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LECTURE 18

1. Set arithmetic: (o-)rings, (o-)algebras, and monontone classes
In this section we discuss various types of set collections used in Measure The-
ory.

NOTATION. Given a (non-empty) set X, we denote by P(X) the collection of
all subsets of X.

DEFINITION. Let X be a non-empty set. For A € P(X), we define the function

xy: X —{0,1} by
1 ifzeA
%A(x):{ 0 ifzeX~NA
The function s 4 is called the characteristic function of A.
The basic properties of characteristic functions are summarized in the following.
FEzercise 1. Let X be a non-empty set. Prove:
(i) #y =0and >y = 1.
(ii) For A, B € P(X) one has
ACB & sy <up;
A=B & x,y=xp.
) %a4np = %4 g, VA B € P(X).
V) g g=sx4-(1—xp), VA B e P(X).
) g =4+ xp—4 x5, VA BePX).
) #asueoa, = D (DTN ey ey, Y AL Ap € PX).
k=1 1<ip < <ip<n
(Vil) stpyppg = |2ea—2p|l =2 4+xg—23 43¢5, VA B € P(X). Here A stands
for the symmetric set difference, defined by AAB = (A~ B)U (B \ A).
Property (vi) is called the Inclusion-Exclusion Formula.
Hint:  (vi). Show that the right hand side is equal to 1 — (1 — ¢4, ) -+ (1 — 324, ).

REMARK 1.1. The Inclusion-Exclusion formula has an interesting application
in Combinatorics. If the ambient set X is finite, then the number of elements of
any subset A C X is given by

Al =" sal@).

zeX
Using the Inclusion-Exclusion formula, we then get

n

(AL U Udn[ =3 (=DM Y AN Ay

k=1 1<i) <--<ip<n
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This is known as the Inclusion-Ezxclusion Principle.

DEFINITION. Let X be a non-empty set, and let K be one of the fields! Q, R
or C. An function ¢ : X — K is said to be elementary, if its range ¢(X) is finite.
Remark that this gives

b= D Nxepan = DL A ey
AEP(X) A€p(X)~{0}
We define
Elemg(X) ={¢: X — K : ¢ elementary}.
Given a collection M C P(X), a function ¢ : X — Kis said to be M-elementary,
if ¢ is elementary, and moreover,
o H{AD) e M, YA e K~ {0}.
We define
M-Elemg (X) ={¢: X — K : ¢ M-elementary}.
Ezercise 2. With the above notations, prove that Elemg(X) is a unital K-
algebra.

PROPOSITION 1.1. Given a non-empty set X, the collection P(X) is a unital
ring, with the operations

A+B=AAB and A-B=ANDB, A, Bec?PX).
PROOF. First of all, it is clear that A is commutative.
To prove the associativity of A, we simply observe that
X anByrc = Xanp t Ho — 2% np¥c =
= gt npg =2y xptixg— (34t xp— 2 xp) 2o =
= trxpgt+rxo—20e g+ o+ xprg)+ 2xy g
Since the final result is symmetric in A, B, C, we see that we get

ZAN(BAC) = Z(AAB)AC
so we indeed get
(AAB)AC = AA(BAC).
The neutral element for A is the empty set @. Since we obviously have AAA = &,
it follows that (P(X),A) is indeed an abelian group.
The operation N is clearly commutative, associative, and has the total set X
as the unit.
To check distributivity, we again use characteristic functions:
X (AnC)A(BNC) = ¥ Aanc T ¥ Bnc — 2% pnc*pnc =
=npnotuprg — 2 upgrg = (s +xp — 2 xpg)nc =
= X AABYC = X (AAB)NC»
so we indeed have the equality

(ANC)A(BNC)=(AAB)NC.

1 K can be any field.
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DEFINITIONS. Let X be a non-empty set. A ring on X is a non-empty sub-ring
R C P(X). We do not require the unit X to belong to R, but we do require & € R.
An algebra on X is a ring A which contains the unit X.

Rings and algebras of sets are characterized as follows.

PROPOSITION 1.2. Let X be a non-empty set.

A. For a non-empty collection R C P(X), the following are equivalent:
(i) R is a ring on X;
(ii) For any A,B € R, we have AN B € R and AUB € R.

B. For a non-empty collection A C P(X), the following are equivalent:

(i) A is an algebra on X;
(ii) For any A € A, we have X ~ A € A, and for any A,B € A, we have
AUBeA.

PROOF. A. (i) = (ii). Assume Ris aring on X, and let A, B € R. Then ANB
belongs to R, so
ANB=AA(ANB)
also belongs to R. It the follows that
AUB = (AAB)A(ANB)

again belongs to R.
(#4) = (i). Assume R satisfies property (ii). Start with A, B € R. Then A\ B
belongs to R, and
ANB=AN (AN B)
again belongs to R. Since AU B also belongs to R, it follows that the set
AAB =(AUB)~(ANB)
again belongs to R.
B. (i) = (4¢). This is clear from the implication A.(7) = ().
(i4) = (i). Assume A satisfies property (ii). Start with two sets A, B € A.
Then the complements X \ A and X \ B both belong to A, hence their union
(XNAUXNB)=X~(ANB)
belongs to A, and the complement of this union
XN[X~N(ANB)=AnB

will also belong to A.
If A,B € A, then since X \ B belongs to A, by the above considerations, it
follows that the intersection
AN(X\B)=A\B
also belongs to A. Likewise, the difference B~ A also belongs to A, hence the union
(ANB)U(BNA)=AAB

also belongs to A. By part A, it follows that A is a ring.
Finally, since A is non-empty, if we choose some A € A, then AAA = & belongs
to A, so its complement X \ & = X also belongs to A. ([l

It will be useful to introduce the following terminology.

DEFINITION. A system of sets (4;);cs is said to be pair-wise disjoint, if A; N
Aj =0, for all 4,7 € I with i # j.
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LEMMA 1.1. Let X be a non-empty set, let K be one of fields Q, R or C, and
let R be a ring on X. For a function ¢ : X — K, the following are equivalent:

(i) ¢ is R-elementary;
(ii) there exist an integer n > 1 and sets Ay,..., A, € R, and numbers
A,y Ay €K, such that

=AMy ot Ay
(ii) there exist an integer m > 1, and a finite pair-wise disjoint system (Bj)}”:l C
R, and numbers 1, ..., um € K, such that
¢ =g, + o+ mgp, .

PROOF. (i) = (ii). Assume ¢ is R-elementary. If ¢ = 0, there is nothing to
prove, because we have ¢ = s . If ¢ is not identically zero, then we can obviously

write
b= Y Aty
AEP(X)~{0}

with all sets ¢~ 1({\}) in R.
(74) = (4i1). Define
& ={¢: X — K : ¢ satisfies property (iii)}.
Assume ¢ satisfies (ii), i.e.
6= Aisa + o+ Anita s
with Ay,..., A, € R and A1,..., A\, € K. We are going to prove that ¢ € &, by
induction on n. The case n = 1 is trivial (either ¢ = 0,80 ¢ =35 € €, 0r p = Asry
for some A € R and A # 0, in which case we also have ¢ € €).
Assume
aixp, + -+ agxp, €8,
for all Dy,..., D € R, ay,...,a; € K. Start with a function
o= /\1%,41 +""|’/\k%Ak +>\k+1%,4k+1,

with Ay,..., Agy1 € R and Aq,..., A\g11 € K, and based on the above inductive
hypothesis, let us show that ¢ € €. Using the inductive hypothesis, the function

Y=Nosxg, +oF Apsg, + Ak1eg,
belongs to &, so there exist scalars 1,...,n, € K, an integer p > 1, and a pair-wise
disjoint system (C})%_, C R, such that
Y=mxg, +-Fpg,

With this notation, we have

¢ = )\1%A1 +mxe, +-+ e,
Put then

Byj = A1 NCj and Bej_1 = C; N Ay, for all j € {1,...,p};
Bopi1 =A1 N (CLU---UCp).

It is clear that (Bk)ii +11 C R is pair-wise disjoint. Notice now that the equalities

Cj=Baj_1UBy;, Vje{l,...,p},

A1 =DB1UB3U---UDBgpi1,
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combined with the fact that the B’s are pairwise disjoint, give

Mo, =Hp,,  +Hp, Vjie{l,...,p},

%A :%B1+%B3+.'.%B2p+l’

1

which give

P P
¢ = an%sz + Z(Uj F A7, T Axp,
Jj=1 j=1
which proves that ¢ indeed belongs to €.
(4ii) = (i). Assume there exists a finite pair-wise disjoint system (B;)7L; C R,
and numbers pq, ..., u, € K, such that

¢ = g, + -+ tmrp,
and let us prove that ¢ is R-elemntary.

If all the u’s are zero, there is noting to prove, since ¢ = 0.

Assume the p’s are not all equal to zero. Since the u’s that are equal to zero
do not have any contribution, we can in fact assume that all the y’s are non-zero.
Notice that

H(X)N{0} ={p; : 1 <j<m}
In particular ¢ is elementary.

If we start with an arbitrary A € K \ {0}, then either A & ¢(X), or A €
#(X) ~ {0}. In the first case we clearly have ¢~ ({\}) = @ € R. In the second
case, we have the equality

o ()= U B
JEMX
where
My={j:1<j<mandp; =A}
Since all B’s belong to R, it follows that ¢—'({\}) again belongs to R. Having
shown that ¢ is elementary, and ¢~1({\}) € R, for all A € K \ {0}, it follows that
¢ is indeed R-elementary. O

PRrROPOSITION 1.3. Let X be a non-empty set, and let K be one of the fields Q,
R, or C.
A. For a non-empty collection R C P(X), the following are equivalent:
(i) R is a ring on X;
(ii) R-Elemg(X) is a K-subalgebra of Elemg (X).
B. For a non-empty collection A C P(X), the following are equivalent:
(i) A is an algebra on X;
(ii) A-Elemg(X) is a K-subalgebra of Elemg (X), which contains the constant
function 1.

PRrROOF. A. (i) = (i7). Assume R is a ring on X. Using Lemma 1.1 we see that
we have the equality:

R-Elemg (X) = Span{s 4 : A € R}.
In particular, this shows that R-Elemg(X) is a K-linear subspace of Elemg(X).
Moreover, in order to prove that R-Elemg (X) is a K-subalgebra, it suffices to prove

the implication
A,Be€R= s, xp € R-Elemg(X).
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But this implication is trivial, since s 4 - g = 244, and AN B belongs to R.
(1) = (7). Assume R-Elemg(X) is a K-subalgebra of Elemg (X). First of all,
since s, = 0 € R-Elemg(X), it follows that @ € R.
Start now with two sets A, B € R. Then » 4 and s g belong to R-Elemg (X).
Since R-Elemg (X)) is an algebra, the function

XAnB = A" B
belongs to R-Elemg (X), so we immediately see that AN B € R.
Likewise, the function

Hapnp =¥at+ g — 2y np

belongs to R-Elemg (X ), so we also get AAB € R.
B. This equivalence is clear from part A, plus the identity »y = 1. (Il

Algebras of elementary functions give in fact a complete description for rings
or algebras of sets, as indicated in the result below.
PROPOSITION 1.4. Let X be a non-empty set, and let K be one of the fields Q,
R, or C.
A. The map
R — R-Elemg (X)
is a bijective correspondence from the collection of all rings on X, and the collection
of all K-subalgebras of Elemg (X).
B. The map
A — A-Elemg (X)
is a bijective correspondence from the collection of all algebras on X, and the col-
lection of all K-subalgebras of Elemyg (X) that contain 1.

PROOF. A. We start by proving surjectivity. Let & C Elemg (X) be an arbitrary

K-subalgebra. Define the collection
R={ACX :x,€é}
If A, B € R, then the equalities
H g = Haxpg and s gpg =2y + 2 — 2 4¢p,

combined with the fact that € is a subalgebra, prove that s 4~z and s 4 5 both
belong to &€, hence AN B and AAB both belong to R. This shows that R is a ring.

It is pretty clear (see Lemma 1.1) that R-Elemg(X) C €. To prove the other
inclusion, start with some arbitrary function ¢ € &, and let us prove that ¢ €
R-Elemg (X). If ¢ = 0, there is nothing to prove. Assume ¢ is not identically zero.
We write ¢(X) ~ {0} as {Ai,..., A}, with \; # A; for all 4,5 € {1,...,n} with
i#j. Foreach i € {1,...,n}, weset A; = ¢~ 1({\;}), so that

b= Ny,
=1

Since all X’s are different, the matrix
A A2 o A
A2 )8

T— .1 .2

APOXELLAn
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n
.7

is invertible. Take [a;] ;1 to be the inverse of 7" The obvious equalities

P = M, VE=1,....n

j=1

can be written in matrix form as

¢2 74,
o 4,
: =T ’
" 74,

so multiplying by T~ yields

4, :Zajkgbk, Vi=1,...,n,
k=1
which proves that s, ,...,224 € &, 80 Ay,..., A, € R. This then shows that
¢ € R-Elemg (X).

We now prove injectivity. Suppose first that R and 8§ are rings such that
R-Elemg (X) = 8-Elemg(X), and let us prove that R = 8. For every A € R, the
function s 4 € R-Elemg(X) is also S-elementary, which means that A € §. This
proves the inclusion R C 8. By symmetry we also have the inclusion § C R, so
indeed R = 8.

B. This part is obvious from A. O

DEFINITIONS. Let X be a (non-empty) set. A collection U C P(X) is called a
o-ring, if it is a ring, and it has the property:
(0) Whenever (A,)2% is a sequence in U, it follows that|J,~_, Ay also belongs
to U.

A collection 8 C P(X) is called a o-algebra, if it is an algebra, and it has property

(o).

Clearly, every o-algebra is a o-ring.
REMARKS 1.2. A. For o-rings and o-algebras, one of the properties in the
definition of rings and algebras is redundant. More explicitly:
(i) A collection U C P(X) is a o-ring, if and only if it has the property (o)
and the property: A, Be U= A~ B € U.
(ii) A collection 8§ C P(X) is a o-algebra, if and only if it has the property
(o) and the property: A€ 8§ = X\ A€S.
B. If U is a o-ring, then it also has the property
(0) (Ap)pzy CU= 2, €U
Since o-algebras are o-rings, they will also have property (9).
DEFINITIONS. Let X be a non-empty set. A sequence (A,,)p>1 of subsets of X
is said to be monotone, if it satisfies one of the following conditions:
(T) Ay CApg1, Vn > 1,
(l) A, D An+1, Vn>1.
In the case (1) the sequence is said to be increasing, and we define
lim A, = | ] 4,

n—oo
n=1
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In the case (|) the sequence is said to be decreasing, and we define

oo

nh_)rrgo A, = ﬂ A,.
n=1

A collection M C P(X) is said to be a monotone class on X, if it satisfies the

condition:

(M) whenever (A,)n>1 18 a monotone sequence in M, it follows that its limit
lim,, . A, also belongs to M.

PRrROPOSITION 1.5. Let R be a ring on X. Then the following are equivalent:
(i) R is a o-ring;
(ii) R is a monotone class.

PROOF. (i) = (4¢). This is immediate from the definition and Remark 1.2.B.

(i4) = (¢). Assume R is a monotone class, an let us prove that it is a o-ring.
By Remark 1.2.A, we only need to prove that R has property (o). Start with an
arbitrary sequence (A4,),>1 in R, and let us prove that [ J,2 ; A,, again belongs to R.
For every integer n > 1, we define B,, = [ J;_, A,,. Since R is a ring, it follows that
B, € R, Vn > 1. Moreover, the sequence (By,),>1 is increasing, so by assumption,
the set U;L.Ozl A, =lim, .. B, indeed belongs to R. O



