LECTURE 4

4. Compactness
DEFINITION. Let X be a topological space X. A subset K C X is said to be
compact set in X, if it has the finite open cover property:
(r.0.c) Whenever {D;}icr is a collection of open sets such that K C |J;c; Di,
there exists a finite sub-collection D;,,...,D; such that

KCD;U---UD,,.

in

An equivalent description is the finite intersection property:

(r.1.P.) If {F;}icr is is a collection of closed sets such that for any finite sub-
collection F; ..., F; we have KNF; N...F;, # @, it follows that

Kn((F)+#e.
iel
A topological space (X, 7) is called compact if X itself is a compact set.
REMARK 4.1. Suppose (X,7) is a topological space, and K is a subset of
X. Equip K with the induced topology T| - Then it is straightforward from the
definition that the following are equivalent:

e K is compact, as a subset in (X, T);
o (K, T|K) is a compact space, that is, K is compact as a subset in (K, T|K).

The following three results give methods of constructing compact sets.

PROPOSITION 4.1. A finite union of compact sets is compact.
PrOOF. Immediate from the definition. (|

PROPOSITION 4.2. Suppose (X,T) is a topological space and K C X is a
compact set. Then for every closed set F' C X, the intersection F'N K is again
compact.

PRrOOF. Immediate, using the finite intersection property. (I

PROPOSITION 4.3. Suppose (X, T) and (Y,S) are topological spaces, f : X —Y
is a continuous map, and K C X is a compact set. Then f(K) is compact.

PROOF. Immediate from the definition. O

Besides the two equivalent conditions (F.0.C) and (F.1.P.), there are some other
useful characterizations of compactness, listed in the following.

THEOREM 4.1. Let (X, T) be a topological space. The following are equivalent:
(i) X is compact.
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(ii) (Alexander sub-base Theorem) There exists a sub-base 8 with the finite
open cover property:
(s) For any collection {S;|i € I} C 8 with X = USZ-, there ezists a
iel
finite sub-collection {Si,, Si,,...,Si,} (for some finite sequence of
indices i1,19,...,i, € I) such that X = S;, US;, U---US; .
(iii) Ewery ultrafilter in X is convergent.
(iv) Ewery net in X has a convergent subnet.

PROOF. (i) = (i%). This is obvious. (In fact any sub-base has the open cover
property.)

(#4) = (#i1). Let U be an ultrafilter on X. Assume U is not convergent to any
point x € X. By Proposition 3.2 it follows that, for each z € X, one can find a
set S, € 8 with S, © x, but such that S, ¢ U. Using property (), one can find a
finite collection of points z1,...,z, € X, such that

(1) Sy, U---US,, =X.
Since S, € U, it means that X ~\ S, belongs to U, for every p =1,...,n. Then,
using (1), we get
UD(XNS)N--N(XNS,,) =09,
which is impossible.

(#4i) = (iv). Assume condition (iii) holds, and let (zx)xea be some net in X.
Denote by ® the collection of all finite subsets of A (including the empty set), and
define, for each F' € @, the sets

Ap={XeA: X>pu, Vmue F},
GF:{ZL')\ : )\GAF}

(use the convention Ay = A). Since we obviously have Ap, N Ap, = Apup,,
V F1, Fy € @, we get the equalities

Gp, NGr, = Gpur,, VI, Fr €@,

which prove the fact that the collection § = {Gr}pcq is a filter in X. Let U
be then some ultrafilter with U O G. By the hypothesis (iii), the ultrafilter U is
convergent to some point z € X, which means that U contains the collection N, of
all neighborhoods of z. In particular, we get the fact that

(2) NNGrp#2, VN eN,, Fed.

We are now in position to define a subnet of (xx)xea, which will prove to be
convergent to x. Consider the set

S={(N,\) eN, xA:xz\€N}
equipped with the ordering

Ny C Ny
A1 = Ao

Let us remark that X is a directed set. Indeed, if we start with two elements
o1 = (N1,A1) and o9 = (Na, Ag) in X, then using (2) with N = N; N Na, and
F = {\1, A2}, we get the existence of some A € A with A > A, A > Ag, and such
that 2 € N. This means that the pair o = (N, A) belongs to X, and it also satisfies
o>01,0 > 03.

(N1, A1) = (N2, A2) <= {
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Consider also the map
@:33 (N,\)— A €A,

Again using (2), it follows that ¢ is a directed map.

Define then the net (yo)sex by ¥o = Tg(0), Vo € X. By construction, (yo)sex
is a subnet of (z))xea. We show now that (y,)sex is convergent to z. Start with
some arbitrary neighborhood N of z. Use (2) with F' = &, to find some Ay € A,
such that zx, € N. Put oy = (N, An). If 0 = (V,A) € ¥ is such that o > oy,
then in particular we have xy € M C N, i.e. y, € N. In other words we have

Yo € N, Yo = on,

thus proving that (y,)sex is indeed convergent to x.

(iv) = (i). Assume (iv), and let us prove that X has the finite intersection
property (F.I.P.). Let {F;};cr is is a collection of closed sets such that for any
finite sub-collection Fj,,...,F; we have F;, N...F; # @, and let us prove that
Nicr Fi # @. Denote by € the collection of all finite non-empty subsets of I, and
define, for each J € €2, the non-empty closed set F; = (1, ; F;. With this notation,
what we have to prove is the fact that (., Fs # @. The advantage here is the
fact that € is directed (by inclusion). Since Fj # @, for each J € Q, we can choose
an element x; € F;. This way (use the Axiom of Choice) we can construct a net
(z7)jeq. Using (iv) there exists a subnet (yy)oes % (z)jeq which is convergent

to some point € X. In order to finish the proof, it suffices to show that z € F,
VJ € Q. As above, denote by N, the collection of all neighborhoods of x. Since
each Fy is closed, all we need to prove is the fact that

NNF;#2, VNeN,, Je.

Fix N € N, and J € €. On the one hand, since ¢ : ¥ — () is a directed map,
there exists o1 € X, such that ¢(o) = J, Vo > o1. On the other hand, since
(Y5 )oex is convergent to x, there exists some o9 € X, such that y, € N, Vo > o9.
If we choose 0 € ¥ such that ¢ > o7 and ¢ = o9, then on the one hand we
have Y, = 24(0) € Fy(o) C Fy (here we use the fact that, for J,.J; € €, one has
J1 = J = Fj, C Fy), and on the other hand we also have y, € N. This means
precisely that y, € NN F}. O

An interesting application of the above result is the following:

THEOREM 4.2 (Tihonov). Suppose one has a familiy (X;,7;)icr of compact
topological spaces. Then the product space [[ X; is compact in the product topology.
i€l
PrOOF. We are going to use the ultrafilter characterization (iii) from the pre-
ceding Theorem. Let U be an ultrafilter on X = [] X;. Denote by m; : X — X,
i€l
i € I the coordinate maps. Since each X; is compact, it follows that, for every
i € I, the ultrafilter m;.(U) (in X;) is convergent to some point z; € X;. If we form
the element z = (z;);e; € X, this means that m;,(U) is convergent to m;(x), for
every i € I. Then, by the ultrafilter characterization of the product topology (see
section 3) it follows that U is convergent to x. ]

COMMENT. Another interesting application of Theorem 4.1 is the following
construction. Suppose (X, 7) is a compact Hausdorff space, and (x;);e; C X is an
arbitray family of elements. (Here I is an arbitrary set.) Suppose U is an ultrafilter
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on I. If we regard the family (z;);cs simply as a function f : I — X, then we can
construct the ultrafilter f.(U/) on X. More explicitly

feU) ={W C X : theset {i €I : x; € W} belongs to U}.

Since X is compact Hausdorff, the ultrafilter f.(U) is convergent to some unique
point z € X. This point is denoted by li&n ;.

We conclude this section with some results on compactness in Hausdorff spaces.
PROPOSITION 4.4. Suppose (X, T) is toplological Hausdorff space.

(i) Any compact set K C X is closed.
(ii) If K is a compact set, then a subset F' C K is compact, if and only if F
is closed (in X ).

PROOF. (i) The key step is contained in the following

Claim: For every v € X \ K, there exists some open set D, with x € D, C
XNK.

Fix € X ~\ K. For every y € K, using the Hausdorff property, we can find
two open sets U, and V, with U, > =, V, > y, and U, NV, = @. Since we
obviously have K C UyeK Vy, by compactness, there exist points y,...,y, € K,
such that K C V,, U--- UV, . The claim immediately follows if we then define
D, =Uy, N---NUy,.

Using the Claim we now see that we can write the complement of K as a union
of open sets:

X~K= |]J D,
TeEXNK

so X \ K is open, which means that K is indeed closed. (ii). If F' is closed, then
F is compact by Proposition 4.2. Conversely, if F' is compact, then by (i) F is
closed. O

PRrROPOSITION 4.5. Every compact Hausdorff space is normal.

PROOF. Let X be a compact Hausdorff space. Let A, B C X be two closed
sets with ANB = &. We need to find two open sets U,V C X, with ACU,BCV,
and U NV = @. We start with the following

Particular case: Assume B is a singleton, B = {b}.
The proof follows line by line the first part of the proof of part (i) from Proposition
4.4. For every a € A we find open sets U, and V,, such that U, > a, V, 2 b,
and U, NV, = @. Using Proposition 4.4 we know that A is compact, and since we
clearly have A C UaeA U,, there exist ay,...,a, € A, such that U,, U---UU,, D A.
Then we are done by taking U =U,, U---UU,, and V=V, N---NV,, .

Having proven the above particular case, we proceed now with the general case.
For every b € B, we use the particular case to find two open sets U, and V},, with
U, DA, V, 5b, and U, NV, = @. Arguing as above, the set B is compact, and
we have B C UbeB W, so there exist by,...,b, € B, such that V,, U---UV, D B.
Then we are done by taking U =Up, N---NU,, and V =Vp, U--- UV, . (]



