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2. Normed vector spaces

DEFINITION. Let K be one of the fields R or C, and let X be a K-vector space.
A norm on X is a map

X3z |z| €[0,00)
with the following properties

(@) llz+yll < llzll +[lyll, Vz,y € X;
(i) [|Azf = [Al-[lz]], Vo € X, A € K;
(iii) ||| = 0 = 2 = 0.

(Note that conditions (i) and (ii) state that || .|| is a seminorm.)
ExaAMPLE 2.1. Let K be either R or C. Fix some non-empty set I, and define

FCI * el F

) ={a:T—K : inf [ sup |a(i)] ] =0 ¢.
’ { ﬁnite[ } }

Remark that for a function o : I — K, the fact that a belongs to ci (1) is equivalent
to the following condition:

e For every € > 0, there exists some finite set F' C I, such that
la(i)| <&, YielINF.

We equip the space ci(I) with the K-vector space structure defined by point-wise
addition and point-wise scalar multiplication. We also define the norm || . || by

ol = sup a(d)], o € c5(D).
iel

When K = C, the space cj(I) is simply denoted by co(I). When I = N - the set of

natural numbers - the space ci (N) can be equivalently described as

c]g(N) = {oz = (ap)n>1 CK: nl;rr;o oy = O}.
In this case instead of ci(N) we simply write cfy, and instead of c(N) we simply
write cg.
Ezercise 1. Prove that || .||~ is indeed a norm on ci ().

ExaMpPLE 2.2. Let K be either R or C, and let I be a non-empty set. We
define the space

fing(I) ={a: I —>K: theset {i € : a(i) # 0} is finite}.
Then fing(I) is a linear subspace in c (1).

63
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DEFINITION. Suppose X is a normed vector space, with norm || . ||. Then there
is a natural metric d on X, defined by

d(a:,y) = HI - yHa T,y € X.
The toplogy on X, defined by this metric, is called the norm topology.

Ezercise 2. Let X be a normed vector space, over K(= R, C). Prove that, when
equipped with the norm toplogy, X becomes a topological vetor space. That is, the
maps

XxX>(z,y)—az+yeX
KxX>\z)— Az eX
are continuous.

Ezercise 3. Let K be one of the fields R or C, and let I be a non-empty set.

Prove that fing(I) is dense in ci(I) in the norm topology.

EXAMPLE 2.3. Let K be one of the fields R or C, and let I be a non-empty
set. Define
() ={a:1—-K:supla(i)] < oco}.
iel

We equip the space £°(I) with the K-vector space structure defined by point-wise
addition and point-wise scalar multiplication. We also define the norm || . || by

oo = sup (@), ae (D).
i€

When K = C, the space £2°(I) is simply denoted by ¢>°(I). When I = N - the set
of natural numbers - instead of ¢3°(N) we simply write £3°, and instead of (*°(N)
we simply write £°°.

Ezercise 4. Prove that || . |lo is indeed a norm on (22 (I).

Exercise 5. Let K be one of the fields R or C, and let I be a non-empty set.
Prove that ¢ (1) is a linear subspace in £°(I), which is closed in the norm topology.

In preparation for the next class of examples, we introduce the following;:

DEFINITION. A map « : I — K is said to be summable, if there exists some
number s € K such that

(s) for every e > 0 there exists some finite set F. C I such that

s — Za(i)

e F

< g, for all finite sets F with F, C F C I.

If such an s exists, then it is unique, and it is denoted by >, ; a(i). In the case
when [ is finite, every map « : I — K is summable, and the above notation agrees
with the usual notation for the sum.
Ezercise 6. Assume « : I — K is summable. Prove that, for every A € K, the

map Aa : I — K is summable, and

Z Aa(i) = A Z a(t).

icl iel
If 8 : I — K is another summable map, prove that a+ 3 : I — K is summable, and

Y () +8@)] = [D_a@)] + [ Y 80)].

i€l el iel
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The following result characterizes summability for non-negative terms
LEMMA 2.1. Let K be one of the fields R or C, let I be a non-empty set, and
let «: I —[0,00). The following are equivalent:
(i) « is summable;
(ii) sup Za(i) cFcl, ﬁnite} < 00.
ieF
Moreover, in this case we have

sup { > ali): Fcl, ﬁnite} =" a(i).

i€l i€l

PRroOOF. We denote the quantity sup { Z a(i) : FCl, ﬁnite} simply by t.
ieF
(i) = (i7). Assume o is summable, and denote ), ; «(7) simply by s. Choose,
for each € > 0 a finite set F. C I such that

s — Za(i)

ieF

< g, for all finite subsets F' C I with F' D F..

Claim: For any finite set G C I, and any € > 0, one has the inequality
> ali)<s+e.
i€G
Indeed, if we take the finite set G U F¢, then using the fact that all a’s are non-

negative, we get
Za(i) < Z a(i) < s+e.
i€G i€GUF.
Using the Claim, which holds for any e > 0, we immediately get

Z a(i) < s, for all finite subsets G C I,
i€G
so taking supremum yields ¢ < s, in particular ¢ < co.

(#4) = (¢). Assume condition (ii) is true. We are going to show that « is
summable, by proving that the number t satisfies the definition of summabilty.
Consider the set

S = { Za(i) : F finite subset of I},
=
so that sup S =t < co. Start with some € > 0. Since ¢ — ¢ is no longer an upper
bound for S, there exists some finite set F. C I, such that } ;. a(i) >t —e.
Notice that, for any finite set F' C I with F' D F., we have

t—e< > a(i) <) ali)<t,
i€F, i€F

so we immediately get

‘t —Y ali)| <e.

icF
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Ezercise 7. Let a: I — [0,00) be summable. Prove that every map 8 : 1 —
[0, 00) with

BU) <alj), Viel,
is summable, and >, ; 8(4) < > cr a(d).
REMARK 2.1. It is obvious tat the above result has a version for non-positive

maps as well. More explicitly, for a map «a : I — (—o0, 0] the following are equiva-
lent:

(i) « is summable;
(ii) inf{Za(i) Fcl, ﬁnite} > —00.
i€k
Moreover, in this case we have

inf { D a(i): Fcl, ﬁnite} => af(i).

icF iel
LEMMA 2.2. Let I be a non-empty set. For a function o : I — C, the following
are equivalent:

(i) « is summable;
(ii) both functions Re o, Im o : I — R are summable.

Moreover, in this case we have the equality
Za(j) = ZRe a(j)+1 Zlm a(j).
jeI jel jel

PROOF. (i) = (ii). Assume « is summable. Denote the sum } . a(j) simply
by s. For every € > 0 choose a finite set F. C I such that

s — Z oz(j)‘ < ¢, for all finite sets F C I with F' D F.
jEF

Using the inequality

max {[Re z|,|Imz|} < |z|, Vz €C,

we immediately get the inequalities

‘Res - ZRea(j)‘ = ‘Re [s — Za(j)]‘ <

s—Za(j)‘«,

jEF jeF jeF
'Ims — ZIma(j)‘ = ’Im [s — Za(j)]‘ <|s— Za(j)‘ < e,
JeF JeF JEF

for all finite sets F' C I with F' D F,

so Rea and Im « are indeed summable and moreover, we have
ZRea(j) = Res and Zlma(j) =TIms.
jer jer
(#4) = (i). Assume Rea and Ima are both summable. Denote >, ; Re a(j)

by u and denote }_,c; Ima(j) by v. Fix some £ > 0. Choose finite sets E., G- C I
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such that

u— Z Rea(j)' < g, for all finite sets £ C [ with E D E.,
jEE

v — Zlma(j)‘ < g, for all finite sets G C I with G D G..

Put F. = E. UG.. Suppose F' C I is a finite set with F' D F.. Using the inclusions
F D E. and F D G, we then get

u— ZRea(j)’ < % and
JEF

€

- N1 ; <

v E ma(])’<2,
JEF

so we get

il = S ali)| =

JEF

[u—"> Rea(j)] +i[v - Zlma(j)]‘ <

JEF JEF

<

quReaoﬁ%

JEF

. e €
vZIma(])’<2+25.
JEF

This proves that o is indeed summable, and 3, ; a(j) = u + iv. O

Ezxercise 8. Let K be one of the fields R or C, and let I be a non-empty set.
Suppose one has two non-empty sets I, [y with I = I; Uly and [y N[, = &.
Suppose « : I — K has the property that both 04|I1 : I; —» Kand o¢|l2 : I, — Kare
summable. Prove that a is summable, and

doal) =Y al)+ Y al).
jerI Jjel JEI>

PRrOPOSITION 2.1. Let I be a non-empty set, let K be one of the fields R or C.
For a map o : I — K, the following are equivalent:

(i) « is summable;
(i) || is summable.

Moreover, in this case one has the inequality

W Zam\ <3 |ah).

Jjel jeI

PROOF. (i) = (i7). Assume « is summable. We divide the proof in two cases:
Case K = R. Define the sets

I"={jel:aQj)>0}
Im={jel: a() <0},
I°={j¢cl: a(j)=0}

More generally, for any subset F' C I we define F* = F NI+ and F° = F N I°.

Claim: Both maps a‘ﬁ : I — R and a‘I, : I7 — R are summable.
Moreover, one has the equality

(2) Sat)= Y al)+ 3 alh):

JeI jeI+ jeEI—
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Denote the sum } .. a(j) simply by s. Start by choosing some finite set F' C I
such that

5 — Z a(j)‘ < 1, for all finite sets G C I with G D F.
JEG

Let E C IT be a finite subset. Then the set E = E U F will be a finite subset of I
with F D F,, so we will have

s—Za(j)’d,

jeE
so we get
Sa)s Y al)=[ Y al)+ > al) I-[ X al) 1=
JjEE jEEUF+ jEEUF+ JEFOUF— JEFOUF—
=D a@]-[D al)]<s+1-[D_ ali) ]
jeE JEF— jeF—

In particular this gives

sup{Za(j) :EcCIt, ﬁnite} <s+1-] Z a(j) ],
JjEE JeEF-

so by Lemma 7?7, the map oz’IJr : [T — [0,00) is indeed summable. The fact that
the map a’ I —= (—00,0] is summable is proven the exact same way. The
equality (2) follows from Exercise 77

Having proven the Claim, we notice now that the map 704|I_ 17 —[0,00) is
also summable. Using Exercise 77, it is clear then that the map |a| : T — [0, 00)
is summable, simply because all the three maps |a|;+ = O"H’ lal- = —a‘I,, and
|a|;o = 0 are all summable.

Case K = C. By Lemma ?? we know that the maps Rea, Ima : I — R
are summable. In particular, using the real case, we get the fact that the maps
[Rea|, Ima|: I — [0,00) are summable. Using the obvious inequality

|z2| < |Rez|+ [Imz|, Vze€C,

we get
dolai) <> Rea()+ > Mma()] < [Rea(f)] + Y [Ima(j)],
jEF jJEF jJEF jeI jer

for every finite subset F' C I. Then we get

Sup{ > la(i)] : Fc, ﬁnite} <Y IRea(f)| + Y [Ima(y)| < oo,
Jjer JeI jel
so |a| : I — [0,00) is indeed summable.
Having proven the implication (i) = (i), let us prove the inequality (1). If s
denotes the sum Zjel a(j), then for every € > 0 there exists F, C I finite such
that

s— Z oz(j)‘ < g, for all finite sets F' C I with F' D Fr.
JjEF
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In particular, we get

|s| <e+

)3 a<j>\ <ot Y ol <+ T Ja()]

JEF: JEF: Jjel
Since this inequality holds for all € > 0, we then get
sl < > laG)l.

JeF:

(1) = (7). Assume now |a| : I — [0, 00) is summable.

Case K = R. It is obvious that |«| |J : JJ — [0,00) is summable, for any subset
J C I. In particular, using the notations from the proof of (i) = (i7), it follows
that oz|1+ = |a|’1+, a|I, = —|a||17, and a|10 = 0 are all summable. Then the
summability of a follows from Exercise 77.

Case K = C. Using the inequality

max {|[Rez|, [Imz|} < |z|, Vz€C,

combined with Exercise 7?7, it follows that both maps |Rez|, Imz|: I — [0,00) are
summable. Using the real case it then follows that both maps Rea, Ima : I — R
are summable. Then the summability of « follows from Lemma ?77. O

The following result shows that summability is essentially the same as the
summability of series.

PROPOSITION 2.2. Suppose o : I — K is summable. Then the support set

[l ={j €l : a(j)#0}
s at most countable.
PROOF. For every integer n > 1, we define the set J,, = {j € I : |a(j)| > 1 }.

Since || is summable, the sets J,, n > 1 are all finite. The desired result then
follows from the obvious equality [[o]] = Jo2, J. O

n=1Yn-
We are now ready to discuss our next class of examples.

ExaMPLE 2.4. Let K be either R or C, let I be a non-empty set, and let
p € [1,00) be a real number. We define

() ={a:I—-K : |af: I — [0,00) summable}.

For o € (% (I) we define

1
lall, = | S latiop]
jel
When K = C, the space ¢2°(I) is simply denoted by ¢°>°(I). When I = N - the set
of natural numbers - instead of ¢3°(N) we simply write £3°, and instead of £>°(N)
we simply write £°°.

In order to show that the ¢P spaces (1 < p < 00) are normed vector spaces, we
will need several preliminary results. The first result we are going to need is the
(classical) Holder inequality.
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Ezercise 9. Let ¢ > 1 and let u,v > 0. Define the function f :[0,1] — R by
Ft) =ut +v(1 —t9)5, te0,1].

Prove that .
ma t) = (uP +0P)>
max f(6) = (07 + ),
where p = L. Prove that, unless u = v = 0, there exists a unique s € [0, 1] such
that
§) = ma t).
f(s) = max ()
e\
HINT: Analyze the derivative: f/(t) =u—v <1 — t‘1> g , t€(0,1).
LEMMA 2.3 (Holder’s inequality). Let aq,as, ..., an,b1,ba, ..., b, be non-nega-

tive numbers. Let p,q > 1 be real number with the property % + % = 1. Then:

n NP e N
3) S < (Sa) ()"

j=1 j=1 j=1
Moreover, one has equality only when the sequences (a¥,...,aP) and (b%,... %)

are proportional.

PROOF. The proof will be carried on by induction on n. The case n = 1 is
trivial.

Case n = 2.

Assume (b1, b2) # (0,0). (Otherwise everything is trivial). Define the number

r= b
IRCEIRC
Notice that r € [0, 1], and we have
__ b
(b + b3)1/a
Notice also that, upon dividing by (b + b4)/9, the desired inequality
1 1
(4) aiby + agby < (af + ah)¥ (bf +b3)

reads

= (1—r9)t/a,

a7+ ag(1 — r9)Y9 < (af + ab)MP,
and it follows immediately from the exercise, applied to the function
f(t) = art + ag(1 — )Y, t e [0,1].

Let us examine when equality holds. If a; = as = 0, the equality obviosuly holds,
and in this case (a1, a9) is clearly proportional to (b1, bs). Assume (a1,a2) # (0,0).

Put
alf/ q

(af +ap)t/’

af 1/q ap/q
(1-— 8’1)1/!1 - (1 _ 1 ) _ 2 ’
dras) )

and notice that
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so we have
1+2 1+2
a ‘4a, ° a? +ab 1 1
fls) = 22— = —1 "2 = (af +a})' "7 = (af + a})¥ = max f(1).
(a7 +a5)s  (af +ab)" telo.1]

By the exercise, it follows that we have equality in (4) precisely when r = s, i.e.

q
b1 aq

1 I
(b +b5)7 () +a5)e

)

or equivalently
bi

b+ b8 al +db

Obviously this forces
b3 ag
bi4+0d ol +db’
so indeed (af,ab) and (b},b2) are proportional.
Having proven the case n = 2, we now proceed with the proof of:
The implication: Casen =k = Casen =k + 1.

Start with two sequences (a1, as, ..., ak, ax+1) and (by,ba, ..., ak, bgy1). Define

the numbers
2 1 k 1
a= <Za§> and b = <Zbg> )
j=1

Jj=1

Using the assumption that the case n = k holds, we have

k+1 k 1 k 1
(5) Zajbj < (ZCL?) : (ij) + ap4+1bpy1 = ab + ap1bpy1.

j=1 j=1 j=1
Using the case n = 2 we also have

) ) k+1 % k+1 %
(6)  ab+ arprbrer < (a” +aj )P - (BT + b )7 = (Zaf) . <Zb3) 7
j=1 j=1
so combining with (5) we see that the desired inequality (3) holds for n = k + 1.
Assume now we have equality. Then we must have equality in both (5) and in

(6). On the one hand, the equality in (5) forces (af,ab, ..., a}) and (b1,b3,...,b]) to
be proportional (since we assume the case n = k). On the other hand, the equality
in (6) forces (a?,aj ;) and (b%,b} ;) to be proportional (by the case n = 2). Since

k k
P_ P q_ q
a? =Y af and b7 = b1,
j=1 j=1
it is clear that (af,ab,...,ay,a} ) and (bf,03,...,b{,b{ ) are proportional. [J

DEFINITION. Two numbers p,q € [1,00) are said to be Hélder conjugate, if
% + % = 1. Here we use the convention é =0.

PRrROPOSITION 2.3. Let K be one of the fields R or C, let I be a non-empty set,
and let p,q € [1,00] be two Holder conjugate numbers. If a € (5 (I) and B € (L (I),
then af € (1), and

leBlly < llellp - 1Bllq-
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PrOOF. Using Lemma 77, it suffices to prove the inequality
(7) > la@)BG)| < lallp - 181lq,
jEF
for every finite set F' C I.

Fix for the moment a finite subset F' C I. Assume p,q € (1, 00), using Holder’s
inequality we have

® 1) = X la6)196)| < | SlaG)l] " [ S0l

jEF jEF jeF JEF
Notice however that
S la” <D la]” = (lally)”
jeF jel
S1BWOIT <D 1BGI* = (I18llg)*,
jer jel

so we get
1 1
P q
[Z !a(ﬂ')\p] < llall, and [Z !B(j)|q] < 18lq
jEF jEF
so when we go back to (8) we immediately get the desired inequality (7)
In the case when p = 1, we immediately have

S e < | T lat] - [max 50| <

JEF JEF
< [Slati] - [sup )] =l 151
jel jel
The case p = co is proven in the exact same way. [

REMARK 2.2. Suppose p, q € [1, 00| are Holder conjugate numbers. For any o €
(1) and B € ¢} (I), the map af is summable (by Proposition ??). In particular,
one can define the number

JeI
As a consequence we get the inequality
e, B)| < lladlp - 18]l Y€ G(1), B € G (D).

NoTATIONS. Let K be either R or C, let I be a non-empty set, and let ¢ € [1, o]
be a real number. We define

BL(I) = {a € ink(I) : [lall, < 1}.
(remark that fing (1) C ¢k (1), for all ¢ € [1,00].)
THEOREM 2.1 (Dual definition of ¢? spaces). Let p,q € (1,00) be Hélder con-

jugate numbers, let K be one of the fields R or C, and let I be a mon-empty set.
For a function o : I — K, the following are equivalent:

(1) a € 6 (D);

(i) sup |(a,B)| < oo
BeBL(I)
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Moreover, one has the equality

(9) sup (o, B)| = lellp, Vo€ ly().
BEBE(I)

ProOF. It will be convenient to introduce several notations. Given a function
a: I — K, and a finite set F' C I, we define the function 3% : I — K, as follows:

i)+
gy = o) (Sierlo(i))
0 ifig Fora(i)=0

Notice that [[8£]] C F, and unless 8L is identically zero, we have

Y B =1

i€([85]]

ifie Fand a(i) #0

So in any case we have 3% € BL(I). Notice also that, unless 8% is identically zero,
we have

r _ Siep o' Cier o)
(0, B5) = 3 ali)BE (i) = —=<F = e
(10) 2 (Sjer o) (Zyerlallr) "’
= (X la@m)' " = (X lat)ir) """,

i€F ieF

It is clear that the equality (10) actually holds even when 3% is identically zero.
To make the exposition a bit clearer, we denote the quantity sup |<a, ﬁ>|
pEBL(I)
simply by |[|al[].
We now proceed with the proof of the Theorem.
(i) = (i7). Assume « € ¢ (I). In order to prove (ii) it suffices to prove the
inequality

(11) e[l < flelp-
Start with some arbitrary § € B{(I). Using Holder inequality we have

. B) =] D o Z la(5)] - 18()] <
T jellp
1/p 1/q 1/p
(Z ) (Z 180) ) (sup Y lat) ) =l
Jellal J€lls] aSl ieR

Since this inequality holds for all 3 € B (I), the inequality (11) follows.
(#4) = (i). Assume now |||a||| < oo. In order to prove condition (i) it suffices
to prove that

(12) Z la(2)[P < |||ex]||P, for every finite subset F' C I.
=
By (10) we know that for every finite subset F' C I we have

(13) D la@P < lladll? = (. 52)7.

icF
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In particular we get the fact that (o, 8L) = |{«, B')|, and the fact that 3L belongs
to B (I), combined with (13) will give

Z|a<i>|p=|<a,65>|ps( sup |<a,ﬁ>|) — llad P

ieF BeBL(I)

Having proven the equivalence (i) < (ii), let us now observe that (9) is an
immediate consequence of (11) and (12). O

Ezercise 10. Prove that Theorem 9.1 holds also in the cases (p, ¢) = (1,00) and
(p,q) = (00, 1).

COROLLARY 2.1. Let K be either R or C, let I be a non-empty set, and let
p>1.

(i) When equipped with point-wise addition and scalar multiplication, the set
8 (I) is a K-vector space.
(ii) The map
tz(I) 3 ar— lalp € [0,00)

1 a norm.
PROOF. Let ¢ be the Holder conjugate of p. If w € £ (I), and A € K, then
<)\C¥7ﬁ> = )\<Oé, ﬁ>7 Vﬁ S .ﬁnK(I)7

so we get

sup |[(Aa, B)| = [A[- sup [(a, B)],
BeBL(I) BEBL(I)

which gives the fact that Ao € €& (I), as well as the equality |[Aa|[, = [A| - [|e]]p-
If oy, a0 € (1), then

(a1 + az, B) = (a1, 8) + (a2, 8), VB € fing(I),

so we get
sup |<0[1+a2,6>|: sup ’<alaﬁ>+<a2aﬁ>‘ é
BeBL(I) BEBE)
< sup ([ar, B)+ (a2, 8)]) < sup [{ar,B)|+ sup [(az,B)],
pEBR(T) pEBL(I) BeBLI)

which gives the fact that aq + s € £ (I), as well as the inequality
lon + azllp < llaxllp + [zl
The implication |la||, = 0 = a = 0 is obvious. O

FEzercise 11. Let p > 1 be a real number, let K be one of the fields R or C, and
let I be a non-empty set. Prove that fing(I) is a dense linear subspace in ¢4 (I).

REMARK 2.3. Let p,q € [1,00] be Holder conjugate. Then the map
e (I) x L (1) 3 (a, B) ¥— (o, B) €K
is bilinear, in the sense that for any v € ¢ (I) and any 7 € ¢} (I), the maps
(1) 3 a— (a,n) €K,
tg(I) 3 Br— (v, B) €K
are linear. These facts follow immediately from Exercise 77

We now examine linear continuous maps between normed spaces.
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PROPOSITION 2.4. Let K be either R or C, let X and Y be normed K-vector
spaces, and let T : X — Y be a K-linear map. The following are equivalent:

(i) T is continuous;
(ii) sup {||Tz| : z € X, |lz]| £ 1} < oo;
(iii) sup {||Tz| : z € X, ||z|| =1} < oo;
(iv) T is continuous at 0.
PROOF. (i) = (i7). Assume T is continuous, but
sup{||Tz| : z € X, ||lz]| <1} < o0,
which means there exists some sequence (z,,)n,>1 C X such that
(@) flzall <1, %0 >1;
() limy,— o0 [|[ Ty || = o0.
Put
2n = |Txp|| t2n, ¥Yn>1.
On the one hand, we have

[[n 1

Znl| = Vn>1,

o = ] = g "
which gives lim, o ||2n]| = 0, ie. lim,_o 2, = 0. Since T is assumed to be
continuous, we will get
(14) lim Tz, = T0 = 0.

n—oo

On the other hand, since T is linear, we have Tz, = ||[Tx,| " !Tz,, so in particular
we get

Tz, =1, Vn>1,

which clearly contradicts (14).

(#4) = (i4¢). This is obvious, since the supremum in (iii) is taken over a subset
of the set used in (ii).

(t4i) = (iv). Let (n)n>1 C X be a sequence with lim, . z, = 0. For each
n > 1, define

|zl tay, if 2, # 0
Up =
any vector of norm 1, if x, =0
so that we have
|lunl| =1 and z, = [|zn||tn, YVn > 1.
Since T is linear, we have
(15) Ty = ||zn||Ttn, Yn> 1.
If we define M = sup {||Tz| : z € X, ||z| =1}, then ||Tu,|| < M, Vn > 1, so (15)
will give
I Tl < M- flzll, ¥n>1,

and the condition lim,, o x,, = 0 will force lim,, o Tz, = 0.

(w) = (i). Assume T is continuous at 0, and let us prove that 7" is continuous at
any point. Start with some arbitrary « € X and an arbitrary sequence (2, )n>1 C X
with lim,, o z, = . Put 2z, = z,, — x, so that lim,, ., 2, = 0. Then we will have
lim,, o T2, = 0, which (use the linearity of T') means that

0= lim |Tz,| = lim | Tz, — Tz,
n—oo n—oo
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thus proving that lim, ., Tz, = Tx. O

REMARK 2.4. Using the notations above, the quantities in (ii) and (iii) are in
fact equal. Indeed, if we define

M, = sup{HTx” cxedX, |z|| < 1}7
My =sup{||Tz| : z € X, [|z| =1},

then as observed during the proof, we have My < M;. Conversely, if we start with
some arbitrary z € X with ||z|| < 1, then we can always write © = ||x||u, for some
u € X with |lu]| = 1. In particular we will get

[Tzl = ||| - [ Tul] < flz]| - My < M.

Taking supremum in the above inequality, over all x € X with ||z|| < 1, will then
give the inequality M; < Ms.

NOTATIONS. Let K be either R or C, and let X and Y be normed K-vector
spaces. We define

L(X,Y)={T:X —Y : T K-linear and continuous}.
For T € L(X,Y) we define (see the above remark)
7| = sup {||Tz|| : z € X, ||z <1} =sup {|Tz| : x € X, [z =1}
When Y = K (equipped with the absolute value as the norm), the space £(X, K)
will be denoted simply by X*, and will be called the topological dual of X.
PrROPOSITION 2.5. Let K be either R or C, and let X and Y be normed K-vector
spaces.
(i) The space L(X,Y) is a K-vector space.
(ii) For T € L(X,Y) we have
(16) |7 =min{C >0 : ||Txz| < Cllz|, V& € X}.
In particular one has
(17) [Tl| < T} [l=]l, Va2 € X.
(iii) The map L(X,Y) > T — ||T|| € [0,00) is a norm.

PRrROOF. The fact that L(X,Y) is a vector space is clear.

(ii). Assume TL(X,Y). We begin by proving (17). Start with some arbitrary
x € X, and write it as = ||z||u, for some u € X with ||u]| = 1. Then by definition
we have ||Tu|| < ||T||, and by linearity we have

1Tz = [l - | Tull < =] - |-
To prove the equality (16) let us define the set
Cr={C=>0:|Tz| <Clz|, Yz € X}.
On the one hand, by (17) we know that ||7']] € Cr. On the other hand, if we take
an arbitrary C' € Cr, then for every u € X with ||ul| = 1, we will have
[Tull < Cllull = C,

so taking supremum, over all u with |lu|| = 1, will immediately give | T|| < C. Since
we now have

IT|| < C, YC € Cr,
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we clearly get ||T']] = min Cr.
(iii). Let T, S € L(X,Y). Using (17), we have
(T + S)z| = ITz + Sz|| < [[Tz| + [|Sz]| < AT+ S - =], V& eX.
Then using (16) we get
1T+ S| < IT1 + [IS]-
T elL(X,Y) and A € K, then the equality
IAT)z]| = Al - [Tz, =eX

will immediately give [|AT|| = |A| - | T
Finally if T € L(X,Y) has ||T|| = 0, then using (17) one immediately gets
T =0. O

NoTATION. Let I be a non-empty set, let K be one of the fields R or C, and
let p € [1,00]. Let ¢ be the Holder conjugate of p. For every element a € ¢ (I) we
define the map 0, : ¢} (I) — K by

ba(8) = (a0, ) = Y a(i)B(i), B € t&(I).
icl
We know that 6,, is linear, and by Remark 9.2, we have
10a(8)] < llall, - 18llq, V8 € (D),

so 0, is continuous, and we have the inequality
(18) [1all < llal]p-

PROPOSITION 2.6. Using the above notations, but assuming p € (1,00], the
map
0 : (1) > a0, € (L))
is a linear isomorphism of K-vector spaces. Moreover, © is isometric, in the sense
that

(19) 1©all = llally, Vo€ ().
PROOF. We begin by proving (19). Since we have the inclusion

{B e (1) : 18]l <1} D BE(),
it follows that

(20) [l6all = sup {[0a(8)] : B € €&(T), IBllq <1} = sup {|6a(B)] : B € Bi(I)}.

We know however (see Theorem 9 and Exercise 7) that

sup {|0a(8)| : B € BL(I)} = [l
so using (20) we get
16all > llall
Combining this with (18) yields the desired equality.

The fact that © is linear is pretty obvious. Notice now that since © is isometric,
it is clear that © is injective, so the only thing we need to prove is the fact that
© is surjective. Start with an arbitrary linear continuous map ¢ : £ (1) — K. For
every i € I we define the function ¢° : I — K by

i [ 1 =i
5(3){0 if j £
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It is clear that 6" € €% (I), for all i € I. (In fact §' € fing(I).) We define a: I — K
by
a(i) = ¢(6%), Viel.
Notice that, for every 3 € fing, we have
(21) > a(Bi) =) Bi)ee") =6( > B)') = #(8),
icl iel iclg]
where |3] = {i € I : 3(i) # 0}. (Since § € fing(I), the set |3] is finite.) Using
Holder’s inequality, the above computation shows that
(e, )] < N0l - 1Bllg, ¥ B € fing (1)
By Theorem 9.1 and Exercise 7, this proves that o € €5 (I). Going back to (21) we
now have
0a(B) = &(8), VB € fing(I).
Since both 6, and ¢ are continuous, and fing (I) is dense in £} (I) (by Exercise 10),
it follows that ¢ = 0. O

REMARK 2.5. In the case p =1, the map
O:lx(I)>ar—0, € (ﬁﬁ?([))*

is still isometric, but it is no longer surjective, unless I is finite. The explanation
is the fact that when I is infinite, the subspace fing(I) is not dense in £3°(I). For
example, if we take 1 € £3°(I) to be the constant function 1, then it is pretty
obvious that

1—=8l =1, V3 € fing(I).
The above equality can be immediately extended to
(22) AL+ 8] > A, VAEK, B € fing(I).

If we then consider the subspace

fing(I) = {A\1+ 3 : B € fing(I), A € K},
we see that the map
o : fing(I) S AL+ B— A €K
is linear, continuous, and has the property that

(23) ¢0|ﬁnK(I) =0, ¢0(1) =1,

(24) [P0V < IVIl, Vo € fing(T).
Using the Hahn-Banach Theorem, we can then extend ¢y to a linear map ¢ :
022 (I) — K which will still satisfy (23) and (24), in particular we have ¢ € (EH"(‘)(I))*.
Notice however that if we had ¢ = 6,, for some o € ¢} (I), then we must have
(i) = ¢(6*) =0, for all ¢ € I, so this would force ¢ = 0, which is impossible, since
o(1) =1.

Ezercise 12. Use the notations above. For every « € ¢k (I), define

Ua:9a‘c cep(I) — K.

5 (1)
Prove that o, is linear and continuous. Prove that the map
Yilk(I) S ar— o4 € (c]é((l))*

is an isometric linear isomorphism of K-vector spaces.



