LECTURE 3

3. Constructing topologies

In this section we discuss several methods for constructing topologies on a given
set.

DEFINITION. If T and 7”7 are two topologies on the same space X, such that
T C T (as sets), then T is said to be stronger than T'. Equivalently, we will say
that T is weaker than 7.

Remark that this condition is equivalent to the continuity of the map

Id: (X,7) — (X,7).
COMMENT. Given a (non-empty) set X, and a collection 8 of subsets of X, one
can ask the following:
Question 1: Is there a topology on X with respect to which all the sets in 8
are open?
Of course, this question has an affirmative answer, since we can take as the topology
the collection of all subsets of X. Therefore the above question is more meaningful
if stated as:
Question 2: Is there the weakest topology on X with respect to which all the
sets in 8 are open?
The answer to this question is again affirmative, and it is based on the following:

REMARK 3.1. If X is a non-empty set, and (J;);cs is a family of topologies on
X, then the intersection
N

il

is again a topology on X.

In particular, if one starts with an arbitrary family § of subsets of X, and if we
take

O(8) = {‘J’ : T topology on X with T DO 8},
then the intersection
TOP(S) = ﬂ T
TeO(8)

is the weakest (i.e. smallest) among all topologies with respect to which all sets in
§ are open.

The topology TOP(S) defined above cane also be described constructively as
follows.

PRrOPOSITION 3.1. Let 8 be a collection of subsets of X. Then the sets in
TOP(8), which are a proper subsets of X, are those which can be written a (arbitrary)
unions of finite intersections of sets in 8.
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PROOF. It is useful to introduce the following notations. First we define V(8)
to be the collection of all sets which are finite intersections of sets in 8. In other
words,

BeV(§) <= 3D,,...,D, € 8§ such that D;N---ND,, = B.
With the above notation, what we need to prove is that for a set A C X, we have

A€ ToP(8) <= 3V, C V(8) such that A= | ] B.
BEeV 4
The implication “<” is pretty obvious. Since TOP(8) is a topology, and every set in
§ is open with respect to TOP(S), it follows that every finite intersection of sets in
§ is again in TOP(8), which means that every set in V(8) is again open with respect
to TOP(8). But then arbitrary unions of sets in V(8) are again open with respect
to TOP(S).
To prove the implication “=" we define

To={ACX : 3V, CV(S)such that A= | ] B},
BEeV 4
and we will show that
(1) TOP(8) C {X} U Tp.
By the definition of TOP(8) it suffices to prove the following
Claim: The collection T3 = {X} U Ty is a topology on X, which contains all
the sets in S.
The fact that J7 D 8 is trivial.
The fact that @, X € T7 is also clear.
The fact that arbitrary unions of sets in 7 again belong to T7 is again clear,
by construction.
Finally, we need to show that if A;, Ay € T7, then A1 N Ay € Ty. If either

Ay = X or As = X, there is nothing to prove. Assume that both A; and As are
proper subsets of X, so there are subsets V1,Vy C V(8), such that

A= ) Band 4= ] E.
BeV, EeV,
Then it is clear that
AN Ay = U (BN E),

BeV,
EeV,

with all the sets BN E in V(§), so A; N A indeed belongs to T. O

DEFINITION. Let X be a (non-empty) set, let T be a topology on X. A collec-
tion 8 of subsets of X, with the property that
T = ToP(8),

is called a sub-base for T. According to the above remark, the above condition is
equivalent to the fact that every open set D C X can be written as a union of finite
intersections of sets in 8.

Convergence is characterized using sub-bases as follows;

PROPOSITION 3.2. Let (X,T) be a topological space, let 8 be a sub-base for T,
let  be some point in X, and define the collection 8§, = {S €8 : © € S}.



CAHPTER I:. TOPOLOGY PRELIMINARIES 15

A. The collection 8, U{X} is a fundamental system of neighborhoods of x.
B. For an ultrafilter U on X, the following are equivalent:

(i) W is convergent to x;

(ii) U contains all the sets S € 8.
C. For a net (x\)rea in X, the following are equivalent:

(1) (xx)xen is convergent to x;

(ii) for every S € 8, there exists Ag € A, such that xy € S, V) = Ag.

PROOF. A. We need to show that for every neighborhood N of x, there exist
sets V4,...,V, € 8, U{X}, such that z € Vi n---NV, C N. Start with some
arbitrary neighborhood N of z, so there exists some open set D with x € D C N.
If D = X, there is nothing to prove, since we can take V; = X. If D C X, then
using the fact that D is a union of finite intersections of sets in 8, together with the
fact that x € D, there exist sets Vi,...,V,, € §, suchthat z € Vin---NV,, ¢ D C N.
It is clear that all the V’s are in fact in S,.

B. Immediate from part A, and Proposition 2.1.

C. Immediate from part A, and Proposition 2.2. ([l

There are instances when sub-bases have a particular feature, which enables
one to describe all open sets in an easier fashion.

PROPOSITION 3.3. Let (X,T) be a topological space. Suppose V is a colletion
of subsets of X. The following are equivalent:

(i) V is a sub-base for T, and
(2) VUVeVandzeeUNV,, IW e Vwithee WcCUNV.

(ii) Fvery open set A C X is a union of sets in V.

PROOF. (i) = (i7). From property (i), it follows that every finite intersection
of sets in 'V is a union of sets in V. Then the desired implication is immeadiate
from the previous result.

(#4) = (i). Assume (ii) and start with two sets U,V € V, and an element
x € UNV. Since UNV is open, by (ii) either we have U NV = X, in which case
weget U=V =X, and we take W = X, or UNV C X, in which case UNV is a
union of sets in V, so in particular there exists W € V withx e W CUNV. (]

DEeFINITION. If (X, T) is a topological space, a collection V which satisfies the
above equivalent conditions, is called a base for 7J.
The following is a useful technical result.

LEMMA 3.1. Let (Y,T) be a topological space, let X be some (non-empty) set,
and let f: X —Y be a function. Then the collection

(@ ={fD): DeT}

is a topology on X. Moreover, f*(T) is the weakest topology on X, with respect to
which the map f is continuous.

PROOF. Clearly @ = f~1(@) and X = f~1(Y) both belong to f*(T). If (A;)ier
is a family of sets in f*(7), say A; = f~1(D;), for some D; € T, for all i € I, then

the equality
Ua=Ur'my=riJn)

i€l icl icl
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clearly shows that [ J;.; A; again belongs to f*(7). Likewise, if Ay, Ay € f*(7), say
Ay = f~1(Dy) and Ay = f~1(Dy) for some Dy, Dy € T, then the equality

A1NAy =YDy N fYDy) = f~1(Dy N Dy)

proves that A; N As again belongs to f*(7).

Having proven that f*(T) is a topology on X, let us prove now the second state-
ment. The fact that f is continuous with respect to f*(7) is clear by construction.
If 77 is another topology which still makes f continuous, then this will force all the
sets of the form f~1(D), D € T to belong to 7’, which means that f*(7) c 7. O

REMARK 3.2. Using the above notations, if V is a (sub)base for T, then
FO)={1(v): vevy
is a (sub)base for f*(7). This is pretty obvious since the correspondence
{subsets of Y} > D s f~1(D)

is compatible with the operation of intersection and union (of arbitrary families).
REMARK 3.3. As a consequence of the above remark, we see that (sub)bases
can be useful for verifying continuity. More specifically, if (X,T) and (X’,T") are
topological spaces, and V is a sub-base for 77, then a function f : X — X' is
continuous, if and only if f~1(V) is open, for all V € V.
The construction outlined in Lemma 3.1 can be generalized as follows.

PROPOSITION 3.4. Let X be a set, and let ® = (f;,Y:)icr be a family consisting
of maps f; : X —Y;, where Y; is a topological space, for all i € I. Then there is a
unique toplogy T on X, with the following properties
(i) Each of the maps f; : X — Y;, i € I is continuous with respect to T®.
(ii) Given a topological space (Z,8), and a map g : Z — X, such that the
composition f; 0 g: Z — Y, is continuous, for every i € I, it follows that
g is continuous as a map (Z,8) — (X,T®).

PrOOF. For every i € I we define
D; = {fi_l(D) : D open subset of Yl-},
and we form the collection
D= JD..

iel

Take 7% = ToP(D) Property (i) follows from the simple observation that, by con-
struction, every set in D is open.

To prove property (ii) start with a topological space (Z,8), and a map g : Z —
X, such that the composition f; o g : Z — X; is continuous, for every i € I, and
let us prove that g is continuous. By Remark 3.3 it suffices to prove that g=!(A) is
open (in Z) for every A € D. By the definition of D this is equivalent to proving
the fact that, for each ¢ € I, and each open set D C Y;, the set g_l(ffl(D)) is
open. But this is obvious, since we have

g (fTH(D) = (fieg) (D),
and f;og:Z — Y; is continuous.
To prove the uniqueness, let T be another topology on X with properties (i)
and (ii). Consider the map h = Id : (X,T) — (X,T®). Using property (i) for 7,
combined with property (ii) for T, it follows that h is continuous, which means
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that T7® C T. Reversing the roles, and arguing exactly the same way, we also get
the other inclusion T C T®. O

REMARK 3.4. Using the above setting, assume that for each ¢ € I a sub-base
§8; for the topology of Y; is given. Consider the sets f8; = {fl-_l(S) 1 5 €8}
Then the collection
s=J s

iel
is a sub-base for the topology T®.
To prove this, we take T = TOP(S8), so that we obviously have the inclusion
T C T%. In order to prove the equality T = T®, all we have to prove are (use the
notations from the proof of the above Proposition) the inclusions

D;CcT, Viel.

By construction however, we have D; = f*7;, and since §; is a sub-base for T;, it
follows that f8; is a sub-base for D,, which means that we have

D, = TOoP(f7'8;) C TOP(8) =1T.

COMMENT. Using the notations above, it is immediate that the topology T®
can also be described as the weakest topology on X, with respect to which all the
maps f; + X — Y;, i € I, are continuous. In the light of this remark, we will call
the topology T® the weak topology defined by ®.

Convergence can be nicely characterized:

PROPOSITION 3.5. Let X be a set, let ® = (f;,Y;)ier be a family consisting of
maps f; : X — Y;, where Y; is a topological space, for alli € I, and let x be some
point in X.

A. For an ultrafilter U on X, the following are equivalent:
(i) U is convergent to x, with respect to the topology T®;
(i) for everyi € I, the ultrafilter fi.(U) is convergent to f;(x).
B. For a net (xx)xea in X, the following are equivalent:
(i) (za)rea is convergent to x, with respect to the topology T®;
(ii) for every i € I, the net (fi(xx))\cp 15 convergent to fi(x).

PrOOF. The implications (i) = (¢4) in both A and B are clear, since all maps
fi (X, T%) — (Y;,7;), i € I, are continuous.
To prove the implications (i7) = (i) we consider the collection

§= U {f7'(D) : DCY; open},
i€l
which is a sub-base for the topology 7%, and we define §, = {S €8 : S>3 z}. It is
pretty clear that we have

(3) $. =|J{#7"(D) : D CY; open, with fi(x) € D}
iel
A. (it) = (7). Suppose U satisfies (ii). Then for every ¢ € I, the ultrafilter
fix(W) contains all the open sets D C Y; with D 5 f;(z). In other words, for every
i € I and every open set D C Y; with fi(z) € D, we have f; (D) € U. By (3) this
means precisely that we have the inclusion U D 8,. Then the fact that U converges
to x follows from Proposition 3.2.
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B. (#4) = (). Suppose the net (zy)rca satisfies (ii). In order to prove that
(zx)xea is convergent to x, we are going to use Proposition 3.2. Using (3), it suffices
to show that for every ¢ € I and every open set D C Y; with D > f;(x), there exists
some \; p € A, such that

zx € (D), YA = \ip.

This is however clear, since the condition z) € fi_l(D) is equivalent to f;(zy) € D,
and we know that by (ii) the net (f;(wx)),c, is convergent to fi(x) € D. O

ExAMPLE 3.1. (The product topology) Supoose we have a family (X;, T;), ¢ € I

of topological spaces. Consider the Cartesian product X = H X;. Foreach j eI
iel
we consider the projection 7; : X — X;. The weakest topology on X, defined by
the family ® = {7, },c1, is called the product topology.
A sub-base for the product topolgy can be defined as follows. For each i € I,
we choose a sub-base 8; for T; (for instance we can take §; = T;), and we take

S = UW;‘SZ- = U{WZI(D) : Des;}.
iel iel

Then 8§ is a sub-base for the product topology.

For a point = (z;);e; € X, and an ultrafilter U on X, the condition U — x
is equivalent to the fact that . (U) — z;, Vi € 1.

For a point = (z;)ie; € X, and a net (z*)ycp in X, given in coordinates as
2 = (2)ier, A € A, the condition (2*)yep is convergent to x is equivalent to the
fact, for each i € I, the net (z)yea is convergent to ;.

Another method of constructing topologies is based on the following “dual”
version of Lemma 3.1.

LEMMA 3.2. Let (Y,T) be a topological space, let X be some (non-empty) set,
and let f:Y — X be a function. Then the collection

f(={DcX: f(D)eT}

is a topology on X. Moreover, f.(T) is the strongest topology on X, with respect to
which the map f is continuous.

PROOF. Since f~1(@) = @ and f~}(X) =Y, it follows that @ and X both
belong to f.(T). If (A;)ier is a family of sets in f.(7), then the sets f~1(A;),i € I
belong to T. In particular the set

Ay = A
i€l icl
will again belong to T, which means that (J,.; A; belongs to f.(7T). Likewise,
if Ay, Ay € f.(7), then the sets f~*(A;) and f~1(Ay) both belong to . The
intersection
F7HAL N As) = f7H(AD) 0 fY(Ay)
will then belong to T, which means that 4; N A again belongs to f.(7).

Having proven that f.(7) is a topology on X, let us prove now the second state-
ment. The fact that f is continuous with respect to f.(7T) is clear by construction.
If 77 is another topology which still makes f continuous, then this will force all the
sets of the form f~1(A), A € T’ to belong to T, which means that A will in fact
belong to f.(7T). In other words, we have the inclusion J" C f. (7). O
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A generalization of the above construction is given in the following.

PROPOSITION 3.6. Let X be a set, and let ® = (f;,Y:)icr be a family consisting
of maps f; : Y; — X, where Y; is a topological space, for all i € I. Then there is a
unique toplogy T on X, with the following properties
(i) Each of the maps f; : Y; — X, i € I is continuous with respect to Tg.
(ii) Given a topological space (Z,8), and a map g : X — Z, such that the
composition g o f; : Y; — Z is continuous, for every i € I, it follows that
g 1s continuous as a map (X, Te) — (Z,8).

PRrROOF. For each i € I, let T; denote the topology on Y;. We define

To = [ fis(T0)-
iel
Property (i) is obvious by construction.

To prove property (ii), start with some topological space (Z,8) and a map
g : X — Z such that go f; : Y; — Z is continuous, for all ¢ € I. Start with
some open set D C Z, and let us prove that the set A = g=1(D) is open in X, i.e.
A € Tg. Notice that, for each i € I, one has

fiil(A) = f;l(g_l(D)) =(go fi)_l(D),
so using the continuity of g o f; we get the fact that fi_l(A) is open in Y;, which
means that A € f;.(T;). Since this is true for all ¢ € I, we then get A € Tp.

To prove uniqueness, let T be another topology on X with properties (i) and
(ii). Consider the map h = Id : (X,7) — (X,T?). Using property (i) for Ty,
combined with property (ii) for 7, it follows that h is continuous, which means that
J% C 7. Reversing the roles, and arguing exactly the same way, we also get the
other inclusion T C T2. O

CoMMENT. Using the notations above, it is immediate that the topology Tg
can also be described as the strongest topology on X, with respect to which all the
maps f; : Y; — X, i € I, are continuous. In the light of this remark, we will call
the topology T4 the strong topology defined by ®.

EXAMPLE 3.2. (The disjoint union topology) Supoose we have a family (X;, T;),

i € I of topological spaces. Consider the disjoint union! X = |_| X;. Foreachi eI
iel

we consider the inclusion ¢; : X; — X. The strongest topology on X, defined by

the family ® = {¢; }ier, is called the disjoint union topology.

If we think each X; as a subset of X, then X; is open in X, for all ¢ € I.
Moreover, a set D C X is open, if and only if D N X; is open (in X;), for all ¢ € I.
For a point 2 € X, there exists a unique i(x) € I, with 2 € Xj,). With this
notation, an ultrafilter U on X is convergent to x, if and only if X;(,) € U, and the
collection

u]XM) = {UﬂXz(z) U e U}

is an ultrafilter on X;(,), which converges to .
A net (zx)rea in X is convergent to z, if and only if there exists some A, € A
such that z\ € Xj), VA = Ay, and the net (zx)x-», is convergent, in Xj(,), to .

1 Formally one uses the sets Z = |
as X = UiGI {i} x X;].

ier Xi, and Y = I X Z, and one realizes the disjoint union



