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Boundedness properties for bilinear paraproducts on several function spaces are presented. The methods are
based on the realization of paraproducts as bilinear Calderén-Zygmund operators and the molecular character-
ization of function spaces. This provides a unified approach for the study of paraproducts, recovering some
know results and establishing several new.
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1 Introduction

Starting with the work of Coifman and Meyer in the 70’s (see for instance [8]) the multilinear approach to study
product-like operators has been followed numerous times in the literature. In addition to their relevance in non-
linear partial differential equations, product-like operations are of interest in harmonic analysis in the study of
linear and multilinear singular integrals. Some recent works involving estimates for multilinear singular integrals
of relevance for this article include [1], [2], [7], [13] [14], [15], [16], [17], [19], [20], [21], [22], [24], [26], [28],
[35]. This is only a partial list of the numerous research works in an area that continues to attract a lot of attention.

The name paraproduct has been used somewhat loosely in the literature to denote different types of operators
which behave like (and often, as we shall see again in this article, better than) the product of functions. The
paraproduct paradigm can be traced back to the contributions by H. Triebel [30], [31], as well as those by J.
Petree [27], to the study of multiplication properties in Besov and Triebel-Lizorkin spaces. See [32] for further
references. The term paraproduct, however, goes back to the seminal work of Bony in [5], where the words para-
multiplication and paradifferential operator were introduced and some of its uses in non-linear partial differential
equations were established. In general terms, a paraproduct consists of sums or integrals that superimpose var-
ious time-frequency components of the functions on which it acts. In particular, we will reexamine the bilinear
operators (broadly considered in the literature) of the form

T(f,9)(x) = > _1QI7*(f,¢6)(g. 650 (), 4
Q

where the sum runs over all dyadic cubes in R™ and the functions quiQ, 1 =1, 2, 3, are families of molecules (see
the next section for complete definitions). The purpose of this article is to study, in great details, the boundedness
properties of such operators in various function spaces. All what we will discuss about these operators extends
to obvious and properly normalized m-linear generalizations involving m input functions and m + 1 families
of molecules. For simplicity in the notation and ease in the flow of the article we will restrict ourselves to the
bilinear case.
Second and fourth authors’ research partially supported by the NSF under grant DMS 0400423.
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Operators of the form (1) appear as model operators and technical tools in the study of bilinear singular
integrals. We revisit bilinear paraproducts motivated in part by the work of Lacey and Metcalfe in [20], which
in turn is motivated by the work of Muscalu et al. in [24]. In both works, operators of the type (1) and their
multiparameter versions (in the sense of non-homogeneous dilations) are studied. They are used in [24] to develop
a biparameter Coifman-Meyer multiplier result, while some further end-point estimates for such operators are
presented in [20]. See also [25].

As it is known, the classical Calderén-Zygmund theory does not apply to the multiparameter dilation setting
in the same way it does in the one-parameter one (some weak end-point estimates are not available), and the
use of paraproducts as in [24] was crucial to develop the complete set of LP estimates for biparameter Coifman-
Meyer multipliers. Such range of estimates recovered the ones for one-parameter dilations (the only case we will
treat here), where the classical Calderén-Zygmund theory approach does work and was previously developed by
Kenig and Stein [19] and Grafakos and Torres [17] without the need of the paraproducts (1). An approach to
one-parameter Coifman-Meyer multipliers based on paraproducts was also carried out by Gilbert and Nahmod in
[13].

In this article, we retrieve the LP estimates for the operators of the form (1) by taking advantage of the fairly
general multilinear Calderén-Zygmund theory developed in [16], [17], and [18]. See also [6], [9] and [19]. This
theory also includes operators of non-convolution type as well as all their natural end-point, maximal function,
and weighted estimates. Consequently, we also obtain new boundedness results on some other spaces (e.g.,
weighted and weak Lebesgue spaces, Hardy spaces, and Sobolev spaces) by treating the paraproducts as bilinear
Calderén-Zygmund operators of non-convolution type. In addition, by using molecular decompositions, almost
diagonal estimates from [11] and [16], and their discrete equivalents, we present boundedness results on products
of Triebel-Lizorkin spaces.

We point out that a similar approach using molecular decomposition has been considered by Wang in [33] and
[34] by fixing one of the functions in (1), say g, and realizing as in the classical case T, (f) = T'(f, g) as a linear
Calder6n-Zygmund operator. Such an approach typically produces results of the form 7" : X xY — Y, where X
and Y are appropriate function spaces. We emphasize here the bilinear approach obtaining more general results
of the form 7" : X x Y — Z, again for appropriately related function spaces X, Y, and Z.

Acknowledgment: This work was motivated in part by some of the mathematical interactions that took place
during the visit of Bényi and Torres to the Erwin Schrodinger Institute (ESI), Vienna, Austria. They want to
thank the ESI and the organizers of the special semester on Modern Methods of Time-Frequency Analysis for
their support and hospitality.

2 Notation and preliminaries
Forv € Z and k € Z", let P, be the dyadic cube
P, = {(xl,...,xn) eER" Kk <2%x; < ki +1,i= 1,...,71}. 2)

The lower left-corner of P = P, is denoted by 2p = x5, = 27k, its size by | P| = 277%™, and its characteristic
function by x p,, . The collection of all dyadic cubesis D = {P,, : v € Z, k € Z"}.
In this article, a smooth molecule associated to P is a function ¢p = ¢p,, = ¢, that satisfies

C’y N2l/n/22|'y|1/
A+ 2]z — 2" k)V’

|07 i (x)] < for all |y| < M and some N > n. 3)

The regularity M and the decay N > n will be specified in applications. For instance, if ¢ is in the Schwartz
class S(R™) then

bur(x) =22 p(2%x — k) )

is a molecule associated to P, with arbitrary smoothness and decay.
A family of smooth molecules {¢p} pep = {¢uvik }vez, kezn that satisfy the additional conditions

/(;SI,k(x):U'de =0, forall|y|<L,veZkeZ", (5)
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where L will be specified in particular uses, will be called a family of smooth molecules with cancellation. By
properly choosing M and NN in (3) and L in (5), such families become smooth molecules for the Triebel-Lizorkin
space Fl‘]“(R") in the sense of Frazier and Jawerth [11]. Next, we recall the definition of such spaces and their
(non-orthogonal) wavelet and molecular decompositions.

Let (f, ¢) be the pairing between a test function ¢ in S(R™) and a tempered distribution f in S’(R™). The
Fourier transform of a test function is defined via $(§ ) = (e~ ¢) and extended to distributions in the usual
way. We will write ©» € BPF(R"™) (BPF after “band pass filter”) if ) belongs to S(R™), ¢ is real-valued and
radial, its Fourier transform is supported in the annulus {¢ € R™ : /4 < |¢| < =}, and [¢(€)] is bounded
away from zero on, say, {{ € R™ : 7/4 4+ € < [¢] < m — €} for e > 0 small. Fix now v € BPF(R"); for
0 < p,s < oo and « real we will consider the Triebel-Lizorkin space Fp“‘*s with (quasi) norm given by

1/s
S——

veZ

; (©)

Lr (Rn)

[P—

where, now, ¥, (z) = 2¥™(2"x). Of main interest to us are the particular cases of

(i) the Lebesgue spaces,

f“FS"Q(R") ~ ||f||LP(Rn) forl < p < 00
(ii) the Hardy spaces, ||f||Fg‘2(Rn) ~ || fl| e (my for 0 < p < 1 and;

(iil) the homogeneous Sobilelspaces, 1fllpe2@mny = Iflljor@n for 1 < p < oo, where ||f[|j5 gn) =
11V]* fll e rny With V]| f = [£]* f defined a priori for all v if f is in
So(R") = {f € S(R"): 87 f(0) =0, forall y € NI}
We also note that the familiar in-homogeneous Sobolev spaces L%, with norm given by || f|| .z &) = [[(I —

A)*/2 f|| o (rny and where (I — A)*/2f = (1 + |£[2)2/2 f, satisfy LP, = LP N LP for 1 < p < oo and o > 0.
The Littlewood-Paley characterization (6) of the Lebesgue, Hardy, and Sobolev spaces is nowadays well-known.
For more on the general scale of spaces F;»*(R") see for example [32]. Following [11], if one also requires ¢
to satisfy

SR =1,  ¢#0, %

vEZ

then one can write the wavelet-type expansion

F=Y0 ) ok, ®)

veEZ keZn
where 1,1, (z) = 2"/24)(2Vz — k), to obtain

111 ge ey 2 IS5 k) Hl jove )

where f;}’s denotes the space of sequences {u,x }vez kez» for which

1/s
[Z > <|uyk2"<“+”/2>xPuk>S]

veEZ keZn"

foe = ‘ < 0. (10)

LP(R™)

||{uuk}V€Z,k6Z”

Note that these are not orthogonal wavelets as in [23], but they still characterize the function spaces used. More-
over, if {¢g }gep is a general family of molecules for Fpos (R™) with enough decay, regularity, and cancellation

(see Remark 2.1 below), and if {cg }oep = {cvk }vez kezn is a sequence of numbers in fg"s, then

=Y cooq (11

QeD
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18 in F[?‘VS and satisfies

11l gy < ClH{epHjoues (12)

with C' depending only on the family of molecules.

Remark 2.1 In general, the parameters N, M, L in the definition of the molecules for a particular space
F;}vs(R") depend on «, p, s and the dimension n. We will not use the sharpest possible values but we note that
N > n/min(l,p,s), M = [a] + 1, and L = max(| ;755 — n — @], —1), with the convention that (5) is
void if L < 0, suffice if &« > 0. For @ < 0 one also needs to add (3) with N > n/ min(1, p, s) — a when |y| = 0.
In particular, one can use:

(1) N >n, M =1, and L = 0 for the Lebesgue spaces L?(R") when 1 < p < 00;

(i) N > n/p, M = 1, and the typical cancellation L = |n(1/p — 1)| for the Hardy spaces H?(R"™) when
0 <p<1land

(iii) N >n, M = |a] + 1, and no cancellation for the Sobolev spaces L? (R") when 1 < p < oo and a > 0.

Remark 2.2 There are dual counterparts to the above statement and the estimate (12) involving what we
will call dual molecules. A family of functions {¢p}pecp = {Pvk}rvez kezn is a family of dual molecules
for FI‘}’S(R”) if the functions ¢ p satisfy the conditions (3) and (5) with N > n/min(1,p,s) and M =
max( Lm —n—al+1,0) and L = |«/, and the additional decay condition

C2un/2
(1 + 2V‘Jj _ 2—Vk|)max(N,N+n+a—n/min(1,p,s)) :

|Pur ()] <

13)

This last condition is included in (3) if p, s > 1 and a = 0. If {¢p} is a family of dual molecules for FIf‘S(R”)
then

{{fs0P) H jor < Cllf I s oy (14)

See [11] and [12] for more about the molecular decompositions described.

The wavelet characterization of the Triebel-Lizorkin spaces permits the study of linear and bilinear operators
by examining their associated discrete matrices or tensors on the spaces of coefficients. The approach is well-
known. In the linear case we can write

T(f) =Y _ (Fep)T@We) =Y > (Fop)(Tr) o)t

PeD Q€eD PeD

and reduce the study of T" on F;"S(R”) to that of the matrix A = {agp}g,rep = {{T(¥p),¥q)}q pep Oon
fl‘f‘S Moreover, since the spaces flf‘s are defined in terms of the size of the sequences, it is enough to obtain
boundedness results for the matrix {|agp|}g,pep. There exist sufficient conditions in terms of the size of the
entries of this matrix which ensure its boundedness on f;’s and they are known as almost diagonal estimates
[11]. These are decay estimates in |agp| for P and @ far from each other in an appropriate sense. We recall the
following fact

Theorem 2.3 (Frazier-Jawerth, Lemmas 3.6 and 3.8 in [11]) Let {1)g} be a family of molecules obtained by
dilations and translations of a fixed function 1y € BPF(R™), that is, 1Vo(x) = Yui(x) = 2"/ 2p(2Vx — k),
where () = Q.

(i) If {op} is a family of smooth molecules for the space FI?"S(R”), then A = {apg} = {{(¢p,¥g)} isa
bounded operator on f;’s.

(ii) If{op} is afamily of dual molecules for the space F;’S(R”), then A = {apq} = {{ép, )} is a bounded
operator on fzf"s.
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This discretization technique extends to the bilinear setting. For instance, if we consider ¢ € BPF(R™) and
again ¢, (z) = 2V"/21)(2"x — k), we can now represent a bilinear operator in the form

=S50S T W, )y Erm) (s Do) (95 Yt Eroms

Amop,l vk

and reduce the study of T" on products of F;‘*S spaces to that of

A = {a(Am, vk, pl)} = {{T (v, Yu1), Yam) }

on products of f; ** spaces. Bilinear almost diagonal estimates are available and depend on the spaces used (see
Theorem 5.4 below). The almost diagonal estimates can be extended to the general multilinear setting as in
the work of Bényi and Tzirakis [4]. Finally, we need to recall one more background result concerning bilinear
Calder6n-Zygmund operators. Let 1" be a bilinear operator, say initially defined on pairs of test functions into the
space of distributions, whose distributional kernel coincides away from the diagonal Q = {(z,y, z) € (R")?

x =y = z} with a function K (z,y, z) locally integrable in (R™)? \ © that satisfies in that set the size condition

|K(z,y,2)] < C(lz —yl + |z — 2| + |y — 2[) 7>, (15)

and the regularity condition
|x —2'|°
(lr =yl + & — 2| + |y — 2])>r+e’

|K((E,y72)—K(.’L'I7y,Z)| SC (16)

for some € € (0,1] whenever |z — 2/| < $max{|z — y|, |z — 2|}. For symmetry and interpolation purposes
we also require that the functions Ky (x,y,2) = K(y,z,z) and Ko(z,y,2) = K(z,y,z) also satisfy (16).
We say that such a kernel K (z,y, z) is a bilinear Calderén-Zygmund kernel and that such an operator T is a
bilinear Calderon-Zygmund operator if it extends to a bounded operator from LP° x L9 into L™ for some
1 <po,qo <ooand1/pyg+1/q0=1/r¢9 < 1.

3 Continuous and discrete almost orthogonality estimates

Atomic and molecular decompositions have been extensively used in the literature to study operators of Calderén-
Zygmund type on the scale of Triebel-Lizorkin spaces. See [29] in the linear case and [1] in the bilinear situation
for more results, complete accounts, and further references. A key ingredient in the approach is that molecules
associated to different cubes are almost orthogonal. In the linear case, this phenomenon is quantified in the
following propositions.

Proposition 3.1 (Frazier-Jawerth, Appendix B in [11]) Suppose that o, and @,, are functions defined on R"
satisfying for some x,, v, in R"

vn/2
PO — am
(1+2¥|x —x,|)N
2un/2
lou(z)] < ) (18)
(14 2¢|z —x, )N

Sor some constant N > n. Then, there exists a constant C = C(n, N) > 0 such that the following estimate is
valid

9—lv—p|n/2
(1 4 2min(e) |z, — x, [)NV

[ Je@lleu@lds < c
Rn

Proposition 3.2 (Frazier-Jawerth, Appendix B in [11]) Suppose that o, and ¢,, are functions defined on R"™
such that for some x,, x, in R", some N1 > n + L + 1 with L a non-negative integer, and some N > n the
following conditions hold:

2yn/2

(1+ 27|z — x| )max(N1,N2)

lpw ()] < (19)
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/ wu(x)xVde =0 forall|y| < L, (20)
and
ol vIgun/2
(14 20|z — )2

|03 ()] < forall|y| < L +1. 2n

Then, for v > p there exists a constant C = C(Ny, No, L) > 0 such that the following estimate is valid

27(1/7;1,)(L+1+n/2)

o] < o o )

For three real numbers, a1, a2, a3, we denote by med (a1, az, ag) one of the a;’s that satisfies min(a, az, as) <
a; < max(aq,as,as). In the bilinear case we have

Proposition 3.3 (Grafakos-Torres, Proposition 3 in [16]) Suppose that ., @, @ are functions defined on
R" satisfying the following estimates for all x € R"™

2un/2
()| < , 23
2;”1/2
< 24
|90H(x)| > (1 —|—2“|$—.I‘M|)5N’ ( )
2)\n/2
< 25
|QD/\({,C)| = (1 —|—2)“1‘ —1‘A|)5N’ ( )

for some x,, x,, x in R" and some N > n. Then the following estimate is valid

| e @lleu@lles@)ds <
C2- max(p,v,A\)n/2 Qmed(p,}l/,)\)n/2 2min(,u,1/,)\)n/2
((1 + 2min(u,p)‘xu _ x}t|)(1 + Qmin(,u,)\)|xu _ Z‘)\|)(1 + 2min()\,l/)|l.A _ xVD)N

Sfor some C = C(N,n) > 0.

The rest of this section is devoted to proving a discrete version of Proposition 3.3 (Proposition 3.6 below) that
will suit the discrete nature of the paraproduct (1). The proof is similar to the one in the continuous case and we
include it for completeness since it will be repeatedly utilized. We start with two lemmas.

Lemma34 Let3>0, N >n+pn+1landa,b,c > 0witha+ b+ c > 0. Then,

2ny52ny 1
=C 26
1; (1+2Va)N(]_+2Vb)N(1+2VC)N = (a+b+c)”+n5’ (26)

where C depends only on n, 8, and N.
Proof. Givend > 0, 3 > 0and N > n + nf + 1, it easily follows that

2nuﬁ2nu 1
<C 27
1; (]_ + 21/d)N — dn+nﬁ’ ( )

where C depends only on 3, n and IN. Next, just notice that
(1+2%a)N (14 2"0)N (1 +2v¢)V
= (14 (a+b+c)2" + (ab + bc + ca)2®” + ab023”)N
> (1+(a+b+c)2")

and use 27) withd =a + b+ c. O
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Lemma 3.5 For every N > n + 1 there exists a constant C, depending only on n and N, such that for any
y€Z a,R>0, and x,y € R" the following inequality holds

1 c2m (aR)N
< nL. 2
U+MT%—WN‘O+W%MWmM{cW’R} (28)

{keZn:|2-"k—z|<R}

Proof. Set S = {k € Z™ : |277k — z| < R} and notice that the cardinality of S is at most ¢, (27 R)" for a
dimensional constant ¢,,. In order to prove the lemma, consider first the case aR < 10. If a|z — y| < 20, then

1< 217
~ (L +alz -y’
and
1 ¢, 21N 27
> <H#S <R < T2 __pn
{k€Zn:|2=7k—z|<R} (1 +al277k —yl) (1+alz—yl)
If aJx — y| > 20 then for k € S we have
e =yl <277k —2[ + 277k —y| S R+ 277k — ¢
10 1
< —+ 277k -yl < Sle—yl+ 277k —yl.
a 2
Therefore,
N Noyn
Z 1 < 2V#S o 22 I

ezt ey L a2TE =D = (o ale = gDV = (4 dw— g™

In the case aR > 10 we define
Ay ={keZ" : 277k —y| > |z -y} NS,
and A; = S\ A;. Summing over A; gives

3 PR B ¥ - L
(A+al277k—y)V = (A +alz—y)¥ = A +alz—y)¥

keA;

Before summing over A, notice that

1 1
Z 1+ al2=7k —y)N :Z Z (1+a|l2=7k —y))N

kezn JEZ {k€Zn:2i <|2-Vk—y|<2i+1}
#{k cZn .2 < |27ﬂyk — y| < 2j+1} 9in
< _ < n2n2’yn _
Uez; (1+a27)N = jez;(l—FaQJ)N
2N
S Cl(ﬂﬂN)i?
an

where the last inequality follows from (27) with 3 = 0 and d = a. To sum over Ao we first consider the case
|z — y| < 2R, so that
1+alz—y| <1+2aR < 3aR

and consequently

PREL

1 1
S S Cl(n7N)7
keZAz (1+al2=7k —y|)N kEZZ" (1+al2=7k —y|)N a™

< Ci(n, N)3N2m™ (aR)N
T (I+alz—y)V e
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If | — y| > 2R, we obtain again

1
o=yl <l = 277k| + 277k —y| SR+ 277k —y| < glr -yl + 277k ).

Hence,
S o <2 L ara S T
2 Traph—g)y =7 2 Trae—g)~ = A +ao—g)¥
cp2V 2 N
<— .
~ (I talz—y)V
The lemma then follows with C' = max{C;(n, N)3" ¢, 21"}, O

Proposition 3.6 For every N > n + 1 there is a constant C, depending only on N and n, such that for any
Y, U, b, A € Zoand any x,y, z € R"™ the following inequality holds
2—77121/71/22#77,/22)\71/2

kezz; [(1+ 27|z —277K]) (1 4 24|y — 277K|) (1 + 2* |z — 277k]) PN

C2- max(p,v,A\)n/2 2med(;¢,u,)\)n/2 2min(u,u,/\)n/2

< - - - .
— ((1+2m1n(y,u)|x_y|)(1_|_2n1111(p,)\)‘y_Z|)(1+2m1n(u,)\)|x_z|))N

Proof. By symmetry and without loss of generality we can assume that 1 < A < v. We split the sum as
follows
2—'77121/71/22;1,71/22)\71/2

gz; (1 +2v[@ = 277k (1 + 2¢]y — 277K[) (1 + 22z — 277 k[)]PN

i Z 2777121/71/22;“1/22)\77./2
i T 2l R+ 20y~ 2RI 2z 2 R
|2=7 k—z|~2-A2s

where the notation |27 7k —z| ~ 2772 means 2772¢ < |27 7k—xz| < 2772 fort > land 277k —x| < 27V2!
if ¢ = 0. Similarly with [277k — z| ~ 2722, The conditions |27 7k — x| ~ 27¥2% and |27k — 2| ~ 2772°
clearly imply

(1+2V|2—1‘Yk;—x|)5N §25tN, t=0,1,2,... (29)

and
! < L s=0,1,2,... (30)

(14 2X2=7k — z|)3N — 255N B
They also imply, together with < \ < v,

14 2z — 2| < 5max(2t,2%), (31
and

1+ 2"y — 2| < 5max(2",2%)(1 + 2¥|z — y|). (32)
Indeed,

T+ 2Mz — 2| <1422z — 277k + 277k — 2]) < 1423 (27720 427228+
=1 + 2)\—D2t+1 + 2S+1 S 1_|_ 2(2t 4 25)
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and (31) follows. On the other hand,

1420z —y| < 14 2%z — 2| + 2%y — 2
<1+ 282 — 277k + 2#)27 7k — 2| + 2"y — x|
<14 2m 27Vl o Ags Ty Lok g
<1+ 4max(2",2°) + 2"y — |
< 5(1 + 2|y — x|) max(2*, 2°)

and (32) follows. Using (29) and (30) we obtain

© 2—’yn2un/22p,n/22kn/2
Z Z [(1+27|x — 277K (1 4 24|y — 277K|) (1 + 27z — 2=7k])]PN

5,t=0 [2=Vk—zx|~2-¥2¢
|2=Vk—z|~2— A28

s 2;471/2

< 27’}/7’7,2(1/4’)\)7’7//2 Z 275N(S+t) Z
B —9—7k|)5N

s,t=0 kezni‘wakfm‘SQ*lth (1 + 2M|y 2 k')
- 2_7n2(u+)\)n/2 0o 2_5N(s+t) Z 2/Ln/2
- Z —9-7k[)2N

S,t:U k’EZnZ‘Q*’Yk—_t‘SQ*VQt (1 + 2H|y 2 Vk')

e —5N (s+t) 2'\/n2un/2 22N(ufu+t)
—yno(v+A)n/2 n(t—v)

<0272 E Ty max( San ,2 > by Lemma 3.5

s,t=0
_ 02(—V—‘—u+)\)n/2 i 2—5N(s+t) max (2(2N—n)(u—u)+2Nt’ 2nt>
2 T 2 — V(1 2w~ )Y
< Co(—vHutn/2

D1

s,t=0

9—5N(s+t)92Nt

1+ 20|z —y)N (1 + 2¢[x —y )N

since N >nandv > p

> —5N(s+t)92Nt t o9s\N
< Cal-vrrtn/2 §° 27PN 2P max(2', 27) by (32)
(1+ 20|z — y)N (1 + 20|y — 2[)N

s,t=0

s —5N(s+t)92Nt t 9s\N t 9s\N
< Co(-vHutNn/2 Z : 2 (422Nt max(2¢, 2%)N max(2¢, 2°) by 31)

S A+ 20|z — yDN (1 + 20y — 2 )N (1 + 2Mz — 2|)N
02(—u+/L+A)n/2
(1 420z =y N (L + 20|y — 2[)N (1 + 2z — 2V

since the sum converges to a constant depending only on V. O

4 Boundedness results for bilinear paraproducts

Theorem 4.1 (Paraproducts as bilinear Calderén-Zygmund operators) Let {p¢ }, {05}, {68} be three fami-
lies of molecules satisfying (3) with N > 10n + 10 and M = 1. Also, suppose that at least two of the families
satisfy (5) with L = 0. Then the paraproduct

T(f,9) = > 1QI72(f,00)(9,00)88,  f.g€SR™),

QeED
has a bilinear Calderon-Zygmund kernel and
1T, Dl 21 mny < Clfl 2wy ll9ll 2@y
In particular, T is a bilinear Calderon-Zygmund operator.
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10 A. Bényi, D. Maldonado, A. Nahmod, and R. Torres: Bilinear Paraproducts Revisited

Using Theorem 4.1 we recover the following known estimates. See e.g. [13], [14], and [28].

Theorem 4.2 (Paraproducts on Lebesgue spaces) Let {¢,}, {65}, {08} be three families of molecules sat-
isfying (3) with N > 10n + 10 and M = 1. Also, suppose that at least two of the families satisfy (5) with L = 0.
Then the paraproduct

= Y IQITVA(f, 060 9. 6B)6h,  f.g € SR,

QeD
satisfies the following boundedness properties.

(i) if 1/p+1/q=1/rand1 < p,q < oo, then
IT(f, g)HL"(R“) < C”fHLp(Rn)||g||Lq(Rn)?
(i) ifp=lorq=1land1/p+1/q=1/r,
1T 9) ey < CUS oy 19l gy

(iii) if 1 < p < 0o, and L (R™) denotes the class of compactly supported functions in L (R™),

17(f, g)”LP(R") = C”fHLP(R")

gHLgO(R")

and
IT(f, 9)||Lp(Rn) = OHf”LOO(R”)”g”LP(R")a

(iv) fp=g=o
IT(f, Q)HBMO(R") > CHf||L°°(R")||g”L°° (Rm)

Remark 4.3 The boundedness estimate for 7' : LP(R™) x L>*(R"™) — LP(R"), 1 < p < o0, clearly follows
from the one for T : L?(R™) x L? (R™) — L'(R™), 1 < p < oo in part (i) and duality.

Remark 4.4 Another end-point result 7' : LP(R"™) x BMO(R"™) — LP(R™), 1 < p < oo for paraproducts
is also known. In fact, by freezing one function in BM O, the paraproducts can be realized as linear operators
with Calderén-Zygmund kernels whose L? boundedness is obtained using Carleson measure estimates. From
this the LP x BMO — LP results follow by the linear Calderén-Zygmund theory for 1 < p < oo, see [10]. We
recover these estimates when the three families of molecules satisfy the cancellation condition (5) with L = 0,
see Theorem 4.9 below.

Remark 4.5 By realizing paraproducts as bilinear Calderén-Zygmund operators, rather than as linear ones,
we can take advantage of the multilinear Calderén-Zygmund theory developed in [16], [17], [18], [6], [9], and
[19]. As a consequence, some new paraproduct estimates such as the weighted and end-point estimates now
follow in a unified way. In order to state them, let us fix some notation. The (uncentered) maximal function M is
defined on f € L} (R") by

Mf)e) = 2@2@/” 7l dz,

where the sup runs over all cubes () C R"™ with sides parallel to the coordinate axes. Recall that a nonnegative
weight w € L}, _(R™) belongs to the A, Muckenhoupt class, for 1 < p < oo, if there exists a constant C' such

that )
i 1p')p_
b‘”’(lm/ ><Q|/Q“’ <

where the cubes () are as above. We write w € A; if there exists a constant C' such that M (w)(z) < Cw(z) for
ae r € R"andset A, = Up>14,.

Copyright line will be provided by the publisher



mn header will be provided by the publisher 11

Theorem 4.6 (Paraproducts on weighted Lebesgue spaces) Ler {dg}, {95}, {94} be three families of
molecules satisfying (3) with N > 10n + 10 and M = 1. Also, suppose that at least two of the families
satisfy (5) with L = 0. Let T be the paraproduct

T(f.9) = Y |QI""*(f,66)(9,60)68,  f.g € SR™).
QeD

(i) Then, if 1 <p,q<oo,r>0,withl/p+1/qg=1/r, and w is in A then
17(f, g)HLT(R",w dr) = CHM(f)”LP(R”,wdm)”M(g)HL‘I(R",w dz)*

In particular, if w is in Ayingp,q), then
HT(fv g)HLT(R",w dx) < C”f”LP(R",w dx) ||g||Lq(R”',w dx)*

(ii) Also, if w is in A, the following endpoint estimate holds

IT(f, 9)||L1/2,oo(Rn,w dz) < C”M(f)HLl(Rn,w da) 1M (g) ”Ll(R",w dz)*

Hence, if w is in Ay, we obtain
C
UJ({LL' cR": |T(f7 g)(l’)‘ > )‘}) < W”f”Ll(R",wdz)||g||L1(R",wd1)'

If more regularity on the molecules is assumed, one can derive boundedness results of the form H?(R™) x
H?(R") into L"(R™) for 0 < p,q,r < oo and 1/p + 1/q = 1/r, since such results hold also for multilinear
Calder6n-Zygmund operators. Namely, we have

Theorem 4.7 (Paraproducts on Hardy spaces) Let 1 < q1,q2,q9 < 0o such that 1/q1 + 1/q2 = 1/q, and let
0 < p1,p2,p < 0o such that 1/py + 1/pa = 1/p. Let Ny be defined as follows:

(i) if 0 < p1,pa,p < 1, then No = [n(1/p — 1)},

(ii) if one (but not both) of the p3~5 (7 = 1,2) is bigger than 1, then choose € and \ such that 0 < € <
min(1/2,1/p1,1/p2) and A > (min(1/p1,1/p2) — €)=, and define s by 1/s = \(1/p — 2¢) + 1/p. In
this case, No = |n(1/s —1)|.

Suppose that the three families of molecules {qu’Q }, i = 1,2,3 verify (3) with decay N > 10n 4+ 5Ny + 5,

smoothness M = Ny, and at least two of the families satisfy (5) with L = 0. Then the paraproduct (1) can be
extended on products of Hardy spaces and it satisfies

IT°(f g)HLP(R”) < C”fHHPl(R”)HgHsz(Rn)v

where C depends only on n, p1,p2, D, q1,42,q, and Ny.
Remark 4.8 Notice that the case 1 < p1, ps < oo in Theorem 4.7 is already covered by Theorem 4.2.

For a bilinear operator to reach values in a Hardy space, extra cancellation properties are required. We quantify
this in the following result.

Theorem 4.9 (Paraproducts on homogeneous Triebel-Lizorkin spaces 1) Let 0 < p,q,r < oo such that
1/p+1/g=1/r,and 1 < 1,82 < 00, 1 < 83 < o0 such that 1/s1 + 1/ss = 1/s3, and fix N > n, t > 0 such
that t < min(1,r) and set

L= 2N/t —n] +1. (33)

Suppose that the three families of molecules satisfy (3) with decay 5N /t, smoothness L + 1, and (5) with cancel-
lation L as in (33). Then the paraproduct (1) satisfies

HT(f7 g)||F£’S3(R7L) < C”f”FS’SQ(Rn)||g||Fl?'S3(Rn)'
In particular, since FS’Q =HP for0 <p<1,and Fg’“ C F]S’b when a < b, T satisfies

ITCF Dl e eny < ClF oy 191 oy
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Remark 4.10 As we mentioned earlier, under the conditions of Theorem 4.9, the bound for 7' : HP?(R™) x
HY (R") — H'(R™) gives, by duality, the bound for T : L?(R™) x BMO(R") — L?(R"), 1 < p < cc.

For specific families of molecules we have a smoothing result

Theorem 4.11 (Special paraproducts on Sobolev spaces)

(i) Suppose that the three families of molecules {1b}, {¢%}, and {¢%} are obtained by translations and
dilations of functions 1*, 1% ,4> € BPF(R™). Then, for every o, 3 € R and p, q,r with 1 /p+1/q = 1/r,
1 < p,q < oo, there exists C = C(a, 3, p, q,n) such that the bilinear paraproduct

T(f,9) = Y [PI72(f,0p)g, vB)0}

PeD

satisfies
[IV|*T8T(f, Drwny < C|||v|afHLP(R")|||v|ﬁg||L’1(R")a f,9 € So(R"). (34)

In particular, when v > 1 and o, 3 > 0, T is bounded from the product of Sobolev spaces LE(R™) x
LE(R™) into Ly, 5(R™).

(ii) If {13} is replaced by a general family of molecules with N = 10n+10, M = a+ 3+ 1 for some o, 3 > 0
and no cancellation, then we still have

10T (f,9)l

Sfor all multiindices k € N" witha + 3 = |k

rr®n) < OV fllLe@n) |V|ﬁ9\|Lq(Rn)7 f,9 € So(R"), (35)

,and1/p+1/g=1/r,1 < p,q < .

The extremely simple proof of the next result illustrates the close interaction between the molecular decom-
position of Triebel-Lizorkin spaces and the molecular representation of the paraproduct.

Theorem 4.12 (Paraproducts on Triebel-Lizorkin spaces II) Let o, 3 in RY. Suppose that {¢L} is a family
of dual molecules for F;’sl (R™), {¢%} is a family of dual molecules for Fqﬁ’” (R™), and {¢%} is a family of
molecules for F,?‘JFB’SB (R™), with 1 < p,q < oo such that 1/p+1/q = 1/r, and 1 < 81,89 < 00 such that
1/s1 + 1/s2 = 1/s3 (and s3 finite). Then T verifies

ITCF )l v gy < CUF Lo v 19l s gy

Remark 4.13 Theorems 4.9 and 4.12 can be used to obtain different versions of Theorems 4.2 (unweighted
case) and Theorem 4.11; and Theorem 4.7, respectively, for general paraproducts. But we preferred to present
the results for (unweighted) Lebesgue and Sobolev spaces in the way we did because of the independent interest
in the arguments used. Also, combining Theorems 4.9 and 4.12 with Theorem 4.2, boundedness properties of
paraproducts on inhomogeneous Triebel-Lizorkin spaces are easily derived.

Remark 4.14 Other end-point results for paraproducts of the form Fg"q XY — F;"q for certain spaces Y
are given in [33] and [34].

Remark 4.15 Although norm equivalences for functions in several function spaces with the corresponding
Triebel-Lizorkin norms are quite transparent, the actual identifications of the elements in the spaces requires
further work because, strictly speaking, the homogeneous Triebel-Lizorkin spaces are spaces of distributions
modulo polynomials. A detailed explanation of this issue and how to interpret expressions like (f, ¢p) for
distributions in certain Triebel-Lizorkin spaces and molecules without infinity vanishing moments is given in the
Appendix B of [11]. The interested reader may consult [11] and the references therein for further details.

Remark 4.16 (Realization of paraproducts as pseudodifferential operators) It is a well-known fact by now
that the study of Coifman-Meyer multipliers

To(f. 9)(x) = / m(E,m) FOFm)e™ € dedn,
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where
02 08m(&,m)| < Cap([€] + In)) 1= 1P1,

can be reduced to the study of paraproducts of the form (1) with at least two of the families of molecules in-
volved having vanishing moments (but not necessarily the three of them). Conversely, it is not hard to prove that
when the families of molecules are obtained by translations and dilations of functions in BPF, then the bilinear
paraproducts generated by such families can be written as

— [ mie&F©FmE= < ded, (36)
where the symbol satisfies estimates of the form

10202 08 m(, €,m)| < Cpoaa(|€] + [n]) 1 71e1=101,

General pseudodifferential operators like the ones in (36) may not be bounded on Sobolev spaces and the special
cancellations present in the families of molecules assumed in Theorem 4.11 seem to be crucial to obtain such
boundedness results. For example, pseudodifferential operators with symbols satisfying the conditions

1000805 m(x,€,m)| < Cpoap(1 + [€] + [n])le1=1e1=1A1,

where studied in [3] and it was shown there that in general they are not bounded on Lebesgue spaces and only
map LF x L% into L7, for > 0. This parallels the situation with the linear case and the so-called exotic or
forbidden class of symbols S%l. See [3] for further details.

5 Proofs of the boundedness results

Proof of Theorem 4.1. We will prove that T" has a bilinear Calderén-Zygmund kernel. For this we do not need
any cancellation at all in any of the families of molecules. The kernel K (z,y, z) of T is given by

K(z,y,2) = > |QI7205 ()65 (2)6% (x).

QeD

In order to show the size and regularity properties of K (z,y, z) we will utilize the discrete almost orthogonal-
ity estimates proved in Section 3. By Proposition 3.6 with v = v = y = X and Lemma 3.4 with § = 1, the size
estimate (15) for K (z,y, z) becomes

K (2,9, 2) <Y D 27 Plon )67k (2)l |60 ()]

veZ keZn
< Z 02277,1/
S 2y (L 27z — g (11 27— 2

C
S 2n
(lz =yl + [z =yl + [z — z[)

Similarly, the regularity condition (16) with € = 1 follows from (3) with M = 1. Indeed, Proposition 3.6 and
Lemma 3.4 with § = 1 + 1/n yield

< c
S (e—yl+lz—yl -2

|VK(35 Y,z ) |)2n+1-

Given z,z', y, and z with |z — 2/| < § max{|z — y|, |z — 2|} we get

|z — 2|

|K($7y7z) - K(xl7yaz)| < C
(I =yl + [z —y[+|2" — 2

(37

2n+1
™
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where "/ =tz + (1 — t)a’ for some ¢ € (0, 1). Since

1"

o~y = lo g+ t(a — )| > |yl — tle — 2’| 2w~y — 5l — o] = glw

and, similarly, |z” — z| > 1|z — 2|, (16) follows. Notice that the case 8 = 1 + 1/n now demands the condition
N > 2n 4+ 2 (for Lemma 3.4 to apply) and therefore 5N > 10n + 10. In order to prove the boundedness of
T on a product of Lebesgue spaces, we may assume (by taking transposes, if needed) that the families gbb and
d% are the ones with cancellation. The following argument is also well-known. Let i be in L°°. Using the
Cauchy-Schwartz inequality we obtain

(T (f,9), M) < D 1(F 00) (g, 68) 12", ¢3)]

QeD
1/2 1/2
< | D Kfeh) > g, 00)I? sup 2"/2|(h, ¢},)|
QeD QeD QeD

< Clflle2llgllc2(hll Lo

The quadratic estimates follow from Theorem 1 since, by Remark 2.1 part (i) and by Remark 2.2 withp = s = 2
and o« = 0, the first two families are also dual molecules for LQ(R”). On the other hand,

2Y"h(z) dx
[+ 27z — g )V

9" /2| (h, g)| < C /R : < Clbll o

Hence, T maps L? x L? into L*. O

Proof of Theorem 4.2. Theorem 4.2 now follows from Theorem 4.1 and the already established theory of
multilinear Calderén-Zygmund operators. In particular, we invoke the following result.

Theorem 5.1 (Grafakos-Torres, Theorems 1 and 3; Proposition 3 in [17]) Let T be a bilinear Calderdn-
Zygmund operator. Then (i),(ii),(iii), and (iv) in Theorem 4.2 hold true for T.

The constants in Theorem 4.2 depend only on the constant of the bilinear Calderén-Zygmund kernel obtained
in Theorem 4.1 and ||T|| 2, ;2 /1- O

Proof of Theorem 4.6. The proof is a direct consequence of the following result on bilinear Calderén-Zygmund
operators

Theorem 5.2 (Grafakos-Torres, Corollary 3 and Remark 3 in [18]) Let 1 < p,q < oo, 7 > 0, with 1/p+1/q =
1/r and w € Aw. If T is a bilinear Calderdén-Zygmund operator, then

1T(f; 9)l

L™(R™,wdx) S CHM(f) ||LP(R”711) dx) ||M(g) ||Lq(R"7w dx)’

and
1T(f, 9)||L1/2,oo(Rn,w dz) = C”M(f)HLl(Rn,w da) M (g) ||L1(Rn,w dz)>
where C depends only on p, n, ||T|| 1y 11, 1/2.0, and the size and smoothness constant of the kernel of T.
O

Proof of Theorem 4.7. The proof is once again based on the fact that paraproducts can be realized as bilinear
Calderén-Zygmund operators. Let 1 < ¢1,¢2,9 < oo such that 1/q; + 1/g2 = 1/g, let 0 < p1,p2,p < o0
such that 1/p; + 1/ps = 1/p, and take Ny as in Theorem 4.7. With these parameters, we now use the following
theorem.

Theorem 5.3 (Grafakos-Kalton, Theorem 1.1 in [15]) Suppose that is T be a bilinear Calderon-Zygmund
operator whose kernel K (x,y, z) satisfies

Ca

0910020 K (z,y, 2)| < , forall|a] < Ny, (38)
%% IS o+ e “
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where the triples o = (a1, g, avg) consist of nonnegative integers and |o| = a1 + ao + ag. Also, suppose that
T admits an extension that maps L7 (R™) x L% (R"™) into L1(R"), then

HT(fa 9>||Lp(Rn) < C”fHHPl(R")HgHHP2(R")7

where C depends only onn, p1,p2,p, q1,92, G |51|1p Co and ||T|| oy  fa2 — L0
a:|la|< Ny

The decay, smoothness, and cancellation conditions of the molecules imply (by Theorem 4.1) that 7" is a bilin-
ear Calderén-Zygmund operator. In order to check (38) one can proceed as in the proof of Theorem 4.1. In this
case, use Proposition 3.6 with v = A = v = p and Lemma 3.4 with § = |a|/n + 1. Notice that, by hypothesis,

N > 10n+ 5Ng + 5, so that N/5 > n +n(No/n+1) +1 > n+ nf + 1 and the conditions in Lemma 3.4 are
met. O

Proof of Theorem 4.9. In order to prove Theorem 4.9 we do not use the realization of the paraproduct as a
bilinear Calder6n-Zygmund operator. Instead, we will use the following bilinear almost diagonal estimate.

Theorem 5.4 (Grafakos-Torres, Theorem 4 in [16]) Let 0 < p,q,r < oo such that 1/p + 1/q = 1/r, and
1< 81,82 <00, 1< 83 <oosuchthat1/sy +1/sy = 1/s3, and fix t < min(1,r). Take v € BPF(R™) and
consider its translations and dilations 1,1, (x) = 2"/ ?(2"x — k). Assume that a bilinear operator T verifies

T (Yuks Yur)s Yam)| <

C 27(max(u,u,A)fmin(u,u,/\))s/t 2(7 max(p,v,\)+med(p,v,\)+min(p,v,A))n/2t 2(7V7M+)\)n(17t)/2t
((1_|_2min(u,y)|2—uk_2—ul|)(1+2min(,u,)\)‘Q—pl_Q—AmD(l_i_Qmin()\,u)‘Q—Am_2—uk|))N/t

fqr some C >'O, N > n, and € > 0. Then the operator T' can be extended to be a bounded operator from
Fg’sl (R™) x Fg"” (R™) into FT(,)’S3 (R™).

Remark 5.5 There is a typo in the statement of Theorem 4 in [16]. The factor on the right hand side should
read 2(—¥—#+M)n(1=1)/2t a5 shown here, and not 2(—~#+Nn(t=1)/2t 4 it appears in [16].

Theorem 4.9 will then follow from Theorem 5.4 once we show that

D 22 Wk, 00t 90) [ (Yam, 63)] (39)
QeD
C 27(max(u,1/,)\)7min(p7u,)\))€/t 2(7 max(p,v,A)+med(p,v,\)+min(p,v,\))n/2t 2(7u7;1,+)\)n(17t)/2t

< - - - )
— ((1+2nnn(u,#)‘271/]{_27,u”)(1_|_2m1n(u,)\)‘27ul_27)\m|)(1+2m1n()\,u)|27)\m_271/k|))N/t

Notice that, except for the factor 2(-*—#+Nn(1=t)/2t the right hand side is symmetric on i, v, and X. Since
we are assuming the same decay, smoothness, and cancellation conditions on the three families of molecules
{QSZQ}, 1 = 1,2,3, it is enough to consider only the case A < p < v (as this case minimizes the factor

2(=v—ntNn(1-1)/2ty Hence, (39) reduces to

> 2" 2 Wk, ) (ot D) (Yam, 80 w

Q€D
C 27(V7)\)(5+n)/t 2/,1,n/2+un/27)\n/2

< .
= (120 2—rk—2-m1])(1+ 2211 — 2= m|) (1 + 2> 2= m—2—vk])) M/t

The molecules 1, have arbitrary decay, smoothness, and cancellation. Also, for L as in (33) we clearly have
5N/t > L+ n+ 1. We are now in position to apply Proposition 3.2 with Ny = Ny = 5N/t > n and Proposition
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3.6 to obtain

ST 2R Wk, B[, 6 [(rm, )

Q=QJWE'D
C 2n/29—lv=(L+14n/2) 90— |p—7[(L+14n/2) 9 —[A=7|(L+1+n/2)
< - - -
>~ Z ((1+2rmn(v,’y)|xV_2—7jD(1+2m1n(u,'y)|xu_2—’yj|)(1+2(m1n()\,'y)|x>\_2—'~/j|))5N/t

JjEZ™
YEZ
- Z C9377/29= (V= l+In= |+ A=) (L+14n/2) g (min(v,7)+min(u,7) +min(X,7))n/2
YEZ
2—7n2min(u,'y)n/2 2min(u,’y)n/22min()\,'y)n/2
JEZZ (142min() |z, —2=7j]) (14 2minwD) |z, — 2=7j]) (14 2min(AM) |z, — 2774 )) 5N/t
< C Z 2311"//22*(|V*'Y‘+|#*’)’|+‘A*’y‘)(L+1+’n/2)27(min(y,—y)+min(p‘ﬁ)+min(>\7,y))n/2

YEZ
9 (= max(min(v,y),min(u,¥),min(A,v))+med(min(v,y),min(x,7),min(A, 7)) +min(v,u,X,v))n/2
X . . -
[(1 4 2min(rm)| g, — 2, |) (1 4 20007 |z, — 2y ])(1 + 2mnEA) |z, — 2y )]V
2P W1, A.)

= ’Y;Z [(1 4 2min(u7fy7ﬂ)|xy _ 1'“,‘)(1 4 2min(#,fy,)\)|xu _ JU,\|)(1 + Qmin(u,'y,)\)lzu _ $>\|)}N/t

where z, = 27"k, x, =27 #l;and x) = 27 m, and the power p(v, i, A, ) is given by

P,y A7) =3n7/2 = (v = [+ [p =+ A =)L+ 1+n/2)
— (min(, ) + min(, 7) + min(A, 7))n/2

(v,7), min(g, 7), min(A, 7))n/2

+ med(min(v, ), min(u, ), min(A, y))n/2

— max(min
+ min(v, p, A, y)n/2.

At this point we split the sum in v € Z into four sums according to the following cases.

Case 1: v > v > p > \. This case gives

2PV A7)
Z [(1 + 2min(u,'y,,u,)‘xu _ mﬂ')(l + 2min(p,,'y,>\)|xu _ I‘)\D(l + 2min(u,'y,)\)|xlj _ .T,\|)]N/t

YEZ
y2v

9= (L+D)((v=v)+(y=p)+(y=A))+An/2+pun/2—vn/2

=C
“;Z [(1+ 20|z — 2 ) (1 + 2¥M @y — @A) (L + 2M 2y — 2a )N/
y>v

—An/24+pun/24vn/2
< G- An/2run/ / Z 9—(L+1)(v=A)
(14 2]y — 2 [) (1 + 2N — 2a ) (1+ 2w, — aa )]V o

y>v

02—An/2+,un/2+l/n/22—(L+1)(u—)\)
<
T+ 20y — @)1+ 2wy — 2A) (14 2w, — aa )]V

where C' depends only on V, n and L.
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Case 2: v > v > pu > A. This case gives

2P (W1, 2.7)
vezjz (1 2min@ iz, — a, ) (14 20001V, — 2y [)(1+ 200N, — x|V
vy

o Z 9= (LA (v=7) = (L+) (y=p) = (L+1) (y=A) +(=v+pu+M)n/2
- VEZ (1 + 20z, — 2 ) (1 + 2y — 2a]) (1 + 2M 2, — @)V
VY2

027un/2+p‘n/2+)\n/227(u7/,¢)(L+1)

< 9= (L+1)(7-2)
T+ 202y = 2 ) (1 + 2wy — 2a) (14 2¥a, — 2] ;

Y=

C27/\77,/2+M7l/2+1/71/227(14+1)(1/7)\)
< i
T A+ 2y = 2u[)(1+ 2o — 2a) (1 42Xz — @)V

where C' depends only on N, n and L.

Case 3: v > >~y > \. In this case we have

Z C2P(WsAY)
o [+ 2mnermz, — @, [)(1 4 20Dz, — a3 |)(1+ 2000 Ve, — )]V
H>yZA

27(1/7)\)(L+1)7)\n/2+,un/2+z/n/27(/_Lf'y)(L+1+n)f(uf)\)n

=C
2, (1 + 27|z = 2u[)(1+ 2Mwp — 2A)) (1 + 2@, — 2a)]N/*

YEZ
B2y 2ZA
CQ*(Vf)\)(L+1)7)\n/2+;¢n/2+un/2 27(/1,77)(L+1+n)
<
T+ 2y — 2a) L+ 2Mzy — )V ; (1 + 27wy — @, )N/
HZyZA
C27(Vf)\)(L+1)7)\n/2+/1n/2+1/n/2 27(;1,7'\/)(L+1+n)
<
T A+ 2y — 2a) (L + 23w, — ax )V 'ygz (207 4 20 by, — @y )N/
HZyZA

027(117/\)(L+1)7)\n/2+un/2+un/2
<
T A+ 2May — 2 ) (1 + 2z, — @A) (1 + 2|2y — 24])]

—(u—)(L+14+n—N/t
N7 ZQ (r=7)( /)’
YEZ
B>y

and the last sum converges to a number depending only on N, n, L, and ¢, provided that L + 1 4+ n — N/t > 0.
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Case 4: v > > A > ~. In this case we have

2P isAY)

,Ygz [(1 + 2min(u,'y,u)|xy _ xul)(l + 2min(/L,'y,)\)|xu _ ka(l + 2min(y,’y,)\) ‘xu _ x}\D]N/f
<A
o 9= (=M (L+1)=An/2+pn/2+vn/2—(v—7)(L+1)—(u—7)(L+1+n) — (A=) (L+1+n)
a VEZZ [(1+ 27|z, — zu])(1 + 27|y — 2a]) (1 + 27|z — 2]) N/
<A

9= (=N (L+1)=An/2+pun/2+vn/2—(u—7)(L+1+n)— (A=) (L+14n)

<C
e P [ e P Py

<A

o 9— (=X (L+1)=An/2+pun/2+vn/2—(p—7)(L+1+n—N/t)— (A=) (L+1+n—2N/t)
D R T oo 2 o) 2 PR

<A

9= (=M (L+1)=An/2+un/24+vn/2

<
= [0+ 200, — 21+ 2, — )1+ 2z, — 2a])

—( A=) (L+14+n—2N/t)
T 2 /.,

YEZ
Y<A

and the last sum converges to a number depending only on N, n, L, and ¢, provided that L + 1 +n — 2N/t > 0.
Thus, we have proved

> 2" (W, St 6B) | (orm, 8] (41)
QeD
2—(z/—/\)(L+1)—)\n/2+un/2+yn/2

<C .
T A+ 2y = 2u)(L 4+ 2w — 2a )1+ 2Mzy — @A)V

Consequently, since L + 1+ n > 2N/t and N > n we obtain L + 1 > n(1 —t)/t + n/t and (40) follows from
(41) withe = n(1 —1t). O

Proof Theorem 4.11. Given o, 3 € R! set | = (—a, —3,a + 3). For Schwartz functions !, 2, ¢* €
BPF(R") define Schwartz functions U!, U2, U3 in terms of their Fourier transforms by

Wi(€) = |e[97(€), €E€RMj=1,2,3;

where the right-hand side is well defined even for /; < 0, since @ vanishes in a neighborhood of ¢ = 0. In fact,
we have supp(¥J) = supp(t)?), and for each dyadic cube P = P,,

W (€) = |PIB/"e[liph(e), € € R™, 42)

where o5, (x) = 2%/23(2Vx — k) and W), = 2""/2WI (2"x — k). Consequently, ¥, is a smooth molecule
associated to P with arbitrary decay and cancellation. Plancherel’s identity and (42) allow to write, for each f, g
in So,

IVICHDT(f,9) = Y P12 (f,0p) (g, wB) VTP

PeD

= Z |P|—1/2<J?7 |P|a/n‘§|a\1,}3><§, |P|ﬁ/n‘§|ﬁ\1/§3>|P|—(a+ﬁ)/n\pi§3

PeD

= > PPV F, UV [P, U T
PeD

=T(V|*£,|V|°g),
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where the paraproduct 7 associated to the families {\IlﬂD } j=1,2,3 verifies the conditions of Theorem 4.2, which
yields (34). In order to prove (35) we only need to slightly change the proof of (34). Given an arbitrary family
of molecules {1/3,} as in the statement, now set ¥%, = |P|(@+9)/ngry3, By (3), the molecule ¥% has decay
N > 10n + 10 (as zﬁ’, does) and smoothness o + 3 4+ 1 — || = 1. The proof of (35) now follows from the one
for (34) applied to W%, O

Proof Theorem 4.12. Set
h="T(f,9) = Y 1QI7*(f, 00){9, 65) 0

QeD

and cg = |Q|7V/2(f, D)9, 95 so that h = 37 5 codly. By (12) we have
Il s < ClH{eQMH)jusss-
Then, an iteration of Holder’s inequality yields

1T, 9| pessos = Il goms < Cll{eql joesnes

_ 9 1/s3
s3
—clll X (1R ahlitg, ety
| Q=Q(v,k)eD | i
_ 1/s3
s3
=C || 3 (272711, 6b)xqllg, 6B)20 P xq)
_V,k‘ o
_ - 1/51 1/52
<C ola-+n/2)v 1 51 o(B+n/2)v 2 52
<c|> (£, 66)Ixe > (g, 63)xa
_u,k ] v,k .
- 1 1/s1 q91/s2
S1 52
<C|f |32 (22 (1. b)) > (207219, 6%) Ixq)
v,k v,k
o - Lp - La

= CH{<fa d)é2>}Hf§€1

’{<9a¢é>}Hf‘g,52 < C||f\|p;>b'1

ol

where we used (14), since {qﬁb}QeD and {zj%}QeD are families of dual molecules for Fz‘f"sl and Ff’” respec-
tively (see Remark 2.2). O
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