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Outline of the talk

o Bilinear pseudodifferential operators
@ Paraproducts

o Generalized bilinear Calderén-Zygmund singular integral
operators



BILINEAR PSEUDODIFFERENTIAL OPERATORS



Linear pseudodifferential operators

o Fourier transform

(&) = / f(x)e 2™ dx



Linear pseudodifferential operators

o Fourier transform

(&) = / f(x)e 2™ dx

@ Synthesis formula

o) = [ Feermie ag



Linear pseudodifferential operators

o Fourier transform

(&) = / f(x)e 2™ dx

@ Synthesis formula

o) = [ Feermie ag

@ Multiplier operator

Tf(x) = / m(€)F(€)e?™iE™ d



Linear pseudodifferential operators

o Fourier transform

(&) = / f(x)e 2™ dx

@ Synthesis formula

o) = [ Feermie ag

@ Multiplier operator

Tf(x) = / m(€)F(€)e?™iE™ d

@ Pseudodifferential operator

T,F(x) = / o(x, )P (€)™ de



A classical theorem for multipliers

Tf(x) = / m(€)F(€)e™iE™ de

Theorem (Mihlin, 1956)

If m:R\ {0} — C, such that
|08 m(&)| < Calé|™!,

for |a] < [n/2] + 1, then Tp : LP(R") — LP(R"), 1 < p < oo.
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Let meRand 0<9,p <1

A symbol o(x, &) belongs to Hormander's class Sy if

102000(x,€)] < Cap(L+[e)m™Hll=rll x cern, (1)

where o, 5 € Z" and |«

B3| depend on the context.

1

T,f(x) = / o (x, ©)F(€)€2E de



A classical theorem for the classes 57

Theorem (Calderén-Vaillancourt, 1971)

Ifoe 5870, then T, : L2(R") — L?(R").
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On the smoothness of the symbols

Question (Nirenberg, circa 1969)
Suppose that the symbol o verifies

000(x, &)l < Ca(1+ €))7, x, £ e R, (2)

for all 3 € 7" , with no a priori regularity in the x-variable.
Does it follow that T, : ? — [27?




On the smoothness of the symbols

Question (Nirenberg, circa 1969)
Suppose that the symbol o verifies

000(x, &)l < Ca(1+ €))7, x, £ e R, (2)

for all 3 € 7" , with no a priori regularity in the x-variable.
Does it follow that T, : ? — [27?

Answer: No. (C.-H. Ching, 1972).
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Dini continuity in x

Let w be a modulus of continuity and let ¥, be the class of all
o(x, &) satisfying, for x, £ € R”,

070 (x. &) < Co (1 + [) 7,
070 (x + h,€) = o (x, &) < Caw(|hl) (1 + €))7,

Theorem (Coifman and Meyer, 70's)

The following statements are equivalent:

( / ()% < oo

)

(i) Forall o € £, T, is bounded on L2(R").
)
)

(iii) Forall o € ¥, and all p € (1,00), T, is bounded on LP(R").
(iv) Forall o € ¥, T, is continuous from H(R") into L*(R").
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Bilinear pseudodifferential operators

For x e R", f, g € S(R") consider

T80 = [ [ otcmf(©ptne ) dedn,

Bilinear Hormander classes . o(x,&,n) € BS]; if

|8§‘8§8;’a(x,§,n)\ < Cayﬁﬁ(u_‘§|+|n’)m—p(|ﬁ|+lvl)+5la|, x,&,n € R



Bilinearization is often tricky

The natural bilinear versions of the Calderén-Vaillancourt and
Mihlin theorems fail.



Bilinear pseudodifferential operators with mild regularity

Theorem (Coifman-Meyer, 70's)

1
dt
lf/ w?(t) - <o and o(x,§,n) satisfies
0

0208 (x,€,m)| < Cap(1 -+ I€] + ) ~(12H1AD,

w(|h])
P+ 1€l + [n])(e1aD”

Og0R(a(x + h,&,m) — o(x,&,m)| < Ca

then T, can be extended as a bounded operator from

LP(R") x LI(R") into L"(R")

for1<p<ooand%+%:l€(0,1).

r




Coifman and Meyer’s approach

@ Reduced symbols
@ Almost orthogonality principles
oer>1



The singular integral approach

In the linear case, Sf’l is the maximal class of symbols such that
T has a Calderén-Zygmund kernel.

That is,
To(F)) = [ K(xoy)fly) dy.

where K(x,y) satisfies

|0“K(x,y)| < x,y € R".

Lo
|x — y|rtlel”



The singular integral approach

In the linear case, 5?,1 is the maximal class of symbols such that
T has a Calderén-Zygmund kernel.

That is,
T = [ Kx) () dy,

where K(x,y) satisfies

|0“K(x,y)| < x,y € R".

Lo
|x — y|rtlel”

Questions (for the bilinear case)
@ When is T, associated to a “bilinear Calderon-Zygmund
kernel”?
o When is T, bounded from L?(R") x L?(R") into L}(R™)?

e Can r go down to %?




Introducing w and 2

For b > 0, we write w € Dini(b) if w : [0,00) — [0, 0), w is
non-decreasing, concave, and

We will consider a € (0,1), w € Dini(a/2), and
Q:[0,00) — [0,00) non-decreasing such that

sup wiT3(1)Q(1/t) < 0.
0<t<1



Introducing w and 2

For b > 0, we write w € Dini(b) if w : [0,00) — [0, 0), w is
non-decreasing, concave, and

We will consider a € (0,1), w € Dini(a/2), and
Q:[0,00) — [0, 00) non-decreasing such that

sup wiT3(1)Q(1/t) < 0.
0<t<1

Example: w(t) = t*, Q(t) = t%, 0 < 3 < a < 1. (M. Nagase,
1977, linear case.)



A theorem

Theorem (D. M, V.Naibo)

Let a, w, Q be as in the previous slide, and 1 < p, g < oo with

I<r<ool= % + %. Assume that the bilinear symbol o verifies

0208 (x,€,m)| < Cap(1 -+ [€] + ) ~(oH1AD),

w(IADSAIE] + |n])
O (o(x+h.&m) —a(x.&n )‘— (1+|g|+|n|)(la|7-7+|ﬁl)

for || + |3] < 4n+ 4. Then, the associated bilinear
pseudo-differential operator T, has the following boundedness
properties:




Boundedness in Lebesgue spaces

Theorem (continued)

e Ifp,g>1,

[ To(f, &)l rrey < ClIFllLo(mny €N Laqmr) -
o Ifp=1orq=1,
I To(f, &)l roomny < ClIFllown) 18]l Lagrry -

C ”Ta(fvg)HBMO(]R") <C ”fHLoo(Rn) ||gHL°°(R")'




Boundedness in weighted Lebesgue/Hardy spaces

Theorem (continued)

o Ifl<p,g<oo, andw € Am;n(p,q),

I To(f, )l mmy < ClIF Nl (mry llE ] 8 (Rm) -

O/fWEA]_,

ITo(Fs &) 27200 gy < CF i gy & 1 ()

ITo(Fs &) 172ny < C Il g oy N8 g my -




Boundedness in weighted amalgam spaces

Theorem (continued)

0 Ifl<p,g<oo,l<s,sp<00, 1/s3=1/s1+1/sy, and
w e Amin(sl,sz)(Zn)'

I\T(,—(f,g)ll(,_rﬁva) <C HfH(Lp,/fvl) HgH(Lq,/fVZ)-




Boundedness in weighted amalgam spaces

Theorem (continued)

0 Ifl<p,g<oo,l<s,sp<00, 1/s3=1/s1+1/sy, and
w e Amin(sl,sz)(Zn)'

|‘T0'(f;g)||([_r7/;3) <C HfH(Lp,/jvl) Hg”(Lq,/jg)-

Here
1/q
1Fll o9y = (Z 119 o, wz) ,
ZEL"

where Q, = z+[—1/2,1/2]" and w = {w; } ¢z~ is in the discrete
Muckehoupt class Ap(Z").



PARAPRODUCTS



Elements of the Littlewood-Paley theory

® € S(R"), real, radially symmetric, and
X{lel<1/2r < P < Xqigl<ny
Define ¥ € S(R") by
U(6) = d(¢/2) — b(¢), ¢eR”
For j € Z, set

V(€)== U(¢/2) and @j(€) == d(¢/?)



Elements of the Littlewood-Paley theory

® € S(R"), real, radially symmetric, and

~

X{lel<1/2y < P < Xqlel<ay
Define ¥ € S(R") by

V(o) = d(e/2) - d(e), ceRr.
For j € Z, set
V(€)== U(¢/2) and @j(€) == d(¢/?)

Hence, supp(\I/I\J') C{EcRM: 271 < |¢| <2 for j € Z, and

Y Vi) =1, ¢eR"\{o}.

JEZ



Low-pass and band-pass filters

Define the operators S; and A; by

Si(f)=®;«f,

and
A_,(f) = \UJ' * f.

In particular,

Si(F) =Y _Ak(f) and f=> Af),
k<j

jez



Product vs. Paraproduct

Given f,g € S(R"),

=33 £/(NDile)
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Product vs. Paraproduct

Given f,g € S(R"),

=33 £/(NDile)

JEZ ke

The paraproduct of f and g is defined as
N(f,g) =YY Aj(f)Ak(g)
JEZ k<j

= Ai(NS(e)

JEL




Beyond the product

We have
M: BMO x L% — L2



Beyond the product

We have
M: BMO x L% — L2

Moreover, for a fixed b € BMO, the mapping
f— M(b,f)

is a Calderén-Zygmund singular integral.



We write Q@ € D if Q is a dyadic cube.
That is, for some k € Z", v € Z
RQ={xeR": k<2, < ki+1,i=1,...,n}

Set xo = 27"k and also write Q = Q.



Molecules of mild regularity

Let w be a modulus of continuity. An w-molecule associated to a
dyadic cube P = P, is a function

op =gk :R" = C

such that



Molecules of mild regularity

Let w be a modulus of continuity. An w-molecule associated to a
dyadic cube P = P, is a function

op =gk :R" = C

such that for some A > 0 and N > n, it satisfies the
decay condition

Aovn/2

Rn
T+ 2 x—xp)V" < G)

|¢Vk(x)| <

and...



Regularity condition for molecules

... the following mild regularity condition

|pp(x) — dp(y)|

1 1
< A2VM205(2%|x — y)

+
(T+2"x = xp[)V (1 42"y — xp[)V

for all x,y € R".
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Regularity condition for molecules

... the following mild regularity condition

|pp(x) — dp(y)|

1 1
< A2VM205(2%|x — y)

+
(1 +27x = xpDV (1 42"y = xp|)V

for all x,y € R".
Ultimate example: ¢, (x) = 2""/2¢(2"x — k), for ¢ € S(R™).

Notice: No cancelation required (yet).



Molecular representation of paraproducts

Given three families of w-molecules {(ﬁ’.Q}QeD, Jj=1,2,3, the
paraproduct [1(f,g) associated to these families is defined by

N(f,g) = > _ QI 2, ¢5) (g d3)0%, f.& € S(R").
QeD



Boundedness properties of mildly regular paraproducts |

Theorem (D. M., V. Naibo)

Consider w € Dini(1/2) and let {(/)J.Q}er,j =1,2,3 be three
families of w-molecules with decay N > 5n + 5 and such that at
least two of them, say j = 1,2, enjoy the cancelation property

$h(x)dx =0, QeD,j=1,2
Rn

Let1<p,q<ooW/th <r<oo —-%—i—%’. Then, the

77
paraproduct I verifies the following

0 Ifl<p,g< o

“n(fag)HLr(Rn) <C “fHLP(]R") ”gHLq(R")‘

e Ifp=1orq=1,

T, )l oo oy < C Il Loqmry € Lagrr) -




Boundedness properties of mildly regular paraproducts Il

Theorem (continued)

o [IN(f, &)l smomny < ClIfll oo @m) 18]l oo oy -
o If1<p,qg<o0, andw € Anin(

p,q)’
IN(f, &)l r(Rn) = CHf”Lp(R" ”gHLq(R" :
o Ifwe A,

INVCF, @) 37200 oy < € 1 3 oy N ey

INCE, &) 272 ny < € NIF 1l g () 1€ 1 1 ey -

0 Ifl<p,g<oo, 1<s,sp<00,1/s3=1/s1+1/sy, and
w e Amin(sl,SQ)(Zn)'

I0(f, g)ll L3y S CIlIfll Lp, 3} Il L9,12) *
(L7he) ( ) ( )




GENERALIZED BILINEAR CALDERON-ZYGMUND
SINGULAR INTEGRAL OPERATORS



K(x,y,z) is called a
bilinear Calderén-Zygmund kernel of type w(t) if

Ck
(Ix =yl 4 |x = z[)?"’

|K(x,y,z)| <

w <—|x—y|+||x—z|)
|KX+h7y7Z —KX,y,Z S 9
( e (P Ea

for |h| < 3 max(|x — y|, |x — z|), and similarly for y and z.
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The case w(t) =t 0 < € < 1, was developed by Grafakos-Torres
and Kenig-Stein.



K(x,y,z) is called a
bilinear Calderén-Zygmund kernel of type w(t) if

Ck

KX7y7Z S b)
Kby 2l < T =z

w (—|x—y|+||x—z|)
K(x+ hy,z) — K(x,y,z)| < ,
K A S (g e .7

for |h| < 3 max(|x — y|, |x — z|), and similarly for y and z.

The case w(t) =t 0 < € < 1, was developed by Grafakos-Torres
and Kenig-Stein.
The linear case was first introduced by K. Yabuta, 1985.



Bilinear Calderén-Zygmund operator of type w(t)

A bilinear operator T : S x § — &’ is said to be associated to a
bilinear Calderén-Zygmund kernel of type w(t), K(x, y, z), if

T80 = | [ Kxy.2)f()e(z) dyez

whenever x ¢ supp(f) Nsupp(g) and f,g € CS°(R").



Bilinear Calderén-Zygmund operator of type w(t)

A bilinear operator T : S x § — &’ is said to be associated to a
bilinear Calderén-Zygmund kernel of type w(t), K(x, y, z), if

T(f,g)(x / ) / K(x.y,2)f(y)g(2) dydz

whenever x ¢ supp(f) Nsupp(g) and f,g € CS°(R").
If, besides, T maps

LP(R") x LI(R") — L"*°(R"),
for some 1 < p,g < oo and r > 1 with 1/p+1/g=1/r; or
LP(R") x LI(R") — L}(R"),

for some 1 < p,q < oo with 1/p+1/g=1, T is called a
bilinear Calderén-Zygmund operator of type w(t).



Boundedness in Lebesgue spaces

Theorem (D. M., V. Naibo)
A bilinear Calderén-Zygmund operator of type w verifies
o Ifp,qg>1,

“Tcr(f»g)”L'(]R") <C Hf”Lp(Rn) Hg”Lq(R")'
o Ifp=1orq=1,
”Ta(f?g)“L”‘X’(]R") <C “fHLP(R") HgHLq(R")‘

° [ To(f, 8)llamomny < C Il oo mm) 118 Loo () -




Boundedness in weighted Lebesgue/Hardy spaces

Theorem (continued)

o Ifl<p,g<oo, andw € Am;n(p,q),

I To(f, )l mmy < ClIF Nl (mry llE ] 8 (Rm) -
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ITo(Fs &) 27200 gy < CF i gy & 1 ()

ITo(Fs &) 172ny < C Il g oy N8 g my -




Boundedness in weighted amalgam spaces

Theorem (continued)

0 Ifl1< p,g < o0, 1< 58,5 < o0, 1/53 = 1/51 T 1/52, and
UAS Amin(51752)(Zn)l

|\Tcr(f7g)||(u,/5§) <C HfH(Lp,val) HgH(Lq,I,,SVz)‘




Boundedness in weighted amalgam spaces

Theorem (continued)

0 Ifl1< p,g < o0, 1< 58,5 < o0, 1/53 = 1/51 T 1/52, and
UAS Amin(51752)(Zn)l

|\Tcr(f7g)||(u,/5§) <C HfH(Lp,val) HgH(Lq,I,,SVz)‘




