all β ∈ Pα, and let us show that we also have the
inclusion Eα ⊂ S(E). On the one hand, if we take the class

C =
⋃

β∈Pα

Eβ ,



148 LECTURE 19

then Eα = C∗. On the other hand, by the inductive hypothesis, we have C ⊂ S(E),
which clearly forces S(C) ⊂ S(E). Then the desired inclusion follows from (2)

In order to finish the proof, we only need to prove that U is a σ-ring. It suffices
to prove the equality U∗ = U, which in turn is equivalent to the inclusion U∗ ⊂ U.
Start with some U ∈ U∗, written as

U =
∞⋃

n=1

(An r Bn),

for two sequences (An)∞n=1 and (Bn)∞n=1 in U. For each n ≥ 1 choose αn, βn ∈ PΩ,
such that An ∈ Eαn

and B ∈ Eβn
. Form then the countable set

Z = {αn : n ∈ N} ∪ {βn : n ∈ N} ⊂ PΩ.

Then we clearly have
U ∈

( ⋃
ν∈Z

Eν

)∗
.

Since Z is countable, there is a strict upper bound for Z in PΩ, i.e. there exists
γ ∈ PΩ, such that αn < γ and βn < γ, ∀n ≥ 1. In other words we have Z ⊂ Pγ , so

U ∈
( ⋃

ν∈Pγ

Eν

)∗ = Eγ ,

so U indeed belongs to U. �

Corollary 2.1. Given a non-empty set X, and an arbitrary collection E of
subsets of X, with cardE ≥ 2, one has the inequality

cardS(E) ≤
(
cardE

)ℵ0
.

Proof. Using the notations from the proof of the above theorem, we will first
prove, by transfinite induction, that

(3) cardEα ≤
(
cardE

)ℵ0
, ∀α ∈ PΩ.

The case α = 0 is clear. Assume now we have α ∈ PΩ r {0}, such that

cardEβ ≤
(
cardE

)ℵ0
, ∀β ∈ Pα,

and let us prove that we also have the inequality card Eα ≤
(
cardE

)ℵ0 . If we take
C =

⋃
β∈Pα

Eβ , we know that C is a countable union of sets, each having cardinality

≤
(
cardE

)ℵ0 , so we immediately get

cardC ≤ ℵ0 ·
(
cardE

)ℵ0 =
(
cardE

)ℵ0
.

Then the collection
D(C) = {A r B : A,B ∈ C}

has cardinality at most
(
cardC

)2, so we also have

cardD(C) ≤
(
cardE

)ℵ0
.

Finally, the collection Eα = C∗ has cardinality at most
(
cardD(C)

)ℵ0 , so we get

cardEα ≤
[(

cardE
)ℵ0

]ℵ0 =
(
cardE

)ℵ0
.
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Having proven (3), we now have

cardS(E) = card
( ⋃

α∈PΩ

Eα

)
≤

(
cardPΩ

)
·
(
cardE

)ℵ0 = ℵ1 ·
(
cardE

)ℵ0
.

Since ℵ1 ≤ c = 2ℵ0 ≤
(
cardE

)ℵ0 , the above estimate gives

cardS(E) ≤
[(

cardE
)ℵ0

]2 =
(
cardE

)ℵ0
. �

Comment. Suppose Θ is a consistent type. There is a very useful technique
for proving results on classes of the form Θ(E). More explicitly, suppose E is an
arbitrary collection of subsets of X, and (p) is a certain property which refers to
subsets of X. Suppose now we want to prove a statement like:

(∗) Every set A ∈ Θ(E) has property (p).
In order to prove such a statement, one defines

U =
{
A ∈ Θ(E) : A has property (p)

}
,

and it suffices to prove that:
(i) U is of type Θ;
(ii) U ⊃ E, i.e. every set A ∈ E has property (p).

Indeed, if we prove the above two facts, that would force U ⊃ Θ(E), and since by
construction we have U ⊃ Θ(E), we will in fact get U = Θ(E), thus proving (∗).

As a first illustration of the above technique, we prove the following.
Proposition 2.2. Let X be a non-empty set, and let R be a ring on X. Then

the σ-ring generated by R is the same as the monotone class generated by R, that
is, one has the equality

S(R) = M(R).

Proof. Since S(R) is a monotone class, and contains R, we have the inclusion
S(R) ⊃ M(R).

To prove the other inclusion, using the fact that M(R) contains R, it suffices
to show that M(R) and is a σ-ring. Since M(R) is already a monotone class, we
only need to show that it is a ring. In other words, we need to show that whenever
A,B ∈ M(R), it follows that both A r B and A∪B belong to M(R). Define then,
for every A ∈ M(R) the set

MA =
{
B ∈ M(R) : A ∩B, A r B, B r A ∈ M(R)

}
,

so that what we need to prove is:
(∗) MA = M(A), ∀A ∈ M(R).

Before we proceed with the proof of (∗), let us first remark that, for A,B ∈ M(R),
one has

(4) B ∈ MA ⇐⇒ A ∈ MB .

Secondly, we have the following
Claim 1: For every A ∈ M(R), the collection MA is a monotone class.

To prove this, we start with a monotone sequence (Bn)∞n=1 in MA, and we prove
that the limit B = limn→∞Bn again belongs to MA. First of all, clearly B belongs
to M(R). Second, since the sequences (A∩Bn)∞n=1, (ArBn)∞n=1, and (Bn rA)∞n=1

are all monotone sequences in M(R), and since M(R) is a monotone class, it follows
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that the limits A ∩ B = limn→∞(A ∩ Bn), A r B limn→∞(A r Bn), and B r A =
limn→∞(Bn r A) all belong to M(R), so B indeed belongs to MA.

Having proven Claim 1, we now prove (∗) in a particular case:

Claim 2: MA = M(R), ∀A ∈ R.

Fix A ∈ R. We know that MA ⊂ M(R) is a monotone class, so it suffices to prove
that MA ⊃ R. But this is obvious, since R is a ring.

We now proceed with the proof of (∗) in the general case. If we define

U =
{
A ∈ M(R) : MA = M(R)

}
,

all we need to prove is the equality U = M(R). By Claim 2, we know that U ⊃ R, so
it suffices to prove that U is a monotone class. Start then with a monotone sequence
(An)∞n=1, and let us show that the limit A = limn→∞An again belongs to U. First
of all, A belongs to M(R). What we then have to prove is that MA = M(R). Start
with some arbitrary B ∈ M(R). We know that B ∈ MAn

, ∀n ≥ 1. Using (4)
we have An ∈ MB , ∀n ≥ 1, and using the fact that MB is a monotone class (see
Claim 1), it follows that A = limn→∞An belongs to MA. Using (4) again, this
gives B ∈ MA. This way we have proven that any B ∈ M(R) also belongs to MA,
so we indeed have the equality MA = M(R). �

Corollary 2.2. Let X be a non-empty set, and let E be an arbitrary family
of subsets of X. Then the σ-ring, and the σ-algebra generated by E respectively, are
given as the monotone classes generated by the ring, and by the algebra generated
by E respectively. That is, one has the equalities:

(i) S(E) = M
(
R(E)

)
;

(ii) Σ(E) = M
(
A(E)

)
.

Proof. (i). By the above result, since R(E) is a ring, we have

(5) M
(
R(E)

)
= S

(
R(E)

)
.

Since S
(
R(E)

)
is a σ-ring, and contains E, it follows that

S
(
R(E)

)
⊃ S(E).

Conversely, since S(E) is a ring, and contains E, we get the inclusion

S(E) ⊃ R(E),

and since S(E) is a σ-ring, we will now get

S(E) ⊃ S
(
R(E)

)
,

so we get

S
(
R(E)

)
= S(E).

Using (5), the desired equality follows.
(ii). This follows from Proposition 2.1 and part (i) applied to E∪{X}, combined

with the obvious equality Σ(E) = S
(
E ∪ {X}

)
. �

The σ-ring and the σ-algebra, generated by an arbitrary collection of sets, are
related by means of the following result.
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Proposition 2.3. Let X be a non-empty set, and let E be an arbitrary collec-
tion of subsets of X. Define the collection

PE
σ(X) =

{
A ⊂ X : there exists (En)∞n=1 ⊂ E, with A ⊂

∞⋃
n=1

En

}
.

(i) PE
σ(X) is a σ-ring on X;

(ii) the σ-ring S(E) and the σ-algebra Σ(E), generated by E, satsify the equality

S(E) = Σ(E) ∩ PE
σ(X).

Proof. Part (i) is trivial.
To prove part (ii), we first observe that the intersection Σ(E) ∩ PE

σ(X) is a
σ-ring, which obviously contains E, so we immediately get the inclusion

S(E) ⊂ Σ(E) ∩ PE
σ(X).

The key ingredient in proving the inclusion “⊃” is contained in the following.
Claim: Given a set E ∈ E, the collection

AE(X) =
{
A ⊂ X : A ∩ E ∈ S(E)

}
is a σ-algebra on X.

To prove this we need to check:
(a) if A belongs to AE(X), then X r A also belongs to AE(X);
(b) whenever (An)∞n=1 is a sequence of sets in AE(X), it follows that the union⋃∞

n=1 An also belongs to AE(X).
To check (a) we simply remark that, since both E and A ∩ E belong to S(E), it
follows immediately that (X r A) ∩E = E r (A ∩E), also belongs to S(E), which
means that X r A indeed belongs to AE(X).

Property (b) is clear. Since the fact that An ∩ E belongs to S(E), for all n,
immediately gives the fact that

( ⋃∞
n=1 An) ∩ E =

⋃∞
n=1(An ∩ E) belongs to S(E),

which means precisely that
⋃∞

n=1 An belongs to AE .
Having proven the Claim, we now proceed with the proof of the inclusion

S(E) ⊃ Σ(E) ∩ PE
σ(X). Start with some set A ∈ Σ(E) ∩ PE

σ(X), and we will show
that A belongs to S(E). First of all, there exists a sequence (En)∞n=1 ⊂ E, such that

(6) A ⊂
∞⋃

n=1

En.

Using the Claim, we know that for each n ∈ N, the collection AEn
is a σ-algebra.

This σ-algebra clearly contains E, so we have

Σ(E) ⊂ AEn
, ∀n ∈ N.

In particular, we get the fact that A ∈ AEn , which means that A ∩ En belongs to
S(E, for all n ∈ N. But then the inclusion (6) forces the equality

A =
⋃
n=1

(A ∩ En),

which then gives the fact that A indeed belongs to S(E). �

The above result motivates the following.
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Definition. A collection E of subsets of X is said to be σ-total in X, if
X ∈ PE

σ(X), i.e. there exists some sequence (En)∞n=1 ⊂ E with
⋃∞

n=1 En = X. By
the above result, this is equivalent to the fact that X belongs to the σ-ring S(E)
generated by E, which in turn is equivalent to the equality Σ(E) = S(E).

We discuss now two more methods of constructing (σ-)rings, (σ-)algebras, or
monotone classes.

Notations. Let f : X → Y be a function, and let E ⊂ P(X) and G ⊂ P(Y )
be two arbitrary collections of sets. We define

f∗E =
{
A ∈ P(Y ) : f−1(A) ∈ E

}
⊂ P(Y );

f∗G =
{
f−1(G) : G ∈ G

}
⊂ P(X).

Definitions. Let Θ be a type of set collections. We say that Θ is natural, if
for any map f : X → Y , one has the implications

(i) C of type Θ on X =⇒ f∗C of type Θ on Y ;
(ii) D of type Θ on Y =⇒ f∗D of type Θ on X.

Examples 2.3. The types R, A, S, Σ, and M are natural.
The term “natural” is justified by the following.

Exercise 1. Let X
f−→ Y

g−→ Z be maps.
(i) Prove that, for any collection C ⊂ P(X), one has the equality g∗(f∗C) =

(g ◦ f)∗C.
(ii) Prove that, for any collection D ⊂ P(Y ), one has the equality f∗(g∗D) =

(g ◦ f)∗D.
Theorem 2.2 (Generating Theorem). Suppose Θ is a consistent class type,

which is natural. Let X and Y be non-empty sets, and let f : X → Y be a map.
For any collection G ⊂ P(Y ), one has the equality

f∗Θ(G) = Θ(f∗G).

Proof. On the one hand, by naturality, we know that f∗Θ(G) is of type Θ.
On the other hand, it is pretty clear that, since Θ(G) ⊃ G, we also have the inclusion
f∗Θ(G) ⊃ f∗G). Since Θ is consistent, it then follows that we have the inclusion

f∗Θ(G) ⊃ Θ(f∗G).

To prove the other inclusion, we consider the class

C = f∗
[
Θ(f∗G)

]
⊂ P(Y ).

By naturality, it follows that C is of type Θ on Y . For any G ∈ G, the obvious
relation

f−1(G) ∈ f∗G ⊂ Θ(f∗G)

proves that G ∈ C. This means that we have the inclusion C ⊃ G, and since C is of
class Θ, it follows that we have the inclusion

Θ(G) ⊂ C.

This means that, for every A ∈ Θ(G), we have f−1(A) ∈ Θ(f∗G), which means
precisely that we have the desired inclusion

f∗Θ(G) ⊂ Θ(f∗G). �
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Example 2.4. Let Θ be a consistent class type, which is both covariant and
contravariant. Let Y be some set, and let C be a collection of type Θ on Y . Given
a subset X ⊂ Y , we consider the inclusion map ι : X ↪→ Y . The collection ι∗C is
then of type Θ on X. It will be denoted by C

∣∣
X

. Since ι−1A = A∩X, ∀A ∈ P(Y ),
we have

C
∣∣
X

= {A ∩X : A ∈ C}.
If E ⊂ P(Y ) is a collection with C = Θ(E), then by the Generating Theorem we
have the equality

(7) Θ(E)
∣∣
X

= Θ
(
{E ∩X : E ∈ E}

)
.

Comment. The exercise below shows that a “forward” version of the Gener-
ating Theorem does not hold in general. In other words, an equality of the type
f∗Θ(G) = Θ(f∗G) may fail. The reason is the fact that the collection f∗G may be
relatively “small.”

Exercise 2. Consider the sets X = {1, 2, 3}, Y = {1, 2}, the function f : X →
Y , defined by f(1) = f(2) = 1, f(3) = 2, and the collection C =

{
{1}, {2}, ∅

}
.

Describe the collection f∗C, the algebra A(C) generated by C (on X), and the
algebra A(f∗C) generated by f∗C (on Y ). Prove that one has a strict inclusion
A(f∗C) ( f∗A(C).

Exercise 3. Let Θ be a consistent natural type, let f : X → Y be a surjective
map, and let G be a collection of subsets of X. Assume one has the inclusion

(8) G ⊂ f∗Θ(f∗G).

Prove that one has the equality

f∗Θ(G) = Θ(f∗G).

(One instance when (8) holds is for example when f−1
(
f(G)

)
= G, ∀G ∈ G.)

Exercise 4*. Let Θ be one of the types A, R, S, Σ, or M. Let f : X → Y
be an injective map, and let G ⊂ P(X) be some arbitrary collection. Prove the
equality

f∗Θ(G) = Θ(f∗G).

Natural consistent types are useful, because it is possible to construct product
structures.

Definition. Let Θ be a consistent type which is natural. Let (Xi)i∈I be a
collection of non-empty sets. Assume that, for each i ∈ I, a collection Ei ⊂ P(Xi)
of type Θ is given. Consider the product cartesian product X =

∏
i∈I Xi, together

with the projection maps πi : X → Xi, i ∈ I. The collection

Θ -X
i∈I

Ei = Θ
( ⋃

i∈I

π∗i Ei

)
is a collection of type Θ on X, which is called the Θ-product. When there is no
danger of confusion, we use the notation X.

Remark 2.1. Use the notations from the above definition. Assume that, for
each i ∈ I, a collection Gi ⊂ P(Xi) is given. Then one has the equality

X
i∈I

Θ(Gi) = Θ
( ⋃

i∈I

π∗i Gi

)
.
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Indeed, if we define Ei = Θ(Gi), the inclusion ⊃ follows from the obvious inclusions

X
i∈I

Ei ⊃ π∗i Ei ⊃ π∗i Gi.

The inclusion ⊂, follows from the inclusions

π∗i Gi ⊂ Θ
( ⋃

i∈I

π∗i Gi

)
,

which combined with the fact that the right hand side is of type Θ, and the Gen-
erating Theorem, give the inclusions

π∗i Ei = π∗i Θ(Gi) = Θ(π∗i Gi) ⊂ Θ
( ⋃

i∈I

π∗i Gi

)
.

Natural consistent types also allow one to define disjoint union structures.
Definitions. Let (Xi)i∈I be a collection of non-empty sets. Assume that, for

each i ∈ I, a collection Ci ⊂ P(Xi) is given. On the disjoint union X =
⊔

i∈I Xi

one defines the collection∨
i∈I

Ci =
{
C ⊂ X : C ∩Xi ∈ Ci, ∀ i ∈ I

}
.

Assume now Θ is a natural consistent, and Ci is of type Θ on Xi, for each i ∈ I. If
we consider the inclusion maps εi : Xi → X, i ∈ I, then one clearly has the equality∨

i∈I

Ci =
⋂
i∈I

εi∗Ci,

which means that
∨

i∈I Ci is a collection of type Θ on X.
Exercise 5. Let I be countable, and let (Xi)i∈I be a collection of non-empty

sets. Assume that, for each i ∈ I, a collection Ci ⊂ P(Xi) is given, such that
∅ ∈ Ci. Prove the equalities∨

i∈I

S(Ci) = S
( ∨

i∈I

Ci

)
and

∨
i∈I

Σ(Ci) = Σ
( ∨

i∈I

Ci

)
.

We conclude with a discussion on certain constructions related to topology.
Definitions. Let X be a topological Hausdorff space. We consider the collec-

tion T of all open sets in X. The σ-algebra Σ(T) on X, generated by T is denoted
by Bor(X). The sets in Bor(X) are called Borel sets.

Remark that singleton sets are Borel, since they are closed. Moreover
• every countable set B ⊂ X is Borel.

One also defines the σ-algebra Borc(X) = Σ(CX) generated by the class CX of
all compact subsets of X.

Another class of sets will also be of interest. Its construction uses the following
terminology.

A subset A ⊂ X is said to be σ-compact, if there exists a sequence (Kn)∞n=1 of
compact subsets of X, such that A =

⋃∞
n=1 Kn. A set B ⊂ X is said to be relatively

σ-compact, if there exists a σ-compact set A with B ⊂ A. We set

Pσc(X) =
{
B ∈ P(X) : B relatively σ-compact

}
,

and we define
Borσc(X) = Bor(X) ∩ Pσc(X).
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Proposition 2.4. Let X be a topological Hausdorff space.
(i) Pσc(X) is a σ-ring on X;
(ii) the σ-ring Borσc(X) coincides with the σ-ring S(CX) generated by the

collection CX of all compact subsets of X.

Proof. Using the notations from Proposition 2.3, we have Pσc(X) = PCX
σ (X),

so part (i) is a consequence of Proposition 2.3.(i). By Proposition 2.3.(ii) we also
know that

S(CX) = Σ(CX) ∩ Pσc(X) = Borc(X) ∩ Pσc(X),

and since Borc(X) ⊂ Bor(X), we have the inclusion

S(CX) ⊂ Borσc(X).

To prove the other inclusion, all we need to show is the inclusion

Borσc(X) ⊂ Borc(X).

Start with some arbitrary set B ∈ Borσc(X), and let us prove that prove that
B ∈ Borc(X). Since B is relatively σ-compact, there exists a sequence (Kn)∞n=1

of compact sets, such that B ⊂
⋃∞

n=1 Kn. Define, for each integer n ≥ 1, the set
Bn = B ∩Kn. Since B =

⋃∞
n=1 Bn, It suffices to show that

(9) Bn ∈ Borc(X), ∀n ∈ N.

Fix n, and let us analyze the inclusion ιn : Kn ↪→ X. Denote by T the collection of
all open sets in X, and denote by TKn

the collection of all sets D ⊂ Kn, which are
open in the induced topology, that is,

TKn
=

{
D ∩Kn : D ∈ T

}
.

By the Generating Theorem (Example 2.4), we know that

Bor(X)
∣∣
Kn

= Σ(T)
∣∣
Kn

= ΣKn

(
{D ∩Kn : D ∈ T}

)
= ΣKn

(
TKn

)
= Bor(Kn).

(Here the notation ΣKn
indicates that the σ-algebra is taken on Kn.) In particular,

we get

(10) Bn = B ∩Kn ∈ Bor(X)
∣∣
Kn

= Bor(Kn), ∀n ∈ N.

Since Kn is compact, the σ-ring S(CKn
), generated by all compact subsets of Kn, is

a σ-algebra on Kn (simply because it contains Kn.) Notice that every set D ∈ TKn

is of the form Kn r F , with F ⊂ Kn compact (in X), therefore D belongs to
S(CKn). Since S(CX) is a σ-algebra, which contains TKn , we have

Bor(Kn) = ΣKn

(
TKn

)
⊂ S(CKn

) ⊂ S(CX) ⊂ Borc(X), ∀n ∈ N.

Now (9) immediately follows from the above inclusions, combined with (10). �

Remark 2.2. For a topological Hausdorff space, we always have the inclusions

Borσc(X) ⊂ Borc(X) ⊂ Bor(X).

The following are equivalent
(i) Borσc(X) = Bor(X);
(ii) X is σ-compact.

The following result exaplains when a minimal set of generators can be chosen
for the Borel sets.
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Proposition 2.5. Let X be a topological space which is second countable, i.e.
there is a countable base for the topology. If S is any sub-base for the topology
(countable or not), then

Bor(X) = Σ(S).

Proof. Denote by T the collection of all open sets in X. Denote by V the
collection of all subsets of X, which can be written as finite intersections of sets in
S. It is obvious that S ⊂ V ⊂ Σ(S), so we have the equality Σ(S) = Σ(V). This
means that it suffices to prove the equality

(11) Σ(T) = Σ(V).

Notice that V is a base for the topology, which means that every open subset D ( X
can be written as a union of sets in V. What we want to prove is

Claim: Every open set D ( X is a countable union of sets in V.
To prove this fact, we fix an open set D ( X, as well as a countable base B =
{Bn}∞n=1 for the topology. For every x ∈ D we define the set

Mx = {n ∈ N : there exists V ∈ V, such that x ∈ Bn ⊂ V ⊂ D}.
It is pretty clear that Mx 6= ∅, ∀x ∈ D. (First use the fact that V is a base, to
find V ∈ V such that x ∈ V ⊂ D, and then use the fact that B is a base to find n
such that x ∈ Bn ⊂ V .) If we put M =

⋃
x∈D Mx, then it is pretty obvious that⋃

n∈M Bn = D. For every n ∈ M we choose some Vn ∈ V with Bn ⊂ Vn ⊂ D (use
the fact that n must belong to some Mx). It is then clear that D =

⋃
n∈M Vn, and

the claim follows.
As a consequence of the Claim, we see that any open set D ( X automatically

belongs to Σ(V), and then we have the inclusion T ⊂ Σ(V) ⊂ Σ(T). This clearly
forces the equality (11). �

Corollary 2.3. Let I be a set which is at most countable, and let (Xi)i∈I be
a collection of second countable topological spaces. Then one has the equality

(12) Bor
( ∏

i∈I

Xi

)
= Σ-X

i∈I

Bor(Xi),

where the product space
∏

i∈I Xi is equipped with the product topology.

Proof. By the definition of the product σ-algebra, we know that

Σ-X
i∈I

Bor(Xi) = Σ
( ⋃

j∈I

π∗j Bor(Xj)
)

,

where πj :
∏

i∈I → Xj , j ∈ I, denote the projection maps. Choose, for each j ∈ I,
a countable sub-base Sj for Xj , so that we have the equalities

Bor(Xj) = Σ(Sj), ∀ j ∈ I.

By Remark 2.1 we have the equality

Σ-X
i∈I

Bor(Xi) = Σ
( ⋃

j∈I

π∗j Sj

)
,

where πj :
∏

i∈I → Xj , j ∈ I, denote the projection maps. Since the collection⋃
i∈I π∗i Si is a countable sub-base for the product topology, the above equality,

combined with Proposition 2.5 immediately gives (12). �
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Exercise 6. A. Prove that, if X is second countable, and S is a sub-base for its
topology (countable or not), with

⋃
S∈S S = X, then we have in fact the equality

Bor(X) = S(S).

B. Prove that, if X is Hausdorff, second countable, with cardX ≥ 2, then for any
sub-base S (countable or not), we have the equality

Bor(X) = S(S).

Hints: Follow the proof above. Remark that every open set D ⊂ X, which is a countable union

of sets in V, belongs in fact to the σ-ring S(V) = S(S). So in either case, we only have to show

that X is a countable union of sets in V.
In case A, we trace the proof of the Claim, and we notice that the only property that we

used was the fact that, for every x ∈ D, there exists V ∈ V with x ∈ V ⊂ D, i.e. D is a (possibly
uncountable) union of sets in V. Since X itself satisfies this property, it follows that X is also a
countable union of sets in V.

In case B, we use the Hausdorff property to write X = D1 ∪D2, with D1, D2 ( X open.

Corollary 2.4. If X is a topological Hausdorff space, which is second count-
able, and X is infinite (as a set), then cardBor(X) = c.

Proof. First of all, since X is infinite, one can chose an infinite countable
subset A ⊂ X. Then A, and all its subsets are Borel, i.e. we have the inclusion
P(A) ⊂ Bor(X), thus proving the inequality

cardBor(X) ≥ cardP(A) = 2ℵ0 = c.

Secondly, one can choose a base V for the topology, which is countable. We now
have Bor(X) = S

(
V ∪ {X}

)
, so by Corollary 2.1. we get

cardBor(X) ≤ card
(
V ∪ {X}

)ℵ0 ≤ ℵ0
ℵ0 = c,

and the desired equality follows. �

Examples 2.5. A. Consider the extended real line [−∞,∞] = R ∪ {−∞,∞},
thought as a compact space, homeomorphic to the interval [−π/2, π/2], via the map
f : [−π/2, π/2] → [−∞,∞], defined by

f(t) =

 −∞ if t = −π/2
tan t if − π/2 < t < π/2
∞ if t = π/2

Notice that, when restricted to R = (−∞,∞), this topology agrees with the usual
topology. In particular, this gives the equality Bor([−∞,∞])

∣∣
R = Bor(R).

Let A ⊂ R be a dense subset. Consider the collections

E1 =
{
(a,∞] : a ∈ A

}
; E2 =

{
[a,∞] : a ∈ A

}
;

E3 =
{
[−∞, a) : a ∈ A

}
; E4 =

{
[−∞, a] : a ∈ A

}
.

With these notations we have the equalities

Bor([−∞,∞]) = Σ(E1) = Σ(E2) = Σ(E3) = Σ(E4).

First of all, we notice that each set in E1 ∪ E2 ∪ E3 ∪ E4 is either open or closed,
which means that

E1 ∪ E2 ∪ E3 ∪ E4 ⊂ Bor([−∞,∞]),
thus giving the inclusions

Σ(Ek) ⊂ Bor([−∞,∞]), ∀ k ∈ {1, 2, 3, 4}.
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Second, we observe that E1 ∪ E3 is a sub-base for the topology, and since [−∞,∞]
is obviously second countable, we will have the equality

Bor([−∞,∞]) = Σ(E1 ∪ E3).

So, in order to finish the proof we only need to show the inclusions

(13) E1 ∪ E3 ⊂ Σ(Ek), ∀ k ∈ {1, 2, 3, 4}.

Since every set in E2 has its complement in E3, and viceversa, we have the inclusions

E2 ⊂ Σ(E3) and E3 ⊂ Σ(E2),

which prove the equality

(14) Σ(E2) = Σ(E3).

Likewise, we have the equality

(15) Σ(E1) = Σ(E4).

This means that we only have to prove (13) for k = 2 and k = 4. The case k = 2
amounts to proving that E1 ⊂ Σ(E2). Fix some a ∈ A. For every integer n ≥ 1 we
choose an ∈ (a, a + 1

n ) ∩A. Then the equality

(a,∞] =
∞⋃

n=1

[an,∞]

clearly shows that (a,∞] ∈ Σ(E2).
The case k = 4 amounts to proving that E3 ⊂ Σ(E4). Fix some a ∈ A. For

every integer n ≥ 1 we choose an ∈ (a− 1
n , a) ∩A. Then the equality

[−∞, a) =
∞⋃

n=1

[−∞, an]

clearly shows that [−∞, a) ∈ Σ(E4).
B. If we work on R, and we consider the collections

E0
k =

{
E ∩ R : E ∈ Ek

}
, k = 1, 2, 3, 4,

then by the Generating Theorem (Example 2.4) we have the equalities

Bor(R) = Σ(E0
k) = S(E0

k), k = 1, 2, 3, 4.

(The fact that the σ-algebra Σ(E0
k) and the σ-ring S(E0

k) coincide is a consequence
of the fact that E0

k is σ-total in R.)
C. Let X be a separable metric space. Let A ⊂ X be a dense set, and let

R ⊂ (0,∞) be a subset with inf R = 0. Then the collection

SA,R =
{
Br(a) : r ∈ R, a ∈ A

}
is clearly a base for the metric topology. Since X is separable, one can choose both
A and R to be countable, which proves that X is automatically second countable.
Then for any choice of A and R, we will have the equality

(16) Bor(X) = Σ
({

Br(a) : r ∈ R, a ∈ A
})

= S
({

Br(a) : r ∈ R, a ∈ A
})

.

(The equality between the generated σ-algebra and σ-ring follows from Exercise
1.A.) As particular cases when the equality (16) holds, one has the metric spaces
which are σ-compact.
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Exercise 7*. Let I be an uncountable set, and let (Xi)i∈I be a collection of
topological spaces. Assume that for each i ∈ I, there esists at leas one non-empty
closed subset Fi ( Xi. (This is the case for example when Xi is Hausdorff, and
cardXi ≥ 2.) Prove that one has a strict inclusion

Bor
( ∏

i∈I

Xi

)
) Σ-X

i∈I

Bor(Xi).

Hint: For every subset J ⊂ I, define the projection map πJ :
∏

i∈I Xi →
∏

i∈J Xi. Consider
the collection

A =
{
A ⊂

∏
i∈I

Xi : there exists J ⊂ I countable, such that A = π−1
J

(
πJ (A)

)}
.

Prove that A ∪ {∅} is a σ-algebra, which contains
⋃

i∈I π∗i Bor(Xi). Prove that one has a strict

inclusion Bor
( ∏

i∈I Xi

)
) A∪{∅}, by contsructing a non-empty closed set F ⊂

∏
i∈I Xi, which

does not belong to A.


