LECTURE 6

6. Metric spaces
In this section we review the basic facts about metric spaces.
DEFINITIONS. A metric on a non-empty set X is a map
d: X xX —[0,00)
with the following properties:
(i) If z,y € X are points with d(z,y) = 0, then z = y;
(ii) d(z,y) = d(y,z), for all z,y € X;
(iii) d(z,y) < d(zx,z) +d(y, 2), for all z,y,z € X.
A metric space is a pair (X, d), where X is a set, and d is a metric on X.
NotaTIiONS. If (X,d) is a metric space, then for any point z € X and any
r > 0, we define the open and closed balls:
B.(z)={yeX : d(z,y) <r},
Br(r)={ye X :d(z,y) <r}.

DEFINITION. Suppose (X,d) is a metric space. Then X carries a natural
toplogy constructed as follows. We say that a set D C X is open, if it has the

property:
e for every x € D, there exists some ry > 0, such that B, (z) C D.

One can prove that the collection
Ta={DCX : Dopen}
is indeed a topology, i.e. we have

e O and X are open,;
e if (D;)icr is a family of open sets, then | J;; D; is again open;
e if D; and Dy are open, then Dy N D5 is again open.

The topology thus constructed is called the metric topology.

REMARK 6.1. Let (X,d) be a metric space. Then for every p € X, and for
every © > 0, the set B,.(p) is open, and the set B,.(p) is closed.
If we start with some = € B,.(p), an if we define r, = r — d(z, p), then for every
y € B, (x) we will have
d(y,p) < d(y,x) +d(z,p) <re +d(z,p) =,
so y belongs to B, (p). This means that B, (z) C B,(p). Since this is true for all
x € B, (p), it follows that B, (p) is indeed open.
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To prove that B,.(p) is closed, we need to show that its complement
XN B.(p)={zxeX :dxp) >r}

is open. If we start with some x € X \ B,.(p), an if we define p, = d(p,x) —r, then
for every y € B, (z) we will have

d(yap) > d(p,d?) - d(y,fﬂ) > d(p,l‘) — Pz =T,

so y belongs to X \. B,(p). This means that B,_(z) C X \B,(p). Since this is true
for all z € X \ B,(p), it follows that X \ B,.(p) is indeed open.

REMARK 6.2. The metric toplogy on a metric space (X, d) is Hausdorff. Indeed,
if we start with two points z,y € X, with x # y, then if we choose r to be a real
number, with

d
0<r< 7(%3/),
2
then we have B, (z)NB,(y) = &. (Otherwise, if we have a point z € B, (x) N B, (y),

we would have 2r < d(z,y) < d(z,z) + d(y, z) < 2r, which is impossible.)

REMARK 6.3. Let (X,d) be a metric space, and let M be a subset of X. Then
d|MxM is a metric on M, and the metric topology on M defined by this metric is
precisely the induced toplogy from X. This means that a set A C M is open in M
if and only if there exists some open set D C X with A =M N D.

The metric space framework is particularly convenient because one can use
convergence.

DEFINITION. Let (X, d) be a metric space. For a point € X, we say that a
sequence (Zn)n>1 C X is is convergent to x, if lim,, .o d(2y,z) = 0.

REMARK 6.4. Let (X,d) is a metric space, and if the sequence (z,)n>1 C X
is convergent to some point x € X, then

(1) lim d(z,,y) =d(z,y), Yy e X.
n—oo
This is an immediate consequence of the inequalities
d(x»y) - d(l‘,“:];‘) < d(x'my) < d(%y) + d(.’L‘n7$)

Among other things, the equality (1) gives the fact that (z,),>1 cannot be
convergent to any other point y # x. Therefore, if (2,,),>1 is convergent to some
x, then z is uniquely determined, and will be denoted by lim,, .o Z;,.

Convergence is useful for characterizing closure.
PROPOSITION 6.1. Let (X, d) be a metric space, and let A C X be a non-empty
subset. For a point x € X, the following are equivalent:
(i) @ belongs to the closure A of A;
(ii) there exists some sequence (xp)n>1 C A, with lim,_o , = .
PROOF. (i) = (ii). Assume x € A. This means that

(x) For every open set D C X with D > x, the intersection D N A is non-
empty.
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We use this property for the open sets By, (z), n=1,2,.... So, for every integer
n > 1, we can find a point z,, € By/,(2) N A. This way we have built a sequence
(@n)n>1 C A, such that

1
d(xp,z) < e Vn>1.

It is clear that this gives © = lim,, o0 Zp.

(i7) = (). Assume x satisfies property (ii). Fix (x,,),>1 C A to be a sequence
with lim,, o, ©, = x. We need to prove property (x). Start with some arbitrary
open set D C X, with x € D. Let € > 0 be chosen such that B.(x) C D. Since
lim,, oo d(xy, ) = 0, there exists some n. such that d(z,_,z) < e. It is now clear
that

ZTn, € B(x)NACDNA,
so the intersection D N A is indeed non-empty. (]
Continuity can be characterized using convergence, as follows.
PROPOSITION 6.2. Let X and Y be metric spaces, and let f : X — Y be a

function. For a point p € X, the following are equivalent:
(i) f is continuous at p;
(ii) for every € > 0, there exists some 6. > 0 such that
d(f(z), f(p)) <e, for all x € X with d(z,p) < 6.

(iil) if (xn)n>1 C X is a sequence with lim,,_,o ©,, = p, then lim, o f(z,) =
f(D).
PROOF. (i) = (ii). The condition that f is continuoous at p means
() for every open set D C Y, with D > f(p), there exists some open set
ECX,withpe EC f~YD).
Assume f is continuous at p. For every € > 0, we consider the open ball BY ( f (p))
Using (%), there exists some open set E C X, with £ 3 p, and f(E) C BY (f(p))
In particular, there exists § > 0, such that B (p) C E, so now we have

Y
F(B5 (p)) € B (f(p),
which clearly gives (ii).
(#4) = (4i1). Assume f satisfies (ii), and start with some sequence (z,)n>1 C X,
which converges to p. For every € > 0, we choose 6. > 0 as in (ii), and using the
fact that lim,_.~ £, = p, we can also choose some N, such that

d(xp,p) < e, Vn > N..
Using (ii) this will give
d(f(a:n), f(p)) <eg, Vn>N..
In other words, we get the fact that

lim (f(z,), f(p)) =0,

n—oo
which means that we indeed have lim, . f(zn) = f(p).
(#4i) = (4). Assume f satisfies (iii), but f is not continuous at p. By (*) this
means that there exists some open set Dy C Y with Dg 2 f(p), such that
(") for every open set E C X with E > p, we have f(E) ¢ Dy.
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It is clear that any other open set D, with f(p) € D C Dy, will again satisfy
property ('). Fix then some 7 > 0, such that BY (f(p)) C Dy. Using condition
(«") it follows that for every integer n > 1, we have

F(BYn(0) ¢ BY (f(p)).

This means that, for every integer n > 1, we can find a point z,, € X such that

d(xp,p) < % and d(f(zn), f(p)) > .

It is then clear that the sequence (z,,)n>1 C X is convergent to p, but the sequence
(f(zn)),~, CY is not convergent to f(p). This will contradict (iii). O

Convergence can also be used for characterizing compactness.

THEOREM 6.1. Let (X,d) be a metric space. The following are equivalent:
(i) X is compact in the metric topology;
(ii) every sequence has a convergent subsequence.

PROOF. (i) = (ii). Assume X is compact. Start with an arbitrary sequence
(@n)n>1 C X. For every n > 1, we define the closed set
T, ={zr : k>n}.

It is obvious that the family of closed sets (T},)n>1 has the finite intersection prop-
erty, i.e. for every finite set I’ of indices, we have

ﬂ T, + @.
neF

(This follows from the fact that the T,,’s form a decreasing sequence of sets.) By
compactness, it follows that

(7. #@.

n>1
Take a point x € ﬂn21 T,. The key feature of = is the given by the following:
Claim 1: For every € > 0 and every integer £ > 1, there exists some integer
N(e, £) > € such that d(xn (), ) < €.
This is a consequence of the fact that, for every ¢ > 1, the point z belongs to the
closure {zn : N > {}, so for every € > 0 we have
B.(x)N{axy : N>} #£ 2.
Using Claim 1, we define a sequence (ky,)n>0 of integers, recursively by
kn=N(+,kn_1), Vn>1

1
n
(The initial term kg is chosen arbitrarily.) We have, by construction, kg < k; <
ke < ..., and
1
d(zg,,r) < —, Yn>1,
n

0 (zg, )n>1 is indeed a subsequence of (xy)r>1, which is convergent (to z).
(#4) = (¢). Assume (ii). Before we start proving that X is compact, We shall
need some preparations.

Claim 2: For every r > 0 there exists a finite set F' C X, such that

X = B.().

zeF
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We prove this by contradiction. Assume there exists some r > 0, such that
U B.() ¢ x,
zeF
for every finite set F' C X. In particular, there exists a sequence (x,,),>1 such that
Tng1 € X N [Bp(z1) U UBy(z)], VR 2> 1
This will force
d(Tm,zn) >r, Vm>n>1.
Notice that every subsequence (z,, )n>1 will satisfy the same property
d(zg,,,xk,) >1, ¥Ym>n> 1.

This proves that no subsequence of (x)n>1 is Cauchy, so no subsequence of (z,)n>1
can be convergent, thus contradicting (ii).

Having proven Claim 2, we choose, for every integer n > 1, finite set F;, such
that

X=J Br(@).

xE€F,
Claim 3: The collection W = {Bi(z) : n € N,z € F,} is a base for the
metric topology.

What we need to show is that every open set is a union of sets in W. Fix an open
set D and a point p € D. Choose r > 0, such that B,(p) € D. Choose then
some integer n > 1, such that % < 3, and choose some point = € Fj,, such that
pE B%(m). Notice that, for every y € B (x), we have

1 1
d(y.p) < d(y,x) +d(z,p) < ~+ <,

which proves that y € B,.(p). Therefore we have
p€Bi(x)CBr(p)CD.

Since p € D is arbitrary, this proves that D is a union of sets in 'W.

We now begin proving that X is compact. Start with a collection (D;);cr of
open sets, with | J;c; Di = X. We need to find a finite set of indices Iy C I, such
that (J;c;, Di = X. First we show that:

Claim 4: There exists a countable set of indices Iy C I, such that

U pi=x

icly
The key fact is that the base W is countable. Let us enumerate the base W as a
sequence

W= {W,, : m € N}.

For each ¢ € I, we define the set
By Claim 3, we know that for every x € D; there exists some m € M, such that

x € Wy, C D;. In particular this proves the equality

Di= J W, Viel
meM;
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Consider then the union M = J,.; M;, which is countable, being a subset of the
integers. We clearly have

U Wa=U(U Wa)=JDi=X.

meM i€l meM; iel
For every m € M we choose an i,, € I, such that m € M; . If we take

L ={im : me M},
then I; is obviously countable, and since we clearly have W,, C D

X=|J Wnc | Di, =D,

meM meM i€l

we get

T

so the Claim is proven.
Let us list the countable set I; as

Ilz{Zkk21}

(Of course, if I is already finite, there is nothing to prove. So we will assume
that [; is infinite.) In order to finish the proof, we must find some k, such that
D;, UD;,U---UD,;, = X. Assume no such k can be found, which means that

D, UD;, U---UD;, CX, Vk>1.

In other words, if we define for each k > 1, the close set
Ap =X ~ (Di1 U D, U"'UDik),

we have

Ap 7é g, Vk>1.
For each k > 1 we choose a point x; € Ag. This way we have constructed a
sequence (zy)r>1 C X, so using property (i) we can find a convergent subsequence.
This means that we have a sequence of integers

1<k <ky<...
and a point « € X, such that lim,,_.., zx, = . Notice that, since

kn>n, Vn>1,
and since the sequence (Ay)x>1 is decreasing, we get the fact that, for each m > 1,
we have

Tk, € Am, Y1 >m.

Since A,, is closed, this forces x € A,,, for all m > 1. But this is clearly impossible,

since ﬂAm:X\(U(Dilu"'UDim))ZX\(UDi):Q

m>1 m>1 i€l

O

COROLLARY 6.1 (of the proof). Fvry compact metric space is second countable,
which means that there exists a sequence (Wp,)m>1 of open sets, with the property

(B) for every open set D, there exists a subset M C N such that
D= U W
meM

PrOOF. Use (i) and the steps in the proof of (i) = (i), up to the proof of
Claim 3. O
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COROLLARY 6.2. Let (X,d) be a metric space. For a subset K C X the fol-
lowing are equivalent:

(i) every sequence in K has a subsequence which is convergent to some point
m K;
(ii)) K is compact in X.

PROOF. (i) = (it). By the above Theorem, we know that when we equip K
with the metric d| rex oo then K is compact. This means that K is compact in the
induced topology, which means exactly that K is compact in X.

(14) = (i). Argue as above. If K is compact in X, then K is compact when
equipped with the induced toplogy, which means that (K, d| K ) 18 compact. [

COROLLARY 6.3. Let X and Y be metric spaces, and let f : X — Y be a
continuous map. If X is compact, then f is uniformly continuous, that is,

e for every € > 0, there exists some 6. > 0, such that
d(f(z), f(z") <e, for all z,2’ € X with d(z,2") < 6..

PROOF. Suppose f is not uniformly continuos, so there exists some gy > 0,
with the property that for any § > 0 there exists x,2’ € X, with d(z.2") < ¢, but
d(f(z), f(z")) > eo. In particular, one can construct two sequences (,,),>1 and
(m;)nzl with

(2) d(zn,x),) < % and d(f(z,), f(z),)) > €0, Vn > 1.

Using compactness, we can find a subsequence (z, )x>1 of (€5)n>1 which converges
to some point p. On the one hand, we have

1
d(p,x,,,) < d(p,xn,) + d(xp,, 2, ) < d(p, Tn,) + - Vk>1,

which proves that
(3) lim z), =p.

k—o0

On the other hand, using (2) we also have

eo < d(f(zny,), f(x7,)) < d(f(0), f(wn,)) +d(f(p), f(27,,)),
which leads to a contradiction, because the equalities

lim z,, = lim 2/ =
oo Nk oo Tk 'z

together with the continuity of f, will force
Jim d(f(p), f(an,) = lim d(f(p), f(a7,,)) = 0.
d
REMARK 6.5. Let X be a metric space. Then any compact subset K C X is

closed (this is a consequence of the fact that X is Hausdorfl) and bounded, in the
sense that for every p € X we have

sup d(z,p) < 0.
TEK

This is a consequence of the continuity (see ?7) of the map

K 3>z d(z,p) €[0,00).
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In general however the converse is not true, i.e. there are metric spaces in which
closed bounded sets may fail to be compact.

Ezercise 1. Equip R with the metric
|z —yl
d(z,y) = ————
(@y) =11 PR
Prove that d is indeed a metric on R, and the metric topology on R defined by d is
the usual topology. Prove that R is bounded with respect to this metric.

, Vo,y € R.

Ezercise 2. Start with a metric space X, and let (z,,)n>1 C X be a sequence
which is convergent to some point x. Prove that the set
K={z}U{z, : n>1}
is compact in X.

DEFINITION. Let (X, d) be e metric space. For a point z € X and a non-empty
subset A C X, one defines the distance from x to A as the number

d(z, A) = inf {d(z,a) : a € A}.
Ezercise 3. Let (X, d) be a metric space, and let A be a non-empty subset of
X.
(i) For a point x € X, prove that the equality d(xz, A) = 0 is equivalent to
the fact that = € A.
(ii) Prove the inequality
|d(x, A) — d(y, A)| < d(z,y), Va,y € X.
Using (ii) conclude that the map
X szr—d(z,A) € ]0,00)

is continuous.

PROPOSITION 6.3. Let (X, d) be a metric space. When equipped with the metric
topology, X is normal.

PROOF. Let A and B be closed subsets of X with AN B = . We need to
find open sets U,V C X, with U D A,V D B,and UNV = @. We are going
to use a converse of Urysohn Lemma. More explicitly, let us define the function
f:X —1[0,1] by

f) = A

(z,A) +d(z, B)

Notice that by Exercise 3, both the numerator and denominator are continuous,
and the denominator never vanishes. So f is indeed continuous. It is obvious
that f|A = 0 and f‘B = 1, so if we take the open sets U = f~!((—o0,3)) and
V = f71((3,00)), we clearly get the desired result. O

z e X.

We continue now with a discussion on completeness.

DEFINITIONS. Let (X, d) be a metric space. A sequence (x,,),>1 C X is said
to be a Cauchy sequence, if it has the following property.

(C) For every e > 0, there exists some integer N. > 1 such that
d(xpm,zn) <&, Ym,n > Ng.
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The metric space (X,d) is said to be complete, if every Cauchy sequence is
convergent.

The following result summarizes some equivalent characterizations of complete-
ness.

PROPOSITION 6.4. Let (X, d) be a metric space. The following are equivalent.
(i) (X,d) is complete.
(ii) Fvery sequence (Tyn)n>1 C X, with

o0
(4) Z d(xn—i-l, :L'n) < 00,
n=1
1§ convergent.
(iii) Every Cauchy sequence has a convergent subsequence.

PROOF. (i) = (i1). Assume X is complete. Let (z,),>1 C X be a sequence
with property (4). To prove (ii) it suffices to show that (z,),>1 is Cauchy. For
every N > 1 we define

(oo}
RN = Z d(l‘n_H,l‘n).
n=N
Using (4) we get limy_,oo Ry = 0, so for every € > 0 there exists some N(¢) with
Ry () < e. Notice also that the sequence (Ry)n>1 is decreasing. If m >n > N(e),
then

m—1 0o
d(xm,mn) § Z d(ﬂfk+1,1’k) § Z d(xk+17xk) - Rn S RN(E) <§,
k=n k=n

80 (Zp)n>1 is indeed Cauchy.
(#4) = (4i1). Start with some Cauchy sequence (yx)x>1. For every n > 1 choose
an integer N(n) > 1 such that

1

o Vk,£> N(n).

Start with some arbitrary k; > N(1) and define recursively an entire sequence
(kn)n>1 of integers, by

(5) d((l?k,l‘g) <

kp+1 = max{k, + 1, N(n+1), n>1.
Clearly we have k1 < ko < ..., and since we have
kpnt1 >k, > N(n), Vn>1,
using (5), we get
A Yk ir s Ykn) < in, Vn > 1.

2

So if we define the subsequence x,, = yi,., n > 1, we will have

n?

3

1

)

Z d(xn-i-h xn) S

n=1 n

1 p—
12”

so the subsequence (x,,),>1 satisfies condition (4). By (ii) the subsequence (z,,)n>1
is convergent.
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(#91) = (i). Assume condition (iii) holds. Start with some Cauchy sequence
(xn)n>1. For every integer n > 1 we put

Sp = sup d(xg, Ty).

Lm>n
Since (2, )n>1 is Cauchy, we have
(6) lim S, =0.

Using the assumption, we can find a subsequence (xy, )»>1 (defined by an increasing
sequence of integers 1 < k1 < ko < ...) which is convergent to some point x. We
are going to prove that the entire sequence (z,),>1 is convergent to x. Fix for the
moment 1 > 1. For every m > n, we have k,, > m > n, so we have

(7) Sp > d(zp, x5, ), Ym>n.
By Remark 3.4, we also know that

lim d(xn,zk, ) = d(z,, ©),

m—00

so if we take limy, o in (7) we will get

d(xn,x) < Sy.
Since this estimate holds for arbitrary n > 1, using (6) we immediately get the fact
that (x,,),>1 is indeed convergent to x. O

PROPOSITION 6.5. Suppose (X, d) is a complete metric space, andY is a subset
of X. The following are equivalent:

(i) Y is complete, when equipped with the metric from X ;
(ii) Y is closed in X, in the metric topology.

PROOF. (i) = (ii). Assume Y is complete, and let us prove that Y is closed.
Start with a point z € Y. Then there exists a sequence (y,)n>1 C Y with
lim,, 00 Y = 2. Notice that (y,)n>1 is Cauchy in Y, so by assumption, (yn)n>1 is
convergent to som point in Y. This will then clearly force x € Y.

(i4) = (i). Assume Y is closed, and let us prove that Y is complete. Start
with a Cauchy sequence (y,)n>1 C Y. Since X is complete, the sequence (y,,)n>1
is convergent to some point x € X. Since Y is closed, this forces x € Y. a

REMARK 6.6. Using Theorem 6.1, we immediately see that a metric space,
which is compact in the metric topology, is automatically complete.

The next result identifies those complete metric spaces that are compact. In
order to formulate it, we need the following:

DEFINITION. Let (X, d) be a metric space, and let € > 0. A subset A C X is
said to be e-rare, if

d(a,b) > ¢, for all a,b € A with a # b.

PROPOSITION 6.6. Let (X, d) be a complete metric space. The following are
equivalent:

(i) X is compact in the metric topology;
(ii) for each € > 0, all e-rare subsets of X are finite;
(iii) for any € > 0, there exist finitely many points p1, pa, ...,pn € X, such
that
X =Be(p1) UBc(p2) U+ - UBc(pn).
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PROOF. (i) = (i#i). Assume X is compact. We prove (ii) by contradiction.
Assume there exists some € > 0 and an infinite e-rare set A C X. It then follows
that there exists a sequence (ay)n,>1 C A, such that

d(am,an) > €, YVm>n>1.

It is clear that no subsequence of (an)n>1 s Cauchy, which means that (an)n>1
does not have any convergent subsequence, thus contradicting the fact that X is
compact.

(#4) = (4i7). Assume property (ii) and let us prove (iii) by contradiction.
Assume there exists some ¢ > 0, such that, for every finite set F' C X, one has a
strict inclusion

U B-(2) € X.
TEF
Start with some arbitrary point a; € X, and construct recursively a seqeuence
(an)n>1 C X, by choosing
Gnt1 € X N [Be(al) U---u Be(an)}, Vn>1.

This will then force
d(am,an) > €, YVm>n>1,
so A = {a, : n € N} will be an infinite e-rare set, thus contradicting (ii).
(#i) = (7). Assume property (iii), and let us prove that X is compact. We are

going to use Theorem 6.1. Start with an arbitrary sequence (z,,)n>1 C X, and let
us construct a convergent subsequence.

Claim: There exists a sequence (pn)n>1 C X, such that for every integer
k>1, the set

k

My={neN:ua,¢c ﬂB%(M)}
=1

is infinite.
The sequence (p,,)n>1 is constructed recursively. To start, we use (ii) to find a finite
set F} C X, such that

X = U B1(p)-

If we define, for each p € Fy, the set
Si(p) ={n €N : z, € Bi(p)},

then we clearly have
U Sl (p) = N7
PEF
so in particular one of the sets S1(p), p € Fi, is infinite.
Suppose now we have constructed points p1,pa, ..., pm—1, such that, for every
ke {l,...,m— 1}, the set
k

My={neN:a,¢c ﬂB%(M)}
=1
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is infinite, and let us indicate how the next term p,, is to be constructed. Start
with a finite set F,, C X, such that

x=U B (p),

PEFm
and define, for each p € F},, the set
Smp)={n€ My_1 : z, € B%(p)}.
It is clear that
My = U Sm(P);
PEFm,
and since M,,,_1 is infinite, it follows that one of the sets S,,(p), p € F,, is infinite.
We then choose p,,, € F,, to be one point for which S,,(p,,) is infinite.

Having proven the Claim, let us us construct a sequence of integers 1 < ny <
ng < ... as follows. Start with some arbitrary n; € M;. Once n; < ng < -+ < ng
have been constructed, we choose the integer nyg4+1 € Mg11, such that ngy1 > ng.
(It is here that we use the fact that My, is infinite.) By construction, we have
ng € M, Vk > 1.

Suppose k > £ > 1. Then by construction we have n, € M C My and ny € M,.
In particular we get

d(mnk’xne) < d(xnk’pe) + d(xnwpf) < %

The above estimate clearely proves that the subsequence (z, );>1 is Cauchy. Since
X is complete, it follows that (z,, )r>1 is convergent. O

COROLLARY 6.4. Let (X,d) be a complete metric space, and let A be a subset
of X. The following are equivalent:
(i) the closure A is compact in X ;
(ii) for each € > 0, all e-rare subsets of A are finite.

PROOF. (i) = (ii). This is trivial from the above result. B
(i4) = (i). Assume (ii), and let us prove that A is compact. Since A is complete,
it suffices to prove that, for each € > 0, all e-rare subsets of A are finite. Fix ¢ > 0,
and let B be an e-rare subset of A. For each x € B, let us choose a point a, € A,
such that « € B, /3(a,). Suppose z,y € B are such that z # y. Then
e € €
d(amvay) > d((ﬂ,y) - d(al’ax) - d(ay7y) >&— g - g = g
In particular, this shows that the map

f:Boxr—a, €A
is injective, and the set f(B) is an (g/3)-rare subset of A. By condition (ii) this
forces B to be finite. O
We continue with an important construction.
DEFINITIONS. Let (X, d) be a metric space. We define
cs(X,d) = {x = (2,)n>1 : = Cauchy sequence in X }.

We say that two Cauchy sequences = (zp)n>1 and y = (yn)n>1 in X are equiva-
lent, if
lim d(2y,,y,) = 0.

n—oo
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In this case we write © ~ y. (It is fairly obvious that ~ is indeed an equivalence
relation.) We define the quotient space

X =cs(X,d)/ ~ .

For an element x € cs(X,d), we denote its equivalence class by .
Finally, for a point z € X, we define (x) € X, to be the equivalence class of
the constant sequence x (which is obviously Cauchy).

REMARK 6.7. Let (X, d) be a metric space. If & = (2,)n>1 and y = (yn)n>1

are Cauchy sequences in X, then the sequence of real numbers (d(acn, yn))n>1 is

convergent. Indeed, for any m,n we have
’d(xm,ym) —d(xp, yn)‘ < ’d($m7ym) — d(zn, ym)‘ + ’d(xnaym) —d(zy, yn)} <
< d(fﬂmv xn) + d(ymv yn)
We can then define
d(x,y) = lim d(xn,Yn)-

PROPOSITION 6.7. Let (X,d) be a metric space.
A. The map § : cs(X,d) x cs(X,d) — [0,00) has the following properties:

() ( ) - 6(va>7 vwvy € CS(X’ d)?
(i) d(x,y) < dé(x,2z) =6(z,y), Va,y,z € cs(X,d);

i)
(i) d(z.y) = 0= @~ y;
(iv) If , ', y,y’ € cs(X,d) are such that x ~ ' and y ~ vy, then

5(ya ~) —~5(m~7y )
B. The map d: X x X — [0,00), correctly defined by
d(,9) = 6(x,y), Y,y € cs(X,d),

is a metric on X. _
C. The map X 5 x +— (x) € X is isometric, in the sense that

d((z), () = d(x,y), Ya,y€X.
PROOF. A. Properties (i), (ii) and (iii) are obvious. To prove property (iv) let
= (Tn)n>1, ' = (2))n>1, Y = (Un)n>1, and ¥y’ = (¥}, )n>1. The inequality
(2, yp) < d(z'n, zn) + d(@n, Yn) + d(Yn, Yn),

combined with lim,, o d(2},, ;) = lim, 0 d(yn, y,,) = 0 immediately gives
(@', y') = lim d(,,y,) < lim d(zn,yn) = 6(z,y)-

By symmetry we also have d(x,y) < é(x’,y’), and we are done.
B. This is immediate from A.
C. Obvious, from the definition. O

PROPOSITION 6.8. Let (X,d) be a metric space.

(i) For any Cauchy sequence € = (xn)n>1 in X, one has

lim (z,) =&, in X.
n—oo

(ii) The metric space (X,d) is complete.
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PROOF. (i). For every n > 1, we have
(8) d((zn), &) = lim d(zn, ).

m— 00
Now if we start with some ¢ > 0, and we choose NN, such that
d(Tp, xm) <&, Ym,n > Ng,
then (8) shows that

al((:rn>7 :E) <e, Vn>Ng,

so we indeed have

lim d({(z,), &) = 0.

n—oo

(ii). Let (pk)r>1 be a Cauchy sequence in X. Using (i), we can choose, for each
k > 1, an element z; € X, such that

g(<xk>, Pr) < 2%

Claim 1: The sequence © = (zx)g>1 is Cauchy in X.
Indeed, for £ > ¢ > 1 we have

d(zp,ze) = ~(<$k>, (24)) < J((m% pr)) + d(pr, pe) + 3(2% (z4)) < d(pr, pe) + %

This clearly gives
lim |: sup d($k,$[):| < lim |: sup dv(pkapf)] = 07
n—o0 | k4>N n—o0 | k>N

80 = (x)k>1 is indeed Cauchy.
The proof of (ii) will the be finished, once we prove:

Claim 2: We have lim,, oo pr, = T in X.
To see this, we observe that, for £ > k£ > 1 we have the inequality

©) A(os. ) < Ao on)) + dA({re), {20)) < o + (g, 2).

If we now start with some € > 0, and we choose N, such that
d(zg, ) <e, Vk, 0> N,

then (9) gives

1
d(pr, (ze)) < g te Ik N

If we keep k > N, fixed and take limy_, ., using (i) we get

. 1
d(pr, ) = elggo d(pr, (¢)) < oF T e VEk > N..

The above estimate clearly proves that
lim d(pg, ) =0,
k—oo
so the sequence (pg)r>1 is convergent (to ). O

DEFINITION. The metric space (X, d) is called the completion of (x,d).

The completion has a certain universality property. In order to formulate this
property we need the following
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DEFINITION. Let (X, d) and (Y, p) be metric spaces. A map f: X — Y is said
to be a Lipschitz function, if there exists some constant C' > 0, such that
p(f(2), f(') < C - d(z,a!), Ya,a € X.

Such a constant C'is then called a Lipschitz constant for f.

PROPOSITION 6.9. Let (X, d) be a metric space, and let (X, d) be its completion.
If (Y, p) is a complete metric space, and f : X — Y is a Lipschitz function with
Lipschitz constant C > 0, then there exists a unique continuous function f: X —
Y, such that

f({@)) = f(z), Yo e X.
Moreover, f is Lipschitz, with Lipschitz constant C.

PRrROOF. Start with some Cauchy sequence € = (z),>1 in X. Using the in-
equality
p(f(mm),f(xn)) <C-d(xm,zy), Vm,n>1,
it is obvious that (f(zn)), -,
sequence is convergent. Define,

o(x) = lim f(x,).

n—oo

is a Cauchy sequence in Y. Since Y is complete, this

This way we have constructed a map ¢ : ¢s(X,d) — Y.
Claim: If x ~ @', then ¢(x) = ¢(x').
Indeed, if x = (2, )n>1 and &’ = (2,)n>1, then the Lipschitz property will give

p(f(xn)7f(x;1)) <C- d(xn,x;), Vn >1,

/

and using the fact that lim, o d(z,,,2},) = 0, we get lim, .o p(f(zn), f(z},)) = 0.
This clearly forces

lim f(z,)= lim f(x)).
_ Having proven the claim, we now see that we have a correctly define map
f: X — Y, with the property that

f(@) = ¢(x), Va € cs(X,d).

The equality

f(x)) = f(z), Vo e X
is trivially satisfied. B

Let us check now that f is Lipschitz, with Lipschitz constant C. Start with

two points p,p’ € X, represented as p = & and p’ = &/, for two Cauchy sequences
T = (Ty)n>1 and &’ = (z),)n>1 in X. Using the definition, we have

f(p) = lim f(z,) and f(p) = lim f(a}).
This will give
p(f(p), f(P) = lim p(f(zn), f(z7,))-

n—oo

Notice however that

p(f(@n), f(2})) < C-d(n,ay), Yn=1,
so taking the limit yields

p(£(p), F(p") = lim p(f(xn), f(27,)) < C lim d(zn,27,) = C - d(p,p').

n—oo
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Finally, let us show that f is unique. Let F : X — Y be another continuous
function with F({(z)) = f(x), for all x € X. Start with an arbitrary point p €
)?, represented as p = @, for some Cauchy sequence € = (z,),>1 in X. Since
lim,, oo {x,) = p in )?, by continuity we have

F(p) = lim F((z,) = lim f(x,) = é(x) = [(p).
U

COROLLARY 6.5. Let (X,d) be a metric space, let (Y, p) be a complete metric
space, and let f: X —Y be an isometric map, that is

p(f(z), f(a") =d(z,2), Va,2’ € X.

Then the map f : X — Y, given by the above result, is isometric and f(X') = f(X)
- the closure of f(X) in Y ..

PROOF. To show that f(X) = f(X), start with some arbitrary point y €

f(X). Then there exists a sequence (z,)p>1 C X, with lim,,_,o f(z,) = y. Since
(f(xn)),, is Cauchy in Y, and

(T, Tp) = p(f($m)7f(l'n)), Vm,n>1,

it follows that the sequence & = (z,,)n>1 is cauchy in X. We then have
y= lim f(z,) = f(2).
n—oo
Finally, we show that f is isometric. Start with two points p, g € X , represented
as p = & and g = 2, for some Cauchy sequences & = (z,,)p>1 and z = (2, )p>1 in
X. Then by construction we have

p(F(), F(@) = lim p(f((zn)). f((zn))) = lim p(f(zn), f(2n)) =

n—oo

= lim d(zp,2,) = d(@, 2) = d(p, q).

n—oo

O

COROLLARY 6.6. If (X, d) is a complete metric space, and X is its completion,
then the map v: X 3 x —— (x) € X is bijective.

Proor. Apply the previous result to the map Id : X — X, to get a bijective
(isometric) map Id : X — X. Since the map Id is obviously a left inverse for ¢, it
follows that ¢ itself is bijective. O

In the remainder of this section we will address the following question: Given
a topological Hausdorff space X, when does there exists a metric d on X, such that
the given topology coincides with the metric topology defined by d? A topolgical
Hausdorff space with the above property is said to be metrizable. It is difficult to
give non-trivial necessary and sufficient conditions for mtrizability. One instance in
which this is possible is the compact case (see the Urysohn Metrizability Theorem
later in these notes). Here is a useful result, which is an example of a sufficient
condition for mterizabilty.

PROPOSITION 6.10 (Metrizability of Countable Products). Let (X;,d;):cr be a
countable family of metric spaces. Then the product space X = [[,o; Xi, equipped
with the product topology, is metrizable.

i€l
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PROOF. Denote by T the product topology on X. What we need is a metric d
on X, such that the maps

Id: (X,d) — (X,7) and Id : (X,T) — (X,d)

are continuous. (Here the notation (X,d) signifies that X is equipped with the
metric topology defined by d.) For each i € I, let m; : X — X, denote the
projection onto the i*" coordinate.

CASE I: Assume I is finite. In this case we define the metric d on X as follows.
If ¢ = (z;)icr and y = (y:)icr are elements in X, we put

d(z,y) = max di(zi,yi)-

The continuity of the map Id : (X,d) — (X,7T) is equivalent to the fact that all
maps

m (X, d) = (X;,d;), i €1
are continuous. This is obvious, because by construction we have

dz(ﬂz(m)aﬂ—l(y) < d(m7y>7 V:c,y € X.

Conversely, to prove the continuity of Id : (X, T) — (X, d), we are going to prove
that every d-open set is open in the product topology. It suffices to prove this only
for open balls. Fix then x = (2;);cr € [[;c; Xi and r > 0, and consider the open
ball B,.(x). If we define, for each i € I, the open ball B:X¢(x;), then it is obvious

that
ﬂ T, 3X (z; )
i€l
and since 7; are all continuous, this proves that B,.(x) is indeed open in the product
toplogy.
CASE II: Assume I is infinite. In this case we identify I = N. For every n € N
we define a new metric d,, on X,,, as follows. If

sup dn(p,q) <1,
P,qEXn

we put 6, = d,. Otherwise, we define
dn(p,q)
671 b = T 7 /. N\
7.7) 1+dn(p,q)

It is not hard to see that the metric topology defined by §,, coincides with the one
defined by d,,. The advantage is that d,, takes values in [0, 1]. We define the metric
d: X x X — [0,00), as follows. If = (2, )nen and y = (yn)nen are elements in
[I.cn Xn, we define

Vp,q € Xnp.

oo o0

1 d znayn xvuyn
d = _— =
(. y) o7 T (o) Z

Due to the fact that d,, takes values in [0, 1], the above series is convergent, and it
obviously defines a metric on X.

As above, the continuity of the map Id : (X,d) — (X,7) is equivalent to the
continuity of all the maps 7, : (X,d) — (X,,d,), or equivalently for 7, : (X,d) —
(Xn,0n), n € N. But this is an immediate consequence of the (obvioous) inequalities

bn (Tn (), mp(y)) < 2" -d(z,y), Yo,y € X.
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As before, in order to prove the continuity of the other map Id : (X, T) — (X, d), we
start with some d-open set D, and we show that D is open in the product topology.
Since D is a union of of open balls, we need to prove that for any € X and any
r > 0, the open ball B,.(x), in (X, d), is a neighborhood of x in the product topology.
Fix = (zn)nen € [],,cny Xn, as well as 7 > 0. Choose some integer N > 1, such
that

=1

> on <
n=N+1

and define, for each k € {1,2,..., N} the set

Dy, ={y = (yn)nen € H X 2 On(@k, yr) <
neN

)

N =

r
2 b
It is clear that Dy, is open in the product topology, for each k =1,2,..., N. (This is
a consequence of the fact that Dy = 7rk_1 (Br/g(xk)), where B, /5(z) is the dp-open
ball in X}, of radius r/2, centered at zy.) Then the set D = D1 NDyN---NDy is
also open in the product topology. Obviously we have & € D. We now prove that
D C B,.(x). Start with some arbitrary y € D, say ¥ = (yn)nen. On the one hand,
we have

(5k(xk,yk) < 17 Vk e {1,2,...,N},

[\

so we get

Mz

2n 2

On the other hand, sinc 5n takes values in [0,1), we also have

1 TN 1 T
— s <*E — < —.
2 mnyn 2n:1

=1 1 r
Z ﬁén(xnuyn) < Z 27 < 57
n=N+1 n=1

so we get
= 1
d(mvy) = Z ﬁdn(xnvyn) <,

1
thus proving that y indeed belongs to B, (x)



