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1. Introduction

Beginning from the classical works of R. Coifman and Y. Meyer [7-9] on bilinear pseudo-differential operators and
J.-M. Bony [6] and H. Triebel [30,31] on bilinear paraproducts through the recent progress in the development of the
bilinear Calderén-Zygmund theory [18-22], the bilinear Hilbert transform [24,25], and molecular paraproducts [13,14,29],
bilinear operators continue to be object of intense study. Of particular interest are the recent bilinear estimates in the scales
of Besov and Triebel-Lizorkin spaces of the form

. pY1.q1 RQ2,q2 R®3.q3 . E91.01 rQ2.q2 03,43
T:Bp,"' x Bpy™* — Bp; and T:Fp ™' x Fpy™ — Fp'®,

for related indices p1, p2, P3,q1,q2, q3, &1, @2, &3, and families of bilinear operators T including bilinear multipliers, bilinear
Calder6n-Zygmund operators, molecular paraproducts, and bilinear pseudo-differential operators established in, for instance,
[1-5,13,14,16-22,27,29,33,34].

The purpose of this article is to address Besov-Lebesgue boundedness properties of the form

T:By " x LP2 — Bp2® and T:BplT x Bj2% — LP3 (1.1)

(as well as its corresponding non-homogeneous versions) that complement the existing results in the literature on the sub-
ject. Our key tool is a lemma (Lemma 2.1 below), which, despite its simplicity, provides an insightful viewpoint into the
nature of the bilinear estimates of the form (1.1). From this perspective, in Sections 3 and 4 we prove Besov-Lebesgue esti-
mates (1.1) for bilinear multipliers of Hérmander-Mihlin type and for bilinear molecular paraproducts, respectively, without
resorting to the usual tools of molecular decompositions of Besov spaces or reduced bilinear symbols. In Section 5 we
introduce a vector-valued interpretation of the present ideas, along with its applications to bilinear Littlewood-Paley theory.
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2. The basic lemma

We first fix some notation that will be used throughout the paper.

The class of Schwartz functions in R" will be denoted by S(R") and we set Sp(R") := {f € S(R"): 87’]‘(0) =0,
for all y}. We write ¢ € ¥ if ¥ € S(R"), supp(¥) C {&: 1/2 < €] €2} and ¥ =1in {& 3/5< €] <£5/3}. For o € R,
0<p,q< o0, and f e S(R") we define

1/q
o= (S 2 annl) 1)

VEZL

where A, (f) =1 x f and ¢, (x) = 2"y (2Vx), with the usual interpretation when q = co. The homogeneous Besov spaces
Bf,"q is the set of tempered distributions f, modulo polynomials, such that ||f||B‘;"’ is finite. The definition is independent

of the choice of v and the dual of B‘;’q is B;,“’q/, where p’ and q’ denote the conjugate pairs of p and g, respectively. The
scale of homogeneous Triebel-Lizorkin spaces Fg‘q is defined similarly, for g < oo, with the sum and the integral in (2.1)
taken in reverse order, see [12] and [32] for more details.

Finally, C will denote a constant that may depend only on the parameters involved, and that may change from line to
line.

Our starting point is the following lemma, which is essentially based on a bilinear Schur-type inequality and Calderén’s
reproducing formula.

Lemma 2.1. Let T : S(R") x S(R") — S(R™) be a continuous bilinear operator and denote by T*2 its second adjoint. Let
1<p,q,r,s<oo,with1/p+1/q=1/r, and suppose that there exist | > 0 and C > 0 such that forall j,ke Zandh=1,2,3,

3
sup / / T2 —x0), 92 2 — ) xa)| T o < C2710H, (22)
xpeRM m=1

m=#h

for some (D @ e W, such that Calderén’s formula holds true for @, i.e.,

h=Y"aPaPm), heS(R". (2.3)
JjezZ

Then, for all @ € R with || < | there exists a constant C1 > 0, depending on C, n, and «, such that
ITCf. @ jos <Crllfllzeslighis.  f.geSERY.

Proof. Let K(x, y, z) denote the Schwartz distributional kernel of T. We express this by formally writing
T(f,8)x) =// K, y,2)f(y)g(2)dydz.

In this sense, the second adjoint operator T*2 has kernel K*2(x, y, z) = K(z, y, x), see Section 2 in [20], for more details. For
keZ and vV € ¥, define the bilinear operators @y as O(f, g) := A,(:)T(f, g) = w,f” *T(f, ), that is,

our.aw= [ ( / w,i”o«—u)K(u,y,z>du)f<y>g<z>dydz.
Consequently, the bilinear operator (f, g) — @k(Aj.z)f, g) has kernel
K (x, y,2) = /f vV X = w)K(w,u, z)zp](.z)(u — y)dudw

=T2(Y P =9, 9 x =) @.

Set fi=f, fa=g p1=p, p2=q and p3 =r'. For f3 € L" (R"), Holder’s inequality and inequality (2.2) yield the following
bilinear Schur-type inequalities

‘ / @k(Agz)ﬂ g)(x3) f3(x3) dx3
Rn

3
< /// K G %2, x3)| [ ] [ fin )| dxim
m=1
2 1
=f// l_[ |I<]Tk(X1,X2,X3)| /pm|fm(xm)|clxm
m=1
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3 1/pm
<[1 (// KT (1. X2, X3) || fn () [P e dxzch3)
m=1

3
<27V T T fmlliom

m=1

Thus,
|ow(aPf.g)|, <27 M) flplighie. (2.4)

Next, let {Gi}rez be a sequence of functions such that ", 2-aks' IIGkIIi/r/ < 1. By using Hélder’s inequality, (2.3), (2.4), and
choosing A such that 0 < A <[ — ||, we obtain

Z/@k(f, 2)(X)Gr(x)dx

keZ
S / Ou(AP AP, 8) (0 Gi(x) dx

keZ jeZ
s 1/s
< (ZZZ—W—k'S’Z‘kaS' ||Gk||i;’(uq<n)) (Zzzxu—mszkas “ @k(Aj'Z)Aj-Z)f, g) Hir(Rn)>
keZ jeZ keZ jeZ
1/s
s C(Z Z 207l ” A?)f ”im&”) |‘g||iq(mn>>
keZ jeZ
1/s
=C ( Z Z (k=arsy G-l j—kls o jers I A§2> f ||ZP(RH)> g llLaqrm)
keZ jeZ
1/s
< C(Z(Zz(k—l+\a\)|j—k\s>2]a3”A}Z)inp(Rn)> gl Loy
JEZ “ kel

< C1||f||3gv5||g||m(ﬂen),

and the lemma follows by duality. O

Remark 1. By duality, if the condition (2.2) in Lemma 2.1 holds with T or T*! instead of T*2, then the resulting bounds are
of the form

1T ) <Cillfllgesliglyes. f.g8eSERY,
q

or

IT(f &) ges <Crllflieliglizes.  f.g€ SR,

respectively.

3. Boundedness of bilinear Hormander-Mihlin multipliers

In this section we consider bilinear multipliers of the form

To(f.8)(X) = f / o.M F©FmE*ED de dn,

where o (¢, n) is an infinitely differentiable function defined on R" x R™\ {(0, 0)} verifying the Hormander-Mihlin condition,
namely,

|8Y 9o 6. )| < Cyp (18] + 1), (31)

for all (¢,7) € R"™ x R" \ {(0,0)} and all multiindices y and B. Here |y|=y1+ -+ yn if ¥y = (31, ..., ¥u), and similarly
for |8].

In [18], L. Grafakos and R. Torres used the molecular decomposition of homogeneous Besov spaces to study mapping
properties of T, in the diagonal Besov cases of the form Ty : By x Bg?? — BY'™2" ay,05 >0, 1 < p,q,1 < 00,
1/p+1/q=1/r, under the following cancelation conditions on o (¢, 1)
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{0 (0, =0, forall n#0, (3.2)
9fo(n,—n) =0, forall n+#0, (3.3)
o 0 =0, forall&#0, (3.4)

for suitably many multiindices p, see [18, Theorem 3]. Under the same cancelation hypotheses, mapping propertles of
Ty : F‘"1 e F‘)‘2 2y F"‘3 ‘B for the scale of homogeneous Triebel-Lizorkin spaces F ‘1 have been addressed by A. Bényi in
(1, Proposmon 3] and L. Grafakos and R. Torres in [19, Theorem 7].

For s € R, let [s] denote the largest integer smaller that s. We will use Lemma 2.1 and only two of the cancelation
hypotheses above to prove

Theorem 3.1. Consider 1 < p,q,r < o0, + - —, and o € R". Let o (&£, ) be an infinitely differentiable function satisfying (3.1)
forall|y|, |8l <n-+1and the cancelatlon condmons (3.2) and (3.3) for all multiindices p satisfying |p| < [|@|] +n + 1. Then

|To(f. g)||3g,s S Clfllpesligla. (3.5)
Proof. Let ¢ € ¥ such that Calderén’s formula holds true for . For k, j € Z define

Kje(x,y,2) := T2 (¥ = 9). (X = ) (2)
= / / o (&MY (277E)¥ (275 +m))et Ve de dyy. (3.6)
By Lemma 2.1 it will be enough to prove that K. satisfy the conditions (2.2) for some I > |«|. We consider three different
cases given by j—k< -3, j—k>3,and —2<j—k<2.
Case j —k < —3. Let | =[|x|] + 1. We will prove that there exists C, such that
okn 2in
(1+2Kx =z (14 27)x — yprit

for any k, j € Z, j —k < —2. Then conditions (2.2) follow for this range of j and k.
We make the following change of variables (£, 1) — (2/&, 2kn). Then

|Kik(x, y,2)| < Cu27H

Kjk(x, y, 2) = 2kn2in / / o (298, 20) P ()9 (27*& + )el V2102 g gy,

Without loss of generality assume that |x — y| ~ |x; — y1| and |x — z| ~ |x; — z1|. Choose multiindices ¥ and B so that
yi=z0and yn=0form=2,....,n, 1 20and By =0, m=2,...,n,and |y|=|B|=0,0r |[y|=|Bl=n+1,0r |y|=n+1
and 8] =0, or |y| =0 and || =n + 1, according to whether 2/|x — y| and 2¥|x — z| are smaller or larger than 1. Noticing

d}/exZJS(x ) Bgeizkn(x—z)

that ei266=y) — W and 262 — o —zyym and integrating by parts when y # 0 or £ # 0 we get
2jn2kn
Kjk(x,y,2) = C— F(x,y,2),
IO = C e =y 7 @R — 2yl Y+
where

F(x,y,2)= // 87 3 (o (278, 2kn) ) (276 + n))e2E6Yei2 0= ge .
Then (3.7) will follow if we show that |F(x, y, z)| < C2~!i=kl_ Using Leibniz rule we obtain

oY of (o (276, 2n) i )9 (2*¢ + 1))
= Y 22 (el a0 (208, 24 n)a ol Y (T &) (27 +m)).

Uy, v<p
Using (3.2), the mean value theorem repeatedly, and condition (3.1) we obtain
jlial ok Iz e ok wtp k i1\ 1215 il ok
[2/IH24 (ol 0y o) (278, 24)| < C[(af TP ay o) (z, 24n) | (2711) 7 2T M2V

ol
G-k (pl+uh 1€
sC2 |n|lul+lvl+|pl’

where T € R" is in the segment joining 0 € R" and 2/¢ and the multiindex p is chosen appropriately and such that |p| =1.
We now have
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|F(x,y.2)| < 277K 37 2RI 52 TR (4 6) ) (20 Re + 1)) | de d.
bk §S)
a<In<z

This yields (3.7) since the last integral is uniformly bounded as j — k < 0.
Case j — k > 3. In this case we make the change of variables (&, n) — (¢ + 71, —n) in (3.6) obtaining
Kty 2) = [ [ 06+ n.=mi (77 € +m)d @)l e D de .

Define ¢ (§,1) =0 (§ +n, —n) and note that & satisfies conditions (3.1) and (3.2) since o satisfies (3.1) and (3.3). Now, the
change of variables (¢, ) — (2K&,2/n) gives

. - . ~ i A P _ iak _
Kji(x, y,2) = 21m24" / / & (26,2709 (2 T& + )i (§)e Ve 5D g dy.
We are now in the exact same situation as in the previous case. Therefore,
2kn 2jn
(14 2Kx — yD™1 (14 21z — y T’

|Kjk(x. y.2)| < co-lli—ki

for [ =[|a|]+1.

Case |j — k| < 2. As in the first case (j — k < —3), we obtain
2Jnokn

Qi1 =y 2k x1 — z1)) 1Pl

Kux,y,2)=C Fx,y.2),

where
F(x,y,2) = // 3;’ 35 (U (2]’57 2’<n)&(§)1/}(2]'*k§ + n))eijE(Xfy)eian(X*Z) d& dn

and we assume, without loss of generality, that |x — y| ~ |x; — y¥1| and |x — z| ~ |x; — z1|. We take |y| = |B] =0, or
lyl=18l=n+1,0r |[yl=n+1and |f|=0, or |[y|=0 and || =n+ 1, according to whether 2J|x — y| and 2¥|x — 2| are
smaller or larger than 1. Since |j — k| < 2 the desired result will follow if we prove that |F(x, y, z)| is bounded as a function
of x,y,z,j,k, |j—k| <2, for any values of o and S. From Leibniz rule,

oY off (o (2/&, 2n) ¥ &) (277 %€ + )

= > o2 (el aro)(2Te. 24 n)al o) TV (T @)T (2774 + ).
S
and using the condition (3.1),

|8 o) (o (21€. 2%n)Fr &) (277*& + 1))
< Y 22 4 24 T Y 0l ()b (277 + )|
ULy, VB

<Y & 2R DMk g TR (G (6) 4 (277 %e + 1) .
ULy VKB

Then |F(x, y, z)| is bounded since |j — k| <2 and supp(y¥) C {&: % <IElL2}). O

Corollary 3.2. Let T be as in Theorem3.1,1 < p,q,r < oo, with1/p+1/q=1/r,and o > 0, then

ITo(f, g)||3g.s S Clfllpesligls.

Proof. Since o > 0 implies ”f”Bf,"s = ||f||B‘;'5 + || flir, the result follows from (3.5) and the fact that bilinear Hérmander-
Mihlin multipliers obey the inequality

ITo(f &) <Clflirliglia,

as proved by R. Coifman and Y. Meyer in [8], K. Yabuta in [35], and later extended to other indices by L. Grafakos and
R. Torres in [20]. O

Theorem 3.1 does not require that the symbol o satisfies condition (3.4). If o satisfies conditions (3.1)-(3.4), then it
easily follows that the symbol of Tj;z, which is given by o (&, —(¢ + 1)), satisfies conditions (3.1)-(3.3). By duality we then
have the following
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Corollary 3.3. Consider 1 < p,q,r < 00, + —, and o € R™. Let o (&, n) be an infinitely differentiable function satisfying (3.1)
forall|y|, |8l <n+1and the cancelatlon condmons (3.2)-(3.4), for all multiindices p satisfying |p| < [|@|] +n + 1. Then

ITo(f. )], < CIIfIIBgSIIgIIB;a,su (3.8)

Estimates similar to (3.8), but for non-homogeneous Besov spaces, have been considered by A. Bényi in [2] when
the bilinear multiplier o (¢, n) is replaced by a bilinear symbol in the forbidden class BS?,1 (however, this class and the
Hoérmander-Mihlin class are not comparable).

4. Molecular paraproducts

For v €Z and k € Z", let P,y be the dyadic cube

Pok={(x1.....x) €eR" kj <2'x; <ki+1, i=1,....n}. (41)

The lower left-corner of P = Py is denoted by xp = x,x = 27"k, its size by |P| =27"", and its characteristic function by xp,,.
The collection of all dyadic cubes will be denoted by D, i.e. D ={P,: v € Z, k € Z"}. Following [12, p. 48], a smooth molecule
of regularity M and decay N > n associated to P is a function ¢p = ¢p , = ¢k : R" — C that satisfies

Cy N2V1/22lyIv
(1+2v|x—2"VkDN’

A family of smooth molecules {¢p}pep = {puk}vez kezn that satisfies the additional conditions

|87 pui(x)| < for all |y| < M and some N > n. (4.2)

/q&vk(x)xy dx=0, forall|y|<L veZ keZ", (4.3)

where L will be specified in particular uses, will be called a family of smooth molecules with cancelation. Let {gle}, {¢(21},

{¢>3Q} be three families of smooth molecules, the molecular paraproduct (or model paraproduct, [29, p. 23]) associated to these
families is defined by

T(f.9)= Y 1Q17"(f.¢0)e. ¢3)85. f.g2eSR"). (44)
QeD
T has a bilinear kernel given by
1
K(x,y.2)= Y QI 264 (1) (D)3 (). (45)
QeD
A molecular paraproduct has the advantage of involving molecules adapted to dyadic cubes, a more flexible construction
than the usual dilations and translations of two fixed profiles ¢ and ¢ defining the Bony paraproduct
(f,8) =) (¥j*)$*2), (4.6)
JjezZ

where ¥, ¢ € S(R") and ¢ € ¥ and supp(¢) C {€ e R™: €] < 1/4}. As opposed to the functions ¢; and ¢ in (4.6), which
are L'-normalized, the smooth molecules in (4.4) are L?-normalized. Nevertheless, the concept of the molecular paraprod-
uct (4.4) includes (modulo smoothing operators) the one of Bony paraproduct. Indeed, given ¢ and ¢ as in (4.4), we reason
as follows: consider ¢! € S(R™) with supp(¢!) C {£ e R": 1/16 < |&] <9/2) and ¢! =1 in {€ e R": 1/4 < |&| < 9/4} to
obtain

$LE +MTIEF ) = T3 OB JeL, EneR,
and, consequently,
P (W= )% 8) =W )@ *8), jel 4.7)
Setting ¢% := v and ¢> := ¢, and using (4.7), we can write

O =Y ¢y ((62 % f) (¢ *8)®)

VEZL

= //( /d’u(x — W)¢v(W y)¢u (w—-2) dW)f(y)g(z) dydz
VeZ

=: /f Kn(x,y,2)f(y)g(2)dydz,
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whose bilinear kernel can be expanded as

K, y,2)
=33 [ 2F2F e 2 - w)2F (2" (w - )2 F ¢ (2" (w — 2) dw
veZkeZ”ka

=3 > 1Qud |Q1 - f 2791 (2" (x—w))27 ¢* (2" (w — )27 ¢* (2" (w — 2)) dw
Quk

VEZkeZM

=3 1Qul i ph (00d (Y (2) + E(x. y. 2).

veZkeZ?

Here d’{l (%) =2""2¢J(2"x — k), for Q = Q, and j=1,2, 3, are smooth molecules and the error term E(x, y, z), depending

on the differences 2”7"¢f(2"(x —w)) — 2”2*n¢f(2”(x —Xxuk)), j=1,2,3, is the kernel of a smoothing operator. Due to the size
condition (4.2), E(x, y, z) is usually disregarded, since during the estimates the averages over Q. above can be replaced by
the values of the integrand at Xx,.

A detailed study of the mapping properties of the form T : X x Y — Z for molecular paraproducts T, where X, Y, and Z
are related functional spaces including Besov, Triebel-Lizorkin, Hardy, Sobolev, and Lebesgue spaces (but not estimate (4.13)
in Theorem 4.4 below), can be found in [5]. For the case of Dini continuous molecules, see [27]. End-point results of the
form T: F;? x Y — F}%, for certain Triebel-Lizorkin spaces Y are proven in [33] and [34].

Our Besov-Lebesgue estimates for molecular paraproducts will be based on three known almost-orthogonality estimates,
which we included here for the reader’s convenience. Namely,

Proposition 4.1. (See Frazier-Jawerth [11, Appendix B].) Suppose that ¢, and @, are functions defined on R" such that for some x,,,
x,, inR", some N1 > n+ L + 1 with L a non-negative integer, and some N3 > n the following conditions hold:

ovn/2
lov ()| < AT TR (48)
/%(x)xV dx=0, forall|ly|<L, (4.9)
Rn
and
¥ 2y lpun/2
|o “”‘(")'gm’ forall |y| <L+1. (4.10)
Then, for v >  there exists a constant C = C(N1, N2, L) > 0 such that the following estimate is valid
2~ (=) (L+1+n/2)
‘ /‘pv(X)(pp.(X) dx| < C(1 2R =) (4.11)
Rn
Lemma 4.2. (See, for instance, [15, p. A-36].) Leta,b e R", u,v € R, and P, Q > n. Then
oun qvn omin(,v)n
‘ / (1+24x—a)P (1+2"]x—b])Q dx| < Cp.aon (1 2MnGLv) [q — pymin(P, Q) (4.12)
Rn

Finally, for three real numbers, aq,az, a3, we denote by med(a, az,a3) one of the a;’s that satisfies min(ay, az, a3) <
aj < max(ap, az, as).

Proposition 4.3. (See [5, Proposition 3.6].) For every N > n + 1 there is a constant C, depending only on N and n, such that for any
w=(y,v,u,r) e Z*and any x, y, z € R™
z—ynzvn/zzun/zzkn/z

l% [(14+2V]x=27YI)(1 4+ 21|y — 27VI))(1 4+ 2*|z — 2=VID]N

C2—max(u,v,A)n/szed(u,v,A)n/szin(u,u,A)n/Z
< - - - .
(14200 x = y[)(1 4+ 200D |y — 2]) (1 4 200 x — 2])N

We are now in position to state our Besov-Lebesgue estimates for molecular paraproducts.
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Theorem 4.4. Let {¢1Q L {¢2Q L {¢3Q} be three families of molecules and let T be its associated molecular paraproduct (4.4). Given o € R,

suppose that {q&lQ } and {¢3Q } satisfy (4.3) with some L > 2[|a|] — 1 and (4.2)withM =L +1and N > 5n+5, and {d;f2 } satisfies (4.2)
with M =0 and N > 5n + 5. Then, forany 1 < p,q,r,s < oo with 1/p + 1/q = 1/r, there exists a constant C = C(«,n, p,q,1,S)
such that

ITCf. &) s <Cllflgeslighs.  f.geSR"). (413)

Proof. We first notice that the second transpose of T is given by

T2(f =Y 1Q72{F. ¢4 ){g. 63 )03 X)

QeD

and that, for y € ¥ verifying (2.3), the functions 2’% V(- —x2) and 2’“71(1//;(()(1 — ) satisfy (4.8)-(4.10) for all Ny, N3, and L.
Without loss of generality, we can consider only the k < j. Since the case k > j will follow similarly, as identical conditions
are required to the families {¢>1Q} and {¢3Q}. Proposition 4.1 yields

|T*2 (v (- — X2), Ye(x1 — ) (x3)
_1
<D 1QI 2 (¢ —x2). 00 )| |(Wiexa — ). 63|65 (x3)]
QeD
25 WHj+k) 9 —1j=vI(L+1+5) 9~ lk—v|(L+1+3) 9 5V
< — - .
2 [(1 4 2minGv) [xp — 27VI[)(1 4 2minkav) [x; — 2-VI)(1 4 2V |x3 — 27 VI|)]N2

Q=Qy
vezZ,leZm

By using w = (v, min(k, v), min(j, v), v) in Proposition 4.3, inequality (4.12), and the fact that min(k, v) < min(j, v) <v, it
follows that

IT*2(V (- —x2), Yy — ) (x3)]

25 (j+k+2v) 9 =j=v|(L+1+5) o~ k=v|(L+1+3)

<C - - —
é [(1 4 2min(k) xy — xq[) (1 4 2minV) xq — x3]) (1 4 2MinGV) x5 — xp[) N2/

25 (j+k+2v) 9= j=v|(L+1+5) o= k=v|(L+1+3)

<C - — .
v% [(1 4 2min(k) xy — x1[) (1 4 2minGV) x5 — xp[) N2/

Finally, let I(j, k) denote the integral of |T*2(wj(~ — X2), Yk (x1 — +))(x3)| with respect to any two of the variables x1, x2, X3
to obtain

I(j,k)y<C Z2%(j+k+2v)2—\j7v\(L+l+%)27|k—v|(L+1+%)z—nmin(k,v)z—nmin(j,v)
VEZL
-C Z2—|j—u|(L+1)2—|I<—v\(L+l)2r(k,j,v)’
VEZ

where the power t(k, j, V) is given by
. n . n . n . .
Tk, j,v)= §(k+1+2v) - §|] — V| = flk — v| —nmin(k, v) —nmin(j, v),
and, in fact, a brief computation shows that 7 (k, j, v) =0 for all v, j, k € Z. Consequently,

1.k < €Y 27 imvI+np—lkovidn C2- Sli—kIa+D)
VEZ

and the theorem follows from Lemma 2.1. O

Remark 2. For « >0 and 1 < p,q,r < oo with 1/p + 1/q = 1/r, the non-homogeneous version of (4.13) follows as in
Corollary 3.2, since molecular paraproducts involving two families of smooth molecules with cancelation then verify

IT¢f. ) <Clflplgle.  f.geSEY,

see, for instance, [5,13,14,29].
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5. Bilinear Littlewood-Paley theory

Given a function ¢ in the Schwartz class S(R") such that [p, ¥ (x)dx =0, an immediate application of the Fourier
transform gives the bound

r d
/ [#H5 7 <CUfI. (5.1)
0

where ¥ (f)(x) = fRn Ye(x—y) f(y)dy and ¥ (x) =t " (x/t). In [28], S. Semmes identified sufficient conditions on a family
of functions 6;(x, y), t > 0, x, y € R" (more general than v(x — y)) so that the non-convolution operator

O (Hx) =/9f(x, nfydy
Rn

verifies the square function estimate in L?(R")

o0
/ ||@t(f)||fz% <CIfIZ. (5.2)
0
In the discrete case, when a family 6(x, ¥), k € Z, is considered, inequality (5.2) then becomes
1/2
(ZH@R(f)Hiz) <Clfllg2- (5.3)
keZ

The alluded sufficient conditions have to do with decay, regularity, and cancelation properties of the kernels 6;(x, y)
(or 6k(x, ¥)). In the following we will assume that {6 }xcz is a family of complex-valued functions defined on R" x R" x R"
satisfying the following conditions: There are L, M, N € N and constants ¢, and A, such that for all k € Z,

A22nk
T ’ 54
|6k (x, v, 2)] (1 + 28x — zDN(1 + 2K|x — yN o
|8§‘9k(x,y,z)|<ca22"k2"'°", Xy, zeRY Ja| <M+1, o
/gk(x7y7z)yady20, X,ZER”, |Ol| <L (56)
Rn

Notice that, as opposed to the condition (4.2), condition (5.5) above does not involve any decay in the variables x, y,
or z.

Theorem 5.1. Let o € R and suppose that the kernels {6} of the bilinear operators
O(f,8)x) = / / Ok(x,y,2) f(y)g(2)dy dz, (5.7)
verify (5.4)-(5.6) with constants L, M, and N such that

2|la| <min(M +1,L+1), M+4+n+1<N and L+n+1<N, 2n<N.
Then, there is a constant C depending only on L, M, A, N, n, s, and «, such that forall 1 < p,q,r,s <ocowith1/p+1/q=1/r,

1/s
(sz |ex(f. & H;) <Clfligesligl,  f.geSR. (5.8)

keZ

The essential steps in the proof of Theorem 5.1 can be taken to also prove

Corollary 5.2. Let ®y, be defined as in (5.7) such that the kernels 6y satisfy (5.4) for some N > 2n, (5.6) with L = 0, and the following
Hélder regularity condition in the y-variable

|6k (x, ¥, 2) — 6 (x, ', 2)| < ¢y 22K 2Ky — y'))7, (5.9)

for some y € (0,1] and all x, y, y’,z € R" and k € Z. Then, there is a constant C depending only on s, v, and n, such that for all
1< p,q,r,s<ocowithl/p+1/q=1/r,
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1/s
(Z |exf, g)lli,) <Clflzoslgha,  f,geS(R"). (5.10)
keZ
In particular, the case s = p = q = 2 yields
5 1/2
(m@k(f,g)\yp) <ClIflzlgls fgeSE, (511)
keZ

which is the natural bilinear version of (5.3).

Remark 3. Notice that cancelation in the y-variable only is assumed in Theorem 5.1 and Corollary 5.2. Corollary 5.2 has
been proved in the context of spaces of homogeneous type in [26].

Lemma 5.3. Let | > 0 and {6y} satisfy (5.5)-(5.6) with constants L, M, and N satisfying

I<min(M+1,L+1,N —n), M+n+1<N and L+n+1<N.

Then, forall x,u,z € R", j,k € Z, and ¢ € ¥,
2kn 2min(i.kon

‘f@c(x,y,zwj(y—u)dy’<c2*%‘f*’<l - - .
n (142Kx —2])2 (14 2minGK|x —ul)2

where C is a constant depending on L, M, A, N, n, and .

Proof. It is enough to prove the following two inequalities. For all x, z,u € R", j, k € Z, we have

okn omin(j.kn
Ox, ¥, D¢i(y —u)dy| <C — 512
U k(% Y. 2y )y’\ T T (5:12)
]Rn
and
‘ /Bk(x, V., DV (y — u)dy‘ < €2 lli—kigknymin(j.ion (5.13)

Proof of (5.12): Using condition (5.4), the properties of ¥, and inequality (4.12), we estimate

A C'/f znk / 2nk 2]n
(1 +2Kx=2zPN J (1 +2%x = yDN (A + 2]y —upN v

‘ /Gk(x,y,zwj(y - u)dy’ <
]Rn

2kn omin(j.kn
<AC,C __ :
VN A 2k = ZDN (1 4 2GR |x — u )N

Proof of (5.13): Case j > k. Using the fact that

/¢j(}’—u)(y—u)ady=0, o € Np,

we obtain

1
/Ok(x,y,zwj(y—u)dyzf[ek(x,y,Z)— > aaﬁ’ek(x,u,zxy—u)“]wj(y—u)dy

Rn R le|<M
1
= Y SexEDY-wiYiy —wdy,
o!
Rn l@[=M+1
where £ is in the segment joining y and u. By (5.5) and the properties of i we get
211
Oc(x. y. 2 (y —u)dy| < C 22nk2k(M+1)/ M2 g
U kX, ¥, 2V (y )y’\ M.y = T 2y —up¥ dy
R7 RN

= / + [ =1+,

ly—ul>27k  |y—u|<2*
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27N

i _ —k —j 1 ~
Estimate for I. We have |y —u| > 27> 27J. Then ATy "~ Ty=ul and therefore

1< C-M’]//22nk2k(M+l)2j(n—N) / ly — uM+1=Nqy.
ly—u|>2-k
Recalling that M+n+1 <N, k< j and [ < N —n, we then have
[<Cunn w22nk27|k7j\(an) <CLn nznkzmin(j,k)nzf\kfj\l.
Estimate for Il. We have
2
1= Cyy,y 22k 2HMHD) / ly — u M+

k (1 +2/]y —upN Y
[y—ul<2™

= / + / =11 + 1.
ly—ul<279 27i<|y—u|<2*

1
For II; we use that Tyl <1 and we get

I <Cpy " n22nk2—\k—j|(M+1) <Cum " nzknzmin(j,k)nz—lk—j\l’

where in the last inequality we have used that <M + 1.

1 o 1 . . . . .
For II, we use that A2y —upV iy —apN and after integrating in polar coordinates and recalling that
M+n—N+1<0,k<j,and <M+ 1, we get

I, < CM,wZanzk(MH)zj(n—N) / |y _ ulM«H—N

27I <|y—u|<2*
< CM’N,H’W22nk2—|j—k|(M+1) < CM,N’n’wznkzmin(j.k)nzf\jfkll.

Case j < k. Using the cancelation property (5.6) for 6,

1
/Hk(x,y,Z)llfj(y—u)dy=/9k(x,y,2)[1//j(y—u)— > 53“1//1(X—u)(y—)<)°‘} dy

Rn R l|<L
1
=f9k(x,y,z) Y S ViE Wy -0 dy,
R la|=L+1

where £ is in the segment joining x and y. By condition (5.4) we then get

L+1
; —X
‘ / 9k<x,y,z>m<y—u)dy‘ < ACy, 2%k (LD vy —A
]Rn

1+ 2k —ypv
Rn
-/ + ]

[x—y|>277  |x—y|<2~]
We now proceed as before obtaining
I < ACy 220 WIN=m < A, | y2knping=k=ill
where we have used that L+n+1<N and <N —n, and
I1< ACy, 1 y2k2ing~Ik=ilLHD < A, | akning=Ik=ill

where we have used that L+n+1<NandI<L+1. O

Proof of Theorem 5.1. As in the proof of Lemma 2.1, let Kjx(x1,x2,X3) be the bilinear kernel of the operator (f,g)
Oc(Yj* f, g). That is,

K (x1,%2,X3) =/9k(X1,y,X3)wj(y —x2)dy.
Rn

(5.14)
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By Lemma 5.3, for all j,keZ and h =1, 2, 3, we have, for 2|a| <l <min(M +1,L+ 1),

3
su ff|1<j,<(x1,xz,x3)| [] dxm<c27llizkir2, (5.15)
XxpeRN m=1

m=#h

This yields, as in the proof of Lemma 2.1,

loxa;f. o, <2752 fliwligl.

and, since [/2 > ||, the duality argument in the proof of Lemma 2.1 completes the proof. O

Our inequalities (5.8) and (5.10) come as an addition to the related known results on bilinear Littlewood-Paley theory.
Namely, the inequality

H (Z 156(f, g>}2>1/2

keZ

SClyllell flierliglie, (5.16)
Lr
obtained by G. Diestel in [10] for 1 < p,q,r < oo, 1/r=1/p + 1/q, where the rough paraproduct operator Sy is defined by

Sk(f. &) =w / / FE Xiak a1 B X _pk ) e ETDX dg iy,
R R
for a,b € (0,1). And also with the square-function inequality

1/2
H(Z \sk(f,g)yz) H <Clflrligls. (517)
L2

kezn
for all 2 < p,q < oo, with 1/p+1/qg=1/2, proved in the context of Gabor analysis by M. Lacey in [23], with

Sl )00 = [ £t Y- PRIy, ke,
Rn
where the smooth function F has Fourier transform supported on the unit cube of R" and, for k € Z", I?k(é) = I:“(E —k). For
bilinear operators @ of the form (5.7), Theorem 5.1 immediately implies

Corollary 5.4. Given o € R, let ® be as in Theorem 5.1. Then, for the constant C as in Theorem 5.1, we have

5 1/2
H(ZZZ“"l@ku,gn )

keZ
for2<p,q<oowithl/p+1/q=1/2 and

, S Clifllpe218lLa. f.geSR"),
L

1/2
H(Zzz‘*klwku,gnz) H <Clflgerlighe.  f.geSR).
LT

keZ
for1<p,q,r<ocowithl/p+1/q=1/r.

Remark 4. We point out that the techniques used in this section provide new results even in the linear case. Indeed, by
considering a family 6y (x, y), k € Z, that satisfies

Aznk

|91<(X, J’)| < m, (5.18)
|95 6k (x. y)| < ca2™oK x Yy e R | < M +1, (5.19)
/Ok(x, yy*dy=0, xeR", |a|<L (5.20)
]Rn
(for suitable L, M, and N), a bound of the form
1/s
(Zz“’“ [ H;) <Clflggs. feSEY, (>21)

keZ

follows. Thus extending Semmes’s inequality (5.2) to the scale of homogeneous Besov spaces B‘l’,"s with ¢ € R and
1<p,s<o0.
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