CHERN-SIMONS THEORY AND THE ASYMPTOTIC EXPANSION OF
WITTEN-RESHETIKHIN-TURAEV’S INVARIANT OF 3-MANIFOLDS

SOREN KOLD HANSEN

ABSTRACT. In this report we make a thorough study of the Chern—Simons field theory for compact
oriented 3—manifolds associated to a compact simply connected simple Lie group G mainly following
[F]. The action of the classical Wess—Zumino-Witten theory in 1 + 1 dimensions appears in
Chern—Simons theory in the definition of the Hermitian line corresponding to the boundary of
a 3—manifold. A part of the report is concerned with the study of the moduli space of flat G—
connections on a compact oriented 3—manifold, the flat connections being the so-called classical
solutions in the Chern—Simons field theory. We also give an outline of how to construct (in a
rigorous way) the 2-dimensional part (the modular functor) of a 2 + 1-dimensional TQFT using
geometric quantization of the moduli space of flat connections on Riemann surfaces. In the final
part of the report, we begin a rigorous calculation of the large quantum level asymptotics of the
SU(2) Reshetikhin-Turaev invariants of 3-fibered Seifert manifolds with base S? following [Rol].
The report supplements the calculations of Rozansky by obtaining analytic estimates needed to
justify the method of Rozansky.
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1. INTRODUCTION

This report reflects the work done in a project begun in the autumn of 1996 under supervision
of Jorgen Ellegaard Andersen. Everywhere a 3—manifold will be a compact oriented 3—manifold,
except otherwise stated. In particular, a Seifert manifold is an oriented Seifert manifold.

In 1988 E. Witten introduced new invariants of 3—-manifolds and of links in these 3—manifolds,
by quantizing the Chern—Simons field theory by means of the Feynman path integral, cf. [W]. If
X is a 3—manifold the invariant of X is given by integrating the Chern—Simons action over the
space of gauge equivalence classes of connections on G bundles over X, GG being some nice Lie
group, e.g. equal to SU(n). There is however from a mathematical point of view a major problem
with this approach, namely that the path integral is not well-defined in this situation. In 1991,
N. Reshetikhin and V. G. Turaev [RT] published a paper where they in a mathematical rigorous

way defined invariants of 3—manifolds and links by combinatorial means, which they conjectured
1
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to be identical with Witten’s invariants. However this conjecture can of course not be proved (or
rejected) before the path integral has been given a mathematical rigorous definition.

Actually both in Witten’s and in Reshetikhin and Turaev’s theory one has an invariant for
every positive integer k, the so-called quantum level. Let Wy (X) and RT;(X) be respectively
the Witten invariant and the Reshetikhin—Turaev invariant of X at level k, and assume that X is
closed, i.e. without boundary. By using stationary phase approximation techniques on the Chern—
Simons path integral W (X), one finds an asymptotic expansion for Wy (X) as a power series in
1/k (in [W] this asymptotic formula is only calculated in the case where the space of stationary
points, the so-called moduli space of flat G—connections, is discrete). We emphasize here that these
calculations inherently are nonrigorous, since they build on certain calculation rules the physicists
use to handle the path integral. There is no such natural asymptotic expansion of RT;(X) in
the large k limit. However, if we believe in that the invariants of Witten and of Reshetikhin and
Turaev are equal, there should be such an expansion also for RT;(X). It is however not an easy
task to find this asymptotic formula for a given closed oriented 3-manifold. The problem is that
first one has to calculate RTy(X) for every k and thereafter one has to rewrite this function of k&
in a way so that one finally can determine the large k asymptotics of that function. Until now this
program has only been carried through for certain classes of 3—manifolds.

Chern—Simons gauge theory plays a major role in Witten’s path integral approach. Not only does
the Chern—Simons action play the role as the Lagrangian in the field theory behind the invariant,
but the Chern—Simons action also plays a prominent role in the asymptotic formula. In Sect. 2
we therefore take up a rather detailed study of the Chern—Simons theory for 3—manifolds ending
up with the construction of the hermitian Chern—Simons line bundle and the determination of
the laws satisfied by the so-called Chern—Simons Lagrangian field theory (Theorem 2.15). These
laws have formally great similarities to the axioms for an axiomatic topological quantum field
theory (TQFT), and can be taken as the axioms for topological classical field theories. In Sect. 3
we continue the study of the Chern—Simons gauge theory. In this section we concentrate on the
moduli space of flat G—connections, these flat connections being the classical solutions in the
Chern—Simons field theory associated to G, that is the stationary points of the Chern—Simons
action. These two sections are based on Freed’s recent paper [F].

Sect. 4 is a motivating section with nonrigorous arguments. We briefly give the axioms for a
TQFT and then proceed by saing a few words about the physicists way of obtaining a (topological)
quantum field theory. We give some vague arguments for that Witten’s approach leads to a TQFT.
In this section we also conjecture an expression for the large k£ asymptotic expansion of Witten—
Reshetikhin—-Turaev’s invariants of an arbitrary closed oriented 3—manifold.

Inspired by Jeffrey’s work [J], Rozansky studies in [Ro] the case of 3—fibered and more generally
n—fibered Seifert manifolds with base S2. However, to justify Rozansky’s method certain analytic
estimates need to be done. In Sect. 5 we begin a thorough examination of Rozansky’s paper. We
make some minor corrections and prove that (some of) the methods he uses give exact results. We
are not yet done with these calculations, and at the end of the section we make some comments
about what still has to be done here.

The long term aim of this PhD project is to get as close as possible to an understanding of
the relation between the path integral invariants of Witten and the combinatorial invariants of
Reshetikhin and Turaev. One of the goals is to find an asymptotic formula working for all closed
oriented 3—manifolds, which (maybe) coincide with the asymptotic formula predicted by the path-
integral. It is then the hope that one can show that this asymptotic formula in itself is a 3-manifold
invariant with deep topological information hitten in its coefficients. Finally it is the hope that this
can give us a deeper understanding of the geometry and topology of 3—manifolds. The first main
goal in this project will be to obtain a full asymptotic expansion of the SU(2) Reshetikhin—Turaev
invariants of all Seifert manifolds.
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I would here like to thank my supervisor Jgrgen Ellegaard Andersen for suggesting this project
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2. CHERN—SIMONS GAUGE THEORY

In this section we introduce the so-called classical Chern—Simons gauge theory. We will primarily
be interested in the theory for 3—manifolds. We will follow the paper [F] closely and mainly give
proofs for aspects which are not proved explicitly in that paper.

Let G be a Lie group, and g its Lie algebra. We let ( - ) : g® g — R be an Ad-invariant
symmetric bilinear form on g and let [ - ] : g® g — R be the Lie bracket. For a smooth manifold M
and a vector bundle ¢ we let 2°(¢) be the smooth sections of & and QF(M, &) = QO(A*(T*M) ® €)
be the space of smooth k-forms on M with values in £. For the trivial bundle £ = M x V', Q¥ (M, €)
is identified with the space QF(M, V) of smooth k-forms with values in V. We write QF(M) for
QF(M,R).

Now let P = X be a smooth principal G bundle over a smooth manifold X, in the following
often just called a G bundle, and fix a connection © on P. For a vector space V and a fixed
linear representation p : G — GL(V), w € QF(P,V) is called equivariant (with respect to p) if
Ry(w) = p(g~ 1w, where R, : P — P is the right action of g € G. If p is the trivial representation
an equivariant form is called an invariant form. We say that w is basic if w is horizontal and
equivariant with respect to the fixed representation. The basic k—forms on P with values in V are
denoted QF (P, V). If V = R we just write QF (P). The invariant horizontal forms on P with
values in R are exactly the forms in the image of 7* : Q*(X) — Q*(P). Let Q be the curvature
of © and let (2 A Q) € Q4(P) be the Chern-Weil 4—form associated with the bilinear form ( - ).
Since € is horizontal and ( - ) is Ad-invariant, (2 A Q) is an invariant horizontal form with values
in R, hence the lift of a 4—form on X, which we also denote (€2 A Q). The Chern—Simons form is
an antiderivative of (2 A Q) on P given by

- é<e A O AB)]) € OF(P).

(1) a(0) = (O Q)
A bundle map between G bundles P = X and P’ ™. X’ is a smooth map ¢ : P’ — P which
commutes with the G action. Hence it induces a smooth map @ : X’ — X such that the diagram

¥

P - P

"

X, — X
14
commutes. If X = X’ and ¢ is the identity, ¢ is invertible and in that case we term ¢ a morphism
of principal G bundles over X. If, in addition P = P’ then ¢ is termed an automorphism of P, or
a gauge transformation. The group of gauge transformations on P is denoted Gp. If ¢ € Gp there
is an associated smooth map g, : P — G defined by the equation

(2) ©(p) =p- go(p)-

The map g, satisfies g,(p - a) = a " 1g,(p)a for every a € G and p € P. On the other hand every
smooth map g, : P — G, which satisfies this, defines an element ¢ € Gp by (2). If p : P' — P
is a bundle map and © is a connection on P with curvature €2, then ¢*(0©) is a connection on P’
with curvature ¢*(§2). For a smooth manifold M and a smooth map g : M — G we let ¢, = g*(6)
where 6 is the left invariant Maurer-Cartan 1-form on G. If ¢ € Gp then

(3) ©*(O) = Adg;l@ + qbgw , Q) = Adg;lQ.
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It is clear that for a bundle map ¢ : P — P and a connection © on P then a(¢*(0)) = ¢*(a(O)).
If ¢ € Gp with associated map g, : P — G and ¢ = ¢, then

1
(4) ¥"((©)) = a(8) + d{Ad 10 A ¢) — (P A9 A ¢]).
To prove this identity one uses (3) and the cyclic permutation rule
(5) (lwAT]n8) = (1)U AW AT,

which holds for w € Q¥(P,g), 7 € QY(P,g) and 6§ € QI(P, g).

From now on we assume that G is connected, simply connected and compact. We then have

Lemma 2.1. Any principal G bundle over a manifold of dimension < 3 is trivializable.

Proof. By asumption mgG = mG = mG = 0. Let BG be a classifying space for G. By
the long exact homotopy sequence induced by the fibration G — EG — BG we get

mBG 2w 1G, i>1,

since EG is contractible, which follows by the Milnor construction of EG, see [Hu]. Now if X is a
manifold of dimension< 3, X is a CW-complex with all cells of dimension< 3. We therefore get
that [X, BG] is a space with only one point, where [X, BG| is the space of homotopy classes of
maps from X to BG. Since there is a one to one correspondance between the isomorphism classes
of principal G bundles over X and [X, BG] the result follows. O

Note that a principal G bundle P — X is trivializable if and only if it admits a global section
p : X — P: p defines a global trivialization ¢ : X x G — P, ¢(x,g9) = p(x) - g, and a global
trivialization ¢ : X x G — P induces a global section p : X — P, p(x) = ¢(z,1), where 1 is the
unit in G. In the following we will omit the word global.

Suppose © is a connection on a principal G bundle P — X, where X is a closed oriented
3-manifold. Let p: X — P be a section. Define

(6) Sx(p.©) == / P*a(O).

X
If ¢ € Gp with associated map g, : P — G, then pp : X — P is also a section and

Sx(¢p.0) = /X P (a(0)) = /X P (("(8))) = Sx (. £*(0)).

From (4) and Stokes’ theorem we get

@ Sx(9r.0) = [ 1"9"(a(€)) = Sx(p0) 5 [ (0 [oy 0],

where g = g,p : X — G. We now make the following integrality hypothesis on the bilinear
symmetric form (- ):g® g — R:

Hypothesis 2.2. Let § be the Maurer-Cartan form on G. Then —%(f A [0 A 6]) represents an
integral class in H?(G;R).

Remark 2.3. 1) The differential form —%(6 A [§ A 6]) € Q3(G) is closed since
dONONG]) = (dON[ONO]) —(ONdONEG]) = (dO N[O AB])+2(0 N[O A dF])
— 3(dOA[OAE]) = —%qme] ALBAB]) = 0.



2) The hypothesis above has the consequence, that the last integral in (7) is an integer. To see
this let M be an arbitrary compact oriented smooth n-manifold and let A be the integers or the
real numbers. Let H¥(M;A) and Hy(M;A) be the k-th singular cohomology group and homology
group respectively with coefficients in A. Let H gR(M ;R) be the k-th de Rham cohomology group.
We let [M]p € H,(M;A) be the fundamental class over A induced by the orientation on M. The
inclusion map j : Z — R induces a chain map (between chain complexes over Z)

1®j:Se(M;Z)®77Z — S«(M;Z) @z R =: Sy (M;R),

where Si(M;A) is the singular chain complex with coefficients in A. Note that Si(M;A) is the
free module over A with basis the continuous maps from the standard k-simplex into M. Actually
we get the same homology and cohomology groups by considering only the smooth maps from
the k-simplex into M. The restriction to the smooth chains is necessary when we use de Rham’s
isomorphism below. We let 8y = (1®7)s : Hy(M;Z) — Hy(M;R) be the induced homomorphism.
Now let S*(M;A) = Homy (S«(M;A),A) be the singular cochain complex with coeffitients in A,
and let
Fy: S*(M;Z2) — S*(M;R)

be the natural cochain map (between cochain complexes over Z) induced by the inclusion j : Z — R.
Explicitly Fa(f)(oc @ z) = f(o)z. We let 83, = : H*(M;Z) — H*(M;R) be the induced
homomorphism. The evaluation paring ( - )4 : Sk(M A) ® Sk (M A) — A induces the Kronecker
pairing { - )a : HX(M;A) @ Hy(M;A) — A, ([f)® [o])a = (f @ 0)a = f(o) and we have a

commutative diagram
< ) >Z
—_—

H*(M;Z) ® Hy(M;Z) Z

Bl @ B | Ik

H*(M;R) ® Hy(M;R) — R
/R

Note that By ([M]z) = [M]r. By de Rham’s theorem we have an isomorphism of graded algebras
I: Hjp(M;R) — H*(M;R) induced by the natural chain map I : Q*(M) — S*(M;R), I(w)(o) =
[, w,weQ¥(M), o € S5 (M;R). The map I satisfies

/ w = (I([w]), [M]&)e
M

for all closed w € Q"(M). Now let w = —%(0 A [0 A 6]) € Q3(G). By the above hypothesis there
exists a [Q] € H3(G;Z) such that 85([Q]) = I(w]). Now g*(w) = —%(dg A [dg A ¢g]) and we
get [y ¢*(«) = (I([g"(@)]), [X]e)x. By naturality of I and 5" we have I(lg*()]) = ¢ (/([w])) =
g0 L)) = B 0 g([9) so finally we get

/Xg*(uJ) = (Bx o g" (1), Bx ([(X]z))r = i ({g" (), [X]z)z) € Z.

3) In our applications G' will be simple. In that case the Lie algebra g is simple and an Ad-
invariant symmetric bilinear form on g is a multiple of the killing form « : g ® g — R. Here
k(z®y) = tr(ad(x)ad(y)), and in the case of simple Lie groups it is costum to write tr(-) or Atr(+)
for a A € R instead of our ( - ).

Since G is connected and simply connected with m2(G) = 0 it follows by Hurewicz that m3(G, g) =
H3(G,g;Z) for an arbitrary ¢ € G and that H,(G,g;Z) = 0 for ¢ = 1,2. By the long exact
homology sequence for the pair (G,g) we have H (G,9:7) = Hy(G;Z) for g > 2. Now assume
that H3(G;7Z) = Z. Then Hy(G;R) = H,(G;7Z) ®z R by the universal coefficient theorem, since
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R is a torsion free Z-module and the singular chain complex is free. But then H3(G;R) = R, and
H,(G;R) = 0, which implies that H*(G;R) = Homg(H3(G;R),R) 2 R. If z = —3(0 A [0 A 0]) €
R\ Z under this isomorphism we let (- )y = 1( - ). Then —%(6 A [0 A 0])1 represents an integral
class in H3(G;R). It is known that 73(G) = Z if G is a connected, simply connected compact
simple Lie group, so in that case we can always choose our form ( - ) so that Hypothesis 2.2 is
satisfied.

We will now make some comments on the space of connections. For a G bundle P 5 X we let
Ap be the space of connection 1-forms on P. Ap is an affine subspace of Q'(P,g). If Qg is a
fixed connection then Ap = ©g + Q} (P g). Here Qf, (P, g) is isomorphic with Q'(X,gp) as
vector spaces, where gp = P X g is the adjoint bundle. We can therefore make Ap a smooth
manifold modelled on the (pre-) Hilbert space QY(T*M ® gp) = QY(X,gp) equipped with an
appropriate Sobolev norm. We will not bother with technicalities regarding the smooth structure
of infinite dimensional manifolds here. Rather, we will consider smooth families of connections
parametrized by a smooth manifold, which we will take to be finite dimensional. Let U be a

smooth finite dimensional manifold. A family {©,},cv € Ap induces a 1-form © on the G bundle
idU><7T

UxP — UxX by
G(U,p)(vaw) = (GU)P(M)'

It is easy to see that © is equivariant and that ©(A*) = A for all A € g, where A* is the fundametal
vector field on U x P associated to A. We will say that {©, },cr is a smooth family if © is smooth,
hence a connection 1-form on U x P. In that case we will call © the associated connection to the
smooth family. Note that i} (0) = ©, for all w € U, where i, : P — U X P, i,(p) = (u,p). We
shall say that a function f : Ap — M into a finite dimensional smooth manifold M is smooth
(with respect to smooth families of connections) if fir : U — M given by fi(u) = f(©,) is smooth
for any smooth family {©,},cv € Ap.

If X is manifold of dimension< 3 we have seen that all G bundles over X are trivializable, and
at a first glance it should be enough to consider Ap for a fixed G bundle P — X. The gauge
group Gp then plays the role as the symmetries of the Chern—Simons theory. As we shall see, the
Chern—Simons action defined below is invariant under these symmetries. However we need a more
detailed way of considering symmetries in the Chern—Simons theory, since there is no canonical
identification of two isomorphic G bundles with connections. The need for extra symmetries is
particular important when we glue together bundles and connections as the following result from
[F] shows.

Proposition 2.4. Suppose P — X is a G bundle over an oriented manifold X and let' Y be an
oriented codimension one submanifold of X. Let X% be the manifold obtained by cutting X along
Y. There is a gluing map g : X — X which is a diffeomorphism off of Y and maps distinct
submanifolds Y1,Y of Xt diffeomorphically onto Y. Let P“t = g*(P) be the cut bundle and
g : P — P the induced gluing map. Now suppose O is a connection on Pt such that there
exists a connection n on Ply with g*(n) = cht’Pf1LtuP26ut7 where P is the restriction of P to
Y;. Then n extends to a connection © on P such that g*(©) is gauge equivalent to O, © is
smooth on P]X\y and continuous on all of P. If ©' is another connection on P which extends n
and such that g*(©') is gauge equivalent to O then © and ©' are gauge equivalent. U

Note that the gauge equivalence class of the glued connection depends on an identification of
the boundary connections. As there is no canonical identification, we need to keep track of all
possible identifications. This is done in the following way. Let C)(? be the category which objects

are connections on principal G bundles over X. A morphism ©’ %, © is a bundle map ¢ : PP — P

covering idx (i.e. a bundle morphism) such that ©' = ¢*(0). The symmetries in the Chern—
Simons theory are thus described by the morphisms of the category Cx.
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We will say that two connections © and ©’ are equivalent if and only if there exists a morphism
© % ©. We denote the set of equivalence classes by C)G(. Note that this is actually a set. In
the following, we will suppress G from the notation and write Cx and Cx when no confusion can
arise. We will only be interested in the smooth category, that is smooth connections on smooth
bundles and smooth bundle morphisms. The above description is only used to keep track of the
additional symmetries in certain situations such as when we glue together bundles and connections.
However the objects in Cx does not form a set and when we consider smoothness of maps defined
on connections, we will use the more commen set up by considering Ap and the orbit space Ap/Gp
after fixing a G bundle P — X. (Gp acts on Ap by pull back, see (2).) Note in this connection
that if {P;} is a set of representatives of isomorphism classes of smooth G bundles over X, then
there is a bijection

Cx = |_|~APZ~/gP¢~

P;

By our choise of G, we have in particular Cx = Ap /Gp for an arbitrary G bundle P over a manifold
X of dimension<3.
Under the Hypothesis 2.2 we can make the following

Definition 2.5. Let X be a closed oriented 3—manifold. Then there is a map
S X - C X — R/ Z

given by Sx(0) = Sx(p,0) (mod 1), where O is a connection on a G bundle P — X, and
p: X — P is an arbitrary section. This map is the Chern—Simons action on X.

We then have the following easy result from [F].

Proposition 2.6. Let X be a closed oriented 3—manifold. The Chern—Simons action Sx : Cx —
R/Z satisfies
i) If P — X is a smooth G bundle then Sx : Ap — R/Z is smooth.

ii) (Functoriality) If ¢ : P' — P is a bundle map covering an orientation preserving diffeo-
morphism ¢ : X' — X, and © is a connection on P then

Sx/(¢"0) = 5x(0).
iii) (Orientation) Let —X denote X with the opposite orientation. Then
S_x(0) = -5x(©).
iv) (Additivity) If X = X7 U X is a disjoint union, and ©; are connections over X;, then
Sx (01U 0O2) =8x,(01) + Sx,(02).
]

From ii) we get an induced action Sx : Cx — R/Z on the fields modulo symmetries.
If our 3—manifold is the boundary of an oriented compact 4-manifold the Chern—Simons action
can be computed by integrating the Chern-Weil 4—form. Precisely we have

Proposition 2.7. Assume that W is a~4fmanifold with nonempty boundary OW and © is a
connection on a trivializable G bundle P W. Let Q be the curvature of ©. Then
Sow (96) = / @AQ)  (mod1),
w
where O is the restriction of © to OP = Js\aW.
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This immediately follows from Stokes’ theorem and the fact that da(0) = (Q A Q).

Next we generalies to compact oriented 3—manifolds X with boundary. Suppose © is a connec-
tion on the principal G bundle P — X. We define Sx(p, ©) as before for a section p : X — P, see
(6). Exactly as we proved (7) we get

Proposition 2.8. Let ¢ € Gp be a gauge transformation with associated map g, : P — G and let
g=gep: X — G. Then

Sx(ep,©) = Sx(p,»*(0))

_ &ﬂn@yyéxfm%lﬁ@A¢a+[; (69 A (89 A b4

1
6
where j : 0X — X is the inclusion. O

If 0X # () it is no longer true that the last two terms in the above expression vanish modulo integers.
To handle the situation we need the so-called Wess—Zumino—Witten functional associated to closed
oriented 2-manifolds. For manifolds M and N we let Map. (M, N) be the set of smooth maps
from M into N.

Definition 2.9. Let Y be a closed oriented 2-manifold. Then the Wess—Zumino—Witten functional
Wy : Map,,(Y,G) — R/Z is defined by

Wrlo) = [ —glosnlogAds)  (mod 1),

where X is an arbitrary compact oriented smooth 3—manifold with boundary ¥ and g : X — G is
an arbitrary smooth extension of g : ¥ — G to X. For a smooth 3—manifold X, w : Map_(X,G) —
Q3(X) defined by w(g) = —%(gbg A [pg A @g]) is the Wess—Zumino-Witten lagrangian.

Remark. If X is a compact oriented manifold with boundary X = Y, it is always possible
to extend g : Y — G to X for our choises of G. Since the closed oriented 2-manifolds up to
diffeomorphism are the 2—sphere or a connected sum of tori, every closed oriented 2—manifold is
the boundary of a compact oriented 3—manifold.

To secure that the Wess—Zumino—Witten functional is well defined we prove

Lemma 2.10. The Wess—Zumino—Witten functional Wy (g) is independent of the choise of X
with 0X =Y and the extension §: X — G of g: Y — G.

Proof. Let X and X' be two compact oriented 3-manifolds and let g: X — G and ¢’ : X' — G
be smooth maps and assume that we have an orientation reversing diffeomorphism 1 : 90X — 09X’
such that ¢'|gx o9 = glox. Let £:]0,1) x X — X and £’ : [0,1) x X’ — X’ be collars. Then
N =Im(k) and N' = Im(x’) are open neighbourhoods of 90X in X and of X’ in X’ respectively.
Let € € (0,1) and let d, : [0,1) — [0,1) be a monotone increasing smooth function with d0.(¢) = 0,
t €[0,¢/2] and 6.(t) =t, t € [e,1). Define smooth functions ¢g. : X — G and ¢/ : X' — G by

ge(r(t,x)) = g(r(0e(t),)) , (t,x) €[0,1) x OX,
ge(k(t,a')) = g'(5'(0c(t), ")), (t,2) €]0,1) x 90X,

and by letting g. = g on X\ N and g/ = ¢’ on X"\ N’. Let — X’ be X’ with the opposite orientation,
and let Z = X U —X' be the disjoint union. Let 3 : [0,1) x 0Z — Z be a collar for Z and let
Z = Z[ yop(x) be the quotient space. We define a map 7: 92 — 0Z by 7|gx =1 and 7|sx’ = P
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Then there exists exactly one differentiabel structure F on Z such that the inclusion Z\9Z — Z
and hﬁ : (—1, 1) X 8Z/(t,p)w(_w(p)) — 7 given by

8(t, >0
ha([t,p]) = { {ﬂg—i)l(p))] <0

are embeddings. Here the projection 7 : (=1,1) x 0Z — (=1,1) X 0Z/ (4 p)~(~t,7(p)) is topologically
a two leaved covering and (—1,1) X 0Z/ (s p)~(—t,r(p)) i given the unique differentiabel structure

such that 7 is a local diffeomorphism. For any two collars £y, 82 for Z the manifolds (Z, Fp,) and
(Z,Fp,) are diffeomorphic. We define L = X Uy, —X’ to be Z with this differentiabel structure.

Now define g, : L — G by

- _J 9 peX

e(le) = { gip) peX’
Since k(0,z) = z, x € 0X, and £'(0,2) = 2/, 2’ € X' we get g.(¢(x)) = ge(x) for z € IX so Ge
is well defined and continuous on all of L. Now let 5:[0,1) x 0Z — Z be the collar defined by &
and «'. By using that the inclusion Z \ 0Z — L and hg are embeddings with open images in L
we immediately get that g. : L — G is smooth. Here we use that for z € 0.X

_ (r(0c(t), x)) 620
ge o ha([t, z]) = { i’(n’(c&(—t), (z))) ,t<0,
so in particular
) [ g(=) 0<t<e/2
e o hp([t,2]) = { i’(l/}(l’)) =g(z) ,—€/2<t<0.

Since L is an oriented closed 3-manifold we have [, (ge)*(w) € Z for all € € (0, 1) by Remark 2.3, so
lime_o [} (Ge)*(w) € Z (note also that since L is closed [} (ge)*(w) only depends on the cohomology
class of (g¢)*(w) which is independent of € since all the maps g, are homotopic). Now we have

Jare- [ wre=[eres [ - |6

since the inclusion Z \ 0Z — L is an embedding and since g, coincide with g. on X \ 0X and with
gl on — X"\ 9(—X'), and since the rest of L has Lebesgue measure zero. By Lebesgue’s dominated
convergence theorem it follows that

[o@- [ @rw=[gws [ wre

= i ([wre+ [ )=y [@re ez

e—0 e—0 /1,
since g = ge on X \ (k([0,€] x 0X) and ¢’ = g/ on X"\ (K'([0, €] x OX'). O
To establish the Chern—Simons line bundle we will need the following lemma giving some properties
of the Wess—Zumino—Witten lagrangian and functional.

Lemma 2.11.

i) Let M be a smooth manifold. For g,q1,g2 € Map.(M,G) we have
(8) Pgigs = Adg;1¢g1 + ¢y ¢g—1 = —Adydg.

ii) Let X be a smooth (3—)manifold. The Wess—Zumino—Witten lagrangian satisfies
(9) w(g192) = w(g1) +w(g2) + do(g1,92)
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fOT’ 91,92 € Mapoo(X7 G)7 where 0(91,92) = <Ad951¢g1 A ¢g2>‘
iii) For a closed oriented 2—manifold Y the Wess—Zumino—Witten functional satisfies

(10) Wy(g192) = Wy (on) + Wy (o) + (| v(dppo)  (mod 1)
for g1,g2 € Map (Y, G), where v(1,9) = (Adyg—17 A ¢g) for g € Map,(Y,G) and 7 €
QY(Y,g). For g € Map,(Y,G) we have

(11) Wy (g7") = =Wy (9).

Here g1g2(x) = g1(x)g2(x).

Proof. 1) Let g = g1g2. Then
(d9)2(v) = (dRg,(z)) gy (2) ((d91)2(v)) + (dLyg, (2)) go(z) ((dg2) (V)
for x € X and v € T,, X, and therefore
97(0)2(v) = (dLg(z)-1) g(w)((d9)x(v)) = (Ad 197 (0) + 95(0))(v)-
This proves the first identity in (8). Now use this and gg~—! =1 to get 0 = bgg—1 = Adgpy + dg-1.
ii) Let g = g1g2. By the Ad-invariance of ( - ) and the first identity in (8) we get

wlg) = =565 A [0g A b = 1) +l2) + 7l01,02),
where

1 1
7(91,92) = _§<¢92 A [Adg;1¢91 A Adg;1¢91]> - §<Adg;1¢91 A[@go N dgs)-

Here we have used (5). Now since Ad92_1 g = Pg — bg, and dog = —%[gbg, ¢4) and equivalently for
¢g, We get that

d<Adg2—1¢gl A ¢92> = <d(¢g - @bgz) A ¢92 - Adg;1¢gl N d¢92>

1

= 5 {065 A 90l A 90a) + 5 (193 A bl A 612)

1
+§<Adg;1¢g1 A [¢g2 A ¢92]>7
and finally by using the first identity in (8) once more we get
d<Adg;1¢91 N ¢g2> =71(91,92)-

iii) Let X be an oriented compact 3—manifold with boundary Y and let g3, g2 : X — G be smooth
extensions of g; and go. By ii) and Stokes’ theorem we get

Wy(g192) = Wy(g1) + Wy(g2) + (/Yj*<Ad§2—l¢gE A gy)  (mod 1))

— WY(91)+WY(92)+(/Y(Ad921¢gl/\¢92> (mod 1)),

where j : Y — X is the inclusion. Now let ¢ € Map (Y, G) and let § : X — G be a smooth
extension to X. Since §g—! = 1 we have w(gg—!) = 0 so Wy (gg~!) = 0. By the above result we
then have

Wy (g) + Wy (g™") + ( /Y (Adyby A dy1)  (mod 1)) = 0.
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But (Adyy A dy1) = —(Adgdy A Adgy) = 0. 0

The Chern—Simons action on X can be interpreted as a section of a hermitian line bundle. We make
this precise in the following. We will follow [F]. Let £ be the category whose objects are hermitian
lines and whose morphisms are unitary isomorphisms, and let G be a groupoid, i.e. a category for
which every morphism is invertible. Suppose we have a functor F : G — L. We now associate to
F a certain set Vr termed the space of invariant sections of F. An element v € V£ is a collection

{v(C) € F(C)}ceonjg) such that if Cy A (3 is a morphism in G then F(¢)v(Cy) = v(Cs). We
say the category G is connected if Mor(Cy, Cy) # 0 for all Cp, Cy € Obj(G). If F(¢)) = id for every

automorphism C ¥, C we say that the functor F has no holonomy. For an explanation of this
terminology, see [F]|. Vr is a vector space over C in an obvious way. If G is connected we have

i) dimc Vr € {0, 1},

ii) dimc VF = 1 if and only if the functor F has no holonomy.

Now let Y be a closed oriented 2-manifold and let @ — Y be a G bundle. Note that Q@ — Y is
trivializable by Lemma 2.1. Let Cg be the category whose objects are sections ¢ : Y — (). For any
two sections ¢, ¢’ there is a unique gauge transformation v : Q@ — @Q such that ¢’ = 1q, namely
) =04 0 5q_1 where §5 : Y X G — @, 05(y,9) = s(y)g is the trivialization associated to the section
s:Y — Q. The set of morphisms between ¢ and ¢’ in Cg is {¢p}. We see immediately that Cq is
a connected groupoid.

Fix a connection 1 on . Define the functor F,, : Cop — £ in the following way: for all sections

q:Y — Q we let F,(q) = C, where C has its standard hermitian metric. F,(q ¥, q):C—Cis
multiplication by cy (¢*n, gyq) where gy, : Q — G is the associated map to ¥ and cy is the cocycle
defined by

ev (7, 9) = exp(2ni] /Y v(rg) + Wy (g)) 7€ Q(Y,q), g € Map (Y, G).

Here Wy : Map.. (Y, G) — R/Z is the Wess-Zumino-Witten functional and v(7,g) = (Ady,-17 A
¢g). We have to show that 7, is actually a functor. To this end we need the following

Lemma 2.12. The cocycle cy satisfies the following cocycle identity

(12) ey (T,9192) = ey (T, g1)ey (77, g2)
for g1,92 € Map (Y, G) and 7 € Q1(Y,g). Here 79 = Ady1T + ¢4 for g € Map, (Y, G).

Proof. We have
v(T,9192) = <Ad(9192 A ¢g1g2> <Adg;1 o AdgflT A (Adg;1¢g1 + ¢g2)>
= (Ad rd A (Z)gl> <Adg;1 o Adg;l’r A d>92>
= v(r, 91) +v(Ad 17, g2),

so by using Lemma 2.11 we get

cy(T,9192) = exp(%i[/ywﬂglgz)+Wy(glgz)])

= cy (7', g1) exp(Z?Ti[/

Y

WAy + [ 16 ) + W (92))

= ey (r. 1) exp(2ri] /Y V(19 g2) + Wy (g2)]) = ex (r. )y (791, go)
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since v(11,9) + v(m2,9) = v(T1 + 12, 9). -

Corollary 2.13. The category map F, : Co — L is a covariant functor.

Proof. Let ¢ ! ¢q1 and 1 hic g2 be two morphisms, i.e. 1,99 : Q — @ are gauge transfor-
mations with ¢; = ¥1q and g2 = 12q1. Let g, : Q@ — G be the associated map to 1, and let
g : Q@ — G be the associated map to ¥ = 19 o 11. Note that ¢ is our morphism from ¢ to g and
that g = g291. We have to show that

cy (@™, 99) = ey (¢in, g2a1)ey (a1, 919)-

Since gq = (92q)(g19) we have by the cocycle identity (12), that
ey(gn99) = ev(d™n g20)ev ("), g19)
— exp(2ri(IWy (g20) + Wy (910))) exp(2mi | A1)
Y

where

M= <Ad(g2q)—1q*77 A ¢92q> + <Ad(g1q)_1Ad(ggq)—1q*n A ¢g1q> =+ <Ad(glq)—1¢92q A ¢glq>'
Now note that

¢n = (1g)'n=q () = ¢ (Ad-1n+ ¢g,) = Adg,q)-14"1 + Pgq,

ea = (910)” ' (920)(919)-
By the cocycle identity (12) we then get

ey (gin, g201) = ey (Adgg, 100+ b g1, (910) ")
ey (¢ + Ad(g,)P(g19) T P(gra)-1+ 924)
ey (Ad g, g)—1q"n + Adg, -1 Ad (g, ) D(g19) + P(g910) 1 (920)1 I19)-
By using (11) in Lemma 2.11 we therefore find that

cy (q1n, 92q1) ey (4°n, 91q) = exp(2mi(Wy (919) + Wy (929))) exp(27ri/YL)7

where a straight forward calculation shows that L = M, using

d)(glq)*l(gzq) = ’le(gzq)*lqﬁ(glq)*1 + Ggoq = _Ad(gzq)*lAdgw@bglq + @gaq-

This last identity follows from (8) in Lemma 2.11.
Finally we have to show that cy(¢*n,gq) = 1 for any section ¢ : Y — @ where g : Q — G is the
associated map to id : Q — Q. But this follows simply by the fact that ¢ = 1 so Wy (g) = 0 and

v(g*n,gq) = 0. O

Since Cq is a connected groupoid, and F, : Co — L is a functor with no holonomy (the only
automorphism from ¢ to ¢ is id : @ — Q) we obtain a complex line L, = Ly, := Vg, of
invariant sections, which we will term the Chern—Simons line over n. If ¢ : ¥ — @Q is a section
we get an isomorphism f7 : L, — C, fi(v) = v(gq). Now we define a hermitian line bundle
m: Lo — Ag by Lo = e Ag Ly and 7(Ly) = 1. The hermitian metric on L, is defined by

(v,w), = (v(q),w(q))c = v(g)w(q). It is important to observe that this metric is independent of
the section ¢, which follows by the fact that F,(+) € U(1) for any morphism ¢ LA ¢'. Note that the
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section ¢ induces a trivialisation h, : Lo — Ag x C given by hy(v) = (n,v(q)), v € Ly. prahglL,
is just the linear isometry fl. If ¢ : Y — @Q is another section we write

hy ©hy'(n,2) = (n,9(n)2),
where g = gy .4 : Ag — GL(1,C) = C is the transition function between the trivialisations h, and
hy. If z € C and 1 € Ag choose the unique v € L, such that v(q) = z. Then hy o h;'(n, 2) =

he (v) = (n,v(¢")). Here v(q") = Fy(q % )lg) = ey (g*n, gpa)2, 50
(13) 9q'.a(n) = ey (a1, 94q),

where 1 : Q — @ is the unique gauge transformation with ¢’ = 1¢g. These transition functions
satisfies the cocycle identity

(14) 9qs,9x = 94:,9;945,9x

We could of course have started by defining funktions g, 4 for ¢,¢’ € I'(Q) by (13) and then have
shown that the cocycle identity (14) is satisfied. Here I'(Q) are the smooth sections of Q). Then we
obtain the line bundle Ly — Ag by defining Lg = Ag x C x I'(Q)/~, where ~ is the equivalence
relation (1, z,q) ~ (1, 94 .4(n)2,¢'). Note that we actually have gy, : Ag — U(1).

The Chern—Simons lines vary smoothly in smooth families of connections. To see this let {7, }uer
be a smooth family in Ag and let 7 : Lyy — U be the hermitian line bundle defined by Ly =
Uuerr Lnu» m™(Ly,) = w. Then Ly is a trivializable smooth hermitian line bundle. A section
q:Y — @ defines a trivialization k; : Ly — U x C, kq(v) = (u,v(q)), v € Ly,, and the transition
function between the trivialisations k, and kg is the smooth function gy, : U — U(1) given by

Gt (0) = ey (@7, 90) = exp(2ri] /Y (Ady-1 (i 0 9)* (@) A ) + Wy (9)]),

where g = gyq : Y — G and w is the associated connection on U x @ to the smooth family.

Let X be an oriented smooth compact 3—manifold with nonempty boundary dX and let ©
be a connection on a G bundle P — X. We let 0O be the restriction of © to 0P = Plpx. If
q: 0X — OP is a section, we can extend it to a section p : X — P by our choises of G, and we let

v(q) = exp(2miSx(p, O)).

Lemma 2.14. We have that v is a well-defined element in Log. We will denote it by e275x(©),

Proof. 'We have to show that v(q) is independent of the choise of extension p. Let ¢ : P — P be a
gauge transformation, and let p : X — P be a section. Then by Proposition 2.8 and Definition 2.9

Sx(¢p,©) (mod 1) = (Sx(p,©) + /Mu((ap)*(a@),ag) (mod 1)) + Wax (9g),

where g = gop : X — G and dg, Op and 0O are the restrictions to the boundary. But then
exp(2miSx (¢p, ©)) = cox ((9p)*(90), g) exp(2miSx (p, O)).

Now for any two extensions p1,ps : X — P of ¢ : 9X — OP there is a unique gauge transformation
¢ : P — P such that p» = ¢p;1. Since p1lox = p2|lox = ¢ we have that dg = 1, where g = g,p1.
But then cyx ((Op1)*(00),0g) = 1 so v is well defined. It also follows from these calculations that
v € Lyg. O

Chern—Simons theory is a so-called local Lagrangian field theory. A Lagrangian field theory is
defined by a functional of the fields, called the lagrangian, and its integral over ”spacetime” called
the action. The fields can be smooth functions on a manifold, sections on a bundle etc. Here
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in our setting the fields are connections on smooth principal bundles over compact oriented 3—
manifolds, and the lagrangian is o : Cx — Q3(X) where a(©) is the Chern-Simons 3-form
defined in (1). The term ”spacetime” is a misnormer here since we integrate over general compact
oriented 3-manifolds. There is no preferred time dimension. If X has no boundary the action
is simply Sx : Cx — R/Z defined in Definition 2.5. In this case we also write the action as
e?™5x(=) . Cx — C in which case iv) in Proposition 2.6 appears as a multiplicative property. Note
that since Sx is real the Chern—Simons action has unit norm in this form. In the case where
the boundary of X is nonempty we have seen that Sy is no longer well defined. However, as it
follows by the above result, we can interprete the Chern—Simons action as an invariant section
of unit norm © — €2m5x(©) ¢ Loq. If we let Ly = C with the standard hermitian metric, the
case OX # () can be thougt of as a generalization of the case X = (). Finally the fields, here
connections, can be cut and pasted, see Proposition 2.4, and the action behaves properly under
gluing fields together, see iv) in the theorem below. This is the locality of the theory. The following
theorem generalize Proposition 2.6 and collect the properties of the classical local Chern—Simons
Lagrangian field theory.

Theorem 2.15. [Freed] Let G be a connected, simply connected compact Lie group and { - ) :
g®g — R an Ad-invariant symmetric bilinear form on its Lie algebra g which satisfies the
Hypothesis 2.2. Then the assignments

n— L77 ) ne CY?

O — eQTI'iSX(@) 7 © € Cy
defined above for closed oriented 2—manifolds Y and compact oriented 3—manifolds X are smooth
with respect to smooth families of connections and satisfy

i) (Functoriality) If v : Q" — @ is a bundle map covering an orientation preserving diffeo-
morphism v : Y' — Y, and n is a connection on @, then there is an induced isometry

V" 0 Ly — Ly,
and these compose properly. If ¢ : P' — P is a bundle map covering an orientation
preserving diffeomorphism @ : X' — X, and © is a connection on P, then
(15) (8(,0)*(62”5)((9)) _ eQmSX’(sD*(e))’

where Op : OP' — OP is the induced bundle map to the boundary.
i) (Orientation) There is a natural isometry

L_erl = LY»T/’
where Ly, is the conjugate space, and
e2miS-x(8) _ o2miSx (©)

iii) (Multiplicativity) If Y = Y1 UY3 is a disjoint union, and n; are connections on G bundles
over Y;, then there is a natural isometry

Lyyuny & Ly, & Ly,.

If X = X1 U Xs is a disjoint union, and ©; are connections on G bundles over X;, then

627”'SX1|JX2(@1|—|®2) QTFiSXl(@l) R 627”'SX2(@2).

=e
iv) (Gluing) Suppose Y — X is a closed, oriented submanifold of dimension 2 and X is the
manifold obtained by cutting X along Y. Then 0X““* =90X UY U-Y. Letg: X — X
be the gluing map, let P — X be a G bundle and let P°“* = g*P be the cut bundle and
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g : Pt — P the induced gluing bundle map. Suppose © is a connection on P, with
Ot = g*(0O) the induced connection on Pt and n the restriction of © toY. Then

e?m'SX(G) _ T’I"n (627riSX,mt (@cut))

9

where Ty, is the contraction T'ry : Lygeut = Log @ £ @ LT7 — Lo using the hermitian
metric on Ly.

Proof.  We have already seen that the Chern—Simons lines vary smoothly in smooth families
of connections, and the rest of the proof also follows from [F]. However two points need to be
deepened, namely that the isomorphism in i) constructed in [F] is well defined, and the gluing
result iv). We will give a full proof of these points here. For the readers convenience we also give
the constructions of the isometries in ii) and iii).

i) Let ¢ : Y’ — Q' be a fixed section and let ¢ = ¥¢"1)~! : Y — @ be the induced section on Q.

¥*(n) is a connection on @’ and we have isometries f : L, — C and fg* () © Ly+(ny — C which
induce the isometry
V" =g = ()T o fi Ly = Ly

This construction is independent of the choise of section ¢. To see this let ¢’ : Q' — Q' be a
gauge transformation and let p’ = ¢'¢’ and p = Yp'b~' = g where ¢ = P/~ is a gauge
transformation on Q. Now let w € Ly. Then ¢ (w) = v1 and ¢, (w) = vy where vy, v2 are the
unique elements in Ly, such that v1(¢') = w(q) and va(p') = w(p). To show that v; = vy it
is enough to show that they agree on a single point. Now w(p) = w(¢q) = ey (¢"n, g5¢)w(q) and
v (p") = vi(¢'¢) = ey ((¢') V*n, gpq")v1(q'). Since v1(q’) = w(q) we see that it is enough to show
that cy/((¢')*¥*n, 9o4") = cv (g™, 95q). Now use that (¢')*y*n = ¥*(¢"n) and gyq" = (9pq)¢.
Since 1 is orientation preserving one gets

Wy (ggo‘ﬂ/;) = WY(9¢Q)7
/ V(@*(q*n),gwmﬁ):/ V(4" n, 9,q)-
Y’ Y

ii) There is an induced hermitian metric on the conjugate space Ly, given by (v, w), = (v,w),.
Define h : Ly, — L_y,, by h(v) = v where v(q) = v(q) for any section ¢ : Y — Q. Then h is our
isometry.

ili) Let v; € Ly, 5, and let v = v1v2 be defined by v(g1 U g2) = v1(q1)v2(g2). Then
2
v(1hq) = v1(rq)va(vag) = [ [ evi (> 9v.00)via:) = ey (40, gyq)v(q)

i=1
so v € Ly,. We therefore have a map k : Ly, X Ly, — Ly, 1, k(v1,v2) = v1v2. This map is clearly
C-bilinear and induces a C-linear map k : Ly, ® Ly, — Ly, 11y,. Since L, ® Ly, and Ly, y,, are one
dimensional and k is not identical zero, k is an isomorphism. The metrics (-, -),, on L,, induce a
hermitian metric (-, )y, @n, 00 Ly, @ Ly, given by (v1 ® vo, w1 @ W)y an := (U1, W1 )y, (V2, W2)y,,
and it follows that k is an isometry.
iv) Use the following notation: Yz = 0X“*\Y1UYs, Z1 =Y, Zo = =Y, Z3 = X, P = Py,
P, =Plz, g =4ly, : Yi — Z;i and ¢g; = g|pewt : P — P, i =1,2,3. g; : P — P, is a bundle
map over the orientation preserving diffeonforphism gi : Yi — Z;, so by 1) we have isometries

* .
9; Lz, n, — LYi,gf(m)
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i =1,2,3, where n1 = g2 = n and 13 = 90. Now 90" = gi (1) U g5 (n2) U gs(n3) and T'ry, is given
by the composition

_ Tr
~ 3 r 3 S n
T'ry : Loxeut poeut = Qi1 Ly, gx () = Qi=1Lzim — Ly @ Lyy ® Loxpe — Lox,00,

where r = (97 1)* ® (gz_l)* ® (g51)* and s = id ® h ® id where h(v) = 0. Here Try(v1 ® v2 @ w) =
(v1,v2)yyw. Now e2™9x(®) is a basis for Lyx ge so w = g5(e>™x(®)) is a basis for Ly, g:(00)-
Choose vy € Ly, so that (vo,vo)y, = 1. Then vi = gj(vo) and vo = g5(vg) are basis’ for respec-
tively Ly, g+(;) and Ly, g3 (n)- But then v; ® vy ® w is a basis for ®§’:1Lyi,g2< (n;) and hence vivow is a
basis for Lgxeut ggeut. Choose A € C so that e2miSxcut (O°) — Ay jv9w. Then Trn(e%isxcut(@”t)) =
)\Tirn(vo R vy ® eQmSX(e)) = XeZ™5x(O) Now let ¢1 U go U g3 : X — 9P be a section,
¢ Y, — PP and let p® : X' — P be an extension. Let ¢ = g|X°*\ Yy, — X and
© = g|P®\ P§" — P. Then ¢ is a bundle map over the orientation preserving diffeomorphism

@. Let peut = peut| X eut \ Yy — Put\ Py and let p = pp“@ 1. Then p is a section on P and
Sx(p,0) = /X(wl)*(ﬁm)*@*(a(@)) = /X t(Pwt)*(g*(a(e)))

— (pcut)*(a(@cut)) — SXCM (pcut’ @cut>
Xcut

since g*(a(0)) = a(O°“") and Y3 has Lebesgue measure zero in X%, Tt follows that

@27riSXC“t (ecut) ( 2138 y cut (pUF,04) eQm'SX (»,©) _ 627riSX (©) (ap) ’

g Ugplg)=ce¢

where Op = gg(]ggg_l : 0X — P|px. By definition of w and g5 we have that w(g3) = e?>m9x(0)(9p),
SO

w(qs) = eZmSXc“t(em)((h U g2 U g3) = Avi(q1)v2(g2)w(gs)

which implies that Avy(g1)va(ge) = 1 for all sections ¢q1 : Y1 — P and gy : Y2 — P§“'. Now let

q:Y — Ply be a section and let ¢; = gi_lqgi :Y; — P, Then

7

1 = Mvi(q1)v2(g2) = Agi(vo)(q1)93(00)(g2) = Avo(q)vo(q) = A.
O

Remark 2.16. Let the situation be as in i) in the above theorem. Then we have a commutative

diagram
*

Lo Y Iy

|l

Ag —— Agr,
1/}*

where 7 and 7’ are the bundle projections and the lower ¢* is the pull back. Since ¢* : Ly — L¢y
is fiberwise an isometry it is an isomorphism of hermitian line bundles. If 6 : Q" — Q' is another
G bundle map over an orientation preserving diffeomorphism ¢ : Y” — Y’ we clearly have that
(¢ 0d)* = 0" o9, and idy, is the identity on Lg.

We have a right action of the gauge group Gg on Ag by pull back. This action lifts to a right
action of Gg on Lg such that the diagram

LQXQQ E— LQ

X idl lw

Ag xGg —— Ag
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commutes. Explicitly v-¢ = *(v), (v,9) € LogxGq. If P — X is a G bundle, welet f : Ap — App
be the restriction map and get an induced bundle Lp = f*(Lyp) — Ap. The right action of Gp
on Ap lifts to a right action on Lp such that the diagram

prgp E— Lp

™ xid| |

Ap x Gp —— Ap

commutes. Explicitly (©,v) - ¢ = (¢*(0),(0p)*(v)) for ¢ € Gp and (O,v) € Lp = {(B,v) €
Ap X Lgp | v € Lypo}. Note that © — e2™5x(©) can be interpreted as a Gp-equivariant section on
Lp — Ap. Precisely we define s : Ap — Lp by s(0) = (0, >™x(©)) Now by (15)

5(0- ) = s("(0)) = (¢"(©), ()" (™*x(9))) = 5(O) - .

3. THE MODULI SPACE

The (classical) solutions in a Lagrangian field theory are the critical points of the action. In the
Chern—Simons theory these are the flat connections (up to equivalence). Before showing this, we
give some comments on smooth curves in Ap where P — X is a smooth G bundle. By a smooth
curve in Ap we shall mean a smooth family {©;}4c; parametrised by an interval on the real axis.
Let © be a fixed connection on P. Then Ap = O + Q!(X, gp) and we have ©; = © + w;, where
t + w; is a curve in the vector space Q'(X,gp) so 0, = %|t:59t = %|t25wt € OY(X,gp). If
w e QYX,gp) we let ©p = O + tw. Then 6, is a smooth curve in Ap, and O;=wforalsel
here. We can therefore think of Q'(X, gp) as the tangent space to Ap in an arbitrary point:

ToAp = QY(X,gp) , ©€ Ap.

Let €, be the curvature of ©;. Then Q; A© is a horizontal 3—form on P. Since (- ) is Ad-invariant,
it follows that (Q; A ©;) is a horizontal invariant form on P with values in R, hence a lift of a
3—form on the basis X which we also denote by (€Q; A ©y).

Proposition 3.1. Let the situation be as above and let © = Oy and 6= 90 = %|t:0®t- Then

S =2 1016,

where ) is the curvature of ©.

Proof.  Let Q be the curvature of ©, where © is the connection on I x P associated to the
curve ;. We then have

Q= n+dsNE,
where 1 € Q%(P,g) and ¢ € Q'(P,g) has no ds-component and satisfy i*(n) = Q, and i*(¢) = O,
for all s € I. From this we get
(QAQ) = (nAn)+2ds A(nAE) =2ds A (g AE),

since (Qs A §)5) is the pull back of a 4—form on X, so (25 A Q) and therefore (n A n) is zero, since
dim X = 3. By Proposition 2.7 we then get

Sottx) (00) —/ 2sA(nAg) —Q/Ids/X(QS/\(;)S).

1
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Now let I = [0,¢]. Then 0I x X = {0} x X U{t} x X. If p: X — P is a section p = id X p :
I'x X — I x Pisasection and if pg = plio)xx and p: = Pl x Wwe get

Sorxx)(00) = /G(IXx)(aﬁ)*(a(aé))
= /{O}Xxpé(a(él{O}xx))+/{t}xxpz(a(é|{t}xx))

- / P ((0)) + / P*(a(©,)) = 5x(6y) — 5x(O).
—X X

That is, Sx(0:) — Sx(©) = 2f(;t ds [ (Qs A ©,), where all calculations are modulo the integers.
By differentiating at ¢ = 0 the result follows. U

Remark. We call © € Ap a classical solution in the Chern—Simons theory if

d
—|i=0Sx(©¢) =0
dt‘t*O x(©¢)

for all smooth curves ©; in Ap with ©g = ©.

Corollary 3.2. Suppose ( - ) is nondegenerate. Then a connection © is a classical solution in the
Chern—Simons theory if and only if it is flat, i.e. its curvature {2 = 0.

Proof. If Q1 = 0, © is clearly a classical solution. Now suppose that © is a solution. Then
by the above proposition
/ (QAB) =0
X

for all © € Q},.(P,g). Now use that the bilinear form
Q2(X, gr) x (X, gr) - C

(1) b—>/X<Q/\T>

is a nonsingular paring (see the remark below). It follows that Q = 0. U

Remark 3.3. Let M be a smooth n-manifold with a fixed orientation and fixed Riemannian
metric. Let P — M be a smooth G bundle and let ( - ) be an Ad-invariant inner product on
the Lie algebra g. We let ( - )as be the metric on A*(T*M) induced by the Riemannian metric
on M. Let gp = P X ¢ be the adjoint bundle as usual and let { - )p be the metric induced on
gp by the Ad-invariant inner product on g. (Simply define the inner product on each fiber such
that the fibers in gp are isometric with g. This is possible exactly because our inner product is
Ad-invariant.) We define a metric on A*(T*M) ® gp by (z @ u,y ® v) = (x @ y) pr{u ® v) p. This
induces an L%-inner product structure on Q¥(gp) = Q¥(M, gp) by

(p, ) = /M«o,w),

where (p,9¥)(x) = (p(z),¥(z)) for © € M. Now let x : Q*(M) — Q*(M) be the Hodge star
operator associated to the orientation and metric on M. * is characterized by

T Asw = (T,w)yvol(M) 7w € QF(M),
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where vol(M) is the unique n-form of length 1 in the orientation of M. * induces a *-operator on
Q*(gp) = Q* (M) ®qo(ar) 2°(gp) by tensoring with the identity on Q°(gp). We have a product

A QF(gp) x Q(gp) — Q" (gp @ gp)

defined by (w® s) A (T®t) = (w AT)® (s®t). Let (- )p: Q(gp ® gp) — Q*(M) be the map
defined by (w® (s ® t))p = w(s @ t) p. By these definitions we have

(p,9) = /M(ea A *1)p.

In particular we have dual parings
O*(gp) @ 0" *(gp) = R

(16) ¢®¢H/M(¢A¢)p

since x o = (—1)¥"=%) on QF(=). If w and 7 are equivariant forms on P with values in g, then
(w A T) is an invariant form on P with values in R. If futhermore it is horizontal then it is the
pullback of a form on the basis M. Under the isomorphism €}, (P, g) = *(gp) this form coincide
with (w A 7)p. Therefore we also write the integral in (16) as [,,{¢ A ) in this case.

If our Lie group G is simple, the Killing form of g is nonsingular and all Ad—invariant symmetric
bilinear forms on g are proportional to the Killing form. It follows that if we use an arbitrary
Ad-invariant symmetric bilinear form above, instead of our inner product ( - ), the parings in (16)
are still nonsingular.

For later use we also make some comments on the covariant derivative induced by a connection
© on P. This is the R-linear differential operator dg : 2°(gp) — Q' (gp) given by do = d+ [© A —]
under the isomorphism Q*(gp) = ;. (P,g). We can extend this operator to a R-linear operator
do : U*(gp) — Q*T(gp) by simply letting dg = d + [© A —] under the isomorphism Q*(gp) =
Q (P,g). Note that do(def) = [Q A (] where Q is the curvature of ©, so when © is flat we

bas
actually have a complex

d de de

(17) 0— Q%gp) == Q' (gp) == ... = Q"(gp) — 0.
We denote the cohomology groups of this complex by H*(M,dg). Now let x(©) be the Euler
characteristic of this complex. By index theory we know that x(©) is constant on a continuous
family of connections, and since Ap is a path-connected space (it is an affine space), we just have
to calculate x(©) for a single connection ©. Now suppose P — M is trivializable and think of P
as M x G and let © = pr3(0), where 6 is the Maurer-Cartan form on G and pra : M x G — G the
projection. Then the complex (17) is isomorphic with

0— QM) ®p g 24 QL (M) ®p g 24 .. 24 on (M) @r g — 0,
and we find that x(0©) = x(M) - dim(G). If M is a closed oriented 2-manifold we have that x (M)
is even, since the Euler characteristic of a manifold is a topological invariant and since x(5?) = 2
and x(g-T?) = 2 — 2g, where g - T? is the 2-sphere with g handles (the connected sum of g tori
T?), g being the genus of the surface.

The equation 2 = 0 is the Fuler—Lagrange equation for the Chern—Simons theory. Note that if
© € Cx is flat every connection in the equivalens class [0O] € Cx is flat. We let Mx C Cx be the
set of equivalens classes of flat connections. Mx is called the moduli space (of flat connections).
We will now determine the stationary points to the Chern—Simons action, in the case where our
compact oriented 3—manifold X has a nonempty boundary. The first problem to overcome is that
Sx is no longer well defined as pointed out earlier. We will therefore calculate the stationary points
under some boundary conditions. Let n € Cox be a fixed connection over the boundary. We now
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let Cx(n) be the subcategory of Cx whose objects are connections © € Cx with 00 = 7. The
morphisms in Cx (1) are required to be the identity over 0X. We calculate the stationary points of
the Chern—Simons action with respect to this category. Precisely we let P — X be a G bundle and
let 7 be a connection on dP. Now let {O;}ser be a smooth curve in Ap(n), the connections on P
which equal 77 on the boundary. Observe that the Chern-Simons action e2™5x(©t) ¢ L,, along the
curve, where L, is the Chern—Simons line over . What we will actually calculate is the stationary
points of the phase. For a section p : X — P we have that e2™5x(®)(9p) = exp(2miSx (p, ©)).
Now we are looking for connections © € Ap(n) such that

d
(18) &’t:OSX(pu ©;) =0

for all curves ©; in Ap(n) with ©g = © and all sections p : X — P. As the next result shows it
turns out that the derivative on the left-hand side in (18) does not depend on the sections of P.
If © is a solution to (18) for one hence for all sections of P, then © is really a stationary point for
(the phase of) the Chern—Simons action on Cx(n). The proposition generalies Proposition 3.1.

Proposition 3.4. Let ©; be a curve in Ap(n) and let © = Oy and O =0)= %|t:0@t. Then

d )
GleoSx (.0 =2 [ @7 6)
X

for an arbitrary section p : X — P, where Q is the curvature of ©.

The proof is similar to the proof of Proposition 3.1 except for two point: (i) the cylinder I x X
needs to be smoothed at the corners and (ii) the boundary d(I x X) has an extra part I x 0.X.
However if © is the connection on I x P associated to the curve ©; we have that © = pri(n) on
I x OP where prq : I x 9P — 9P is the projection. Now if ¢ : 0X — 9P is a section

Stax (id x g, pri(n)) = / (e al)) =0

since ¢*(c(n)) is a 3—form on 0X. If p: X — P is a section we therefore get (I = [0,¢])

t
2/ ds/ (Qs A Os) = Sy(rxx)(9(id x p),00) = Sx(p, ©r) — Sx(p, O)
0 X

and the result follows. As in the Corollary 3.2 we therefore have that the critical points to (the
phase of) the Chern—Simons action, is the flat connections.

Proposition 3.5. Let X be any smooth finite dimensional manifold. Choose a basepoint x; in
each component of X. Then the holonomy provides an identification

My = [[Hom(m (X, 2:),G)/G

whish is independent of the basepoints. Here G acts on Hom(m (X, z;), G) by conjugation, so that
x— p(z) and z — gp(x)g~L, g € G and p € Hom(m (X, z;),G), represent the same element in
Hom(m (X, x;),G)/G.

Proof.  Assume first that X is connected and fix a base point z. Let P = X be a G bun-
dle and let © be a flat connection on P. Let u € 7—!(z) and let [y] € m1(X,x) and define a map
fu:m(X,2) — G by f([y]) = a, where a is the element in the holonomy group ®(u) given by the
parallel transport along . Note that f, is well defined independent of the choise of representative
7, since © is flat. f, is clearly a group homomorphism. If v € 77! (x) is another element in the fiber
over z, we can choose g € G such that v = u - g, and find that f, = g~ f,g so f, and f, represent
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the same element in Hom(m (X, x),G)/G. It is easy to see that the class [f,] is independent of
the choise of representative of [©] € M x, so we have a map

F, : Mx — Hom(m (X, 2),G)/G.

Note that Im(f,) = ®(u). To construct the map the other way we use, that the universal covering
manifold X in a natural way is a principal 71(X,z) bundle over X. Note here that since X
is a manifold 71 (X, z) is a countable discrete group, hence a 0-dimensional Lie group. Now let
p € Hom(m (X,z),G) and let P, = X X (x,2) G be the associated bundle with respect to the
action of m1(X,x) on G induced by p, i.e. P, is the extension of the bundle X — X to G relative

to p. The only connection on X — X is the trivial connection ® = 0, and the G extension of © is
a flat connection ©, on P,. Explicitly

(Gp)q(u,g)((dQ)(u,g) (U7 w)) = Adgflﬁ.’@U(U) + eg(w) = eg(w)v

where 6 is the Maurer-Cartan form on G and ¢ : X xG — P, the projection. Note that C:)p =q*(0,)
is the flat connection prj(6) where pra : X x G — G. We have ¢*(Q,) = Q, = 0 and then Q, = 0,
since ¢ is a surjective submersion. We therefore get an element [©,] € Mx. If p; and ps represent
the same class, we can choose g € G such that pa(y) = gp1(y)g~'. We then have a G bundle
morphism ¢ : P, — P,, given by ¢(qi(u, h)) = g2(u, gh). One finds that ¢*(0,,) = ©,, so O,
and ©,, represent the same class in M x, so we have established a map

K, :Hom(m (X, z),G)/G — Mx.

I leave to the reader to show that F, and K, are inverse to each other. By the natural identification
of the groups 7 (X, x) for different base points, the bijection defined above is independent of the
base point.

Finally if X is nonconnected with components {X;};c;, we have a natural bijection Mx =
[Lic; Mx,; given by [0] — ([O|x;])icr- Now if we choose base points z; in X;, we have My, =
Hom(ﬂ'l(Xi,xi),G)/G and 7r1(X,a;i) gﬂ'l(Xi,:L'i). O

From now on we further assume that our Lie group G is simple. This has among other things the
consequence, that the center of GG is discrete. Let © be a connection on the G bundle P — X. We
will here assume that X is connected. The centralizer of © is by definition

Z(0) := [Z(®(u))] € Sub(G)/C.

where ®(u) is the holonomy group with reference point u € P, Z(®(u)) is the centralizer in
G, Sub(G) is the set of subgroups of G and Sub(G)/G are the conjugation classes. Since X
is connected, ®(u) and ®(v) and hence their centralizers are conjugate for all u,v € P, since
®(u) = ®(v) if u and v can be joined by a horizontal curve, and ®(u - a) = a '®(u)a. If
¢ : P/ — P is a bundle morphism and ©" = ¢*(0), then ®o/(u') = Po(p(u)). We therefore have
that Z(©') = Z(©) and get an induced centralizer Z([©]) for [0] € Cx.

Definition 3.6. A connection © on P is called irreducible (or generic) if Z(®(u)) is the center of
G for one, hence for all u € P.

It is commen to call a connection O for irreducible if dim Z(®(u)) = 0 for one, hence for all u € P.
However in the situation we are mostly interested in, namely G = SU(n), the two definitions
coincide. Let us give an argument for this in the case G = SU(2). If H is a subgroup of G, the
centralizer for H in G is either Zs, a maximal torus in SU(2) or SU(2). The maximal tori in SU(2)
are all isomorphic to U(1) which has dimension 1. To see this let G be a connected compact Lie
group. Then any two maximal tori are conjugate and every element of G is contained in a maximal
torus. The center of GG is the intersection of all maximal tori in G. For all these assertions, see
[BD] Chap. IV. Now let H be a subgroup of G. Then Z(H) = NgeuZ(g). If g is in the center of
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G, Z(g) = G,so Z(H) = Z(G) if H < Z(G). Now assume that H \ Z(G) # 0. If Z(g)1 is the
connected component of Z(g) containing the unit of G, we have that Z(g); is the union of the
maximal tori in G containing g. Now assume that for all g € G\ Z(G), Z(g) is connected and g
is contained in exactly one maximal torus 7;. Then we have Z(H) = Ngcm\ z()Ty and for any
two g1,92 € G\ Z(Q), Ty, N Ty, = Z(G) or T,, =T,,. It follows that Z(H) is Z(G) or a maximal
torus in G. Note that if there exists a go € G such that Z(b) is connected for every b € Ty, \ Z(G),
then Z(g) is connected for all g € G\ Z(G), since every maximal torus in G is conjugate to Ty,.
Now in the case of G = SU(2), the center is Z and the maximal torus

U(l):{(g g) Hc|2:1,cE(C}

satisfies, that Z(b) = U(1) for all b € U(1) \ {£1} and every g € SU(2) \ {£1} is contained in
exactly one maximal torus.

Now let P 5 X be a fixed G bundle, let A = Ap, and let G = Gp. For a connection © on P we
let

Aut(©) = {p € G | " (0) =0} =Ge

be the stabilizer of © under the right action of G on A. The relation between Aut(©) and Z(O)
is the following:

Proposition 3.7. Let ug € P and let f = fyu, : Aut(©) — G be given by f(¢) = go(uo). Then f
is an injective group homomorphism with Im(f) = Z(®(ug)).

Proof.  That f is a group homomorphism is trivial. Now let ¢ € Aut(©), g = g,(up) and
a € P(up) and let zy = m(up). Let v : [0,1] — X be a loop with y(0) = (1) = zo such
that v*(1) = wg - a, where v* : [0,1] — P is the horizontal lift of v with v*(0) = wg. Since
0 =p*(0) = Adg;@ +g;(0) it follows that (dg,)u(Hy) = 0, where H,, is the horizontal subspace
of T,,P. By this it follows that ¢ o v* is the horizontal lift of -, which start from ¢(ug) = ug - g.
But then p ov* = R, 0 ¥*, so that

ug - (ag) =7"(1) - g = (7" (1)) = ¢(uo - a) = ¢(uo) - a = ug - (ga)

so ag = ga. That is Im(f) < Z(P(up)).

To show the opposite inclusion, note that if ¢ € Aut(O) the associated map g, : P — G is con-
stant on horizontal curves. Now let g € Z(®(ug)). If u € P we let v : [0,1] — X be a curve from z
to x = w(u) and let v* : [0,1] — P be the horizontal lift of v with 4*(0) = ug. Choose a € G such
that u = v*(1)-a and define h : P — G by h(ug) = g and h(u) = h(y*(1)-a) = a ' h(ug)a = a"'ga.
h(u) is independent of the choise of 7 since g € Z(®(up)) and we have that h(u-b) = b~ h(u)b for
u € P and b € G. Now define ¢ : P — P by ¢(u) = u - h(u). Then it is not hard to see, that ¢ is

in Aut(©).
The injectivity of f follows from the fact, that an element in Aut(©) is determined by its value in
a single point, since X is connected. O

In particular we see that if G = SU(2) and © is an irreducible connection, then the stabilizer
Go = {£1}. In the light of the above proposition we also denote the stabilizer of © by Z(0©).

Now let Y be a closed oriented 2—manifold and let ) — Y be a G bundle. Recall from Re-
mark 2.16 that the gauge group Gg acts on .Ag by pullback, and that this action lifts to Lg, where
Lg — Ag is the smooth hermitian line bundle, whose fibers are the Chern—Simons lines. We then
have the following result from [F].
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Proposition 3.8. The Chern-Simons action defines a unitary connection on Lg R Ag. The
curvature of this connection times 5~ is the pullback 7*(w) of the 2—form

(19) <4mmﬁ——2/OhAm> i € TAg.
Y

If () is nondegenerate, then w is a symplectic form. The action of Gg on Aq is then symplectic,
and the lifted action to Lg preserves the metric and connection. There is an induced moment map
wAg — QY. 90)* given by

u@ﬂ©=2LﬂNmA®,

where )(n) is the curvature of n. If we let A%, C Aq be the subset of irreducible flat connections and
MG = A/Gg © My, we get an induced hermitian line bundle Lg) — Mg, with unitary connection

and an induced symplectic form on M. ﬁ times the curvature of this induced connection is the
pullback of the induced symplectic form on MGg,.

Remark 3.9. We will not give a proof for this proposition, since a rather detailed proof is given
in [F]. Note that ( - ) is automatically nondegenerate, since we have assumed that G is simple, see
Remark 3.3.

Let us make some comments on the Lie algebra of the gauge group (for precise statements
about these infinite dimensional objects, the reader is referred to [AB]). We have a bundle P x¢ G
where G acts by conjugation on itself, and there is a natural group structure on the set of sections
Q%P x¢ G). By the remarks around (2) it easily follows that the gauge group Gg is group
isomorphic with the group af sections on P X G. Now the Lie bracket on g induces a (fiberwise)
Lie bracket on the adjoint bundle gg and hence a Lie algebra structure on the vector space
QO(y, gq) of sections. This space then plays the role of the Lie algebra of the gauge group, and a
moment map takes values in Q°(Y, gg)*. Note that under the dual paring

(Y, 90) ® Q°(Y,g0) — R

‘P®f'—>/y(90/\§)Q

~

see (16) in Remark 3.3, the momont map u : Ag — Q0(Y,gg)* = Q?(Y, gg) is simply the curvature
map, and p~1(0) is exactly the flat connections on Q.

To ensure that the quotient L§ = (Lg|as)/Gq is a smooth hermitian line bundle we have
to check, that the stabilizer of an irreducibel connection acts trivially on the fibers of Lg. But
this follows from [F, Proposition (3.26)]. Recall here that the stabilizer of a connection n € Ag
corresponds to the centralizer Z(n), by Proposition 3.7.

The symplectic manifold M, is actually finite dimensional, and this dimension is therefore even.
Let us give an explicit formula for this dimension. Let n be a flat connection on ) and consider
the complex

0 — 9°(Y, 80) > 01(Y,99) > 93(Y80) — 0
from (17). Under the identification of Q°(Y, g¢) by the Lie algebra of the gauge group G, H'(Y, d;)
can be identified with the Lie algebra of the stabilizer Z(n) < Gg. The paring (16) induces a
nonsingular paring of cohomology groups, so H(Y,d,) = H°(Y,d,) (alternatively use Poincaré
duality and identification of homology with cohomology). If 7 is irreducible we therefore have that
these two cohomology groups are 0-dimensional. Futhermore we have by [AB] an identification
T,Mg = HY(Y,d,). But then we get from Remark 3.3 that

dim Mg = —x(n) = —x(Y) dim G

which is even by the same remark.
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We close this section by showing, that the moduli space of a connected compact manifold X
has finitely many connected components, and that the Chern—Simons action is constant on these
components in the case where X = (). For the first assertion use that the fundamental group of
X has a presentation 71(X) = (a1,...,ay | 71,...7y) with finitely many generators and relations
(use that an arbitrary triangulation of X has only finitely many cells since X is compact). Now if
p € Hom(m (X),G), p is uniquely determined by the values p(ai),. .., p(ay), and satisfies p(r1) =
o= p(rm) = e. Write rj = a;;, - aij,. and let f: G™ — G™ be defined by

f(gla-'wgn) = (giu"'gilnlv"‘agiml"'gilnm)'

Then Hom(7(X),G) is homeomorphic with f~(e,...,e), which is a closed set in the compact
G". But then Mx = Hom(m(X),G)/G is compact so has finitely many components, since the
components of My are open. For the second assertion we let M x(n) be the equivalence classes
of flat connections in Cx(n), where 7 is a connection over the boundary 9X. Recall here that the
morphisms in Cx (n) are required to be the identity over 0X. If X is closed Mx(n) is simply Mx
and if 7 is not flat Mx(n) = 0. Now assume the dimension of X is < 3. Then after fixing a G
bundle P — X with n € Agp we can identify Mx(n) with AE(n)/G% where AE(n) are the flat
connections on P which equal 7 on the boundary, and G% is the elements in the gauge group which
are the identity over 0X. Note that by Proposition 2.8 and Lemma 2.10, we have an induced
Chern-Simons action on the qoutient .A%(1)/G%, which we also denote ¢>™*5x(~). Now we can
formulate our result, which is slightly more general than the second assertion above.

Proposition 3.10. Let X be a compact 3—manifold. Then the Chern—Simons action is constant
on the connected components of Mx(n).

Proof.  Let P — X be as above and let {©;}4c[p,1) be a smooth curve in AL(n). By the re-
marks after Proposition 3.4 we then have

1
Sx(p,O1) — Sx(p, O0) —2/ ds/ (0 1 O,) =0
0 X

for all sections p : X — P, since 25, = 0 for all s € [0,1]. That is e2™3x(01) = 28x(O0) ¢ L,
so the Chern—Simons action is constant on the connected components of the space AL(n). Now
let m: AE(n) — AL(1)/G% be the projection onto the orbit space. Since © — O - ¢ = ©*(0) is
continuous for all ¢ € G4, it follows that 7 is an open mapping. Since AL(n) and AE(n)/G% are
locally connected, they have open connected components. Now if D is a component of .AIFD(n) /Gp,
we have that D = U;e;m(C;), where the C;’s are connected components of A5 (n). Since e275x(~)
is constant on 7(C;) for all i € I and since the 7(C;) are open in D, it follows that >7*x (=) ig
locally constant, hence constant on D. ]

4. TOPOLOGICAL QUANTUM FIELD THEORIES

We start this section by giving a rough description of what is meant by an axiomatic topological
quantum field theory denoted TQFT in the following. Thereafter we will say a few words about
field theories and explain how the physicists obtain (topological) quantum field theories from these
field theories. I will emphasize here, that the physicists approach rely heavily on the use of the
Feynman Path integral in situations where this ”integral” is not (yet) defined rigorously from a
mathematical point of view.

We are mainly interested in the 2 + 1-dimensional Chern—Simons TQFT’s. This theory was
studied by Witten in [W], and on physical grounds he showed how this field theory leads naturally



25

to invariants of compact oriented 3—manifolds and of links in these manifolds. Partially inspired

by the ideas of Witten, Reshetikhin and Turaev [RT] constructed invariants of compact oriented

3—-manifolds and of framed links in these manifolds by combinatorial means. They conjectured

that their invariants are the same as the invariants introduced by Witten. However as long as the

path integral is a nonrigorous object this conjecture can of course not be proved (or rejected).
An axiomatic d + 1-dimensional TQFT (over C) can be described by the following data:

D1.

D2.

There is a functor Z from the category of oriented closed d-dimensional manifolds and ori-
entation preserving diffeomorphisms to the category of complex finite dimensional vector
spaces and linear isomorphisms.

To each oriented compact d + 1-dimensional manifold X there is associated an element

Z(X) € Z(0X).

Futhermore it is assumed that the following axioms are satisfied:

A0.

Al.

A2.

A3.

A4.

A5.

If F: X — X' is an orientation preserving diffeomorphism then Z(0F)Z(X) = Z(X').

(Orientation) If =Y is the manifold Y with the opposite orientation then Z(=Y) = Z(Y)*,
where Z(Y)* is the dual space of Z(Y).

(Multiplicativity) For a disjoint union Y = Y1 U Ys we have
Z2(Y)=2Z(1) ® Z(Yz).

(Gluing) Suppose Y — X is a closed oriented codimension one submanifold and X is
the manifold obtained by cutting X along Y. Then 0X =9X UY U-Y and

Z(X) =Try(Z(X™)),
where Try is the contraction
Try : Z(0X™) =2 Z(0X)® Z(Y) @ Z(Y)* — Z(0X)
induced by the usual trace Z(Y)* ® Z(Y) — C.

We have Z(0) = C for the empty d-manifold.

We have Z(I x Y') = Idy(yy, where I is the unit interval.

For a comprehensive introduction to axiomatic TQFT’s the reader is referred to [FU]. We will
let the axioms talk for themselves here. Quite often there is extra structure on the vector spaces
Z(Y') such as a hermitian metric. Z(X) is called the partition function of X and Z(Y") the state
space. When Z(Y) is endowed with a hermitian metric it will also be termed the Hilbert space.

The physicists produce (topological) quantum field theories by quantizing field theories. A d + 1-
dimensional field theory is described by the following data:

1) An oriented compact smooth d + 1-dimensional manifold X .
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2) A space of fields T, which can be smooth functions on X, connections on smooth principal
bundles over X etc.

3) A functional L: Y — R on the space of fields called the Lagrangian.

4) Possible a set of observables O : T — R.
The physicists then proceed by using the path integral to ”quantize” the field theory by defining:
5) The partition function Z(X) = [y exp(iL(¢))Do.

6) The expectation values of observables O: (O) = [ O(¢) exp(iL(}))D¢.

The quantities Z(X) = (1) and (O) are are here complex numbers. We shall need to generalize
the above picture a little bit in that we will allow the action exp(i£(—)) to take values in a vector
space with metric. If the expectation values do not depend on a choise of metric on the underlying
manifold X, then the physicists say that the above data defines a d + 1-dimensional topological
(quantum) field theory. The space, the expectation values belong to, is called the state space or
the Hilbert space.

It is usually natural to introduce a parameter k (the coupling constant) multiplying the La-
grangian, so that our expectation values become functions of k:

(O) (k) = /T O(6)e* DDy,

It is known that in many cases one cannot define a measure with the invariance properties normally
assumed for the path integral ”measure” D¢. However the physicists have a set of rules, which tell
them how to ”calculate” the path integrals. These calculations have often lead to predictions which
subsequently have been proved rigorously. One standard technique for treating path integrals is to
evaluate them as power series in %, using stationary phase approximation around the critical points
of the Lagrangian. Roughly speaking they handle the integrand as if the above path integrals are
well defined integrals over finite dimensional Euclidian space.

We will now specialize to the 2+1 dimensional theories introduced by Witten and Reshetikhin—
Turaev. Witten follows the physicists path integral approach. Starting by a compact oriented
3-manifold X, the fields Y are the space Cx of equivalence classes of connections on G bundles
over X, where G = SU(N). As all G bundles over X are trivializable, T = Ap/Gp after fixing a
G bundle P — X. The Lagrangian is the Chern—Simons action Sx(—) defined in section 2. As
we have seen this is only a well defined functional on Y if X is closed. Let us take a look on this
case first. The partition function for X at level k is here

2(x) = [ eisxopy,

where k is a positive integer. No measure D¢ has been constructed so far, so we must as usual
regard the above as a formal expression. Thinking of the path integral as a proper integral we see
that Z;(X) € C.

Now if 90X # () we have the usual problem that Sx(—) is no longer a well defined object. In the
last section we saw that the solution is to work with the spaces Y(n) = Ap(n)/G% as the spaces
of fields. The partition function at level k is a map depending on 7

Z(X)(n) = / M kIx(@pg e LK,
Y(n)
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Here Lf’] is the fiber over n € Ayp of the hermitian line bundle Lgp = ®"Lyp — Ayp where
Lsp — Agp is the hermitian Chern Simons line bundle modelled on dP. The action e27*Sx (=) —
@Fe?m9x (=) is well defined on Y(n) as noted before Proposition 3.10. We have thereby defined
a section of the bundle Lgp — Agp. The action of Ggp on Agp lifts to an action on LgP by
(1 ®...Quv) - =1v"(v1)®...9¥*(vg), and we have that Z;(X) is an equivariant section under
this action. To see this let 1 € Gop and let ¢ € Gp be an extension of ¢ and let ©® € Ap. Then

(eQﬂikSX (@)) . 1/} — ®k¢*(627riSX (@)) — ®k62m'SX (¢*(©))

and dp*(0) = (Jp)*(90). Futhermore 279x(¥"(®)) i independent of the choise of extension ¢ by
Proposition 2.8 and Lemma 2.10. It follows that we formally have Zy(X)(n-v¢) = Zx(X)(n) -¢. In
particular Zj(X) restricts to an equivariant section on the flat irreducible connections, and hence
induces a section of the bundle (L§p)* — M p, where L, — M3 p is the hermitian line bundle
from Proposition 3.8. At a first glance then the path integral at level k associate to every closed
oriented 3—manifold a complex number and to every compact oriented 3—manifold with nonempty
boundary a section in a certain hermitian line bundle.

A more elaborate analysis (which on a physical level of rigor is done by Witten in [W]) suggests
that the Hilbert space Z;(0X) we are looking after, is a certain space of sections on a vector
bundle over the Teichmiiller space of complex structures on dX. The fibers in this bundle are
constructed from the line bundle (L P)'C — M$p in a certain way which I will indicate now.

Let Y be a closed oriented 2—-manifold and let Q — Y be a G bundle. Let Ly — MSQ be
the smooth hermitian line bundle with unitary connection V and symplectic form w on ./\/lsQ
from Proposition 3.8. Write M = Mg, and L = L), and let T" be the Teichmiiller space of
complex structures on Y. (A Riemannian metric on the oriented 2-manifold Y defines a complex
structure on Y and makes Y a Riemann surface. The Teichmiiller space singles out the distinct
complex structures on Y. There is a one to one corespondence between the complex structures
and conformal equivalence classes of metrics.) Now let Y, be the Riemann surface (Y, o) for o € T'.
We then have the Hodge *-operator * : Q(Y,,C) — Q(Y,,C) defined by

(20) *T 1= Z'(fj — 77'2),

where we write 7 = 71 + 72 according to the usual decomposition Q!(Y,,C) = Q10(Y,) ® Q%1 (Y,).
(The complex structure o corresponds as mentioned above to a conformal equivalence class of
metrics on Y. Now if R, is a representative for this class, we have a star operator on Q*(Y)
induced by this Riemannian metric and the orientation on Y. It can be shown that this star
operator restricted to Q!(Y") is independent of the chosen representatative R, and coincide with
the x-operator defined in (20).) * induces an operator * : Q1(Y, gg) — Q'(Y, gg) by tensoring with
the identity on Q°(gg). By Hodge theory we have an isomorphism

HY (Y, dy) 2 H' (Y, dy) :={p € Q' (Y,90) | dyyp =0, d}p =0}

for n € Ag, where d;; = — * dy* is the adjoint to d;, with respect to an L?-inner product on
QA*(T*Y) ® g), see Remark 3.3. H!(Y,d,) are the so-called harmonic forms. By [AB] we have
an identification
T,M = H'(Y, d,).

The *-operator is an automorphism on the harmonic forms and *> = —1, so by the above iden-
tifications we have then obtained an almost complex structure J, on M. We denote M with this
almost complex structure by M,. .J, is compatible with our symplectic form w on M. This follows
since the pullback of w to the space of irreducible flat connections on @ is given by the 2—form
(19) in Proposition 3.8, which we denote by & here. Now by Remark 3.3 this is given by

Slpt) = —2 /Y (A B)g = 2o 5t) ot € QY g0),
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where (-, ) is a symmetric form on Q(Y, gg). But then it follows that
@(xp, x1p) = =2(xp, ) = =2(¢, xp) = —w(¥, ) = @(p, Y)

which shows that J, is compatible with w. It can also be shown that J, is integrabel. M, is an
open subvariety of a closed projective algebraic variety M,. Futhermore the space of holomorphic
sections H(M,, L) is isomorphic with H(M,, L) and dim(H°(M,,L)) < oo. Now there is a
vector bundle H — T over the Teichmiiller space with fiber H, = H°(M,, L). A theorem states
that there on this bundle is a so-called projectively flat connection V. If the genus g of Y is > 2,
T is topologically an open cell of dimension 6g — 6 an is therefore contractible. If V was flat we
would have a trivialization of H — T and could define the Hilbert space Z(Y), we a looking after,
to be the covariant constant sections in the bundle H — T with respect to V. One obtains a flat
vector bundle over T' by tensoring with a certain line bundle L/, constructed from the determinant
line bundle Lp — T over the Teichmiiller space with fiber Lp , = det H L(Y,, O) (for more details,
see [An]).

Theorem 4.1. There exists a flat bundle Z — T with fiber Z, = H*(M,, L) ® L' 5, where L'y is
a certain line bundle constructed from Lp.

We then define Z(Y') to be the covariant constant sections of this bundle. The story above can
be repeated with the bundle L — M replaced by the bundle L®* — M. Note that the bundle
L', in Theorem 4.1 depends on this k. We denote the resulting Hilbert space by Z(Y). It is
then believed that our partition function Z;(X) calculated via the path integral takes values in
Z1(0X) and that this pair constitute our Chern-Simons TQFT, see [W] and [RSW]. Actually if
one uses the formal properties of the path integral and the properties of the Chern—Simons action
described in Theorem 2.15 one ends up with a TQFT satisfying the axioms A0-A6. Note here
that the Chern-Simons action 275X (=) does not depend on a choise of metric on X. (However as
pointed out in [W] this is not enough to secure that the Chern-Simons quantum field theory is a
TQFT. Actually it turns out that one needs to choose a framing of X, see next section, to obtain
a topological invariant. Thus one has an invariant for each positive integer k£ and each choise of
framing.)

On the other hand Reshetikhin and Turaev’s combinatorial and mathematical rigorous approach
also produces a TQFT satisfying these axioms. Let us denote Witten’s and Reshetikhin and
Turaev’s invariants at level k respectively by Wi (—) and RT%(—) as in the introduction. From now
on we assume that our 3—manifold X is closed. One main difference between the two approaches
is then that in Witten’s theory, the formal stationary phase approximation of the path integral
predicts a formula for the asymptotic behaviour of Wy (X) in the large k limit. If the moduli space
Myx of flat connections is discrete, this formula is a sum over the points in M x according to
[W], [FG], [J] and [Ro], see below. What is really interesting about this asymptotic expression is
that it involves such quantities as Chern—Simons invariants, Reidemeister (or Ray—Singer analytic)
torsions, spectral flows and dimensions of certain cohomology groups, quantities which do not enter
into the theory of Reshetikhin and Turaev in any obvious way. Moreover, the theory of Reshetikhin
and Turaev does not at all produce such an asymptotic formula. Their invariants are expressed
as polynomials in a root of unity, whose order is some power of K (K = k + n for the SU(n)-
theory). Thus the asymptotic behaviour of RT%(X) as k — oo is far from obvious. Nevertheless,
if RT,(X) = Wy(X) for all k, their should be such an asymptotic formula for RT;(X). In [FG]
Freed and Gompf investigate the large k£ limit numerically for lens spaces and Briskorn spheres,
and their results confirm the asymptotic formula for RT(—) predicted by the path integral in these
cases. (In these computer tests they work with well-defined explicit expressions of the invariants
of the spaces under investigation.) It should be said that the asymptotics of Witten and also
the asymptotics investigated by Freed and Gompf are the leading order large k asymptotics (also
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called the semiclassical approximation). In [J] Jeffrey finds the exact asymptotic expansion to all
order of RTj(—) in the case of lens spaces for G = SU(2). She also determine these asymptotics
for certain torus bundles over S' for any compact simply laced simply connected simple Lie group
G. Her results also agree with the asymptotic formula predicted by the path integral. Inspired by
Jeffrey’s work, Rozansky studies in [Ro| the case of 3-fibered and more generally n—fibered Seifert
manifolds with base S2. However, several points need to be clarified in that paper. In the next
section we take up a careful examination of Rozansky’s results.

It is a major challenge to find a relation between the asymptotic formula predicted by the path
integral and the RT—invariants for an arbitrary closed 3—manifold X. This could be done either
by finding a mathematical rigorous way to define the path integral and then prove the asymptotic
expression predicted by that path integral and the equality Wi (X) = RT;(X), or by finding an
asymptotic formula for RT;(X) in the limit of large k£ and then show, that this is equivalent to the
asymptotic formula predicted by the path integral. Both approaches are difficult, but probably
the second approach is the most likely to succeed in the near future.

We end this section by conjecturing an asymptotic formula for Witten—Reshetikhin—Turaev’s
invariant, for an arbitrary closed 3-manifold X. As mentioned above Witten calculates in [W] the
semiclassical approximation of the Witten invariant in the case where the moduli space is discrete,
hence finite. In [FG] Freed and Gompf make some minor corrections to this formula and conjecture
a more general expression. Their result is

« 62m(k+2)SX(Ai)(k+2)(dimHifdimH%i)/2

)

where H} = H*(X,ds) and Sx(A) is the Chern-Simons action defined in Section 2. Here ~
indicates that the right-hand side is an asymptotic expansion of the left hand side, meaning
that we could replace ~ by an equality if we at the same time add a remainder term on the
right-hand side which is small compared to the shown expression on the right-hand side for large
k. The number b'(X) is the first Betti number of X as usual and 7x(A) is the Reidemeister
torsion of the complex (Q*(X,gp),da), where we have fixed a SU(2) bundle P — X. Finally

xdy  —dax } c
d AX 0
End(Q(X, gp) ® Q'(X,gp)) as we run along a path from the product connection (recall that P
is trivializable) to A. Like for 2-manifolds H%(X,d) can be identified with the Lie algebra of the
stabilizer of A in the gauge group. If A is irreducible this cohomology group therefore vanishes. For
an irreducible flat connection A we also have an identification T4 M% = H 1(X,da) where M¥ is
the manifold of flat irreducible connections (to be precise here H'(X,d) is the so-called Zariski
tangent space of the moduli space Mx). If the moduli space is discrete and if A is irreducible,
we then have that H*(X,d4) = 0 by Poincaré duality. In this case the Reidemeister torsion is a
well defined nonnegative real number. If the moduli space is no longer discrete, one can interpret
7x (A)Y/? as an element in det H' (X, d4)*, see [J]. Tt is then believed that these ”square roots” in
a certain sense define density functions on the connected components of the moduli space, that is
they define integration measures on these components.

14 is the spectral flow associated to the Atiyah—Patodi—Singer operator D4 = [

In general when physicists make a stationary phase approximation of the path integral fT e%ikc(d’)Dqﬁ,

each stationary point ¢; of the Lagrangian £ : T — R contributes a classical exponential 2mikL(¢:)

times an asymptotic series in 1/k:

[e.e]

/T 2r kL@ Dy Z o2mikL(:) Z ck;

J=0
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We assume here that the stationary points are isolated in the space of fields. (If this is not the
case, the physicists use a special trick called the Faddeev-Popov procedure to get an asymptotic
expression. For more on this subject, see [BN, Chap. 1].)

We have seen that the Chern—Simons action is constant on the connected components of the
moduli space M x and that M x has only finitely many components, see the end of Section 3. In the
light of all these observations we speculate that the full asymptotic expansion of the RT—-invariants
of an arbitrary closed 3—manifold X is given by

Zk(X) N Z eZﬂikazde Z Cé-kij,
=1 =0

where the sum has to be thougt of as a sum over the components MlX of the moduli space. Here
e?mka ig the constant value of the Chern-Simons action on the component ./\/llX, and one should
think of d; as d; = Max 4 vl 1/2(dim H*(X,d4) —dim H°(X,d4)), see however below about these

d;. Finally it is believed that the cé are complex numbers given by certain integrals of functions
on the components of the moduli space with respect to the integration measures, which generalize

the square root of the Reidemeister torsion, that is cé. = IAEMZX fjl»(A)T)l(/Q(A). If we let b, = ¢}, we

get (if ¢} # 0 which we assume here)
(21) Zp(X) ~ > bemRerpd [ 14y " al g
=1 j=1

One interesting question which arise in connection with the expression (21) is the following: If
we can show that this asymptotic expression is a topological invariant is there then topological
information hidden in the numbers oy, b;, d; and ag- which are functions of the 3—manifolds? Is
any or maybe all of these functions topological invariants?

It is not at the moment clear what is the right interpretation of the d;. Omne can define a
generic max df”" = maxacy, d(4) where d(A) = 1/2(dim H'(X,da) — dim H(X,d4)). Here U,
is a certain open dense subset of the component MZX of the projective algebraic variety Mx. As
above we can also define the total max dj*** = max ¢ g d(A). (An instructive way of thinking

of Mx here is as a union of manifolds (maybe with different dimensions) such that Mx is locally
diffeomorphic with euclidian spaces (or half-spaces) except in some (isolated) points called the
singularities (where the different manifold parts intersect nonsmoothly). One can then think of
the manifolds in topdimension as partitioned into (finitely many) open subsets each on which d(—)
is constant. Then dlgen is the maximum of these constant values, and d;"*** is the maximum of
these values and the values of d(—) in the singularities belonging to the component MY..) Tt is
then believed that one shall use a d; such that df/" < d; < d]"®. Their are situations where
di*" < dj"**, and in these situations it is not yet known what is the correct choice of the d;.

A question which arise is the following: If the asymptotic expansion is itself a topological
invariant, how strong is this invariant compared to the original invariant Z;(X)? Do their exist
two closed 3-manifolds X; and X5 with the same asymptotic expansion but with Z(X;) # Zx(X2)
for some k € N? It is my intension to investigate all these matters in the futere.

5. LARGE k ASYMPTOTICS OF WITTEN—RESHETIKHIN—TURAEV’S INVARIANTS OF 3—FIBERED
SEIFERT MANIFOLDS

The first main part of this section is devoted to the task of finding the exact asymptotic expansion
in the limit of large k of the Reshetikhin—Turaev invariants of 3—fibered Seifert manifolds. We will
concentrate on the SU(2)-case, and in all what follows K = k + 2.
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Let ng) be the Hilbert space at level k for the standard torus 72 = S* x S* for Witten’s path

integral TQFT. This is a & + 1 dimensional complex vector space with a hermitian metric and
a destinguished orthonormal basis 1,2,... k-+1. Hg@ caries a unitary representation R of the
mapping class group of the torus, SL(2,7Z). The standard generators for SL(2,Z) are

s=(19) m=(01)

We write M for the matrix of R(M) in the basis 1,2, ... k+1. Then

5 2 . o ~ _im i
(22) Sj = \/?sm <JK> , Tj=e 4exp (2[{]2> it

Actually R is a representation of the modular group PSL(2,Z) = SL(2,Z)/{£1}, so R(5?) =
R((ST)3) = 1. Now let p1/qi,...,pn/qn be rational numbers in lowest terms. The n-fibered
Seifert manifold

(23) X=X(p1/aq1,---:Pn/ )

is obtained from S2 x S' by cutting out n disjoint solid tori D; xS (Dy, ..., D, disjoint disks in S?)

and gluing them back after twisting the boundary of D; x S by a matrix M; = M (p;, ¢;) € SL(2,7Z),

where ( Zq)Z ) is the first column in M;, i.e. M; = < Zl Z’
K3 (2 K]

choise of the r; and s; affects the framing (see below), but not the diffeomorphism type of the

resulting manifold. By [FG, Formula (1.17)] we have

, where p;s; —q;r; = 1. The particular

K-1
(24) Zk(X) = Z (Ml)all . (Mn)anlNal.‘.am

g, ,an=1
where Ny, . .a, are the so-called Verlinde numbers given by
K—-1 &

(25) Nal---an = Z SOqBS?Qﬂ .. CQSO‘TLB
p=1 (S1)"~

for n > 2. For n = 1 we have N, = 04,1. Note that Ny 0, = 0ay,a., since S is unitary with
S2 = I and S is real. X(q/p) = L(p, q) are the so-called lens spaces, and we see that Zi(L(p,q)) =

(M(q,p))11-
In [W] the Verlinde number N, o, is identified with the invariant of S? x S! containing

a n—component link, where the «; are certain numbers attached to the components. Actually
the above expression (24) for Z(X) follows from arguments given in [W]. However since these
arguments are nonrigorous, it is important to note here that the right-hand side in (24) equals
Reshetikhin—Turaev’s invariant of the Seifert manifold X at level k. This follows from a result in
[KM]. Therefore we also just write Zx(X) instead of Wi (X) and RTy(X) for a Seifert manifold
X.

As mentioned in Sect. 4, Witten’s invariant is only ”well-defined” after a choise of framing
of the 3—manifold. When we compare our results with the asymptotic formula predicted by the
path integral, we therefore need to keep track of which framing the path integral invariants are
calculated with respect to. Let X be a closed oriented 3—manifold. A 2—framing (or just a framing)
for X is a homotopy equivalence class of trivializations of TX © T'X viewed as a Spin(6) bundle.
According to Atiyah [A1] there is a canonical framing for X. The possible framings correspond
to Z. A change of framing by one unit multiplies the path integral Z;(X) by exp (—%‘3), where

c= kg—ﬁ for the SU(2)-theory, so we see that the numerical value of Z;(X) is not affected by the

choise of framing. We adopt the convention that the canonical framing on X corresponds to the
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zero element in Z. For m € Z we let Z(X,m) be Zx(X) calculated with respect to the framing
on X corresponding to m. One way of calculating Z;(X) is by using the way the path integral is
acting under surgery (see the gluing law for a TQFT, axiom A3 in Sect. 4). Every closed oriented
3-manifold can be obtained by rational surgery on some link L = LUL; in S? (or on some link in
another fixed closed oriented 3—manifold). Now let X7 be a closed oriented 3—manifold obtained
by doing surgery on the link L in S2. Suppose we can calculate the path integral Z(Xp) from
our knowledge of the path integral Z;(S3,0) and the given surgery data. Then the question is
which framing Zj(X) is calculated with respect to? This problem is studied carefully in [FG].
Lets review their results here. A specific surgery along L is carried out in the following way. For
each component L; we cut out a tubular neighborhood of L; (a solid torus) and glue it back after
twisting the boundary by a SL(2,Z)-matrix M; = ( p ’ Z’ ) The diffeomorphism type of the
(2 (2

resulting manifold is independent of the r; and s;. However the framing is sensitive to our choise
of these numbers. Let us first look on integer surgery (where the ¢; are all equal to 1). Then
pi —1
1 0
then there is a specific framing ¢ € Z on X determined uniquely by the above surgery data.
If one calculate Z;(Xy) from the gluing law by using the surgery description and Z;(S2,0), then
one actually ends up with Zx(X1,r). The integer ¢y, is determined in [FG] Theorem 2.3. To
get Zx(X1,0) one therefore needs to multiply Z;(X,¢r) by exp (if5¢1) (according to the sign
convention in [FG]). Now if we do rational surgery, there is a way to reduce it to integer surgery.
If M € SL(2,Z) we can always write M = T*S ... TS and according to [J, Proposition 2.5], the
a; form a continued fraction expansion of p/q. That is,

we will use the convention that M; = = TPiS. If 3 is given the canonical framing,

1
p/q:at_717 a; € 74,
at—1 — 1T

al

. . (1) (i) .
which we abbreviate p/q = (a1,...,a¢). Now let M; = T% S...T% S. Then the rational
surgery (M;, L;) can be replaced by integer surgery on a t;-component link with matrices M; =

O @
a]i 01 = T“ S without changing the diffeomorphism type of the resulting manifold X7,
see Fig. 1, [FG] and [R, Chap. 9]. According to the above there is a specific framing on X, deter-

mined uniquely by these integer surgery data.

Figure 1
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Now let X be the n—fibered Seifert manifold (23), and let M; be as above i = 1,...,n, such that

i/ G = (agi), e ,agf)). Then the invariant at level k with respect to the canonical framing on X is
K-1
(26) Zn(X) =€ 3" (Mot - (Mn)a,1Noy...an-
a1y, =1
Here
n ot
(27) op =13 |80+ Y |,

i=1 j=1

where ¢ = 255 and 0 = —sign (Z? 1 pl) + > sign (pl) + > 12; !sign(a ()). Actually,
Freed and Gompf conjecture in [FG, p. 105] that the Reshetikhin—Turaev invariants (if they equal
Witten’s invariants) are calculated with respect to the canonical framing. In the following we
will not write any framing factor, but use (24). We can always at the end adjust our result to

the canonical framing by multiplying with e*®fr. If M = ( Z Z > € SL(2,7Z) we have by [J,
Proposition 2.7 (a)] that

. sign(q) — I H(M) ( in 2 2 >
= 1 e 4 ex — -2 + s
V] > > prexp qu[m pyB + 567

lq|—1
sign(q (M 9 9
= 27 ex a+2Kn)* —2uf(a+2Kn)+ s ),
N z;ﬂzou p<2K o )? — 2B ) + 56°]
o n
where @ is the Rademacher phi function defined by
pts _ i
(28) (b |: p r :| — { Tq 12(Slgn(Q))S(87 ‘q|) ’q # 0
q s P ,qd = 0.
Here, for ¢ > 0 the Dedekind sum s(s, ¢) is defined by
1 & 7rsy
If M; = ( PiTi ) € SL(2,7) such that Mz = M; My we have
(30) ®(Ms) = ©(My) + (M2) — 3sign(q19243)-

Since the representation R of SL(2,7) is unitary we have R(M 1) = R(M)*, so Mas = (M\*/l)ga.

Now since M € SL(2,Z), M~ = ( _Sq —pr ), and (30) implies that ®(M 1) = —®(M). All in
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all this implies that

My — ;sign(e) o)

V2K]q|
lgl -1
(31) Z Zuexp (QK s(B+2Kn)? —2,uoz(B+2Kn)+paZ]> ,

pu==+1 n=0

X

which is identical with [Ro, Formula (2.25)]. Before going any futher I will show some technical
lemmas. They are necessary to secure that the method we will use to rewrite the partition function
for the 3—fibered Seifert manifolds is exact. We will need Poisson’s summation formula

(32) Z @(kl, R kn) = Z / " 27” (maz1t- +mnzn)§0<$1, con ,.’L'n)d.fl ce dﬂ:’n

(k1,eokn)€Z” (m1,.cmn
This is valid for all p € S(R™) (the Schwartz space of smooth functions, that are rapidly decreasing
at infinity), see [Ho, p. 178].

Lemma 5.1. Let F : Z" — C be a function periodic in all variables with a period of N; in the ith
variabel. Let P;(z) = A;x? + Bz + C; be polynomials with real coefficients such that A; > 0 for all
i. Then

Ni—1 Np—1

S Pl

k1=0 k=0

(H\/ N> 11%16 72y e ORGP ) Pk Ky

(k17-~~7kn)€Zn

for all functions f :]0,a] —]0, co[ with lim._o, f(e) = 1.

Proof.  The series Z(kl Y/ e~ /(P ++Palkn)) (K, ... ky,) is absolutely convergent
since F' is periodic in all variables, and hence
Z e—WEf(E)(Pl(k1)+~~~+Pn(kn))F(k1, k)

(kl,,._,kn)GZn
Ni—1 Np—1

Z Z (J1s---sJn) Z o Tef () (Pr(j1+kiN1)++Pn(jn+knNn))
J1=0 Jn=0 (k'l,..-,kn)EZn

We therefore just have to show that

lim €/2V AN E e e EOPGHEN) —
e—04 7
ke

for a polynomial P(x) = Az?+ Bz + C with real coefficients and A > 0. It is enough to prove this
for P(z) = (d + Lxz)? where L > 0 and d € R. Let j € {0,1,..., N — 1} be fixed. By Poisson’s
formula we have

Q Z efﬂ'ef €)(d+L(j+kN)) Z/ e2mima 77I‘Ef( )(d+L(j+zN))2 dz.
keZ meZ,
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Now let € €]0,a] and let k() = ef(e), c=d + Lj, M = NL and y = k(e)'/?(c + xM). Then

1 2mime . Yy — 2
Q(E) = LNk;(E 1/2 Z e M /OO exp <27T’Lm]\4k(6)1/2> e Y dy
1 2mime 7T7TL2
LNk(e)1/2 Z ¢ e (_M%(E)>

since [ eMeav* dy = (2)1/2 e?*/4% for a,b € C with Re(a) > 0. But then

1 1/2 . 1 _ 2mimec 7Tm2
LN lim &7Q(e) = lim 3 e 3 exp { —ymrrs
meZ,
since lim¢_o, f(e) = 1. Now
_ 2mime m? > 2mime 1 = 9 2
Z e M exp <_]\42k(6)> :1+QZCOS< M )eXp (—2]\42]{:(6)771 >

meZ m=1

and since k(e) > 0 we have
> 2mimece 1 = 9 2 > 1 = 9 1 =

_Z < _Z _Z .
Z( M )eXp< 2M2k<e>m> = (;eXp< 2M2k<e>m>)e"p< 2M2k<e>>

m=1

Now choose D > 0 so f(e) < D for all sufficiently small € €]0,a]. Then k(e) = ef(e) < aD so

= 1 =«
m2) < 21 2\ _ .
Zep( 2M2k() >—mZeXp( 2M2aDm> C<oe

=1

(Ero (b)) () <00 (i)

m=

But then

when € — 0. O

Lemma 5.2. Let F : Z — C be a bounded function and let f :]0,a] —]0,00[ and h :]0,a] — R
be functions such that f(e€) — 1 and g(e)/e — 0 when € — 04, where g(e) = h(e) — 1. Let
P,(z) = A,x? + B,z + C,, be polynomials with real coefficients such that A; > 0. Then
li%l /2 Z e~ SO exp(ih(€) Py(n))F(n) = hm /2 Z e~ OPL) oxp(iPy(n))F(n)
€—U
nEZ neZ

in the sense that if one of the two limits exists then does the other and they are equal.

Proof.  We can assume that Pj(n) = (c + Ln)? where L > 0 and ¢ € R. Let M €]0, 00|
such that |F(n)| < M for all n € Z. We then have

Qle) = |/? Z e~/ (ctLn)? exp(ih(€)Py(n))F(n) — ¢'/? Z e/ (ctLn)? exp(iPa(n))F(n)

nez nez

< MY e TN explig(e) Po(n) — 1.
nez
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Now use that |exp(if) — 1| = 2|sin(0/2)| < 2|0/2| = || for all § € R so

Qe) < Me2[g(e)] Y e IO o).
nel
If we write Py(n) = b(d + Ln)? 4+ u we get

Qle) < Melg(e)llul Y e O L Mel2lg(e)|[b] Y (e + Ln)2e=e/ et ln)?

nel nel
+ M g(e)|[bl(d — 0)? Y emSAetin)
nel
+ Me7?|g(e)|[bl2(d — ) Y (c+ Ln)e e/ O+l
nel

We compare the sums s(\) = ZHGZ(c—i—Ln)’\e*EJC(e)(‘3+LTL)2 with the integrals I(\) = fooo(Lac)’\efef(e)(L:’““)2 dx,
A =0,1,2. Let G(z) = Lae O and H(z) = L22%e </(9L°7°  Then an easy computa-

tion shows that G is increasing in [0, a.] and decreasing in [ae, 00 and H is increasing in [0, b

and decreasing in [be, 0o, where a. = (2¢f(e)L )*1/2 and be = (ef( )L )*1/2 Now G(ae) =
(2eef(€))~ Y2 and H(b.) = (eef(e))~" and I(0) “L/7/(ef(e)), I(1 (2Lef(€))~! and

I(2) = /7/(4L(ef(€)3/?). We see that lim_o, € 1/2|g( )|I( ) =0for A = O, 1,2 and lim,_,o, €'/2|g(€)|G(ac) =
0 and lim._o, €'/2|g(€)|H (b) = 0, so the result follows since

1s(0)] < 24 21(0), |s(1)| <4G(ac) +2I(1), |s(2)] < 4H(b) + 2I(2).

We will use the above lemmas to evaluate expressions of the form

I= Glirél+ /2 Z / ~meP@) oxp(inQn(x)) dz,
neZ,

where P(z) = (v/Aiz+B1)? and Q,,(z) = Asz?+ By(n)z +Ca(n) have real coefficients and A; > 0,

Ag # 0, Ba(n) = Ban+ Ds. Tt is a fact that the integrals in I can be calculated exact by stationary

phase approximation (SPA), if one uses the stationary points of ie P(x) + Qp(x). However, we will

show that to calculate I exact by SPA, it is enough to consider the stationary points of the @, in

the situations we will meet. This will follow from the proof of the following proposition.

Proposition 5.3. Let Q,(z) = Asx? 4+ Bay(n)x + Co(n) be polynomials with real coefficients such
that As # 0 and By(n) = Ban + Dy. Let Ay > 0 and let By € R and assume that F : Z — C
given by F(n) = exp(inCa(n))exp(—itBa(n)?/(4As2)) is periodic in n with a period of N. Finally
let G : 7Z — C be periodic with the same period N. Then

Jlim 2> G(n / e WA oxp(imQu () )
neZ o

2 iZsign(Asz) |A2
= —e 4 G
N |BQ| Z

Proof. By change of variables we can assume that B; = 0. Note first that

I = lim €'/? Z G(n) exp(irCa(n ))/ e exp(imAgz? + Ba(n)z))dz.

e—04 PN
nel
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Here

/ g meAie? exp(imAgz® + Ba(n)z))dr = / o0’ exp(b(n)x)dx

—0o0 —0o0

m\ /2 . b(n)?
= e X —_—
Qe P 4a. )’
where a, = meA; — imAy and b(n) = iwBy(n) = im(Ban + D). Note that Re(ac) > 0. We use

here and elsewhere the branch of the square root, which is positive on positive real numbers and
defined on C \ {z € R|z < 0}. Now

b(n)2 B _71'Bg(n)2
da. 443

-1
where f(e) = (1 + (121;)2> , SO
I

= hm () ac)'/? hm /2 Z G(n) exp(imCa(n))

e—04 e—04
nel

X exp <—7r6 f(e)“hifg)z> exp (—m F(6) Biig)?) .

Here lim, .o, (m/ae)'/? = (i/A3)'/2. Let us next evaluate I by SPA where we only use the stationary
points of the @),,. We find immediately

/ e—7reA1$2 eXp(i?T(AQ-’L'z + Bz(n)x))dl'

—00

fe)(eAr +iAz),

1
NG|
where z,; = —By(n)/(24s) is the sationary point of @, () (so depends on n). Here (2 /m)1/2eia19m(A2) /| /2] Ay| =
(i/A2)'/? and Aga?, 4+ By(n)zs = —Ba(n)?/(4A4s) so

* —meAqz? . 2 i AlBQ(n)2 . BQ(”)2
/ e 1 exp(im(Agw —|—Bg(n)x))dac~1/A2exp< WGW exp | —im A,

—00

~ (27_[_/71_)1/261%81'911(142) e —meA12, exp(m(Agxst + BQ( )xst))’

and we see that I ~ I,,,, where

7 AlBg(n)Q . Bg(n)Q
Lspa = 1/ s eli%: l/2 Z G(n)exp(irCa(n)) exp <—7764A% exp | —im i, )

Now, since exp(imrCa(n)) has unit norm and Ba(n) is linear in n, we get by Lemma 5.2 (the involved
limits exists by Lemma 5.1 and the periodicity assumption in the proposition) that

. : 2
! :\/Ai Jim 61/2%(; exp(imCs(n)) exp (—mﬂe)““fjém) exp <_WBEZ> >
ne

Finally, since exp(irC2(n)) exp(—imBa(n)?/(4A2))G(n) is periodic in n, it follows from Lemma 5.1
2
that I = Ip,. To end the proof simply note that the factor in front of n? in % is A1B3/(4A3)
2
and use Lemma 5.1. O

We will now start analysing the invariants of the 3—fibered Seifert manifolds. According to (24)
we need to know the Verlinde numbers N, ay.05 for (a1, g, az) € Z3 inside the fundamental cube

(33) 0<ag,a a3 < K.
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By (25) we get immediately Na, az,05 = 0aj,a, if g = 1 where {j,k} = {1,2,3}\ {i}. Actually we
have according to [Ro] that Nu, a3 = 1 if @1 + a2 + a3 is odd and

ar+as—az > 0,
ay —ag+az > 0,
—ar+as+az3 > 0,
(34) o1 +oas+az3 < 2K.

For all other (ay,as,as) € Z* inside the fundamental cube, Ny, 505 = 0. Now

1 27!'2')\(1—041—042—043) — 1 1—(—1 al1+ag+as — 1 , 1 + (&%} + a3 Odd
¢ 2< (1) ) 0 ,a1 4+ as + as even

_nl
A=0,%

so we can drop the restriction of the parity of a; + ag + a3 if we change the formula (24) into

1 -
(35) Zk(X) = Z Z 27”)\ Tmeamaas aS)(Ml)all(M )0421(M3)a31Na1,a2,a3’

0<ay,az,03<K )= 0, 1

where Naj apas = 1 for all (ay,az,a3) € Z3 satisfying (34). Here X is our 3-fibered Seifert
manifold given in (23) for n = 3. Note that the region in R?® defined by the inequalities (34) is
an open tetrahedron inside the fundamental cube (33). We will change this formula, so that we
get a sum over a set, which does not depend on K. We first change it into a sum over all of Z3.
To this end we use the symmetries of the matrices Mag given in (31). By using this expression
we can actually extend Mag to be defined for all o, 3 € Z. Now if M € SL(2,7Z) we can write
M=T%5...T"S. Then for 0 < o, 6 < K

K-1
(36) Maﬁ = Z To(thSOCjt—lTjit:;Sjt—ﬂt—Q Ta Sjlﬁ
J1yenjt—1=1
since T is diagonal according to (22). Here T; = Tj;. We can use (22) to define Sj; and T}; for all
J,1 € Z, and we can then use the above formula (36) to define Mg for all o, § € Z. Note that this

extended Ma,@ satisfies (31) for all o, 5 € Z, so the two ways of extending Mag coincide. Now by
(22) and (36) we easily get

(37) M—aﬂ = - Na,ﬂa Ma+2K,ﬁ = Ma 8-

)

We also have to extend Nal,a%a?). For later use we extend it to all of R3. We simply define it
to be zero on the boundary of the fundamental cube (33) and let Nal as,a3 = 1 on the tetrahe-
dron (34) and finally let Na1 sz = 81gn(ozloz2a3)N|al‘ las,|as| fOT (a1,02,03) € R3 in the cube
—K < aj,as,a3 < K. The mapping (a1, as,as3) — Na1 az.op 18 now extended to all off R® by
requiring it to be a periodic function of its indicis with a period of 2K in all variables. Note
that e?miAl—ar—az—as) = 2riX(1—fal—lazl=lasl) for all (a1, aq, a3) € Z* and A = 0,1. With these
preparations we have

1 1 L - - ~
(38) Zk(X) - é Z Z 5627”)\(1 e as)(Ml)Ofll(M?)ml(M3)a31N0t1,az,a3'
—K<ai,az,az3<K )\:07%

The next step is to extend this sum to all of Z*. For a fixed A € {0, 1} the function F : Z* — C
given by

1 . I - -
= —ePriMimen—e2=as) (V1) 4 (M) ay1(M3)ag1 Nayas,05

F(Oél,OéQ,Oé?,) 9



39

is periodic in all its variables with a period of 2K according to (37). By Lemma 5.1 it then follows
that

1/233
Zu(X) = 61_i%1+ (2K; ) Z Z %eQﬂ-i/\(lfal7a27a3)77r6(a%+a%+a§)
a1,a2,a3€24 2=0,%

(39) ><(Ml)all(MQ)agl(MS)a3lNa17a27a3'

Note that the functions Mag, M € SL(2,7), can be extended to all of R? in exactly the same
way, as we extended them to Z2, that is by using (31) or (36). (However, only the first relation in
(37) is valid for all a, 3 € R. The second is only valid for « € %Z and § € R. Note also here that

[Ro, Formula (3.7)] is only valid for a € Z and 8 € R.) Now the functions in the sum in (39) are
defined for all (a1, as, a3) € R? and belong to S(R?), so we can use Poisson’s formula (32) to get

2K61/2 1,0 °L
_ . e
Z(X) = 61_1)1’51 Z Z 3¢ /]R3 exp(—ﬂeZaj)
(ml,mg,mg)GZ j=1
X exp 27T’L Z — /\ Oéj Y 1)a11(M2)a21(Mg)aglNal,a%%daldagdag.
Now let
i 3
(40) Zy = i*sign(q1g2qs) exp 1 Z
Then we immediately get from (31) that
(41) Zn(X) = Z1 25,
where
3
K 1, [ 5
Zy = 1 g
2 6_{%:» 8 ) 2 Z , 3 a1,02,x H 2K|q]
A=0,5 (m1,ma2,m3)€Z =
XLZVJ- exp(2mi(m; — X)oyj — Weajz).
Here
' laj|—1
Lfl:”z;l nz;) L eXp (ZK [pjo” —2pa(l +2Kn) + s;(1 +2Kn) ])

By using exp (2??5]‘(1 + 2Kn)2> = exp (2;&.51‘(#(1 +2Kn) + 2Kmqj)2) for m € Z one finds
J J
that

“I]‘ 1

plamima)s, = 30 3 e (g e~ 2K map) + 1
w n=

+s5; (2K (np + mg;) + p) ]) )

Z exp(2mima) L), = Z Z [ exp <2K [pja® —2a(2Kn + p) + s;(2Kn + u)2]> .
meZ p==*1,c7



40 SOREN KOLD HANSEN

We therefore have

Zo = lim (2K61/2 Z 271-1)\/ f[ Z Z Me—wea?
=0+ apase =1 \/2K|QJ I ’

)\ 0, 1 j:il NjGZ
(42) <o (el 2%(2K(n3+q]A)+Mj)+8j(2Knj+uj)2])~

Note that (40)-(42) corresponds to [Ro, Formulas (3.8)—(3.10)].
The next task is to get rid of the function Nal,m,a?}, so we can get in a position, where we can
use Proposition 5.3. We will need some notation. For v = (v1,v9,v3) € {£1}3 and [ € Z we let
H(v;1) be the half-space Y2°_ vy + 2K1 > 0. For m = (my, ma, m3) € Z* we let T(m) be the
open tetrahedron inside the cube H [m; K, (m; + 1)K] on which Ny, ay.as 7 0. Let us give T(m)
a sign corresponding to the sign of N, ay.a; o0 T(m). We first observe that the sides of T'(m) all
lies inside plans of the form

(43) —aq + voas + v3az + 2K1 =0, v, v3 ==%x1, [ €Z.

This is certainly true for the fundamental +1 tetrahedron 7'(0) given by (34). As the fundamental
-1 tetrahedron we choose T'(—1,0,0). This is given by the inequalities

—a1+as—ag > 0,

—a1—ag+ag > 0,

—a1—ag—ag < 0,
(44) —a1t+ag+ag3 < 2K,
and the assertion is then also true for this tetrahedron. Now the other six tetrahedrons in the
cube [~ K, K]? are translations of these two fundamental tetrahedrons, by translations of the form
x— x+ K(e; —ej), i # j, where ey, ez, e is the standard basis in R?, and these translations take
plans of the form (43) to plans of the same form. Now if m € Z3, T(m) is the translation of one of
the above eight tetrahedrons by a translation of the form = — z + 2Kn, n € Z3, so the assertion
above is true. Now let P be the plan —ag 4+ vy + v3as + 2K1 =0 and let H = H(—1, v, v3;1).
Let m = (my,ma,m3) € Z3 so that T' = T(m) has a side in P. Then we have

T C H & vy = A,

(45) TNH=0<%x v =-)\,
where A is the sign of T'. Again this follows by first observing that it is satisfied for the funda-
mental tetrahedrons 7°(0,0,0) and T'(—1,0,0) according to (34) and (44). Now by the translation

description above one realizes that it is true for the remaining six tetrahedrons inside the cube
[~ K, K3, and finally that it is true for an arbitrary 7'(m). The main lemma is now

Lemma 5.4. For all f € L*(R3) we have

/ fN daidosdag = Z Z 1/21/3/ fdaydasdas.

1€7, va,va==1 —1,v2,v3;l)

We emphazise that the summation order on the right-hand side is crucial.

Proof. Let us investigate what happens in the plan a3 = ¢ where 0 < ¢ < K, see Fig. 2.
The dark regions indicate the tetrahedrons and the signs indicate the signs of the tetrahedrons.
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Let 41, ...,74 be the lines

M —a]+ag—c=0,
Y2 : —a1+as+c=0,
Y3 —a1 —ag+c¢c=0,
Y4 —ap —ag—c=0,

see Fig. 2. The lines parallel to v, and 79 in Fig. 2 have equations of the form —a;+as+vc+2KI1 =

0, v = %1, | € Z and these lines move in the direction ( 31 ) = < _11 ) for increasing . The
2

lines parallel to 3 and 74 in Fig. 2 have equations of the form —a; — as +ve+2KI1 =0, v = £1,

l € Z and these lines move in the direction < Zl > = ( 1 ) for increasing I.
2

Figure 2

Now let © be a subset of the band 0 < a3 < K. We assume that €2 is contained either in one of the
tetrahedrons 7' = T'(mq, m2, 0) inside the band or in one of the regions between these tetrahedrons.
Let

—a1+ a2 —az3+ 2Kl =
—a1 +ag+asz+ 2Kl =
—a1 —ag+ag+2Kl3 =
—al—ozg—oz3+2Kl4 =

o O O O
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be the plans bounding 7" or the region and let xo be the characteristic function of €2 and note that

Z / xaf daydasdas =0, | < min{ls,ls} or I > max{ls, 4}
v==+1 H( 1 —1,1/;[)

> / xaf dondagdas =0, | < min{ly,lo} or I > max{ly,ls}.
v—F1 H(-1,1,30)

Observe that |l; — l3] <1 and |l3 — 4] <1 and get

Z Z 1/21/3/ xaf daydasdag
H(—1,v2,v3;l)

leZ va,v3==1
= Z Z u/ xaf dardasdas — Z Z 1// xaf dardasdas.
=iy lp v=21 Y H(=11w) I=lg 1 v=21 Y H(=1,=1wl)

Now consider Fig. 3 where [, = min{l;,ls} and [, = min{l3,l4}. The normal to the plan
—a1 + veag + v3asz + 2K1 = 0 pointing into the half-space H(—1,v9,v3;1) is (—1,19,v3). The
arrows in Fig. 3 indicate the orthogonal projection onto the plan a3 = ¢ of these normals. The
signs after the [ indicate the signs of vsr3 in the equations for the lines (e.g. (I, + 1)— is the line
—ayp —as+c+2K(l, +1) =0). These signs follow from (45).

Figure 3
Now the result follows immediately. If e.g. €2 is contained in the + tetrahedron indicated by T on
Fig. 3, then we have that I{ =1Ily =4, I3 =1y and Iy =, + 1 and

v xaf daidasdas — V/ xaf daidasdas
Z Z /H(l,l,zx;l) Z Z H(—-1,—1,150)

l:ll,lg v==+1 l:lg,l4 v==+1

= / xof dardasdaz = / xafN doydasdas
H(-1,1,1l) R?
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since N = 1 on T. The other bands mK < a3 < (m + 1)K are treated similarly. The picture is
the same as in Fig. 2 for 2mK < as < (2m + 1)K, and the signs on the tetrahedrons has to be
changed for the bands (2m — 1)K < az < 2mK. Now R?® can be partitioned into subsets like (2
and the result follows. O

Now let f*, : R* — C be given by

3
1 2
1 (ar, 0, a3) = [ ————=e ™
" zl_[l 2K g
i
(46) X exp <2Kq~ [Pia? —20; (2K (n; + ¢;\) + i) + si(2Kn; + m)z]) .
(2

Then we have by Lemma 5.4 and (40)-(42)

Proposition 5.5. The Witten—Reshetikhin—Turaev invariant at level k of the 3—fibered Seifert
manifold X = X(p1/q1,02/q2,03/q3) is given by Zp(X) = Z1Zo where Z; is given in (40) and

/ ,
n- BT ey 5

Azo,% neZ?® Hip2,p3=%1

(47) X Mwwsz Z V2V3/ 7 de.
H(—1,v9,v35l)

lEZ vo,v3==%1
O

We will evaluate the integrals | H(— s wsid) f¥ da by stationary phase approximation (SPA). In-
spired by Proposition 5.3 we will use the stationary points of the phase funtions
3
1
(48) ale) = ; m[ﬁiaf — 202K (i + qiA) + )]
The stationary point of ¢ | () is given by

2K
(49) gt

)

= 77%1'7

i
where n; = fzi+2“—;'( =n;+qA+ 2“—;( Since the integrals are over half-spaces, we also need to consider
the stationary points on the boundaries of these halfspaces, see [Ho, Theorem 7.7.17]. That is, we

have to calculate the stationary point of qbz y under the condition —ay + veas + v3as + 2K1 =0
(there is one conditional stationary point (cst) for ¢! | on every boundary dH(—1,v2,v3;1)). By
a rather long but elementary calculation one finds that the cst on OH (—1,v9,v3;1) is

2K

(50) OCESt = I/i(l/iﬁi — qiéo),

7

where ¢y = % (Z;’:l % + l) and v1 = —1 here ((50) is also valid for vy = 1). Here P = p1paps

and
3 4
(51) H=P) ;7j~ = p1P2g3 + P19aps + Qp2ps.
j=1"7
Note that |H| is the order of the first homology group H;(X;Z) of the Seifert manifold X =

X(p1/q1,p2/q2,p3/q3). The above formulas for the stationary and conditional stationary points
correct [Ro, Formulas (3.15) and (3.17)]. Consider now one of the integrals fH(il ey S da. IE
,V2,V3; ) TL,A
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the point (49) does not belong to the half-space H(—1,v5,v3;1), then the integral is to first order
given by the contribution of the conditional stationary point (50). If, however, the point (49) is
within the half-space H(—1, v, v3;1), then we use the relation

(52) / 7’;6/\da:/ fj;)\da—/ " da,
H(—1,v2,v3;l) ’ R3 ’ 11_1(71,1/2,1/3#)C ’

where H(—1,v9,v3;1)¢ is the complement of the closure of H(—1,19,v3;1), that is the half-space
—a1 + g 4+ v3as + 2K1 < 0. The second integral on the right-hand side is again determined
by the cst in (50). The first integral is determined by the point (49). Note from this that the
contribution of the point (49) to the integral [ . fr’f y da is either zero or a quantity, which does not
depend on the half-space to which it belongs. If o given by (49) belongs to OH (—1, v, v3;1), then
ot is equal to a! given by (50). This simply follows from (49)-(50). If namely o € 0H (v;l)
then

3 3
0=2KI+)Y wof =2K <z+z

vifl;
i=1 -1 Pi

H

so ¢g = 0. But then afSt = i)—Kﬁi = aft. In the next lemma we determine the total contribution to

(3

Z of the points a®t, which lie inside the half-spaces H(—1,v1,v3;1).

Lemma 5.6. The total contribution to Zy of the stationary points (49), which do not lie on the
boundary plans (43), is given by

Zst - 1 <2K61/2)3 1 2T SH kod
R > e D s Y 0y Rsfn,x &

e—0+ 1 - 3
A=0,1 p1,p2,u3==%1 ne?,

where 81" = 3 € {£1} if the stationary point (49) of f¥ | lies inside a 3-tetrahedron, and § \, =
if this stationary point lies outside the tetrahedrons.

Proof. Assume that the stationary point ! of f;b\ lies inside W, where W is one of the open
tetrahedrons T(m) or one of the open regions between the closures of these tetrahedrons. Note
that ot € H(—1,vy,v3;1) if and only if W C H(—1,v9,v3;1). Now recall that for every half-space
H(—1,v9,v3;1) containing o, o contributes by vovs f]RB flixda to the integral fR3 Nf;i)\ do
according to Lemma 5.4, (52) and the remarks to (52). But then the total contribution of o to
this integral is

Z I/2V3/]R3 fT‘:Adoz: Z Vol /]R3 fs)\da
)

lvo,vs: ast€H(—1,v2,v35l lvo,vs: WCH(—1,v2,v35)

and by the same counting method as used in the proof of Lemma 5.4 we see that this is precisely
557}\ fRB f’fl"L/,A da. |:|

The following proposition brings us to the final formula for the contribution of the stationary points

(49) to the invariants Zj(X). The proposition determines exact the first sum Z,\:o,% D (1 nams ) €St Zé?hn%naA)

in [Ro, Formula (3.22)].
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Proposition 5.7. The total contribution to Z(X) of the stationary points (49), which do not lie
on the boundary plans (43), is given by Z1Z5' where Zy is given in (40) and

[p1]=1|p2|—1 |ps|—1

75t = Zg?»é S S S

2=0,3 p1,p2,43=%1 n1=0 n2=0 nz=0
3 1 T
X ——— 4 €Xp (uﬂm’ [lﬁi + 52-)\]> exp <2mK [ n — qzs,/\2]>
}_[1 V|pil Di Di

Here
iy

53 eZ4SIgn(pz‘h) exp < ? >

(53) I[l 2K b,

Proof. According to Lemma 5.6 we shall evaluate an expression of the type
: 3/2 I
Jmm € "y /3 SpnFn, dor.

neZ’

Let a®t(n, i, \) be the stationary point of ff:/\. Moreover, let n! = n + p;e;, where e, eg, e3 is the

standard basis in R?, and note that

. 2K
O‘ft(nznua )‘) = s (nz +Di + q 2K> :2K+aft(n,,u, >\)7
aft(n', i A) = o (n,pX), j#i

That is, if a*(n,u,A) € T(m) then o (n’, u, X) € T(m + 2¢;), and we see that 6", , = 68|, ie.

o no 18 periodic with a period of |pi| in n;. Now according to Proposition 5.3 and (46) we let

A1 =1, Ay = 2Kq , Bg(nl) = —qzﬁz = —%nz + (—2)\ — ;L;{) and Cg(nl) = ﬁsl@Knl +M2)2 =
2

2K -s5;(2Kn; — 2K q;\)?. Note that By = —2/¢; and that —iﬂ'Bi(X;) = _2qu Z(2an)2. We

therefore get

n;)?
F(n;) = exp(inC(n;))exp (_MBZ(AQ) >

i 1
- — = (2K7;)% + 5i(2K (7 — ¢i\))?
ex (G- L QP + 2K 0 — )P
= exp <2mK[ N2 + siqi\2 —251-)\7%-}),

f

where we use that % = ﬁ + ;—':'_ since M; = <pi " > € SL(2,Z). Now n; = 7; + 4% =

qi Si

ni + @A + 37 S0

F(n;) = exp <QZ;( n) exp <2mK[ n2 + szqz)\Q]>

X exp (,ulQm[ - 81)\]> exp(—2miK s;(2A\)n;).

%
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Finally we note that exp(—2miK s;(2\)7;) = exp(2miK (—2s;¢;A\?)) and exp (uﬂwi[l’;—:m - si)\)]> =
exp <ui27ri[;7zﬁi + SM)]) so

F(n;) = exp (;K 7"'> exp (27rzK[ — S\ ]> exp (;%27”[10

which has a period of |p;|. Now

2 izsign(an) L [lA2l _ izsignrig [ 1]
|pi |Ba| || A 2K |pi

so the result follows from Proposition 5.3. O

n; + 81)\)]) ,

)

Remark 5.8. For large K, af' ~ %(ni—kqi)\), so in the limet of large K, 6" | become independent
of . In the limit K — oo we therefore get

[p1|—=1|p2|—1|ps|—1

Zst ng S e S N Y g,

)\01 n1=0 n2=0 n3=0

ﬁ L sin ( [ i + sMD exp <2mK [pln _ QZSND

Note that this formula coincide with [Ro, Formula (3.29)].

We now start an investigation of the conditional stationary points contribution to Z;(X). From
Proposition 5.5 and (52) and the remarks to (52) we immediately have

Proposition 5.9. The total contribution to Zy(X) of the conditional stationary points (50) is
given by Z1 755, where Zy is given in (40) and

CS : 2K 1/2 T
Z5 t_ 51_1}& € Z 2miA Z Z

)\ 0,2 neZl® H1p2,p3=E1
X ppops E E V2V3/ fi da,
c.st] ’
leZ, v2,v3==1

where f[acst} ff;)\ do denotes the contribution of ast to the integral fH(_l va,vsil) fﬁ/\(a) da. To first
order we then have
Z(X) ~ Z1(Z5" + Z5),

where Z5 is given in Remark 5.8. U

Let us take a look on the integrals | H(— 1m0l fn )\( a)da. By a change of variables we get

/ da—/ dal/ dazdas f) \(o(a))
H(—l,ug,yg,;l) mA

where o(a) = Ag(a), g(a) = (a1 + W’ ag,a3) and A € O(3) is given by

Vl/\/g —1/11/2/\/6 —V1V3/\/§
A = VQ/\/g 2/\/6 0
v3/V3 —waus/V6  1/V/2
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Now let F' : S(R) — S(R) be the Fouriertransform and F* : S(R) — S(R) the inverse transform,
where S(R) is the Schwartz space. Using that

o oo
/ u(x)dx = / (F*Fu)(z)dzx
0 0
for u € S(R) one finds that

/ u(aq) dag = / d:c/ dc/ dovpe2micz—n) u(ay).
0

Use this for u(a1) = [p2 dasdas f)) \(o(a)) € S(R) and get

/ dal/ dazdas f | ( / dx/ dc/ daydosdaze®™ oo f“ (o(a)).

Now since o € O(3) we have

/ 7’;’/\(04) da:/ d:c/ dc/sdae%ic(x_(zg‘)l ”J'O‘J'JFQKl))fS’A(a),
H(—1,v2,v3;l) 0 —o0 R

where v = —1. Inspired by Proposition 5.3 we will calculate the a—integral by SPA by only using
the stationary point of the phase-function

a— 2c(x Zu]a]+2Kl)—|—¢ Z (@),
7=1
where ¢! | is given by (48). This is given by

2K 2K

(’flz + ViQiC) = Otft +

7 7

Qjc = Vigic,

and one finds by a rather long computation

-
a)do ~ Z3 ——— 1t exp (u?m’ [n — s-AD
/I—I(_17V27V3§l) H Z |pz ' ’ y2 ' ’

i=1 p;==1

oo o0 3
X  exp (27TZK [p n; — qzsz)\z]> }/ dx/ dc exp (—WeZaic>
i 0 —o0 i=1

H H
x exp(2mic(x — 2K1)) exp (2m’K [PC2 +2 <Pég - l> c}) ,

where Z3 is given in (53). Calculating the c-integral in the same way one finds that

e i5sign(H/P) 3 2K 2
P (a)da ~ Z3————exp | —me <'fz>
/H(—l va,v3;l) A V 2K|H| ; pi l
X HM exp<,u2m[ n—l—s/\}>exp<2mK[ n; 2 g\ + HZ])
7 i D 7 7 Di i P Co

=1

& P 1
d —Ted K% (B2, + 2vcq i | — —a2% — 2
X /0 xexp(—med K (B¢, + 2vcst)) exp (m [2H Ka: cox])

where ¢y = —ég + & T and 8 = Zl 1 and v = ZZ 1 VZZ’Z Finally, if one let I be the integral

over z in this expression one finds

I = exp(—medK?(Bé2 — 27yé0))J,
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where
2H K
= i Lfm P ’ /00 exp(—me(byz? + byx)) exp(—2micoz)x¥ dx
1 \oxKH) |, '

Here b; = 4Kp (%)2 > 0 and by = 4K L (v — Bé)). We now have to bring all these calcula-
tions together and use possible symmetries to reduce the expressions. One way of reducing the
calculations is by observing that the point a** in (50) does not change under a transformation

o P 1
J = / exp(—me(byz? + byx)) exp <i7r |:$2 - 2005U:|> dx
0

(54) (n1,n2,n3) = (n1,n2,n3) + (1191, 2q2,v3q3)m, m € Z,
where v has to be the one which determine acst

can maybe reduce the expression

Y3 e,

17, vo,v3=%1

. Using this and possible other symmetries one

to a single expression of the kind

2

—meaf oxp < [pia — 20;(2K (n; — qim) + 1) + si(2Kn; + Mz]) :
Z / L m 2Kq;

where af§* is the conditional stationary point on the plane 9H(—1,—1,—1;0). Note here that
exp <2Kq si(2K (n; — ¢sm) + Mz’)2) = exp <2Kq si(2Kn; + ;) ) This last sum of integrals is con-
sidered in [Ro]. It is then the hope that one can find a formula for Z§* which is a sum over an
indexset which is independent of K (like the expression for Z5' in Remark 5.8). If this succeed we

have an asymptotic formula for Z;(X), which we then can compare with the formula predicted by
the path integral in a way illustrated in [Ro, Sect. 4].
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