LECTURE 13

4. The weak dual topology

In this section we examine the topological duals of normed vector spaces. Be-
sides the norm topology, there is another natural topology which is constructed as
follows.

DEFINITION. Let X be a normed vector space over K(= R, C). For every z € X,
let €, : X* — K be the linear map defined by
€x(¢) = o(x), Vo € X"
We equipp the vector space X* with the weak topology defined by the family = =

(ez)zex. This topology is called the weak dual topology, which is denoted by w*.
Recall (see Section 3) that this topology is characterized by the following property

(w*) Given a topological space T, a map f: T — X* is continuous with respect
to the w* topology, if and only if e, o f : T — K is continuous, for each
xz e X.

Remark that all the maps €, : X* — K, x € X are already continuous with respect
to the norm topology. This gives the fact that

e the w* topology on X* is weaker than the norm topology.

REMARK 4.1. The w* topology is Hausdorff. Indeed, if ¢,9 € X* are such
that ¢ # 1, then there exists some z € X such that

€(¢) = (z) # ¥(2) = ex(¥).
PRrROPOSITION 4.1. Let X be a normed vector space over K. For every € > 0,
¢ €X*, and x € X, define the set

W(giz,e) = { € X" : [v(a) — 6(a)] < <.
Then the collection
W= {W(g;z,e) : €>0,¢€X* zeX}

is a subbase for the w* topology. More precisely, given ¢ € X*, a set N C X* is a
neighborhood of ¢ with respect to the w* topology, if and only if, there exist € > 0
and z1,...,x, € X, such that

N D W(ge,x1)N---NW(p;e,2,).

PROOF. It is clearly sufficient to prove the second assertion, because it would
imply the fact that any w* open set is a union of finite intersections of sets in 'W.
If we define the collection

8§ = {egl(D) : 2 €X, D CKopen },
then we know that § is a subbase for the w* topology.
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Fix ¢ € X*. Start with some w* neighborhood N of ¢, so there exists some w*
open set E with ¢ € F C N. Using the fact that § is a subbase for the w* topology,
there exist open sets Dy,..., D, C K, and points z1,...,x,, such that

¢c ()& (D) CE.
k=1

Fix for the moment k € {1,...,n}. The fact that ¢ € ¢, !(Dy) means that ¢(z) €
Dy.. Since Dy, is open in K, there exists some €5 > 0, buch that

Dk D) ng (¢(l‘k))
Then if we have an arbitrary ¢ € W(¢; e, xx), we will have
() — d(ze)| < e,
which gives ¢ € € (Dk) This proves that

(¢7€k7‘rk) - 6 (Dk)
Notice that, if one takes ¢ = min{ey,...,e,}, then we clearly have the inclusions
W (¢;e,2x) C W(d;er, xr) C €, (D).
We then immediately get

n
W(gie,z) C ) €z (Dr) C E C N,
k=1

and we are done. ([
COROLLARY 4.1. Let X be a normed vector space. Then the w* topology on X*

is locally convex, i.e.
e for every ¢ € X* and every w*-neighborhood N of ¢, there exists a convex

w*-open set D such that ¢ € D C N.

PROOF. Apply the second part of the proposition, together with the obvious
fact that each of the sets W(¢;e, x) is convex and w*-open. O

PRrROPOSITION 4.2. Let X be a normed vector space. When equipped with the
w* topology, the space X* is a topological vector space. This means that the maps

X" % X 3 (¢,9) — ¢+ € X"
K x X* 3 (A, ¢) — A € X*

are continuous with respect to the w* topology on the target space, and the w*
product topology on the domanin.

PROOF. According to the definition of the w* topology, it suffices to prove
that, for every x € X, the maps

0z : X* X X" 2 (0, 0)) ¥— 12t (@ +9) €K
KxX*3 () ¢) — e:(\p) € K
are continuous. But the continuity of o, and +, is obvious, since we have
02 (0,1) = ¢(x) + ¢(2) = () + €(¥), V(1) € X* x X
Ye(X, @) = Ap(x) = Aex(9), V(A 1) € K x X*.
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Our next goal will be to describe the linear maps X* — K, which are continuous
in the w* topology.

PrOPOSITION 4.3. Let X be a normed vector space over K. For a linear map
w: X* = K, the following are equivalent:

(i) w is continuous with respect to the w* topology;
(ii) there exists some x € X, such that

w(¢) = ¢(z), Vo€ X"
PrOOF. The implication (%) = () is trivial, since condition (ii) gives w = ¢,
(i) = (i1). Suppose w is continuous. In particular, w is continuous at 0, so if
we take the set
D={\eK: |\ <1},
the set
w (D) ={peX" : [w(p)| <1}
is an open neighborhood of 0 in the w* topology. By Proposition 77 there exist
T1,...,T, € X, and € > 0, such that
(1) W (0;e,21)N---NW(0;¢,2,) C D.
Claim 1: One has the inequality

w(@)| < et -max {|¢(xz1)],- .., |¢(z,)]}, Vo€ X"
Fix an arbitrary ¢ € X*, and put M = max {|¢(m1)|, ceey |¢(xn)|} For every integer
k > 1, define
op=c(M+1) "o,
so that
|6n ()] = (M + 1) ()] < eM (M + %)’1 <e Vk>1,je{l,...,n}
This proves that ¢, € W(0;¢,z;), for all k> 1, and all j € {1,...,n}. By (1) this
will give
w(dw)l <1, Yk =1,
which reads
e(M+ 1) (@) <1, VE>1.
This gives
w(g)| <e M+ 1), Vk>1,
and it will obviously force
w(e)] <™ M.
Having proven the Claim, we now define the linear map 7" : X* — K", by

To = (p(x1),...,b(xn)), Vo€ X"
Claim 2: There exists a linear map o : K* — K, such that w =coT.
First we show that we have the inclusion

Kerw D KerT.

If we start with ¢ € KerT, then ¢(z1) = --- = ¢(z,) = 0, and then by Claim
1 we immediately get w(¢) = 0, so ¢ indeed belongs to Kerw. We us now a bit
of linear algebra. On the one hand, since w[KerT = 0, there exists a linear map
W : X/KerT — K, such that w = @& om, where 7 : X — X/KerT denotes the
quoatient map. On the other hand, by the Isomorphism Theorem for linear maps,
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there exists a linear isomorphism 7" : X/KerT —~— RanT, such that T o7 = T.
We then define
oo =&woT ':RanT — K,
and we will have
opoT = ((DOT_l)O(TOTI') =Qom=w.

We finally extend! o : RanT — K to a linear map o : K® — K.
Having proven Claim 2, we choose scalars aq, ..., a, € K, such that

U()\l,...,)\n) = A1+ FapAa, V()\h;)\n) c K™
We now have

w((b) = U(T¢) = 0'((]5(1‘1), LR (b(mn)) = 041¢(x1) +eee an¢(xn)7 V¢ € :X:*u

so if we define © = ayx1 + - - - + apx,, we claerly have

w(@) = d(x), Vo e X

(#4) = (i). This implication is trivial. O

COROLLARY 4.2. Let X be a normed vector space, let C C X* be a conver set,
and let ¢ € X* € . (Here € denotes the w*-closure of C.) Then there exists
an element x € X, and a real number «, such that

Reo(z) < a <Ret(zx), Vo € C.

PROOF. Since the w* topology on X* is locally convex, there exists a convex

w*-open set A C X*, such that ¢ € A C X* <€ . In particular, we have ANC = &.
Apply the Hahn-Banach separation theorem to find a linear map w : X* — K, which
is w*-continuous, and a real number «, such that

Rew(p) < a <Rew(v), Vpe A, ¢ € C.
We then apply the above Proposition. (I

COMMENTS. The definition of the w* topology can be used in a more general
setting, when X is just a topological vector space. The above results are still vaild
in this general setting.

In general the unit ball
(X1 ={oe X : [lofl <1},

although bounded and closed, is not compact in the norm topology. However, when
the w* topology is used, we have

THEOREM 4.1 (Alaoglu). If X is a normed vector space, then the unit ball
(X*)1, in the topological dual space, is compact in the w* topology.

PROOF. Let us consider the unit ball in K:
B={MeK: |\<1}.
Let us also consider the unital ball in X:

(01 ={z X : [z <1}

1 One can invoke the Hahn-Banach Theorem here. In fact this is not necessary, since RanT C
K™ are finite dimensional vector spaces.
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Define the product space
r= ] ®
z€(X)1
identified equivalently as the space of maps (X); — B. By Tihonov’s Theorem,
when we equip P with the product topology, it will become a compact topological
space. We denote by 7, : P — B, x € (X)1, the projection onto the factor with
label z. By definition of the product topology 7, is continuous.
For any z,y € (X); define the map A, , : P — K by

f(x) ;rf(y) £

r+vy
2

Az,y(f): ), VfGP

Note that )
Agy = 5(7% + 7ry) — M(z4y)/2»

so Ay y 1 P — K is obviously continuous. In particular, the set
- f@)+ ) Tty
Ay =830 = {r e P LWy iy,
is closed in P, for every =,y € (X);.
Similarly, for every z € (X); and every A € B, we define the map ¥ , : P - K
by

Ene(f) = f(Az) = Af(2), VfEP
then ¥, , is continuous, so the set
B., = S0} = {f € P : fOa) = Af(@)}
is closed in P, for every A € B, x € (X);.

Define the set

z,ye(X)1 é\(%]g%)
T 1

Since L is an intersection of closed sets, it follows that L itself is closed. In partic-
ular, L is compact. By construction, we have

3[f@) + f)] = f(3lz +y]) and

fOx) = Af(x), Vo,ye (X)1, A €B
For any f € L, we define the map ¢y : X — K by
0 ifx=0

L={f:(X);—>B

Yy(z) =

el fgp) it #0

Claim 1: For any f € L, the map vy : X — K is linear, and satisfies
Ul o, = 1
Fix f € L. Start with some 2 € X and some A € K. We have ||Az|| = |A| - ||z]], so
we get
0 if either x =0, or A =0

Yr(Az) = A

|>‘|||5U“f(mﬁ) ifA#£0and z#0
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If A # 0 and = # 0, we put

A T
p=andy= o
Al [l
and the fact that p € B, y € (X)1, and f € B,, ,, will give
A A x A
s fluy) = pf(y) =7 f57) = o ¢ (@),
(|>\| = ||) Al (HSEII) Al
so in this case we get
A
Yr(Az) = Al =] f (7 = AL [l - Vy(x) = My ().
f N BT = s
In the case when either A = 0 or z = 0, we also get the equality
wf(/\x) =0= A¢f($)
This way we have proven the homeogeneity of ¢
(2) Yr(Ar) = Mpp(x), VAeK, zeX.
Let us prove now that ¢f|(x)1 = f. If x = 0, then using the property
(3) fluy) =nfy), YpeB, ye (X

with 4 = 0 and y = 0, we immediately get f(z) =0 =¢s(x). If  # 0, we use (3)
x
[
f(@) = Fl=ll-y) = =l - £(y) =[] - (H ||) ¥y ().

We now prove that 9y is additive. Start with two elements z,y € X. Define

x q Y
=7 —andw= —"T—7——,
[l +llyll +1 [l + llyll + 1

so that we obviously have v, w € (X); and
z={llzll +llyl + 1} - v and y = {[J]| + [ly[l + 1} - w.
By homogeneity, we have
Yo+ ) = 9y (20l + lyll+ 13 Sl +owl) = 20l + Iyl + 13 £ (G o+ ul).

Using the fact that f € A, ,, the above computatlon can be continued to give:

Y@ +y) = 2{[lz] + [yl + 1} - f( [v+w]) =

=2{llz[ + llyll + 1} - §[f(v) + f(w)] =
= {ll=ll + llyll + 1} - f(v) +{llzll + Iyl + 1} - £ (w).
Using the fact that f| 0 = f, the above equality gives

r(@+y) = {llzl + lyll + 1} - ¥p(v) + {llzll + [yl + 1} - s (w).
Finally, using the homogeneity property (2) we get

bp(a+y) = b ({llzl + Iyl + 13- o) +op ({2l + lyll + 13 - w) = ¥p(a) + s (y).
Having proven the Claim, let us now observe that, for f € L, the fact that

Yi(z) = f(z) € B, Vz € ()1,

with p = ||z|| and y = and we again get
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shows that ¢y is continuous, and ||3p¢|| < 1. Therefore we have a correctly defined
map

U:L> fr—1ype (X))
Claim 2: When (X*)1 is equipped with the w* topology, the map ¥ is con-
tinuous.

By the definition of the w* topology, we need to prove that €, o ¥ : L — K is
continuous, for avery x € X. If x = 0, the composition ¢, o ¥ is the constant map
0, so there is nothing to prove. If x # 0, we define

€T
= — & § ,

and using Claim 1, we have

(€2 0 W)(f) = exltry) = vy (x) = [lz]l -9y (

o) = Wl ¥r) = el £, £ € L.
This proves that
€0V = [lz] - my,
and since 7, : P — B is continuous, the continuity of €, o ¥ follows.
In order to finish the proof of the Theorem, it then suffices to prove
Claim 3: The map U : L — (X*); is surjective.

Start with an arbitrary ¢ € (X*);, which means that ¢ : X — K is linear, continu-
ous, and

lp(z)] <1, Va € (X);.

In particular, if we define f = (b’(x)l, then

f(z)eB, Vze (X)),
which means that f € P. Using the fact that ¢ is linear, it is obvious that f € L.
Using Claim 1, we have
Yp(x) = f(z) = (), Va e (X).
Now, since wf|(X)1 = ¢|(DC)1’ and both 1, and ¢ are linear, we immediately get
V= ¢. O

REMARKS 4.2. Using the notations from the above proof, the continuous map
¥ : L — (X*); is in fact bijective. The only thing we need to prove is the injectivity.
Suppose ¥y = 14, for some f,g € L. Then

F =y, = Yol iy, =9

Since ¥ : (X*); — L is bijective, continuous, and the spaces (X*); and L are
compact Hausdorff, it follows that W is in fact a homeomorphism. The inverse map
W1 (X*); — L is simply defined by

VH9) = 0| p),» VO E (X1,

PROPOSITION 4.4. Suppose X is a normed vector space, which is separable in
the norm topology. When equipped with the w* topology, the compact space (X*);
is metrizable.
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PROOF. Fix a countable dense subset M C X, and define (M); = (X); N M.
Notice that (M) is dense in (X);. Indeed, if we start with some z € (X);, and
some € > 0, then we set 2. = (1—5)x, and we choose y € M such that ||z. —y[| < 5.
On the one hand, we have

e e S S
< e — € P’ 1—5)- <s;+1-5-=1,
Il < llee =yl + el < 5+ (1= 5) ol < 5 41—

so y € (M)1. On the other hand, we have
€ € €
ly —all < lly —well + o —ell < & + Sl < 5 (1 o) <=

Let us use the notations from the proof of Theorem 4.1. Let us then define the
product space
II &

xze(M)1
equipped with the product topology. Define also the map
T: ] B> [ flog, € II B
CEG(X)1 :L’€(M)1

It is obvious that T is continuous. Let

2 (X1 3 ¢ @] ), € IT B

zE(DC)l
We know that s is continuous and injective (being the inverse of ¥ : L — (X*);).
Claim: The composition T o 3¢ : (X*)1 — [L,c (), B is injective.

Indeed, if ¢, 1 € (X*); satisfy (Yosc)(¢p) = (Tos)(1)), then we get ¢‘(M)l = w‘(M)l'
Since (M) is dense in (X)p, this will force d)}(x)l = w|(DC)1’ which finally forces
¢ = 1.

Using the above Claim, we see that if we define @ = (Y 0 )((X*)1), then Q C
HmG(M)l B is compact, and T o s : (X*); — @ is a homeomorphism. Notice that
HmG(M)l B is a countable product of metric spaces, so it is metrizable. Therefore
Q is also metrizable, and so will be (X*);. O

REMARK 4.3. Assuming X is separable, and M C X is a countable dense subset.
If we enumerate the countable set (M), as

M)y = {yn : n 21},

then a metric d that defines the w* topology on (X*); can be constructed as
- [9(yn) — ¥(yn)|
d = v X*)1.
(0,9) n§:1 o , Vo, e (X

COMMENTS. Let X be a normed vector space. One can extend the map s to a
map
2 X* 9¢»—>¢5’(x)1 € H K.
z€(X)1
This map will still be injective and continuous, and one can show that

7 X — 2(XY)
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is a homeomorphism, when 3(X*) is equipped with the induced topology from the
product space er(DC)l K. In general however, the set 3(X*) is not closed in the
product space H%E(DC)1 K.

If X is separable, and if one takes a countable dense set M C X, then as before,
one also still has a continuous map

T: ] K> fr— flog, € II .
z€(X)1 z€(M)1
and the composition
Yos:X*— H B
z€ (M),
will still be continuous and injective. In general however, it turns out that the map

Tos:X* — Tox(X")
is not a homeomrphism. The exercise below explains exactly when this is the case.

Exercise 1*. Let X be a normed vector space, which is of uncountable dimension
(for example, a Banach space). Prove that the topological space (X*,w*) is not
metrizable.

HINT:  Assume (X*,w*) is metrizable. Let d be a metric which gives the w*-topology. Then
0 € X* will have a countable basic system of neighborhoods. In particular, there exist sequences
(n)n>1 C X, and (en)p>1 € (0,00), such that the sets

n
Bn =[] W(0;en, k)
k=1

satisfy Bn C Bi/,(0), Vn > 1, where By, (0) denotes the d-open ball of center 0 and radius
1/n. Consider the set M = {z,, : n € N}. We know that Span M C X. Choose some vector
y € X~ SpanM. For every n > 1, choose a linear map v, : Span{y,z1,...,2n} — K, such
that ¥ (y) = 1, and ¢Yn(zr) = 0, Vk € {1,...,n}. Extend (use Hahn-Banach) ¢, to a linear
continuous map ¢n : X — K. Notice now that ¢, € By, for all n > 1, which would then force
d-limp—oo ¢ = 0. In particular, this would force limy—oo ¢n(z) = 0, Vo € X. But this is
impossible, since ¢p(y) =1, Vn > 1.

COMMENT. If X is a normed vector space of countable dimension, then (X*, w*)
is metrizable. Indeed, if we take a linear basis {b, : n € N} for X, then the w*
topology on X* is clearly defined by the metric

W9 =2 3 Tl v #V Y

n=1




