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Árpad Bényi1, Diego Maldonado2, Andrea R. Nahmod3, and Rodolfo H. Torres∗4

1 Department of Mathematics, Western Washington University, Bellingham, WA 98225-9063, USA
2 Department of Mathematics, Kansas State University, Manhattan, KS 66506, USA
3 Department of Mathematics and Statistics, Lederle GRT, University of Massachusetts, Amherst, MA 01003, USA
4 Department of Mathematics, University of Kansas, 405 Snow Hall, 1460 Jayhawk Blvd, Lawrence, Kansas 66045-7523,

USA

Received 31 August 2007

Key words Singular integrals, maximal functions, Littlewood-Paley theory, multilinear operators, almost di-
agonal condition, wavelets, molecules, Sobolev spaces, Triebel-Lizorkin spaces
MSC (2000) Primary 42B25, 42B20, 47G30. Secondary 42C15, 46E35, 35S99

Boundedness properties for bilinear paraproducts on several function spaces are presented. The methods are
based on the realization of paraproducts as bilinear Calderón-Zygmund operators and the molecular character-
ization of function spaces. This provides a unified approach for the study of paraproducts, recovering some
know results and establishing several new.
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1 Introduction

Starting with the work of Coifman and Meyer in the 70’s (see for instance [8]) the multilinear approach to study
product-like operators has been followed numerous times in the literature. In addition to their relevance in non-
linear partial differential equations, product-like operations are of interest in harmonic analysis in the study of
linear and multilinear singular integrals. Some recent works involving estimates for multilinear singular integrals
of relevance for this article include [1], [2], [7], [13] [14], [15], [16], [17], [19], [20], [21], [22], [24], [26], [28],
[35]. This is only a partial list of the numerous research works in an area that continues to attract a lot of attention.

The name paraproduct has been used somewhat loosely in the literature to denote different types of operators
which behave like (and often, as we shall see again in this article, better than) the product of functions. The
paraproduct paradigm can be traced back to the contributions by H. Triebel [30], [31], as well as those by J.
Petree [27], to the study of multiplication properties in Besov and Triebel-Lizorkin spaces. See [32] for further
references. The term paraproduct, however, goes back to the seminal work of Bony in [5], where the words para-
multiplication and paradifferential operator were introduced and some of its uses in non-linear partial differential
equations were established. In general terms, a paraproduct consists of sums or integrals that superimpose var-
ious time-frequency components of the functions on which it acts. In particular, we will reexamine the bilinear
operators (broadly considered in the literature) of the form

T (f, g)(x) =
∑
Q

|Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉φ3
Q(x), (1)

where the sum runs over all dyadic cubes in Rn and the functions φi
Q, i = 1, 2, 3, are families of molecules (see

the next section for complete definitions). The purpose of this article is to study, in great details, the boundedness
properties of such operators in various function spaces. All what we will discuss about these operators extends
to obvious and properly normalized m-linear generalizations involving m input functions and m + 1 families
of molecules. For simplicity in the notation and ease in the flow of the article we will restrict ourselves to the
bilinear case.
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Operators of the form (1) appear as model operators and technical tools in the study of bilinear singular
integrals. We revisit bilinear paraproducts motivated in part by the work of Lacey and Metcalfe in [20], which
in turn is motivated by the work of Muscalu et al. in [24]. In both works, operators of the type (1) and their
multiparameter versions (in the sense of non-homogeneous dilations) are studied. They are used in [24] to develop
a biparameter Coifman-Meyer multiplier result, while some further end-point estimates for such operators are
presented in [20]. See also [25].

As it is known, the classical Calderón-Zygmund theory does not apply to the multiparameter dilation setting
in the same way it does in the one-parameter one (some weak end-point estimates are not available), and the
use of paraproducts as in [24] was crucial to develop the complete set of Lp estimates for biparameter Coifman-
Meyer multipliers. Such range of estimates recovered the ones for one-parameter dilations (the only case we will
treat here), where the classical Calderón-Zygmund theory approach does work and was previously developed by
Kenig and Stein [19] and Grafakos and Torres [17] without the need of the paraproducts (1). An approach to
one-parameter Coifman-Meyer multipliers based on paraproducts was also carried out by Gilbert and Nahmod in
[13].

In this article, we retrieve the Lp estimates for the operators of the form (1) by taking advantage of the fairly
general multilinear Calderón-Zygmund theory developed in [16], [17], and [18]. See also [6], [9] and [19]. This
theory also includes operators of non-convolution type as well as all their natural end-point, maximal function,
and weighted estimates. Consequently, we also obtain new boundedness results on some other spaces (e.g.,
weighted and weak Lebesgue spaces, Hardy spaces, and Sobolev spaces) by treating the paraproducts as bilinear
Calderón-Zygmund operators of non-convolution type. In addition, by using molecular decompositions, almost
diagonal estimates from [11] and [16], and their discrete equivalents, we present boundedness results on products
of Triebel-Lizorkin spaces.

We point out that a similar approach using molecular decomposition has been considered by Wang in [33] and
[34] by fixing one of the functions in (1), say g, and realizing as in the classical case Tg(f) = T (f, g) as a linear
Calderón-Zygmund operator. Such an approach typically produces results of the form T : X×Y → Y , whereX
and Y are appropriate function spaces. We emphasize here the bilinear approach obtaining more general results
of the form T : X × Y → Z, again for appropriately related function spaces X , Y , and Z.

Acknowledgment: This work was motivated in part by some of the mathematical interactions that took place
during the visit of Bényi and Torres to the Erwin Schrödinger Institute (ESI), Vienna, Austria. They want to
thank the ESI and the organizers of the special semester on Modern Methods of Time-Frequency Analysis for
their support and hospitality.

2 Notation and preliminaries

For ν ∈ Z and k ∈ Zn, let Pνk be the dyadic cube

Pνk = {(x1, . . . , xn) ∈ Rn : ki ≤ 2νxi < ki + 1, i = 1, . . . , n}. (2)

The lower left-corner of P = Pνk is denoted by xP = xνk = 2−νk, its size by |P | = 2−νn, and its characteristic
function by χPνk

. The collection of all dyadic cubes is D = {Pνk : ν ∈ Z, k ∈ Zn}.
In this article, a smooth molecule associated to P is a function φP = φPνk

= φνk that satisfies

|∂γφνk(x)| ≤ Cγ,N2νn/22|γ|ν

(1 + 2ν |x− 2−νk|)N
, for all |γ| ≤M and some N > n. (3)

The regularity M and the decay N > n will be specified in applications. For instance, if φ is in the Schwartz
class S(Rn) then

φνk(x) = 2νn/2φ(2νx− k) (4)

is a molecule associated to Pνk with arbitrary smoothness and decay.
A family of smooth molecules {φP }P∈D = {φνk}ν∈Z,k∈Zn that satisfy the additional conditions∫

φνk(x)xγdx = 0, for all |γ| ≤ L, ν ∈ Z, k ∈ Zn, (5)
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where L will be specified in particular uses, will be called a family of smooth molecules with cancellation. By
properly choosing M and N in (3) and L in (5), such families become smooth molecules for the Triebel-Lizorkin
space Ḟα,s

p (Rn) in the sense of Frazier and Jawerth [11]. Next, we recall the definition of such spaces and their
(non-orthogonal) wavelet and molecular decompositions.

Let 〈f, φ〉 be the pairing between a test function φ in S(Rn) and a tempered distribution f in S ′(Rn). The
Fourier transform of a test function is defined via φ̂(ξ) = 〈e−iξ·, φ〉 and extended to distributions in the usual
way. We will write ψ ∈ BPF (Rn) (BPF after “band pass filter”) if ψ belongs to S(Rn), ψ is real-valued and
radial, its Fourier transform is supported in the annulus {ξ ∈ Rn : π/4 ≤ |ξ| ≤ π}, and |ψ̂(ξ)| is bounded
away from zero on, say, {ξ ∈ Rn : π/4 + ε ≤ |ξ| ≤ π − ε} for ε > 0 small. Fix now ψ ∈ BPF (Rn); for
0 < p, s <∞ and α real we will consider the Triebel-Lizorkin space Ḟα,s

p with (quasi) norm given by

‖f‖Ḟ α,s
p (Rn) =

∥∥∥∥
[∑

ν∈Z

(2να|f ∗ ψν |)s

]1/s ∥∥∥∥
Lp(Rn)

, (6)

where, now, ψν(x) = 2νnψ(2νx). Of main interest to us are the particular cases of

(i) the Lebesgue spaces, ‖f‖Ḟ 0,2
p (Rn) ≈ ‖f‖Lp(Rn) for 1 < p <∞;

(ii) the Hardy spaces, ‖f‖Ḟ 0,2
p (Rn) ≈ ‖f‖Hp(Rn) for 0 < p ≤ 1 and;

(iii) the homogeneous Sobolev spaces, ‖f‖Ḟ α,2
p (Rn) ≈ ‖f‖L̇α,p(Rn) for 1 < p < ∞, where ‖f‖L̇p

α(Rn) =

‖|∇|αf‖Lp(Rn) with |̂∇|αf = |ξ|αf̂ defined a priori for all α if f is in

S0(Rn) = {f ∈ S(Rn) : ∂γ f̂(0) = 0, for all γ ∈ Nn
0}.

We also note that the familiar in-homogeneous Sobolev spaces Lp
α, with norm given by ‖f‖Lp

α(Rn) = ‖(I −
∆)α/2f‖Lp(Rn) and where ̂(I −∆)α/2f = (1 + |ξ|2)α/2f̂ , satisfy Lp

α = Lp ∩ L̇p
α for 1 < p < ∞ and α > 0.

The Littlewood-Paley characterization (6) of the Lebesgue, Hardy, and Sobolev spaces is nowadays well-known.
For more on the general scale of spaces Ḟα,s

p (Rn) see for example [32]. Following [11], if one also requires ψ
to satisfy ∑

ν∈Z

|ψ̂(2νξ)|2 = 1, ξ 6= 0, (7)

then one can write the wavelet-type expansion

f =
∑
ν∈Z

∑
k∈Zn

〈f, ψνk〉ψνk, (8)

where ψνk(x) = 2νn/2ψ(2νx− k), to obtain

‖f‖Ḟ α,s
p (Rn) ≈ ‖{〈f, ψνk〉}‖ḟα,s

p
, (9)

where ḟα,s
p denotes the space of sequences {uνk}ν∈Z,k∈Zn for which

‖{uνk}ν∈Z,k∈Zn‖ḟα,s
p

=
∥∥∥∥

[∑
ν∈Z

∑
k∈Zn

(|uνk|2ν(α+n/2)χPνk
)s

]1/s ∥∥∥∥
Lp(Rn)

<∞. (10)

Note that these are not orthogonal wavelets as in [23], but they still characterize the function spaces used. More-
over, if {φQ}Q∈D is a general family of molecules for Ḟα,s

p (Rn) with enough decay, regularity, and cancellation
(see Remark 2.1 below), and if {cQ}Q∈D = {cνk}ν∈Z,k∈Zn is a sequence of numbers in ḟα,s

p , then

f =
∑
Q∈D

cQφQ (11)
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is in Ḟα,s
p and satisfies

‖f‖Ḟ α,s
p (Rn) ≤ C‖{cP }‖ḟα,s

p
, (12)

with C depending only on the family of molecules.
Remark 2.1 In general, the parameters N , M , L in the definition of the molecules for a particular space

Ḟα,s
p (Rn) depend on α, p, s and the dimension n. We will not use the sharpest possible values but we note that
N > n/min(1, p, s), M = bαc + 1, and L = max(b n

min(1,p,s) − n − αc,−1), with the convention that (5) is
void if L < 0, suffice if α ≥ 0. For α < 0 one also needs to add (3) with N > n/min(1, p, s)−α when |γ| = 0.
In particular, one can use:

(i) N > n, M = 1, and L = 0 for the Lebesgue spaces Lp(Rn) when 1 < p <∞;

(ii) N > n/p, M = 1, and the typical cancellation L = bn(1/p − 1)c for the Hardy spaces Hp(Rn) when
0 < p ≤ 1 and;

(iii) N > n, M = bαc+ 1, and no cancellation for the Sobolev spaces L̇p
α(Rn) when 1 < p <∞ and α > 0.

Remark 2.2 There are dual counterparts to the above statement and the estimate (12) involving what we
will call dual molecules. A family of functions {φP }P∈D = {φνk}ν∈Z,k∈Zn is a family of dual molecules
for Ḟα,s

p (Rn) if the functions φP satisfy the conditions (3) and (5) with N > n/min(1, p, s) and M =
max(b n

min(1,p,s) − n− αc+ 1, 0) and L = bαc, and the additional decay condition

|φνk(x)| ≤ C2νn/2

(1 + 2ν |x− 2−νk|)max(N,N+n+α−n/min(1,p,s))
. (13)

This last condition is included in (3) if p, s ≥ 1 and α = 0. If {φP } is a family of dual molecules for Ḟα,s
p (Rn),

then

‖{〈f, φP 〉}‖ḟα,s
p

≤ C‖f‖Ḟ α,s
p (Rn). (14)

See [11] and [12] for more about the molecular decompositions described.
The wavelet characterization of the Triebel-Lizorkin spaces permits the study of linear and bilinear operators

by examining their associated discrete matrices or tensors on the spaces of coefficients. The approach is well-
known. In the linear case we can write

T (f) =
∑
P∈D

〈f, ψP 〉T (ψP ) =
∑
Q∈D

∑
P∈D

〈f, ψP 〉〈T (ψP ), ψQ〉ψQ

and reduce the study of T on Ḟα,s
p (Rn) to that of the matrix A = {aQP }Q,P∈D = {〈T (ψP ), ψQ〉}Q,P∈D on

ḟα,s
p . Moreover, since the spaces ḟα,s

p are defined in terms of the size of the sequences, it is enough to obtain
boundedness results for the matrix {|aQP |}Q,P∈D. There exist sufficient conditions in terms of the size of the
entries of this matrix which ensure its boundedness on ḟα,s

p and they are known as almost diagonal estimates
[11]. These are decay estimates in |aQP | for P and Q far from each other in an appropriate sense. We recall the
following fact

Theorem 2.3 (Frazier-Jawerth, Lemmas 3.6 and 3.8 in [11]) Let {ψQ} be a family of molecules obtained by
dilations and translations of a fixed function ψ ∈ BPF (Rn), that is, ψQ(x) = ψνk(x) = 2νn/2ψ(2νx − k),
where Q = Qνk.

(i) If {φP } is a family of smooth molecules for the space Ḟα,s
p (Rn), then A = {aPQ} = {〈φP , ψQ〉} is a

bounded operator on ḟα,s
p .

(ii) If {φP } is a family of dual molecules for the space Ḟα,s
p (Rn), thenA = {aPQ} = {〈φP , ψQ〉} is a bounded

operator on ḟα,s
p .

Copyright line will be provided by the publisher
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This discretization technique extends to the bilinear setting. For instance, if we consider ψ ∈ BPF (Rn) and
again ψνk(x) = 2νn/2ψ(2νx− k), we can now represent a bilinear operator in the form

T (f, g) =
∑
λ,m

∑
µ,l

∑
ν,k

〈T (ψνk, ψµl), ψλm〉〈f, ψνk〉〈g, ψµl〉ψλm,

and reduce the study of T on products of Ḟα,s
p spaces to that of

A = {a(λm, νk, µl)} = {〈T (ψνk, ψµl), ψλm〉}

on products of ḟα,s
p spaces. Bilinear almost diagonal estimates are available and depend on the spaces used (see

Theorem 5.4 below). The almost diagonal estimates can be extended to the general multilinear setting as in
the work of Bényi and Tzirakis [4]. Finally, we need to recall one more background result concerning bilinear
Calderón-Zygmund operators. Let T be a bilinear operator, say initially defined on pairs of test functions into the
space of distributions, whose distributional kernel coincides away from the diagonal Ω = {(x, y, z) ∈ (Rn)3 :
x = y = z} with a function K(x, y, z) locally integrable in (Rn)3 \ Ω that satisfies in that set the size condition

|K(x, y, z)| ≤ C(|x− y|+ |x− z|+ |y − z|)−2n, (15)

and the regularity condition

|K(x, y, z)−K(x′, y, z)| ≤ C
|x− x′|ε

(|x− y|+ |x− z|+ |y − z|)2n+ε
, (16)

for some ε ∈ (0, 1] whenever |x − x′| ≤ 1
2 max{|x − y|, |x − z|}. For symmetry and interpolation purposes

we also require that the functions K1(x, y, z) = K(y, x, z) and K2(x, y, z) = K(z, y, x) also satisfy (16).
We say that such a kernel K(x, y, z) is a bilinear Calderón-Zygmund kernel and that such an operator T is a
bilinear Calderón-Zygmund operator if it extends to a bounded operator from Lp0 × Lq0 into Lr0 for some
1 < p0, q0 <∞ and 1/p0 + 1/q0 = 1/r0 ≤ 1.

3 Continuous and discrete almost orthogonality estimates

Atomic and molecular decompositions have been extensively used in the literature to study operators of Calderón-
Zygmund type on the scale of Triebel-Lizorkin spaces. See [29] in the linear case and [1] in the bilinear situation
for more results, complete accounts, and further references. A key ingredient in the approach is that molecules
associated to different cubes are almost orthogonal. In the linear case, this phenomenon is quantified in the
following propositions.

Proposition 3.1 (Frazier-Jawerth, Appendix B in [11]) Suppose that ϕν and ϕµ are functions defined on Rn

satisfying for some xν , xµ in Rn

|ϕν(x)| ≤ 2νn/2

(1 + 2ν |x− xν |)N
, (17)

|ϕµ(x)| ≤ 2µn/2

(1 + 2µ|x− xµ|)N
, (18)

for some constant N > n. Then, there exists a constant C = C(n,N) > 0 such that the following estimate is
valid ∫

Rn

|ϕν(x)| |ϕµ(x)| dx ≤ C
2−|ν−µ|n/2

(1 + 2min(µ,ν)|xν − xµ|)N
.

Proposition 3.2 (Frazier-Jawerth, Appendix B in [11]) Suppose that ϕν and ϕµ are functions defined on Rn

such that for some xν , xµ in Rn, some N1 > n + L + 1 with L a non-negative integer, and some N2 > n the
following conditions hold:

|ϕν(x)| ≤ 2νn/2

(1 + 2ν |x− xν |)max(N1,N2)
, (19)
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Rn

ϕν(x)xγdx = 0 for all |γ| ≤ L, (20)

and

|∂γ
xϕµ(x)| ≤ 2µ|γ|2µn/2

(1 + 2µ|x− xµ|)N2
for all |γ| ≤ L+ 1. (21)

Then, for ν ≥ µ there exists a constant C = C(N1, N2, L) > 0 such that the following estimate is valid∣∣∣∣∫
Rn

ϕν(x)ϕµ(x) dx
∣∣∣∣ ≤ C

2−(ν−µ)(L+1+n/2)

(1 + 2µ|xν − xµ|)N2
. (22)

For three real numbers, a1, a2, a3, we denote by med(a1, a2, a3) one of the aj’s that satisfies min(a1, a2, a3) ≤
aj ≤ max(a1, a2, a3). In the bilinear case we have

Proposition 3.3 (Grafakos-Torres, Proposition 3 in [16]) Suppose that ϕν , ϕµ, ϕλ are functions defined on
Rn satisfying the following estimates for all x ∈ Rn

|ϕν(x)| ≤ 2νn/2

(1 + 2ν |x− xν |)5N
, (23)

|ϕµ(x)| ≤ 2µn/2

(1 + 2µ|x− xµ|)5N
, (24)

|ϕλ(x)| ≤ 2λn/2

(1 + 2λ|x− xλ|)5N
, (25)

for some xν , xµ, xλ in Rn and some N > n. Then the following estimate is valid∫
Rn

|ϕν(x)| |ϕµ(x)| |ϕλ(x)| dx ≤

C 2−max(µ,ν,λ)n/2 2med(µ,ν,λ)n/2 2min(µ,ν,λ)n/2

((1 + 2min(ν,µ)|xν − xµ|)(1 + 2min(µ,λ)|xµ − xλ|)(1 + 2min(λ,ν)|xλ − xν |))N

for some C = C(N,n) > 0.
The rest of this section is devoted to proving a discrete version of Proposition 3.3 (Proposition 3.6 below) that

will suit the discrete nature of the paraproduct (1). The proof is similar to the one in the continuous case and we
include it for completeness since it will be repeatedly utilized. We start with two lemmas.

Lemma 3.4 Let β ≥ 0, N > n+ βn+ 1 and a, b, c ≥ 0 with a+ b+ c > 0. Then,∑
ν∈Z

2nνβ2nν

(1 + 2νa)N (1 + 2νb)N (1 + 2νc)N
≤ C

1
(a+ b+ c)n+nβ

, (26)

where C depends only on n, β, and N .
Proof. Given d > 0, β ≥ 0 and N > n+ nβ + 1, it easily follows that∑

ν∈Z

2nνβ2nν

(1 + 2νd)N
≤ C

1
dn+nβ

, (27)

where C depends only on β, n and N . Next, just notice that

(1 + 2νa)N (1 + 2νb)N (1 + 2νc)N

=
(
1 + (a+ b+ c)2ν + (ab+ bc+ ca)22ν + abc23ν

)N

≥ (1 + (a+ b+ c)2ν)N

and use (27) with d = a+ b+ c.
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Lemma 3.5 For every N > n + 1 there exists a constant C, depending only on n and N , such that for any
γ ∈ Z, a,R > 0, and x, y ∈ Rn the following inequality holds∑

{k∈Zn:|2−γk−x|≤R}

1
(1 + a|2−γk − y|)N

≤ C2γn

(1 + a|x− y|)N
max

{
(aR)N

an
, Rn

}
. (28)

Proof. Set S = {k ∈ Zn : |2−γk − x| ≤ R} and notice that the cardinality of S is at most cn(2γR)n for a
dimensional constant cn. In order to prove the lemma, consider first the case aR ≤ 10. If a|x− y| ≤ 20, then

1 ≤ 21N

(1 + a|x− y|)N
,

and ∑
{k∈Zn:|2−γk−x|≤R}

1
(1 + a|2−γk − y|)N

≤ #S ≤ cn(2γR)n ≤ cn21N2γn

(1 + a|x− y|)N
Rn.

If a|x− y| ≥ 20 then for k ∈ S we have

|x− y| ≤ |2−γk − x|+ |2−γk − y| ≤ R+ |2−γk − y|

≤ 10
a

+ |2−γk − y| ≤ 1
2
|x− y|+ |2−γk − y|.

Therefore, ∑
{k∈Zn:|2−γk−x|≤R}

1
(1 + a|2−γk − y|)N

≤ 2N#S
(1 + a|x− y|)N

≤ cn2N2γn

(1 + a|x− y|)N
Rn.

In the case aR > 10 we define

A1 = {k ∈ Zn : |2−γk − y| ≥ |x− y|} ∩ S,

and A2 = S \A1. Summing over A1 gives∑
k∈A1

1
(1 + a|2−γk − y|)N

≤ #A1

(1 + a|x− y|)N
≤ cn2γn

(1 + a|x− y|)N
Rn.

Before summing over A2 notice that∑
k∈Zn

1
(1 + a|2−γk − y|)N

=
∑
j∈Z

∑
{k∈Zn:2j≤|2−γk−y|<2j+1}

1
(1 + a|2−γk − y|)N

≤
∑
j∈Z

#{k ∈ Zn : 2j ≤ |2−γk − y| < 2j+1}
(1 + a2j)N

≤ cn2n2γn
∑
j∈Z

2jn

(1 + a2j)N

≤ C1(n,N)
2γn

an
,

where the last inequality follows from (27) with β = 0 and d = a. To sum over A2 we first consider the case
|x− y| ≤ 2R, so that

1 + a|x− y| ≤ 1 + 2aR ≤ 3aR

and consequently∑
k∈A2

1
(1 + a|2−γk − y|)N

≤
∑

k∈Zn

1
(1 + a|2−γk − y|)N

≤ C1(n,N)
2γn

an

≤ C1(n,N)3N2γn

(1 + a|x− y|)N

(aR)N

an
.
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If |x− y| > 2R, we obtain again

|x− y| ≤ |x− 2−γk|+ |2−γk − y| ≤ R+ |2−γk − y| ≤ 1
2
|x− y|+ |2−γk − y|.

Hence, ∑
k∈A2

1
(1 + a|2−γk − y|)N

≤ 2N
∑

k∈A2

1
(1 + a|x− y|)N

≤ 2N#A2

(1 + a|x− y|)N

≤ cn2N2γn

(1 + a|x− y|)N
Rn.

The lemma then follows with C = max{C1(n,N)3N , cn21N}.
Proposition 3.6 For every N > n + 1 there is a constant C, depending only on N and n, such that for any

γ, ν, µ, λ ∈ Z and any x, y, z ∈ Rn the following inequality holds∑
k∈Zn

2−γn2νn/22µn/22λn/2

[(1 + 2ν |x− 2−γk|)(1 + 2µ|y − 2−γk|)(1 + 2λ|z − 2−γk|)]5N

≤ C 2−max(µ,ν,λ)n/2 2med(µ,ν,λ)n/2 2min(µ,ν,λ)n/2

((1 + 2min(ν,µ)|x− y|)(1 + 2min(µ,λ)|y − z|)(1 + 2min(ν,λ)|x− z|))N
.

Proof. By symmetry and without loss of generality we can assume that µ ≤ λ ≤ ν. We split the sum as
follows ∑

k∈Zn

2−γn2νn/22µn/22λn/2

[(1 + 2ν |x− 2−γk|)(1 + 2µ|y − 2−γk|)(1 + 2λ|z − 2−γk|)]5N

=
∞∑

s,t=0

∑
|2−γk−x|∼2−ν2t

|2−γk−z|∼2−λ2s

2−γn2νn/22µn/22λn/2

[(1 + 2ν |x− 2−γk|)(1 + 2µ|y − 2−γk|)(1 + 2λ|z − 2−γk|)]5N
,

where the notation |2−γk−x| ∼ 2−ν2t means 2−ν2t ≤ |2−γk−x| < 2−ν2t+1 for t ≥ 1 and |2−γk−x| < 2−ν2t

if t = 0. Similarly with |2−γk − z| ∼ 2−λ2s. The conditions |2−γk − x| ∼ 2−ν2t and |2−γk − z| ∼ 2−λ2s

clearly imply

1
(1 + 2ν |2−γk − x|)5N

≤ 1
25tN

, t = 0, 1, 2, . . . (29)

and

1
(1 + 2λ|2−γk − z|)5N

≤ 1
25sN

, s = 0, 1, 2, . . . (30)

They also imply, together with µ ≤ λ ≤ ν,

1 + 2λ|x− z| ≤ 5 max(2t, 2s), (31)

and

1 + 2µ|y − z| ≤ 5 max(2t, 2s)(1 + 2µ|x− y|). (32)

Indeed,

1 + 2λ|x− z| ≤ 1 + 2λ(|x− 2−γk|+ |2−γk − z|) ≤ 1 + 2λ(2−ν2t+1 + 2−λ2s+1)

= 1 + 2λ−ν2t+1 + 2s+1 ≤ 1 + 2(2t + 2s)
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and (31) follows. On the other hand,

1 + 2µ|z − y| ≤ 1 + 2µ|x− z|+ 2µ|y − x|
≤ 1 + 2µ|x− 2−γk|+ 2µ|2−γk − z|+ 2µ|y − x|

≤ 1 + 2µ(2−ν2t+1 + 2−λ2s+1) + 2µ|y − x|
≤ 1 + 4 max(2t, 2s) + 2µ|y − x|
≤ 5(1 + 2µ|y − x|) max(2t, 2s)

and (32) follows. Using (29) and (30) we obtain

∞∑
s,t=0

∑
|2−γk−x|∼2−ν2t

|2−γk−z|∼2−λ2s

2−γn2νn/22µn/22λn/2

[(1 + 2ν |x− 2−γk|)(1 + 2µ|y − 2−γk|)(1 + 2λ|z − 2−γk|)]5N

≤ 2−γn2(ν+λ)n/2
∞∑

s,t=0

2−5N(s+t)
∑

k∈Zn:|2−γk−x|≤2−ν2t

2µn/2

(1 + 2µ|y − 2−γk|)5N

≤ 2−γn2(ν+λ)n/2
∞∑

s,t=0

2−5N(s+t)
∑

k∈Zn:|2−γk−x|≤2−ν2t

2µn/2

(1 + 2µ|y − 2−γk|)2N

≤ C2−γn2(ν+λ)n/2
∞∑

s,t=0

2−5N(s+t)2γn2µn/2

(1 + 2µ|x− y|)2N
max

(
22N(µ−ν+t)

2µn
, 2n(t−ν)

)
by Lemma 3.5

= C2(−ν+µ+λ)n/2
∞∑

s,t=0

2−5N(s+t) max
(
2(2N−n)(µ−ν)+2Nt, 2nt

)
(1 + 2µ|x− y|)N (1 + 2µ|x− y|)N

≤ C2(−ν+µ+λ)n/2
∞∑

s,t=0

2−5N(s+t)22Nt

(1 + 2µ|x− y|)N (1 + 2µ|x− y|)N
since N > n and ν ≥ µ

≤ C2(−ν+µ+λ)n/2
∞∑

s,t=0

2−5N(s+t)22Nt max(2t, 2s)N

(1 + 2µ|x− y|)N (1 + 2µ|y − z|)N
by (32)

≤ C2(−ν+µ+λ)n/2
∞∑

s,t=0

2−5N(s+t)22Nt max(2t, 2s)N max(2t, 2s)N

(1 + 2µ|x− y|)N (1 + 2µ|y − z|)N (1 + 2λ|x− z|)N
by (31)

=
C2(−ν+µ+λ)n/2

(1 + 2µ|x− y|)N (1 + 2µ|y − z|)N (1 + 2λ|x− z|)N
,

since the sum converges to a constant depending only on N .

4 Boundedness results for bilinear paraproducts

Theorem 4.1 (Paraproducts as bilinear Calderón-Zygmund operators) Let {φ1
Q}, {φ2

Q}, {φ3
Q} be three fami-

lies of molecules satisfying (3) with N > 10n + 10 and M = 1. Also, suppose that at least two of the families
satisfy (5) with L = 0. Then the paraproduct

T (f, g) =
∑
Q∈D

|Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉φ3
Q, f, g ∈ S(Rn),

has a bilinear Calderón-Zygmund kernel and

‖T (f, g)‖L1(Rn) ≤ C‖f‖L2(Rn)‖g‖L2(Rn).

In particular, T is a bilinear Calderón-Zygmund operator.

Copyright line will be provided by the publisher
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Using Theorem 4.1 we recover the following known estimates. See e.g. [13], [14], and [28].

Theorem 4.2 (Paraproducts on Lebesgue spaces) Let {φ1
Q}, {φ2

Q}, {φ3
Q} be three families of molecules sat-

isfying (3) with N > 10n+ 10 and M = 1. Also, suppose that at least two of the families satisfy (5) with L = 0.
Then the paraproduct

T (f, g) =
∑
Q∈D

|Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉φ3
Q, f, g ∈ S(Rn),

satisfies the following boundedness properties.

(i) if 1/p+ 1/q = 1/r and 1 < p, q <∞, then

‖T (f, g)‖Lr(Rn) ≤ C‖f‖Lp(Rn)‖g‖Lq(Rn);

(ii) if p = 1 or q = 1 and 1/p+ 1/q = 1/r,

‖T (f, g)‖L1/r,∞(Rn) ≤ C‖f‖Lp(Rn)‖g‖Lq(Rn);

(iii) if 1 < p <∞, and L∞c (Rn) denotes the class of compactly supported functions in L∞(Rn),

‖T (f, g)‖Lp(Rn) ≤ C‖f‖Lp(Rn)‖g‖L∞c (Rn)

and
‖T (f, g)‖Lp(Rn) ≤ C‖f‖L∞c (Rn)‖g‖Lp(Rn);

(iv) if p = q = ∞,

‖T (f, g)‖BMO(Rn) ≤ C‖f‖L∞(Rn)‖g‖L∞(Rn).

Remark 4.3 The boundedness estimate for T : Lp(Rn)×L∞(Rn) → Lp(Rn), 1 < p <∞, clearly follows
from the one for T : Lp(Rn)× Lp′(Rn) → L1(Rn), 1 < p <∞ in part (i) and duality.

Remark 4.4 Another end-point result T : Lp(Rn)× BMO(Rn) → Lp(Rn), 1 < p < ∞ for paraproducts
is also known. In fact, by freezing one function in BMO, the paraproducts can be realized as linear operators
with Calderón-Zygmund kernels whose L2 boundedness is obtained using Carleson measure estimates. From
this the Lp × BMO → Lp results follow by the linear Calderón-Zygmund theory for 1 < p <∞, see [10]. We
recover these estimates when the three families of molecules satisfy the cancellation condition (5) with L = 0,
see Theorem 4.9 below.

Remark 4.5 By realizing paraproducts as bilinear Calderón-Zygmund operators, rather than as linear ones,
we can take advantage of the multilinear Calderón-Zygmund theory developed in [16], [17], [18], [6], [9], and
[19]. As a consequence, some new paraproduct estimates such as the weighted and end-point estimates now
follow in a unified way. In order to state them, let us fix some notation. The (uncentered) maximal function M is
defined on f ∈ L1

loc(R
n) by

M(f)(x) = sup
Q3x

1
|Q|

∫
Q

|f(x)| dx,

where the sup runs over all cubes Q ⊂ Rn with sides parallel to the coordinate axes. Recall that a nonnegative
weight w ∈ L1

loc(R
n) belongs to the Ap Muckenhoupt class, for 1 < p < ∞, if there exists a constant C such

that

sup
Q

(
1
|Q|

∫
Q

w

) (
1
|Q|

∫
Q

w1−p′
)p−1

< C,

where the cubes Q are as above. We write w ∈ A1 if there exists a constant C such that M(w)(x) ≤ Cw(x) for
a.e. x ∈ Rn and set A∞ = ∪p≥1Ap.
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Theorem 4.6 (Paraproducts on weighted Lebesgue spaces) Let {φ1
Q}, {φ2

Q}, {φ3
Q} be three families of

molecules satisfying (3) with N > 10n + 10 and M = 1. Also, suppose that at least two of the families
satisfy (5) with L = 0. Let T be the paraproduct

T (f, g) =
∑
Q∈D

|Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉φ3
Q, f, g ∈ S(Rn).

(i) Then, if 1 < p, q <∞, r > 0, with 1/p+ 1/q = 1/r, and w is in A∞ then

‖T (f, g)‖Lr(Rn,w dx) ≤ C‖M(f)‖Lp(Rn,w dx)‖M(g)‖Lq(Rn,w dx).

In particular, if w is in Amin{p,q}, then

‖T (f, g)‖Lr(Rn,w dx) ≤ C‖f‖Lp(Rn,w dx)‖g‖Lq(Rn,w dx).

(ii) Also, if w is in A∞, the following endpoint estimate holds

‖T (f, g)‖L1/2,∞(Rn,w dx) ≤ C‖M(f)‖L1(Rn,w dx)‖M(g)‖L1(Rn,w dx).

Hence, if w is in A1, we obtain

w({x ∈ Rn : |T (f, g)(x)| > λ}) ≤ C

λ1/2
‖f‖L1(Rn,w dx)‖g‖L1(Rn,wdx).

If more regularity on the molecules is assumed, one can derive boundedness results of the form Hp(Rn) ×
Hq(Rn) into Lr(Rn) for 0 < p, q, r < ∞ and 1/p + 1/q = 1/r, since such results hold also for multilinear
Calderón-Zygmund operators. Namely, we have

Theorem 4.7 (Paraproducts on Hardy spaces) Let 1 < q1, q2, q < ∞ such that 1/q1 + 1/q2 = 1/q, and let
0 < p1, p2, p <∞ such that 1/p1 + 1/p2 = 1/p. Let N0 be defined as follows:

(i) if 0 < p1, p2, p ≤ 1, then N0 = bn(1/p− 1)c,

(ii) if one (but not both) of the p′js (j = 1, 2) is bigger than 1, then choose ε and λ such that 0 < ε <

min(1/2, 1/p1, 1/p2) and λ > (min(1/p1, 1/p2) − ε)−1; and define s by 1/s = λ(1/p − 2ε) + 1/p. In
this case, N0 = bn(1/s− 1)c.

Suppose that the three families of molecules {φi
Q}, i = 1, 2, 3 verify (3) with decay N > 10n + 5N0 + 5,

smoothness M = N0, and at least two of the families satisfy (5) with L = 0. Then the paraproduct (1) can be
extended on products of Hardy spaces and it satisfies

‖T (f, g)‖Lp(Rn) ≤ C‖f‖Hp1 (Rn)‖g‖Hp2 (Rn),

where C depends only on n, p1, p2, p, q1, q2, q, and N0.
Remark 4.8 Notice that the case 1 < p1, p2 <∞ in Theorem 4.7 is already covered by Theorem 4.2.
For a bilinear operator to reach values in a Hardy space, extra cancellation properties are required. We quantify

this in the following result.
Theorem 4.9 (Paraproducts on homogeneous Triebel-Lizorkin spaces I) Let 0 < p, q, r < ∞ such that

1/p+ 1/q = 1/r, and 1 < s1, s2 ≤ ∞, 1 ≤ s3 <∞ such that 1/s1 + 1/s2 = 1/s3, and fix N > n, t > 0 such
that t < min(1, r) and set

L = b2N/t− nc+ 1. (33)

Suppose that the three families of molecules satisfy (3) with decay 5N/t, smoothness L+ 1, and (5) with cancel-
lation L as in (33). Then the paraproduct (1) satisfies

‖T (f, g)‖
Ḟ

0,s3
r (Rn)

≤ C‖f‖
Ḟ

0,s2
p (Rn)

‖g‖
Ḟ

0,s3
q (Rn)

.

In particular, since Ḟ 0,2
p = Hp for 0 < p ≤ 1, and Ḟ 0,a

p ⊂ Ḟ 0,b
p when a < b, T satisfies

‖T (f, g)‖Hr(Rn) ≤ C‖f‖Hp(Rn)‖g‖Hq(Rn).
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12 Á. Bényi, D. Maldonado, A. Nahmod, and R. Torres: Bilinear Paraproducts Revisited

Remark 4.10 As we mentioned earlier, under the conditions of Theorem 4.9, the bound for T : Hp(Rn) ×
Hp′(Rn) → H1(Rn) gives, by duality, the bound for T : Lp(Rn)×BMO(Rn) → Lp(Rn), 1 < p <∞.

For specific families of molecules we have a smoothing result

Theorem 4.11 (Special paraproducts on Sobolev spaces)

(i) Suppose that the three families of molecules {ψ1
P }, {ψ2

P }, and {ψ3
P } are obtained by translations and

dilations of functions ψ1, ψ2, ψ3 ∈ BPF (Rn). Then, for every α, β ∈ R1 and p, q, r with 1/p+1/q = 1/r,
1 < p, q <∞, there exists C = C(α, β, p, q, n) such that the bilinear paraproduct

T (f, g) =
∑
P∈D

|P |−1/2〈f, ψ1
P 〉〈g, ψ2

P 〉ψ3
P

satisfies

‖|∇|α+βT (f, g)‖Lr(Rn) ≤ C‖|∇|αf‖Lp(Rn)‖|∇|βg‖Lq(Rn), f, g ∈ S0(Rn). (34)

In particular, when r ≥ 1 and α, β ≥ 0, T is bounded from the product of Sobolev spaces Lp
α(Rn) ×

Lq
β(Rn) into Lr

α+β(Rn).

(ii) If {ψ3
P } is replaced by a general family of molecules withN = 10n+10,M = α+β+1 for some α, β ≥ 0

and no cancellation, then we still have

‖∂κT (f, g)‖Lr(Rn) ≤ C‖|∇|αf‖Lp(Rn)‖|∇|βg‖Lq(Rn), f, g ∈ S0(Rn), (35)

for all multiindices κ ∈ Nn with α+ β = |κ|, and 1/p+ 1/q = 1/r, 1 < p, q <∞.

The extremely simple proof of the next result illustrates the close interaction between the molecular decom-
position of Triebel-Lizorkin spaces and the molecular representation of the paraproduct.

Theorem 4.12 (Paraproducts on Triebel-Lizorkin spaces II) Let α, β in R1. Suppose that {φ1
P } is a family

of dual molecules for Ḟα,s1
p (Rn), {φ2

P } is a family of dual molecules for Ḟ β,s2
q (Rn), and {φ3

P } is a family of
molecules for Ḟα+β,s3

r (Rn), with 1 ≤ p, q < ∞ such that 1/p + 1/q = 1/r, and 1 ≤ s1, s2 ≤ ∞ such that
1/s1 + 1/s2 = 1/s3 (and s3 finite). Then T verifies

‖T (f, g)‖
Ḟ

α+β,s3
r (Rn)

≤ C‖f‖Ḟ
α,s1
p (Rn)‖g‖Ḟ

β,s2
q (Rn)

.

Remark 4.13 Theorems 4.9 and 4.12 can be used to obtain different versions of Theorems 4.2 (unweighted
case) and Theorem 4.11; and Theorem 4.7, respectively, for general paraproducts. But we preferred to present
the results for (unweighted) Lebesgue and Sobolev spaces in the way we did because of the independent interest
in the arguments used. Also, combining Theorems 4.9 and 4.12 with Theorem 4.2, boundedness properties of
paraproducts on inhomogeneous Triebel-Lizorkin spaces are easily derived.

Remark 4.14 Other end-point results for paraproducts of the form Ḟα,q
p × Y → Ḟα,q

p for certain spaces Y
are given in [33] and [34].

Remark 4.15 Although norm equivalences for functions in several function spaces with the corresponding
Triebel-Lizorkin norms are quite transparent, the actual identifications of the elements in the spaces requires
further work because, strictly speaking, the homogeneous Triebel-Lizorkin spaces are spaces of distributions
modulo polynomials. A detailed explanation of this issue and how to interpret expressions like 〈f, φP 〉 for
distributions in certain Triebel-Lizorkin spaces and molecules without infinity vanishing moments is given in the
Appendix B of [11]. The interested reader may consult [11] and the references therein for further details.

Remark 4.16 (Realization of paraproducts as pseudodifferential operators) It is a well-known fact by now
that the study of Coifman-Meyer multipliers

Tm(f, g)(x) =
∫
m(ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η) dξdη,
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where
|∂α

ξ ∂
β
ηm(ξ, η)| ≤ Cα,β(|ξ|+ |η|)−|α|−|β|,

can be reduced to the study of paraproducts of the form (1) with at least two of the families of molecules in-
volved having vanishing moments (but not necessarily the three of them). Conversely, it is not hard to prove that
when the families of molecules are obtained by translations and dilations of functions in BPF , then the bilinear
paraproducts generated by such families can be written as

T (f, g) =
∫
m(x, ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η) dξdη, (36)

where the symbol satisfies estimates of the form

|∂ρ
x∂

α
ξ ∂

β
ηm(x, ξ, η)| ≤ Cρ,α,β(|ξ|+ |η|)|ρ|−|α|−|β|.

General pseudodifferential operators like the ones in (36) may not be bounded on Sobolev spaces and the special
cancellations present in the families of molecules assumed in Theorem 4.11 seem to be crucial to obtain such
boundedness results. For example, pseudodifferential operators with symbols satisfying the conditions

|∂ρ
x∂

α
ξ ∂

β
ηm(x, ξ, η)| ≤ Cρ,α,β(1 + |ξ|+ |η|)|ρ|−|α|−|β|.

where studied in [3] and it was shown there that in general they are not bounded on Lebesgue spaces and only
map Lp

α × Lq
α into Lr

α for α > 0. This parallels the situation with the linear case and the so-called exotic or
forbidden class of symbols S0

1,1. See [3] for further details.

5 Proofs of the boundedness results

Proof of Theorem 4.1. We will prove that T has a bilinear Calderón-Zygmund kernel. For this we do not need
any cancellation at all in any of the families of molecules. The kernel K(x, y, z) of T is given by

K(x, y, z) =
∑
Q∈D

|Q|−1/2φ1
Q(y)φ2

Q(z)φ3
Q(x).

In order to show the size and regularity properties of K(x, y, z) we will utilize the discrete almost orthogonal-
ity estimates proved in Section 3. By Proposition 3.6 with γ = ν = µ = λ and Lemma 3.4 with β = 1, the size
estimate (15) for K(x, y, z) becomes

|K(x, y, z)| ≤
∑
ν∈Z

∑
k∈Zn

2nν/2|φ1
νk(y)||φ2

νk(z)||φ3
νk(x)|

≤
∑
ν∈Z

C22nν

[(1 + 2ν |x− y|) (1 + 2ν |z − y|) (1 + 2ν |x− z|)]N

≤ C

(|x− y|+ |z − y|+ |x− z|)2n .

Similarly, the regularity condition (16) with ε = 1 follows from (3) with M = 1. Indeed, Proposition 3.6 and
Lemma 3.4 with β = 1 + 1/n yield

|∇K(x, y, z)| ≤ C

(|x− y|+ |z − y|+ |x− z|)2n+1 .

Given x, x′, y, and z with |x− x′| ≤ 1
2 max{|x− y|, |x− z|} we get

|K(x, y, z)−K(x′, y, z)| ≤ C
|x− x′|

(|x′′ − y|+ |z − y|+ |x′′ − z|)2n+1 (37)
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where x′′ = tx+ (1− t)x′ for some t ∈ (0, 1). Since

|x′′ − y| = |x− y + t(x′ − x)| ≥ |x− y| − t|x− x′| ≥ |x− y| − 1
2
|x− y| = 1

2
|x− y|,

and, similarly, |x′′ − z| ≥ 1
2 |x− z|, (16) follows. Notice that the case β = 1 + 1/n now demands the condition

N > 2n + 2 (for Lemma 3.4 to apply) and therefore 5N > 10n + 10. In order to prove the boundedness of
T on a product of Lebesgue spaces, we may assume (by taking transposes, if needed) that the families φ1

Q and
φ2

Q are the ones with cancellation. The following argument is also well-known. Let h be in L∞. Using the
Cauchy-Schwartz inequality we obtain

|〈T (f, g), h〉| ≤
∑
Q∈D

|〈f, φ1
Q〉||〈g, φ2

Q〉|2nν/2|〈h, φ3
Q〉|

≤

 ∑
Q∈D

|〈f, φ1
Q〉|2

1/2  ∑
Q∈D

|〈g, φ2
Q〉|2

1/2

sup
Q∈D

2nν/2|〈h, φ3
Q〉|

≤ C‖f‖L2‖g‖L2‖h‖L∞ .

The quadratic estimates follow from Theorem 1 since, by Remark 2.1 part (i) and by Remark 2.2 with p = s = 2
and α = 0, the first two families are also dual molecules for L2(Rn). On the other hand,

2nν/2|〈h, φ3
Q〉| ≤ C

∫
Rn

2νnh(x) dx
(1 + 2ν |x− xQ|)N

≤ C‖h‖L∞(Rn).

Hence, T maps L2 × L2 into L1.

Proof of Theorem 4.2. Theorem 4.2 now follows from Theorem 4.1 and the already established theory of
multilinear Calderón-Zygmund operators. In particular, we invoke the following result.

Theorem 5.1 (Grafakos-Torres, Theorems 1 and 3; Proposition 3 in [17]) Let T be a bilinear Calderón-
Zygmund operator. Then (i),(ii),(iii), and (iv) in Theorem 4.2 hold true for T .

The constants in Theorem 4.2 depend only on the constant of the bilinear Calderón-Zygmund kernel obtained
in Theorem 4.1 and ‖T‖L2×L2→L1 .

Proof of Theorem 4.6. The proof is a direct consequence of the following result on bilinear Calderón-Zygmund
operators

Theorem 5.2 (Grafakos-Torres, Corollary 3 and Remark 3 in [18]) Let 1 < p, q <∞, r > 0, with 1/p+1/q =
1/r and w ∈ A∞. If T is a bilinear Calderón-Zygmund operator, then

‖T (f, g)‖Lr(Rn,w dx) ≤ C‖M(f)‖Lp(Rn,w dx)‖M(g)‖Lq(Rn,w dx),

and
‖T (f, g)‖L1/2,∞(Rn,w dx) ≤ C‖M(f)‖L1(Rn,w dx)‖M(g)‖L1(Rn,w dx),

where C depends only on p, n, ‖T‖L1×L1→L1/2,∞ , and the size and smoothness constant of the kernel of T .

Proof of Theorem 4.7. The proof is once again based on the fact that paraproducts can be realized as bilinear
Calderón-Zygmund operators. Let 1 < q1, q2, q < ∞ such that 1/q1 + 1/q2 = 1/q, let 0 < p1, p2, p < ∞
such that 1/p1 + 1/p2 = 1/p, and take N0 as in Theorem 4.7. With these parameters, we now use the following
theorem.

Theorem 5.3 (Grafakos-Kalton, Theorem 1.1 in [15]) Suppose that is T be a bilinear Calderón-Zygmund
operator whose kernel K(x, y, z) satisfies

|∂α1
x ∂α2

y ∂α3
z K(x, y, z)| ≤ Cα

(|x− y|+ |y − z|+ |x− z|)2n+|α| , for all |α| ≤ N0, (38)
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where the triples α = (α1, α2, α3) consist of nonnegative integers and |α| = α1 + α2 + α3. Also, suppose that
T admits an extension that maps Lq1(Rn)× Lq2(Rn) into Lq(Rn), then

‖T (f, g)‖Lp(Rn) ≤ C‖f‖Hp1 (Rn)‖g‖Hp2 (Rn),

where C depends only on n, p1, p2, p, q1, q2, q, sup
α:|α|≤N0

Cα and ‖T‖Lq1×Lq2→Lq .

The decay, smoothness, and cancellation conditions of the molecules imply (by Theorem 4.1) that T is a bilin-
ear Calderón-Zygmund operator. In order to check (38) one can proceed as in the proof of Theorem 4.1. In this
case, use Proposition 3.6 with γ = λ = ν = µ and Lemma 3.4 with β = |α|/n+ 1. Notice that, by hypothesis,
N > 10n+ 5N0 + 5, so that N/5 > n+ n(N0/n+ 1) + 1 ≥ n+ nβ + 1 and the conditions in Lemma 3.4 are
met.

Proof of Theorem 4.9. In order to prove Theorem 4.9 we do not use the realization of the paraproduct as a
bilinear Calderón-Zygmund operator. Instead, we will use the following bilinear almost diagonal estimate.

Theorem 5.4 (Grafakos-Torres, Theorem 4 in [16]) Let 0 < p, q, r < ∞ such that 1/p + 1/q = 1/r, and
1 < s1, s2 ≤ ∞, 1 ≤ s3 < ∞ such that 1/s1 + 1/s2 = 1/s3, and fix t < min(1, r). Take ψ ∈ BPF (Rn) and
consider its translations and dilations ψνk(x) = 2νn/2ψ(2νx− k). Assume that a bilinear operator T verifies

|〈T (ψνk, ψµl), ψλm〉| ≤
C 2−(max(µ,ν,λ)−min(µ,ν,λ))ε/t 2(−max(µ,ν,λ)+med(µ,ν,λ)+min(µ,ν,λ))n/2t 2(−ν−µ+λ)n(1−t)/2t

((1+2min(ν,µ)|2−νk−2−µl|)(1+2min(µ,λ)|2−µl−2−λm|)(1+2min(λ,ν)|2−λm−2−νk|))N/t

for some C > 0, N > n, and ε > 0. Then the operator T can be extended to be a bounded operator from
Ḟ 0,s1

p (Rn)× Ḟ 0,s2
q (Rn) into Ḟ 0,s3

r (Rn).

Remark 5.5 There is a typo in the statement of Theorem 4 in [16]. The factor on the right hand side should
read 2(−ν−µ+λ)n(1−t)/2t as shown here, and not 2(−ν−µ+λ)n(t−1)/2t as it appears in [16].

Theorem 4.9 will then follow from Theorem 5.4 once we show that∑
Q∈D

2nν/2|〈ψνk, φ
1
Q〉||〈ψµl, φ

2
Q〉||〈ψλm, φ

3
Q〉| (39)

≤ C 2−(max(µ,ν,λ)−min(µ,ν,λ))ε/t 2(−max(µ,ν,λ)+med(µ,ν,λ)+min(µ,ν,λ))n/2t 2(−ν−µ+λ)n(1−t)/2t

((1+2min(ν,µ)|2−νk−2−µl|)(1+2min(µ,λ)|2−µl−2−λm|)(1+2min(λ,ν)|2−λm−2−νk|))N/t
,

Notice that, except for the factor 2(−ν−µ+λ)n(1−t)/2t, the right hand side is symmetric on µ, ν, and λ. Since
we are assuming the same decay, smoothness, and cancellation conditions on the three families of molecules
{φi

Q}, i = 1, 2, 3, it is enough to consider only the case λ ≤ µ ≤ ν (as this case minimizes the factor
2(−ν−µ+λ)n(1−t)/2t). Hence, (39) reduces to

∑
Q∈D

2nν/2|〈ψνk, φ
1
Q〉||〈ψµl, φ

2
Q〉||〈ψλm, φ

3
Q〉| (40)

≤ C 2−(ν−λ)(ε+n)/t 2µn/2+νn/2−λn/2

((1+2µ|2−νk−2−µl|)(1+2λ|2−µl−2−λm|)(1+2λ|2−λm−2−νk|))N/t
.

The molecules ψνk have arbitrary decay, smoothness, and cancellation. Also, for L as in (33) we clearly have
5N/t > L+n+1. We are now in position to apply Proposition 3.2 with N1 = N2 = 5N/t > n and Proposition
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3.6 to obtain

∑
Q=Qjγ∈D

2nν/2|〈ψνk, φ
1
Q〉||〈ψµl, φ

2
Q〉||〈ψλm, φ

3
Q〉|

≤
∑

j∈Zn

γ∈Z

C 2γn/22−|ν−γ|(L+1+n/2) 2−|µ−γ|(L+1+n/2)2−|λ−γ|(L+1+n/2)

((1+2min(ν,γ)|xν−2−γj|)(1+2min(µ,γ)|xµ−2−γj|)(1+2(min(λ,γ)|xλ−2−γj|))5N/t

=
∑
γ∈Z

C23nγ/22−(|ν−γ|+|µ−γ|+|λ−γ|)(L+1+n/2)2−(min(ν,γ)+min(µ,γ)+min(λ,γ))n/2

×
∑

j∈Zn

2−γn2min(ν,γ)n/2 2min(µ,γ)n/22min(λ,γ)n/2

((1+2min(ν,γ)|xν−2−γj|)(1+2min(µ,γ)|xµ−2−γj|)(1+2(min(λ,γ)|xλ−2−γj|))5N/t

≤ C
∑
γ∈Z

23nγ/22−(|ν−γ|+|µ−γ|+|λ−γ|)(L+1+n/2)2−(min(ν,γ)+min(µ,γ)+min(λ,γ))n/2

× 2(−max(min(ν,γ),min(µ,γ),min(λ,γ))+med(min(ν,γ),min(µ,γ),min(λ,γ))+min(ν,µ,λ,γ))n/2

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

=
∑
γ∈Z

C2p(ν,µ,λ,γ)

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

where xν = 2−νk, xµ = 2−µl; and xλ = 2−λm, and the power p(ν, µ, λ, γ) is given by

p(ν, µ, λ, γ) = 3nγ/2− (|ν − γ|+ |µ− γ|+ |λ− γ|)(L+ 1 + n/2)

− (min(ν, γ) + min(µ, γ) + min(λ, γ))n/2

−max(min(ν, γ),min(µ, γ),min(λ, γ))n/2

+ med(min(ν, γ),min(µ, γ),min(λ, γ))n/2

+ min(ν, µ, λ, γ)n/2.

At this point we split the sum in γ ∈ Z into four sums according to the following cases.

Case 1: γ ≥ ν ≥ µ ≥ λ. This case gives

∑
γ∈Z

γ≥ν

C2p(ν,µ,λ,γ)

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

= C
∑
γ∈Z

γ≥ν

2−(L+1)((γ−ν)+(γ−µ)+(γ−λ))+λn/2+µn/2−νn/2

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

≤ C2−λn/2+µn/2+νn/2

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

∑
γ∈Z

γ≥ν

2−(L+1)(γ−λ)

≤ C2−λn/2+µn/2+νn/22−(L+1)(ν−λ)

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t
,

where C depends only on N , n and L.
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Case 2: ν ≥ γ ≥ µ ≥ λ. This case gives

∑
γ∈Z

ν≥γ≥µ

C2p(ν,µ,λ,γ)

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

= C
∑
γ∈Z

ν≥γ≥µ

2−(L+1)(ν−γ)−(L+1)(γ−µ)−(L+1)(γ−λ)+(−ν+µ+λ)n/2

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

≤ C2−νn/2+µn/2+λn/22−(ν−µ)(L+1)

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

∑
γ∈Z

γ≥µ

2−(L+1)(γ−λ)

≤ C2−λn/2+µn/2+νn/22−(L+1)(ν−λ)

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t
,

where C depends only on N , n and L.

Case 3: ν ≥ µ ≥ γ ≥ λ. In this case we have

∑
γ∈Z

µ≥γ≥λ

C2p(ν,µ,λ,γ)

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

= C
∑
γ∈Z

µ≥γ≥λ

2−(ν−λ)(L+1)−λn/2+µn/2+νn/2−(µ−γ)(L+1+n)−(ν−λ)n

[(1 + 2γ |xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

≤ C2−(ν−λ)(L+1)−λn/2+µn/2+νn/2

[(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

∑
γ∈Z

µ≥γ≥λ

2−(µ−γ)(L+1+n)

(1 + 2γ |xν − xµ|)N/t

≤ C2−(ν−λ)(L+1)−λn/2+µn/2+νn/2

[(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

∑
γ∈Z

µ≥γ≥λ

2−(µ−γ)(L+1+n)

(2γ−µ + 2γ−µ+µ|xν − xµ|)N/t

≤ C2−(ν−λ)(L+1)−λn/2+µn/2+νn/2

[(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)(1 + 2µ|xν − xµ|)]N/t

∑
γ∈Z

µ≥γ

2−(µ−γ)(L+1+n−N/t),

and the last sum converges to a number depending only on N , n, L, and t, provided that L+ 1 + n−N/t > 0.
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Case 4: ν ≥ µ ≥ λ ≥ γ. In this case we have∑
γ∈Z

γ≤λ

C2p(ν,µ,λ,γ)

[(1 + 2min(ν,γ,µ)|xν − xµ|)(1 + 2min(µ,γ,λ)|xµ − xλ|)(1 + 2min(ν,γ,λ)|xν − xλ|)]N/t

= C
∑
γ∈Z

γ≤λ

2−(ν−λ)(L+1)−λn/2+µn/2+νn/2−(ν−γ)(L+1)−(µ−γ)(L+1+n)−(λ−γ)(L+1+n)

[(1 + 2γ |xν − xµ|)(1 + 2γ |xµ − xλ|)(1 + 2γ |xν − xλ|)]N/t

≤ C
∑
γ∈Z

γ≤λ

2−(ν−λ)(L+1)−λn/2+µn/2+νn/2−(µ−γ)(L+1+n)−(λ−γ)(L+1+n)

[(2γ−µ + 2γ |xν − xµ|)(2γ−λ + 2γ |xµ − xλ|)(2γ−λ + 2γ |xν − xλ|)]N/t

= C
∑
γ∈Z

γ≤λ

2−(ν−λ)(L+1)−λn/2+µn/2+νn/2−(µ−γ)(L+1+n−N/t)−(λ−γ)(L+1+n−2N/t)

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

≤ 2−(ν−λ)(L+1)−λn/2+µn/2+νn/2

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t

∑
γ∈Z

γ≤λ

2−(λ−γ)(L+1+n−2N/t),

and the last sum converges to a number depending only on N , n, L, and t, provided that L+ 1 + n− 2N/t > 0.
Thus, we have proved∑

Q∈D
2nν/2|〈ψνk, φ

1
Q〉||〈ψµl, φ

2
Q〉||〈ψλm, φ

3
Q〉| (41)

≤ C
2−(ν−λ)(L+1)−λn/2+µn/2+νn/2

[(1 + 2µ|xν − xµ|)(1 + 2λ|xµ − xλ|)(1 + 2λ|xν − xλ|)]N/t
.

Consequently, since L+ 1 + n > 2N/t and N > n we obtain L+ 1 > n(1− t)/t+ n/t and (40) follows from
(41) with ε = n(1− t).

Proof Theorem 4.11. Given α, β ∈ R1 set l = (−α,−β, α + β). For Schwartz functions ψ1, ψ2, ψ3 ∈
BPF (Rn) define Schwartz functions Ψ1, Ψ2, Ψ3 in terms of their Fourier transforms by

Ψ̂j(ξ) = |ξ|lj ψ̂j(ξ), ξ ∈ Rn, j = 1, 2, 3;

where the right-hand side is well defined even for lj < 0, since Ψ̂j vanishes in a neighborhood of ξ = 0. In fact,
we have supp(Ψ̂j) = supp(ψ̂j), and for each dyadic cube P = Pνk,

Ψ̂j
P (ξ) = |P |lj/n|ξ|lj ψ̂j

P (ξ), ξ ∈ Rn, (42)

where ψj
P (x) = 2νn/2ψj(2νx − k) and Ψj

P = 2νn/2Ψj(2νx − k). Consequently, Ψj
P is a smooth molecule

associated to P with arbitrary decay and cancellation. Plancherel’s identity and (42) allow to write, for each f, g
in S0,

|∇|(α+β)T (f, g) =
∑
P∈D

|P |−1/2〈f, ψ1
P 〉〈g, ψ2

P 〉|∇|(α+β)ψ3
P

=
∑
P∈D

|P |−1/2〈f̂ , |P |α/n|ξ|αΨ̂1
P 〉〈ĝ, |P |

β/n|ξ|βΨ̂2
P 〉|P |

−(α+β)/nΨ3
P

=
∑
P∈D

|P |−1/2〈|∇|αf,Ψ1
P 〉〈|∇|βg,Ψ2

P 〉Ψ3
P

= T (|∇|αf, |∇|βg),
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where the paraproduct T associated to the families {Ψj
P }j=1,2,3 verifies the conditions of Theorem 4.2, which

yields (34). In order to prove (35) we only need to slightly change the proof of (34). Given an arbitrary family
of molecules {ψ3

P } as in the statement, now set Ψ3
P = |P |(α+β)/n∂κψ3

P . By (3), the molecule Ψ3
P has decay

N > 10n+ 10 (as ψ3
P does) and smoothness α+ β + 1− |κ| = 1. The proof of (35) now follows from the one

for (34) applied to Ψ3
P .

Proof Theorem 4.12. Set
h = T (f, g) =

∑
Q∈D

|Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉φ3
Q

and cQ = |Q|−1/2〈f, φ1
Q〉〈g, φ2

Q〉, so that h =
∑

Q cQφ
3
Q. By (12) we have

‖h‖
Ḟ

α+β,s3
r

≤ C‖{cQ}‖ḟ
α+β,s3
r

.

Then, an iteration of Hölder’s inequality yields

‖T (f, g)‖
Ḟ

α+β,s3
r

= ‖h‖
Ḟ

α+β,s3
r

≤ C‖{cQ}‖ḟ
α+β,s3
r

= C

∥∥∥∥∥∥∥
 ∑

Q=Q(ν,k)∈D

(
|Q|−1/2|〈f, φ1

Q〉||〈g, φ2
Q〉|2(α+β+n/2)νχQ

)s3

1/s3
∥∥∥∥∥∥∥

Lr

= C

∥∥∥∥∥∥∥
∑

ν,k

(
2(α+n/2)ν |〈f, φ1

Q〉|χQ|〈g, φ2
Q〉|2(β+n/2)νχQ

)s3

1/s3
∥∥∥∥∥∥∥

Lr

≤ C

∥∥∥∥∥∥∥
∑

ν,k

(
2(α+n/2)ν |〈f, φ1

Q〉|χQ

)s1

1/s1
∑

ν,k

(
2(β+n/2)ν |〈g, φ2

Q〉|χQ

)s2

1/s2
∥∥∥∥∥∥∥

Lr

≤ C

∥∥∥∥∥∥∥
∑

ν,k

(
2(α+n/2)ν |〈f, φ1

Q〉|χQ

)s1

1/s1
∥∥∥∥∥∥∥

Lp

∥∥∥∥∥∥∥
∑

ν,k

(
2(β+n/2)ν |〈g, φ2

Q〉|χQ

)s2

1/s2
∥∥∥∥∥∥∥

Lq

= C
∥∥{〈f, φ1

Q〉}
∥∥

ḟ
α,s1
p

∥∥{〈g, φ2
Q〉}

∥∥
ḟ

β,s2
q

≤ C‖f‖Ḟ
α,s1
p

‖g‖
Ḟ

β,s2
q

,

where we used (14), since {φ1
Q}Q∈D and {φ2

Q}Q∈D are families of dual molecules for Ḟα,s1
p and Ḟ β,s2

q respec-
tively (see Remark 2.2).
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