2. The Concept of Convergence: Ultrafilters and Nets

NOTE: AS OF 2008, SOME OF THIS STUFF IS A BIT OUT-
DATED AND HAS A FEW TYPOS. I WILL REVISE THIS MATE-
RIAL SOMETIME.

In this lecture we discuss two points of view on the notion of convergence. The
first one employs a set theoretical concept, which turns out to be technically useful.

DEFINITION. Suppose X is a fixed (non-empty) set. A filter in X is a (non-
empty) family F of non-empty subsets of X which has the property?:
() Whenever F and G belong to F, it follows that there exists H € F with
FNG>H.

What is important here is that all the sets in the filter are assumed to be non-
empty. The set of all filters in X can be ordered by inclusion. A simple application
of Zorn’s Lemma yields:

e For each filter F there exists at least one maximal filter U with U O F.
Maximal filters will be called wltrafilters.

An interesting feature of ultrafilters is given by the following:

LEMMA 2.1. Let X be a non-empty set, and let U be a filter on X. The
following are equivalent:

(i) U is an ultrafilter.
(ii) For any subsets A C X, it follows that either A or X \ A belongs to U,
but not both!

PROOF. (i) = (4#i). Assume U is an ultrafilter. First remark that X always
belongs to U. (Otherwise, if X does not belong to U, the family U U {X} will be
obviously a new filter which will contradict the maximality of U).

Let us assume that A is non-empty and it does not belong to U. This means
that the family

M=UU{ANU|U e U}
is no longer a filter (otherwise, the maximality of U will be contradicted). Note that
if ' and G belong to M, then automatically F NG belongs to M. This means that
the only thing that can prevent M from being a filter, must be the fact that one
of the sets in M is empty. That is, there is some set V' € U such that ANV = @.
In other words, V' C X ~ A. But then, it follows that for any U € U we have
UN(X~NA)DUNV # & and then the set

N=UU{UN(X N A)|UeU}

will be a filter. By maximality, it follows that N = U, in particular, X \ A belongs
to U. It is obvious that A and X ~ A cannot simultaneously belong to U, because
this will force @ = AN (X \ A) to belong to U.

(#4) = (¢). Assume property (ii) holds, but U is not maximal, which means
that there exists some ultrafilter V with V O U. Pick then some set A € V \ U.

2 Some textbooks may use a slightly different definition.
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Since A € U, by (ii) we must have X \ A € U. This would force both A and X \ A
to belong to V, which is impossible. ([

Exercise 1. Let U be an ultrafilter on X, and let A € U. Prove that the
collection

u|A:{UﬂA:UEU}
is an ultrafilter on A.

REMARK 2.1. If U is an ultrafilter on X, and A € U, then U contains all sets
B with A C B C X. Indeed, if we start with such a B, then by the above result,
either B € U or X ~ B € U. Notice however that in the case X \ B € U we would
get

Us(XB)NA=g,

which is impossible. Therefore B must belong to U.

REMARK 2.2. Maps between sets can be put to act on ultrafilters. More
explicitly one has the following construction. Suppose f : X — Y is a map and U
is a ultrafilter in X. Consider the collection

LW ={VCY|/i(v)ew.

Then f,(U) is a ultrafilter on Y. Indeed, it is easy to show that f.(U) is a filter. To
prove that it is in fact an ultrafilter, we use Lemma 2.1. Start with some arbitrary
set A C Y, and let us show that exactly one of the sets A or Y . A belongs to
f«(W). This is pretty obvious however from the equality f~*(Y N A) = X~ f~1(4),
combined with Lemma 2.1 applied to U, which gives the fact that exactly one of
the sets f~1(A) or f~HY N A) = X ~ f~1(A) belongs to U.

REMARK 2.3. With the above notations, one has
F(U) € f.(), YU el

One can prove this property by contradiction. Assume f(U) does not belong to
f« (W), for some U € U. Then Y \ f(U) belongs to f.(U), which means that the set

M= f"HY \ f(U) =X~ f7H(f(U))
belongs to U. But using the obvious inclusion U C f~!(f(U)), this gives M NU =
&, which is impossible.

We are in position now to define the notion of convergence for ultrafilters, by
means of the following.

PROPOSITION 2.1. Let (X,T) be a topological space, let U be an ultrafilter in
X, and let © be a point in X. The following are equivalent:

(i) Every neighborhood of x belongs to U.
(ii) There exists N a basic system of neighborhoods of x, with N C U.
(iii) There exists V a fundamental system of neighborhoods of x, with V C U.

If the ultrafilter U satisfies one of the equivalent conditions above, we say that
U is convergent to x, and we write U — x.



§2. CONVERGENCE: ULTRAFILTERS AND NETS 9

PROOF. The implications (i) = (ii) = (iii) are obvious.

(#i) = (7). Let V be a fundamental system of neighborhoods of z, with V C U.
Start with an arbitrary neighborhood M of z. By the properties of V, there exists
a finite sequence V1,...,V, € V, with

zreVin---NV, C M.

Since V C U, and U is a filter, it follows that the intersection W = Vi Nn---NV,
belongs to U. By Remark 2.1 it follows that M itself belong to U. Since M was
arbitrary, it follows that U indeed satisfies condition (i). O

ExAMPLES 2.1. A. Let = be a point in X. We can consider the collection
U, = {U C X |U > z}. Clearly U, is an ultrafilter in X. This is called a constant
ultrafilter at z. If (X,T) is a topological space, then it is obvious that U, is
convergent to x.

B. (Example of a convergent non-constant ultrafilter.) Suppose (X,7T) is a
topological space and x is a point in X such that for any neighborhood N of x, we
have N \ {z} # @. Consider the collection

F ={N ~ {2} | N neighborhood of z}.

Then F is a filter. If we take U any ultrafilter which contains F, we get a non-
constant (sometimes called free) ultrafilter. It is again clear that U is again con-
vergent to x.

C. (Example of a non-convergent ultrafilter.) Let N be the set of non-negative
integers. Equip N with the discrete topology (in which every subset is open). Con-
sider the collection F consisting of all subsets F' C N which have finite complement
N~ F. It is easy to check that F is a filter. Pick then U to be any ultrafilter with
U D F. Since on N we use the discrete topology, it follows that the only convergent
ultrafilters are the constant ones. Note however, that if n € N, then the set N\ {n}
belongs to F, hence to U. This means that the singleton set {n} cannot belong to
U. Therefore U cannot be constant.

The ultrafilter point of view on convergence is extremely useful for streamlining
some proofs. As we shall see later in this section, ultrafilters can also be used
for characterizing several features such as closure, the Hausdorff property, and
continuity. The drawback is of course the fact that, apart from constant ultrafilters,
we “cannot put our hand” on an ultrafilter. One can somehow circumvent this
complication by the introduction of a new concept: nets.

DEFINITIONS. A. An directed set is an ordered set (A, =) with the property:

o for any A\, u € A, there exists some v € A with v >= X and v > p.

B. Given two directed sets (A, >) and (A, >), amap ¢ : A — A is said to be a
directed map, if it has the property:

e for every 0 € A, there exists some A\(0) € A, such that
d(A) = 0, for all A € A with A = As.

C. Given a set X, we define a net in X to be any map A — X, where A is some
directed set. Such an object is typically denoted like & = (x))rea.

D. Given two nets = (z))xepa and y = (ys)sea in X, we say that x is a
sub-net of y, if there exists some directed map ¢ : A — A, such that

Tx = Yp(2)s VAeA.
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In this case we shall use the notation (z))xea % (ys)sen-

REMARK 2.4. Given directed sets A, A, and ¥, and directed maps A Ny NN
3., the composition p o ¢ : A — ¥ is again a directed map. As a consequence of
this fact, we see that if (z))rea is a sub-net of (ys)sea, and if (y5)sea is a sub-net
of (2z5)sex, then (z))rea is a sub-net of (z5)sex.

EXAMPLES 2.2. A. A sequence (,)22, C X can be regarded as a net, where
the indexing set is N, equipped with the usual order. This is the reason why nets
are sometimes termed “generalized sequences.” It should be noted here that a
subsequence of a sequence is a special kind of a sub-net, where the directed map is
strictly increasing.

B. Any filter ¥ on X is a directed set, with the order being the reverse inclusion:
F ~ G & F C G. (With this notation, the filter axiom yields FNG > F,G.)

DEFINITION. Given a directed set A, and a filter F, we say that a net (z))xea
is a section for F, if it satisfies the condition
o for every F € F, there exists A\p € A, such that
xx € F, for all A\ € A with A = A\p.

EXAMPLES 2.3. A. Given a filter F, if we think it as a directed set as above,
then any element (zr)res € [[pcq F is a section for F. Such a net is called a
selection for &

B. Conversely, given a net (z))xea in X, if we define

Frx=A{z, :pel, p=2A}, VAEA,

then the collection F = {FA}AeA defines a filter in X, for which the net (z))xea
constitutes a selection.

COMMENT. As we shall see shortly, nets can be used for defining a notion
of convergence very similar to the usual one for ordinary sequences. The only
drawback of this approach is the fact that all nets in a set X do not constitute a
set. (This is due to the fact that there is no such thing as the “set of all sets,” and
to the fact that any set can be equipped with a direct ordering, for example a total
ordering.) Instead, one should deal with the class of all nets.

Apart from this minor problem, the notion of convergence for nets is modeled
after the corresponding one for ultrafilters, having in mind the examples 2.2.B-D
above.

DEFINITION. Let (X,T) be a topological space, and let (z))xea be a net in
X. Given a point € X, we say that the net (z))aea is convergent to x, if it is a
section for the filter of all neighborhoods of z. This means that

o for every neighborhood N of x, there exists some Ay € A, such that
xx € N, for all X € A with A = Ay
In this case we use the notation limycp ) = .
The following result is a direct analogue of Proposition 2.1.

PROPOSITION 2.2. Let (xx)xca be a net in the topological space (X,T). For a
point x € X, the following are equivalent.

(i) limyep z) = 2;
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(ii) there exists a basic system of neighborhoods N for x, with the property that
for every N € N, there exists some Ay € A,

xx €N, for all X € A with A = A\y;

(iii) there exists a fundamental system of neighborhoods V for x, with the prop-
erty that for every V€V, there exists some Ay € A,

xy €V, for all X € A with A = Ay.

PrOOF. The implications (i) = (i%) = (iii) are clear.

(#4i) = (¢). Let V be a fundamental system of neighborhoods of z, as in (iii).
Start with an arbitrary neighborhood N of x. By the properties of V, there exists
a finite sequence Vi,...,V, € V. with

zeVin---NV, CN.
Using condition (iii), for each k € {1,...,n} there exists some \; € A, such that
(1) xx € Vi, for all A € A with A = \p.

Using the fact that A is directed, we can find some X € A, such that A\ = A,
Vk=1,...,n. Using (1) it follows that

zy€e€VinN---NV, CN,forall A € A with A = X,

so by the definition of convergence (put Ay = X) it follows that (z))xea indeed
converges to x. ([l

ExAMPLE 2.4. Let K be one of the fields R or C, equipped with the standard
topology. For a net (z))xea C K and a point « € K, the condition that (z))xea is
convergent to x is equivalent to

o for every e > 0, there exists A\. € A, such that |x) — x| <e, VA= ..

This is immediate, for if one defines the sets V. = {y e K : |y — z| < ¢}, € > 0,
then the collection V = {V.}.~¢ is a basic system of neighborhoods of z.

The following result establishes the link between the two notions of convergence.

LEMMA 2.2. Let (X, T) be a topological space, let U be an ultrafilter on X, and
let (xx)rea be a net which is a section for U. For a point x € X, the following are
equivalent.

(i) the net (xx)rea is convergent to x;
(ii) the ultrafilter U is convergent to x.

PRrROOF. (i) = (it). (i) = (i1). We argue by contradiction. Assume limyep 2y =
x, but U is not convergent to x, i.e. there exists some neighborhood N of x, with
N ¢ U. By Lemma 2.1 this forces X ~ N € U. Since (zx)xea is a section for U,
there exists some pu € A, such that z) € X ~ N, VA > u, which clearly contradicts
condition (i).

(7) = (7). This is pretty obvious, since every neighborhood N of = belongs to
U, and the condition that (x)xea is a section for U immediately gives the existence
of some Ay such that xy € N, VA = An. O

We conclude this section with a sequence of results which characterize various
features in terms of convergence.
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PROPOSITION 2.3 (Characterization of closure). Let (X,T) be a topological
space, let A C X be some non-empty set. For a point x € X the following are
equivalent

(i) x belongs to A, the closure of A;
(i) there exists an ultrafilter U convergent to x, such that A € U;

(iii) there exists a net (xx)xea in A, such that limyep x) = x.

PROOF. (i) = (ii). Assume z € A. Consider the filter N,, of all neighborhoods
of x, and the collection

F={ANN : NeN,JUN,,

which is obviously a filter, containing A. Take U to be an ultrafilter containing F.
Then U contains both A and all neighborhoods of z, so U is indeed convergent to
x.

(13) = (7i1). Let U be an ultrafilter which is convergent to x, and which contains
A. In particular the collection

F={UNA:UelU}

is a filter. Let (zr)pes be a selection for F. By construction, this net is contained
in A. Moreover, this net is a section for U. Indeed, if we start with some arbitrary
U € U and we take Fyy = U N A, then

xp € F C Fy CU,forall FeJwith F > Fy (ie. F C Fy).

By Lemma 2.2 it follows that limpecg zp = x.

(#4i) = (i). Assume there exists a net (x))xep in A, which is convergent to z,
and let us show that x belongs to the closure of A, which amount to showing that
NN A # @, for every neighborhood N of . This is however obvious, since for each
N there exists some Ay € A such that x), € N. [l

The Hausdorff property has the following characterization in terms of conver-
gence:

PROPOSITION 2.4. For a topological space (X,T), the following are equivalent:
(i) The topology T is Hausdorff.

(ii) Ewvery convergent ultrafilter in X has a unique limit.

(iii) Fwvery convergent net has a unique limit.

PROOF. (i) = (i47). Assume the topology is Hausdorff. Let (zx)xea be a net
in X which is convergent to both x and y. If x # y, then by the Hausdorff property,
there exist two open sets U,V C X, withx € U,y € V,and UNV = &. Since U
is a neighborhood of z, there exists some Ay € A, such that

(2) xzy € U, for all A € A with A >~ Ap.
Likewise, there exists some Ay € A, such that
(3) xy €V, forall A € A with A > Ay.

Using the fact that A is directed, there exists some p € A with u > Ay and p > Ay.
By (2) and (3) however, this will force z,, € UNV, thus contradicting the fact that
unv =g.

(#91) = (ii). Let U be an ultrafilter in X which is convergent to both z and
y. Take then a selection net (zy)yey for U. By Lemma 2.2 it follows that the net
(zv)ueu is convergent to both x and y, so condition (iii) forces x = y.
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(74) = (7). Assume X satisfies condition (ii), but the topology is not Hausdorff.
This means that there exist two points x,y € X, with z # y, such that

(x) for any open sets U,V C X, withU 3 x and V 3y, we have UNV # &.

Let N, denote the collection of all neighborhoods of z, and N, denote the collection
of all neighborhoods of y. By condition () we have

MNON#@, VM e Ny, NeN,.
This proves that the collection
F={MNN: MeN;, NeN,}

is a filter in X. Notice that, since X is a neighborhood for both z and y, we have
the inclusion F D N, UNy. So if we take U to be an ultrafilter, with U D F, it
follows that U D N, hence U converges to x, but also U D N, hence U is also
convergent to y. By condition (ii) this is impossible. |

Continuity can also be nicely characterized using convergence:

ProPOSITION 2.5. Let (X,7) and (Y,8) be topological spaces, and let x be
element in X. For a function f: X —Y, the following are equivalent:

(i) f is continuous at x.
(ii) Whenever U is an ultrafilter on X convergent to x, it follows that the
ultrafilter f.(U) in'Y, convergent to f(x).
(ili) Whenever (zx)aea 15 a net in X, which is convergent to x, it follows that
the net (f(zx))ren is convergent to f(x).

PROOF. (i) = (ii7). Assume that f is continuous at z. Start with some net
(zx)xen, which is convergent to x, and let us show that the net (f(xzx))xea is
convergent to f(x). Start with some neighborhood N of f(z). The continuity of f
at z gives the fact that f~1(N) is a neighborhood of x. The fact that limycp x5 =
then gives the existence of some Ay € A, such that xy € f~1(N), VA = Ay,
meaning of course that f(xy) € N, VA > Ay.

(#91) = (i7). Assume condition (iii) is true, and let U be an ultrafilter on
X which converges to x, and let us show that the ultrafilter f.(U) is convergent
to f(z). Fix a selection net (zy)yeu for U, which by Lemma 2.2. converges to
2. By condition (iii) it follows that the net (f(zy))vecu converges to f(x), so by
Lemma 2.2, in order to prove that f.(U) converges to f(x), it suffices to show that
the set (f(zv))veu is a section for f,(U). Start with some V € f,(U), and let
Uy = f~4(V) € U. If U € U is such that U = Uy, i.e. U C Uy, then we get
ry € U C Uy = f~Y(V). Therefore we have

flzy) eV, for al U € U with U > Uy,

and we are done.

(#4) = (i). Assume f satisfies condition (ii), but f is not continuous at x. This
means that there exists some neighborhood V' of f(z) such that f=(V) is not a
neighborhood of . Consider the collection

F={N~ f~5V) : N neighborhood of x}.
Our assumption on V shows that all the sets in F are non-empty. (Otherwise
f~Y(V) would contain some neighborhood of =, which would force f~1(V) itself to

be a neighborhood of x.) It is also clear that F is a filter. Let U be an ultrafilter
with U D J.
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Claim: The ultrafilter U is convergent to x.

To prove this, start with some arbitrary neighborhood N of . If N does not
belong to U, then X ~ N belongs to U. But then (X ~ N)N (N ~ f~}(V)) =2
belongs to U, which is impossible. So U contains all neighborhoods of x, which
means that indeed U is convergent to x.

Using our assumption on V, plus condition (ii), it follows that V € f.(U),
which means that f~1(V) € U. But this leads to a contradiction, since X \ f~1(V)
clearly belongs to ¥ C U. O

The following exercises® below explain how one can construct the topology back
from its “convergent objects.”

Ezercise 2. The following construction will be needed in the formulation of
the next exercise. Suppose A = (A, )weq is a system of directed sets, indexed by a
directed set 2. One defines the set Consider the set

Diag(A) = {(@,8) : w € Q, 0= (05)orw € [] Ao},

equipped with the relation

w = w

i !
(w’9)>(w’0)(:){ Oy =0, Vo w

Prove that (Diag(A),>) is a directed set. This directed set is called the diagonal
of A.
Ezercise 3Y. Let (X,T) be a topological space. Prove the following.

A If (zx)xea is a constant net, i.e. x)x = z, YA € A, then (z))rea is
convergent to x.

B. (Sub-net convergence) If (x))aea is a net in X, which is convergent to
some point € X, then every subnet of (x))xea is again convergent to x.

C. (Sub-sub-net convergence criterion) For a net (x))aea in X, and a point
x € X, the following are equivalent:

(i) (zx)aea is convergent to x;
(ii) every sub-net of (z))xea has a sub-net which is convergent to x.

D. (Convergence along diagonal) Let A = (A, )weq be a system of directed
sets, indexed by a directed set €2, and assume that for each w € €2, a net
(Yw,5)sen,, in X is given (indexed by A, ), such that

(a) for each w € Q, the net (Y, 6)sea,, is convergent to some point y,,;
(b) the net (y.,)weq is convergent to some point = € X.
Let A = Diag(A) be the diagonal of A, and define, for each A = (w, 0) € A,
the point ) = ¥, 6,. Then the net (z1)reca is convergent to z.

Exercise 4°. Suppose X is some non-empty set. Let C be a class® consisting
of pairs of the form (zx,p), with & net in X and p point in X. Assume C has
properties A-D from the preceding exercise (with “x is convergent to p” replaced
with “(x,p) € C”). Prove that there exists a unique topology on X, with respect
to which the condition “x is convergent to p” is equivalent to “(x,p) € C.”

HINT: Define, for each non-empty set A C X the set

cl(A) = {p € X : there exists a net « C A with (x,p) € C},

3The exercises marked © are optional.
4See the comment following Examples 2.3 on why the term “class” is used here.
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and show that this defines a closure operator.

Exercise 5%. Suppose X is some non-empty set. Let C be a set consisting of
pairs of the form (U, p), with U ultrafilter in X and p point in X. Assume C has
properties:

(i) For every p € X, if one considers the constant ultrafilter U(p), then

(U(p),p) € C.
(ii) Suppose (V;,¢;), i@ € I, are elements in C, and (U,p) € C is such that

{¢; : i eI} €U. Then
US (Vi

iel
Prove that there exists a unique topology on X, with respect to which the condition
“U — p” is equivalent to “(U,p) € C.7
HiNT: Define, for each non-empty set A C X the set

cl(A) = {p € X : there exists an ultrafilter U with U > A and (U, p) € C},

and show that this defines a closure operator.

In the remainder of this section we discuss some special type of nets of numbers,
with emphasis on the notion of summability. Many key results are left as exercise.

We start off by adopting the following conventions (analogous to the usual one
for sequences of real numbers).

CONVENTIONS. A. We say that a net (z))xea C R has limit oo if

o for every M € R there exists some A\py € A, such that xy > M, VYA = Ap;.

In this case we write limygp ) = 0.
B. We say that a net (z))xea C R has limit —oo, if

o for every M € R there exists some Ayy € A, such that xy < M, VY = Apr.

In this case we write limycp z) = —o0.
C. We say that a net (z))xea C R has limit, if either (z))xea is convergent, or
it has limit F-oco.

The following exercise is a generalization of a well known result for ordinary
sequences.

Ezercise 6°. A. Let us call a net (z))xen C R monotone increasing, if it
satisfies the condition
M A=p=2z\> 2,
Prove that, a monotone increasing net (zx)xea C R always has limit, and one has
the equality limycp z) =sup{zy : A € A}
B. Let us call a net (z)x)rea C R monotone decreasing, if it satisfies the condi-
tion
(D) A=p=azy <z,
Prove that, a monotone decreasing net (z))xea C R always has limit, and one has
the equality limyep ) = inf {z) : A € A}
NoOTATIONS. Let J be some non-empty set. We define

Pen(J) = {F C J : F finite }.
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We equip P (I) with the order given by inclusion (F > G < F D G), and it is
clear that Pgp(J) becomes a directed set.
If K is one of the fields R or C, and « is a map : J — K, then we define its
support to be the set
la]] ={j € J : a(j) # 0}.

DEFINITION. Let J be some non-empty set, and let K be one of the fields R or

C. Amap o : J — Kis said to be summable, if the net of partial sums (sr) pep,,, (1),
defined by

sp =Y a(j), FePull)
JEF
is convergent to some number s € K. This means that
o for every € > 0, there exists some F. € Pg,(J), such that

s— Y alj)

jeEF

<eg, for all F € Pgy(J), with F O F..

If this is the case, the number s will be denoted by .. ;a(j). In the case when
J is finite, every map « : J — K is summable, and this notation agrees with the
usual notation for the sum. Remark also that if the support [[«]] is finite, then o
is automatically summable, and one has 3>, ; a(j) = >, (g @(J)-

CONVENTION. In the case K = R, we use the notation ), ; a(j) = +oo to
signify the case when the net of partial sums (sr)pepy, () has limit £oo.

REMARK 2.5. If a(j) > 0, Vj € J, then the net (sr)pcgp,, (s) is monotone
increasing, so the symbol jed a(j) always has a meaning. Its value is either oo,
or a non-negative number. In either case, by Exercise 77, one has the equality

S-a() = sup{ S at) s Fevun}

jeJ JEF
The map « is then summable, precisely when the right hand side is finite.

Ezercise 7¢. Assume o : J — K is summable. Prove that, for every \ € K,
the map Ao : J — K is summable, and

D Aal) =AD ] a).
jeJ jedJ

If 8 : J — K is another summable map, prove that a + 3 : J — K is summable,

and
> leG) + 86 =D al)] + [ D BG)]-

jeJ jed jeJ
Ezercise 8. Let J be a non-empty set. For a function o : J — C, the following
are equivalent:

(i) « is summable;
(ii) both functions Re o, Im o : J — R are summable.

Moreover, in this case we have the equality

Za(j) = ZRe a(j) —l—iZIm a(j).

jeJ jeJ JjeJ
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NoOTATION. By the above Exercise 7, the space
lg(J) ={a:J — K : a summable }

is a vector space, when equipped with pointwise addition and scalar multiplication.
We shall adopt the convention that, when K = C the subscript will be omitted
from the notation.

Ezercise 9°. Let K be one of the fields R or C, and let J be a non-empty set.
Suppose one has two non-empty disjoint sets Jy, Jo with J = J; U Jo. Suppose
a : J — K has the property that both a}Jl :J; — K and a}JQ i Jo — K are
summable. Prove that « is summable, and

S al) =" al)+ Y al).

JjeJ Jje€N1 Jj€J2
Exercise 10°. Let o, 8 : J — [0,00) be two maps, such that
BU) <alj), Vied
Show that .. ; B(j) < > ey a(j). In particular, if o is summable, then so is 3.
At this point it is instructive to analyze the case when J = N| so we are talking
about sequences in K. One is tempted to believe that summability for a sequence
(an)22; C K is the same as the convergence of the series 7 | a;,. As we shall see

later (see 77), this is not quite the case. The following two exercises deal with the
two features that are true.

Ezercise 11°. Let (a,)5%; be a summable sequence in K. Prove that the series
>0 | @ is convergent, and one has the equality

oo
E Qp = E O,
n=1

neN

where the right hand side is defined as above.

Ezercise 129. Let ()22, be a sequence of non-negative numbers. Prove the
equality

oo
E Qp = E O,
n=1 neN

where the right hand side is either co or a non-negative number (according to the
above conventions). In particular, the series Y | «, is convergent, if and only
if the sequence (a,)5 ; is summable. (It should be noted here that the condition
apn >0, Vn € Nis to be used in an essential way.)

PROPOSITION 2.6. Let J be a non-empty set, let K be one of the fields R or
C. For a map a : J — K, the following are equivalent:

(i) « is summable;
(ii) |a| is summable.

Moreover, in this case one has the inequality

(4) Za(j)‘ <> lal)].

jeJ JjeJ
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PROOF. (i) = (i7). Assume « is summable. We divide the proof in two cases
depending on K.
Case K = R. Define the sets

Jt={jeJ:a(j) >0},
“={ieJ:a(j) <0},
JO={jeJ: a(j) =0}
More generally, for any subset F' C J we define F* = FNJ* and F° = FnJ°.

Claim: Both maps oz’J+ :JT — R and oz}J, :J7 — R are summable.
Moreover, one has the equality

(5) Yoal) =Y al)+ Y al).
JjeJ jeJt+ jeEJ—

Denote the sum } ;. ;a(j) simply by s. Start by choosing some finite set F' €
Psin(J) such that

s— Za(j)’ < 1, for all G € Pgy(J) with G D F.
j€G

For each E € Pg,(JT), we define the set E = EUF € Pg,(J). Since E D F, it is
obvious that

s—Y a(j)| <1, VE € Pgo(J7)

JjEE
so we get
Sa)s Y el =[ X e+ X al) |-[ X al) |=
JjEE jEEUF+ jEEUF+ JEFOUF— JEFOUF—
=[d @] - el ]<s+1-[> alh) ]
jEE JEF— jeF—

In particular this gives

sup{Za(j) : EeTﬁn(J+)}§s+1— [ > a) ],

jeEE JEF—

so by Remark 2.5, the map 04|J+ : I — [0, 00) is indeed summable. The fact that
the map a| o dT = (—00,0] is summable is proven the exact same way. The
equality (5) follows from Exercise 9

Having proven the Claim, we notice now that the map —a|J, :JJT —[0,00) is
also summable. Using Exercise 9, it is clear then that the map |a| : J — [0,00) is
summable, simply because all the three maps (|a|) |J+ oz’ 5+ (af) ’], = —a|.],,
and (|al)| ;o = 0 are all summable.

Case K = C. By Exercise 8 we know that the maps Rea, Ima : J — R
are summable. In particular, using the real case, we get the fact that the maps
[Rea|, Ima|:J — [0,00) are summable. Using the obvious inequality

|z| <|Rez|+ [Imz|, Vze€C,
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we get
D la() <Y Rea()] + Y ma@) <> Rea()|+ > Ima(j)],
JEF JEF JEF jeJ jeJ

for every F' € Pgy(J). Then we get

sup{ lali)] : £ 90,1} < ¥ Rea(i) + 3 fmal)] < .
jer JjeJ jeJ
so |a] : J — [0,00) is indeed summable.
Having proven the implication (i) = (i%), let us prove the inequality (4). If s
denotes the sum . ;a(j), then for every € > 0 there exists F. € Pgn(J) such
that

5 — Za(j)‘ < e, for all F € Pg,(J) with F D F..
JEF
In particular, we get

|s| <e+

> a(j)‘ <et Y e e+ |al)]-

JEF: JEF: jed
Since this inequality holds for all € > 0, we then get

s <> Jal)].
jeJ

(1) = (7). Assume now |a| : J — [0, 00) is summable.

Case K = R. It is obvious that (|a|)|E : E — [0,00) is summable, for any
subset £ C J. In particular, using the notations from the proof of (i) = (i), it
follows that a‘ﬁ = (|a|)‘J+, a’J, = (—\a|)}‘],, and a’JO = 0 are all summable.
Then the summability of a follows from Exercise 9.

Case K = C. Using the inequality

max {|Rez|, [Imz|} < |z], Vz€C,
combined with Exercise 10, it follows that both maps |[Re |, [Im«|: J — [0, 00) are

summable. Using the real case it then follows that both maps Rea, Ima : J — R
are summable. Then the summability of « follows from Exercise 8. O

The following result shows that summability is essentially the same as the
summability of sequences.

PROPOSITION 2.7. Suppose o : J — K is summable. Then the support set

o] ={j e J : aj) # 0}

is at most countable.

PROOF. For every integer n > 1, we define the set J, ={j € J : |a(j)| > %}
Since || is summable, the sets J,, n > 1 are all finite. The desired result then
follows from the obvious equality [[o]] = U 2, J. O

n=1Yn-



